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Abstract: Nanofluids flow and heat transfer in micro-channels have a wide range of attributes in industrial process as well

as engineering and biomedical applications. Therefore, the aim of this study is to analyze the hydrodynamic and thermal

behaviors of unsteady mixed convection flow of nanofluid in a micro-channel filed with a saturated porous medium. The

highly nonlinear governing partial differential equations corresponding to the momentum, energy and concentration

profiles were formulated and solved numerically by utilizing the semi-discretization finite difference method. The effects of

each governing thermophysical parameters on the micro-channel hydrodynamic and thermal behaviors are discussed with

the usage of graphs. The numerical results indicate that the velocity and temperature profiles show an increasing behavior

with pressure gradient parameter, variable viscosity parameter, Eckert number, thermal Grashof number, solutal Grashof

number and thermophoresis parameter, whereas the concentration profile increases with increasing values of suction/

injection Reynolds number, porous medium shape parameter, Forchheimer number, Prandtl number, Schmidt number and

thermophoresis parameter. Moreover, the result reveals that the skin friction coefficient, the Nusselt number and the

Sherwood number are higher for large values of pressure gradient parameter, thermal Grashof number, Prandtl number and

Schmidt number.
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1. Introduction

Nowadays, heat transfer enhancement and thermal effi-

ciency are becoming important engineering topics related

to conservation of the limited energy and enhancing ther-

modynamic performance [1]. As a result, for the last four to

five decades, many technologies have been presented to

improve the efficiency in different heat conversion devices

or heat exchangers. Among the technological revolutions,

micro-channels have been identified as the most essential

one to transport fluids in a miniaturization systems [2]. The

concept of micro-channels was demonstrated by Tucker-

man and Pease [3] for the first time. After the ground-

breaking work of Tuckerman and Pease, micro-channels

have been used in a wide range of industrial and engi-

neering applications including electronic cooling, cooling

of computer chips, automotive heat exchangers, laser

equipment, aerospace technology, heat sinks of MEMS-

based devices, drug delivery applications, DNA

hybridization, environmental control, pharmaceutical and

biotechnological applications [4–6].

In recent years, a number of research studies have been

communicated comprising the analysis of fluid flow and

heat transfer phenomena in micro-channels. To mention

few, Reddy et al. [7] investigated the combined effects of

wall slip, viscous dissipation and Joule heating on MHD

electro-osmotic peristaltic motion of Casson fluid through a

rotating asymmetric micro-channel. Meanwhile, the

explanation of the influence of slim obstacle geometry on

the flow and heat transfer in micro-channels was given by

Kmiotek and Kucab-Pietal [8]. Moreover, similar studies

can be found in the literature [9–11].

Despite of their high heat transfer capabilities, a chal-

lenging problem in micro-channels is that the higher con-

vection heat transfer coefficient comes at the cost of greater
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pressure drop per unit length and hence there is a greater

requirement of pumping power in the micro-channel flow

geometries [12]. Besides, common heat transfer fluids or

base fluids such as water, oils and ethylene are poor in heat

transfer capabilities due to their low thermal conductivity

[13]. Because of the aforementioned reasons, novel tech-

nologies with the potential of improving the fluid transport

properties such as thermal conductivity of the working

fluid are of great interest for flows in micro-channels once

again. From this perspective, utilization of nanofluids in

micro-channels is among the convection heat transfer

augmentation techniques. The term nanofluid was first

pioneered by Choi [14] in 1995 to indicate that nanofluids

are engineered suspension or dispersion of nanometer-sized

particles (1–100 nm) into the common base fluids.

Nanofluids have higher thermal conductivity, better

absorption capacity and wonderful stability [15].

The usage of nanofluids in micro-channels has large-

scale utilization particularly as coolants in industrial and

technological processes such as electronics cooling, trans-

portation (engine cooling/vehicle thermal management),

space and nuclear system cooling, defense applications

(cooling military devices and systems), cooling in chillers

and refrigerators, cancer therapy, air conditioning, CPU,

MEMS and drug delivery applications [16, 17]. Conse-

quently, there are many researchers, for instance, [18–23]

who were reported their research works in line with

nanofluids flow and heat transfer phenomena in micro-

channels.

Another attractive technique for improving the convec-

tion heat transfer characteristics is the usage of porous

media in micro-channels and heat exchangers. According

to [24], a porous medium is a solid matrix which is char-

acterized by the presence of void spaces called pores which

are interconnected by a network of channels where a fluid

can move. Fluid flow and heat transfer in channels filled

with porous media occur in a numerous areas of applica-

tions including storage of radioactive nuclear waste, tran-

spiration cooling, filtration, geothermal extraction, crude

oil extraction, heating and cooling in buildings, systems,

underground water movement, biomedical sciences and so

on [24–26]. For the first time in 1856, Henry Darcy

developed the basic law known as Darcy’s law that governs

the flow of fluids through a porous media on the basis of

experimental results for the flow of water through beds of

sand [27]. Following the work of Darcy, the analysis of

fluid flow in micro-channels filled with porous media has

been receiving prodigious interests by many researchers

including [28–32].

From the above discussion, it can be ascertained that the

analysis of nanofluid flow and heat transfer phenomena in

micro-channels was presented by a number of researchers.

However, many of such studies were modeled through a

single phase flow model by neglecting the slip velocity

between the particle and base fluid. Hence, more investi-

gations of nanofluids as a two-phase flow which is also

known as the Buongiorno model [33] should be considered

because the slip velocity between the particle and base fluid

plays important role on the heat transfer performance of

nanofluids particularly from the industrial applications

point of view. There are few research articles in which the

Buongiorno model was utilized to study nanofluids flow

and heat transfer in micro-channels. Such studies are even

scarce in the presence of porous media.

Therefore, this paper is the first attempt in employing

the two-phase model for studying nanofluid flow and heat

transfer in a micro-channel filled with a porous medium.

For fluid flow in micro-channels, there always exists high

frictional resistance of the coolants leading to generation of

high temperature within the fluid, and thus, the viscosity of

the fluid is assumed to be erratic with temperature [34].

Thus, this study mainly focused on the mathematical

investigation of unsteady flow of variable viscosity nano-

fluid through a micro-channel filled with a saturated porous

medium together with heat transfer characteristics due to

mixed convection.

2. Mathematical model formulation

We consider unsteady mixed convective flow of Newtonian

nanofluid in a micro-channel filled with a saturated porous

medium. The micro-channel is assumed to have permeable

walls placed at y ¼ 0 and y ¼ a as shown in Fig. 1, where

a denotes the distance between the two walls.

Fig. 1 Physical flow model and coordinate system
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It is also assumed that the flow is driven by the com-

bined actions of axial pressure gradient together with fluid

body forces due to solutal and thermal buoyancy variations.

Furthermore, a nanofluid injection into the micro-channel

takes place through the left wall (y ¼ 0), while a nanofluid

suction out of the micro-channel occurs at the right wall

(y ¼ a). At time t ¼ 0, the fluid temperature is maintained

at T0 and the fluid is in the static position. For large time

(t[ 0), the flow occurs only when the nanofluid starts to

move with the time within the micro-channel flow regime

and is subjective to a convective heat exchange with the

surrounding boundaries. We also impose no-slip conditions

for axial velocity at the walls, and the wall temperature is

taken to be non-uniform where the left micro-channel wall

is placed at temperature T0; while the right wall is placed at

temperature T1 such that T0\T1. Both the temperature and

concentration are initially zero within the fluid except at

the walls where the constant values are maintained.

The nanofluid dynamic viscosity is assumed to be an

exponential decreasing function of temperature and hence

given as lðTÞ ¼ l0e
�cðT�T0Þ where c is a viscosity variation

parameter and l0 is the dynamic viscosity at the left wall of

the micro-channel. The axial convection terms are also

assumed to be very small in the model equations and are

neglected as compared to the normal convection terms, and

thus, we have oT
ox � oT

oy ;
oC
ox � oC

oy ;
ou
ox � ou

oy.

Therefore, by considering the above assumptions and

using the Darcy–Forchheimer flow model, the governing

equations of continuity, linear momentum, energy and

concentration under the usual Oberbeck–Boussinesq

approximation are presented in the following form.

ou

ox
¼ 0 ð1Þ

ou

ot
þ V

ou

oy
¼ � 1

q
oP

ox
þ 1

q
o

oy

�
lðTÞ ou

oy

�
� lðTÞu

qK

� bu2ffiffiffiffi
K

p þ b1gðT � T0Þ þ b2gðC � C0Þ
ð2Þ

oT

ot
þ V

oT

oy
¼ a

o2T

oy2
þ C

�
DB

oC

oy

oT

oy
þ DT

T0

oT

oy

� �2�

þ lðTÞ
qCp

ou

oy

� �2

þ lðTÞu2

qCpK
þ bu3

Cp

ffiffiffiffi
K

p
ð3Þ

oC

ot
þ V

oC

oy
¼ DB

o2C

oy2
þ DT

T0

o2T

oy2
ð4Þ

with the initial and boundary conditions:

uðy; 0Þ ¼0; Tðy; 0Þ ¼ T0;Cðy; 0Þ

¼C0 and

uð0; tÞ ¼ 0; Tð0; tÞ ¼ T0;

DB
oCð0;tÞ

oy ¼ �DT

T0

oTð0;tÞ
oy ;

uða; tÞ ¼ 0; Tða; tÞ ¼ T1;

Cða; tÞ ¼ C1

9>>>>=
>>>>;

for t[ 0

ð5Þ

where u is the axial velocity, V is constant wall suction/

injection velocity, a is the micro-channel width, q is the

nanofluid density, P is nanofluid pressure, T is the nano-

fluid temperature, C is the nanoparticles concentration, CP

is specific heat at constant pressure, and a is the thermal

diffusivity of the nanofluid defined as a ¼ k
qCp

where k is

thermal conductivity of the nanofluid, C is the heat

capacity ratio which is the ratio of heat capacity of the

nanoparticle and heat capacity of base fluid, K is the porous

media permeability, g is gravitational acceleration, DB is

the Brownian diffusion coefficient, DT is thermal diffusion

coefficient, c is the viscosity variation parameter, and b is

the second-order dimensionless (porous inertia) resistance

coefficient also known as the dimensionless Forchheimer

constant such that b ¼ 0 corresponds to the Darcy law.

3. Non-dimensional formulation

In order to non-dimensionalize the above governing

equations, we introduce the following dimensionless

variables.

g ¼ y

a
;X ¼ x

a
; W ¼ qau

l0
; s ¼ l0t

qa2
; h ¼ T � T0

T1 � T0

;

/ ¼ C � C0

C1 � C0

; P� ¼ qa2P

l20
;

A ¼� oP�

oX
; Re ¼ qVa

l0
; k ¼ cðT1 � T0Þ;

Da ¼ K

a2
; S ¼ a2

K
; F ¼ ba

q
ffiffiffiffi
K

p ;

Gt ¼ b1gq
2a3ðT1 � T0Þ

l20
; Gc ¼ b2gq2a3ðC1 � C0Þ

l20
;

Nt ¼C
DT

T0

ðT1 � T0Þ
q
l0

;

Nb ¼CDBðC1 � C0Þ
q
l0

; Ec ¼ l20
q2a2CpðT1 � T0Þ

;

Pr ¼ l0
qa

; Sc ¼ l0
qDB

ð6Þ

Using the above dimensionless variables, Eqs. (1)–(5) take

the following form.
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oW

oX
¼ 0 ð7Þ

oW

os
þ Re

oW

og
¼ A þ e�kh

�
o2W

og2
� k

oh
og

oW

og

�

� e�khS2W � FW2 þ Gthþ Gc/

ð8Þ

oh
os

þ Re
oh
og

¼ 1

Pr

o2h
og2

þ Nb
o/
og

oh
og

þ Nt
oh
og

� �2

þ Ece�kh oW

og

� �2

þS2Ece�khW2 þ FEcW3

ð9Þ

o/
os

þ Re
o/
og

¼ 1

Sc

�
o2/
og2

þ Nt

Nb

o2h
og2

�
ð10Þ

with the initial and boundary conditions:

Wðg; 0Þ ¼ 0; hðg; 0Þ ¼ 0;/ðg; 0Þ ¼ 0

and

Wð0; sÞ ¼ 0; hð0; sÞ ¼ 0;

Nb
o/ð0;sÞ

og þ Nt
ohð0;sÞ
og ¼ 0;

Wð1; sÞ ¼ 0; hð1; sÞ ¼ 1;

/ð1; sÞ ¼ 1

9>>>>=
>>>>;

for s[ 0
ð11Þ

where s is dimensionless time, Re is the suction/injection

Reynolds number, Gt is the Grashof number due to thermal

buoyancy effect, Gc is the Grashof number due to solutal

buoyancy effect, Ec is the Eckert number, Pr is the Prandtl

number, A is dimensionless axial pressure gradient

parameter, k is the dimensionless viscosity variation

parameter, S is the porous media shape factor parameter,

F is the Forchheimer number also called the Forchheimer

inertial resistance which is the second-order porous media

resistance parameter, Sc is the Schmidt number, Nb is the

Brownian motion parameter, and Nt is the thermophoresis

parameter.

Other physical quantities of practical significance in this

study are the skin friction coefficient Cf , the local Nusselt

number Nu and the local Sherwood number Sh. In the

study of flow and thermal systems, it is mandatory to

examine the influences of the thermophysical parameters

on Cf , Nu and Sh. This is because the consequences of

excessive heat generation are not only evaluated from the

economy perspectives like the efficient operation of

machinery, property destruction, etc., but also it may

jeopardize the lives of machine operating personnel.

Therefore, the dimensionless skin friction coefficient Cf ,

local Nusselt number Nu and local Sherwood number Sh at

the micro-channel walls are given as follows.

Cf ¼ e�kh dW

dg

????
g¼0;1

;

Nu ¼� dh
dg

????
g¼0;1

; Sh ¼ � d/
dg

????
g¼0;1

ð12Þ

4. Numerical method

The semi-discretization finite difference scheme also

known as the numerical method of lines (MOL) which is

basically proceeded in two steps, namely the space dis-

cretization and the time integration, was applied to solve

the governing Eqs. (8)–(10) with initial and boundary

conditions (11). This version is also known as the vertical

method of lines which is discrete in space and continuous

in time. In the space discretization, the spatial derivatives

are first approximated using finite difference method in

such a way that the partial differential equations (PDEs) are

transformed into a system of ordinary differential equations

(ODEs) corresponding to the solution at some grid points

as a function of time.

The discretization of the governing equations is based

on a linear Cartesian mesh and uniform grid on which finite

differences are taken. Both the second and first spatial

derivatives are approximated by second-order central dif-

ferences. The equations corresponding to the first and last

grid points are modified to incorporate the boundary con-

ditions. The resulting nonlinear system of the initial value

ODEs problem is then solved iteratively using the inte-

grator Maplesoft-dsolve in Maple. Thus, the semi-dis-

cretization scheme for the velocity, temperature and

concentration fields is recorded as follows.

dWi

ds
¼ A � Re

Wiþ1 � Wi�1

2Dg

� e�khi SWi � FW2
i þ Gthi þ Gc/i

þ e�khi

�
Wi�1 � 2Wi þ Wiþ1

ðDgÞ2
� k

hiþ1 � hi�1

2Dg

� Wiþ1 � Wi�1

2Dg

�
ð13Þ

dhi

ds
¼ �Re

hiþ1 � hi�1

2Dg
þ 1

Pr

hi�1 � 2hi þ hiþ1

ðDgÞ2

þ Nb
/iþ1 � /i�1

2Dg
� hiþ1 � hi�1

2Dg

þ Nt

�
hiþ1 � hi�1

2Dg

�2
þ Ece�khi

�
Wiþ1 � Wi�1

2Dg

�2

þ S2EcW2
i þ SEcW3

i

ð14Þ
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d/i

ds
¼ �Re

/iþ1 � /i�1

2Dg
þ 1

Sc

�
/i�1 � 2/i þ /iþ1

ðDgÞ2

þ Nt

Nb
� hi�1 � 2hi þ hiþ1

ðDgÞ2
� ð15Þ

with initial conditions

Wið0Þ ¼ 0; hið0Þ ¼ 0; /ið0Þ ¼ 0 ð16Þ

where WiðsÞ ¼ Wðgi; sÞ; hiðsÞ ¼ hðgi; sÞ;/iðsÞ ¼ /ðgi; sÞ
and the spatial interval [0, 1] is partitioned into N equal

subintervals. The grid size and the grid points are defined

as Dg ¼ 1
N and gi ¼ i�1

Dg for 1� i�N þ 1.

5. Results and discussion

5.1. Transient and steady-state profiles

The transient and steady-state profiles for the velocity,

temperature and concentration are portrayed in Figs. 2(a),

(b) and 3, From these figures, it can be observed that the

velocity, temperature and concentration profiles show a

parabolic shape with transient increase and reach the steady

states at about s� 0:9. Besides, Fig. 2(a) indicates that the

velocity profile attains its maximum value around the

micro-channel center line region and then reduces to zero

because of the no-slip boundary conditions. Fig-

ure 2(b) demonstrates that the temperature profile attained

its lowest value at the left wall and gradually increasing

toward the right wall where it attained its pick value,

whereas Fig. 3 shows that the concentration profile attained

its pick value at the left wall and starts decreasing gradu-

ally toward the right wall where it attains its lowest value.

5.2. Parameter dependency of solutions

Figures 4(a), 4(b) and 5 are double graphs that portray the

effects of Re and A on the fluid velocity, temperature and

concentration profiles. In the current study, we considered

that there is a uniform fluid injection into the flow regime

at the left permeable wall (vertical line g ¼ 0) and suction

out at the right wall (vertical line g ¼ 1). Figure 4(a) and

4(b) portrays that as the values of the suction/injection

Reynolds number Re increase, both the velocity and tem-

perature profiles tend to decline and also, it can be seen that

the velocity profile shows slightly skewing behavior toward

the left wall of the micro-channel. This result is similar to

the one obtained by Rundora and Makinde [35]. Indeed, the

argument for this result may be ascribed to the fact that as a

(a) (b)

Fig. 2 (a) Velocity and (b) temperature profiles with transient and steady-state solutions

Fig. 3 Transient and steady-state solution of concentration profile
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fluid is sucked out of the right wall, the velocity toward the

right wall is higher than elsewhere in the micro-channel

and this in turn increases the rate of convective heat

transfer out of the right wall resulting in a significant drop

in fluid temperature.

Figure 4(a) and 4(b) also reveals that both the fluid

velocity and temperature profiles increase as the pressure

gradient parameter A increases. This is the case because the

fluid motion is due to the pressure gradient, and hence, as

A increases, the fluid moves faster which in turn increases

the fluid velocity and temperature. Re and A have shown

the opposite effects on the concentration profile as depicted

in Fig. 5.

Figures 6(a), 6(b) and 7 display the effects of the ther-

mal Grashof number Gt and the solutal Grashof number Gc

on velocity, temperature and concentration profiles. The

velocity and temperature profiles increase with Gt and Gc

as shown in Fig. 6(a) and 6(b). This is the case because as

the values of Gt and Gc enhanced, the body forces acting

on the fluid (thermal and solutal buoyancy forces) also get

enhanced which also enhance the velocity that in turn

increases the viscous heating and hence increases the fluid

temperature. The opposite scenario is demonstrated in

Fig. 7 for the concentration profile due to the fact that a

small temperature increment will cause a very small

decrement in concentration which is also known as the

cross-diffusion effect.

Figure 8(a) and 8(b) pictures that as the dimensionless

variable viscosity parameter k increases, a significant rise

in the fluid velocity and temperature profiles is observed.

This is the case because an increase in k reduces the fluid

viscosity since lðTÞ ¼ l0e
�kh. So, the fluid becomes less

viscous, and hence, friction between fluid layers decreases

due to which fluid velocity remains at higher levels for

higher values of k. Rundora and Makinde [35] reported a

similar result. However, increasing the values of k
decreases the concentration profile as indicated in

Fig. 10(a).

The effects of the Eckert number Ec on the fluid

velocity, temperature and concentration profiles are

depicted in Figs. 9(a), 9(b) and 10(a), respectively. From

Fig. 9(a) and 9(b), it is observed that as the magnitude of

(a) (b)

Fig. 4 (a) Velocity and (b) temperature profiles with varying A and Re

Fig. 5 Effects of A and Re on concentration profile
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Ec increases, both the fluid velocity and temperature also

increase. This result is similar to the one obtained in the

papers [35, 36]. Physically, the Eckert number Ec expres-

ses the relationship between the flow boundary layer

enthalpy difference and its kinetic energy which results in

more heat to produce, and hence, Ec characterizes the

viscous heating within the flow. Therefore, as the magni-

tude of Ec rises, the viscous heating will be enhanced

within the flow resulting in the fluid temperature increment

which in turn increases the fluid velocity. Figure 10(b) dis-

plays the opposite phenomena for the concentration profile.

Figures 11(a), 12 and 13(b) depict the effects of the

porous medium parameters S and F on the velocity, tem-

perature and concentration profiles. Figure 11(a) and

11(b) portrays that both the velocity and temperature pro-

files decrease significantly as the porous medium shape

parameter S increases. From the literature, the studies in

[35, 37] reported similar results. The reason behind this

result is the fact that as the value of S increases, the porous

medium permeability decreases which should naturally

dampen the fluid flow and thus the observed decline in the

magnitude of fluid velocity which also results in the

decrement of viscous heating and in turn decreases the

magnitude of fluid temperature. On the contrary,

Fig. 13(a) reveals that as the porous medium shape

parameter S increases, the concentration profile increases.

In Fig. 12(a) and 12(b), it is observed that the fluid

velocity and temperature profiles decrease with increasing

values of the Forchheimer number F which is also known

as inertial resistance parameter. Physically, large values of

F imply the stronger resistant inertial force in the direction

normal to the fluid flow which is due to the intensive

dimensionless drag force coefficient b since F ¼ ba
q
ffiffiffi
K

p . For

higher values of b, stronger resistivity inertial force is

effective within the fluid flow so that the velocity becomes

smaller and consequently the fluid temperature decreases.

From Fig. 13(b), we can see that the Forchheimer number

F shows the opposite effect on the concentration profile.

Figure 14(a) and 14(b) is double graphs that display the

effects of the Prandtl number Pr and the thermophoresis

parameter Nt on the velocity and temperature profiles.

Accordingly, the larger values of Pr lead to a significant

decrease in the temperature profile since higher values of

(a) (b)

Fig. 6 (a) Velocity and (b) temperature profiles with varying Gt and Gc

Fig. 7 Effects of Gt and Gc on concentration profile
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Pr correspond to low thermal diffusivity of the fluid (Pr and

thermal diffusivity have inverse relationship) which redu-

ces the rate at which heat is transported from the heated

micro-channel walls into the fluid that was initially at zero

temperature. Hence, as observed in Fig. 14(b) the fluid

temperature decreases as the value of Pr increases which in

turn decreases the fluid velocity profile as shown in

Fig. 14(a). This result is similar to the one obtained by

[36, 37] and [38], but the opposite was observed in [35]. On

the other hand, thermophoresis is a mechanism in which

small particles are pulled away from hot surface to cold

one, and thus, Fig. 14(a) and 14(b) declares that as the

value of Nt enhances, both the velocity and temperature

profiles also enhance. The reason behind this argument is

that an enhancement in Nt yields a stronger thermophoretic

force which allows deeper migration of nanoparticles from

hot surface to cold fluid resulting in higher fluid tempera-

ture which in turn results in higher fluid velocity. Fig-

ure 15(a) shows that the concentration profile increases

with both the Prandtl number Pr and the thermophoresis

parameter Nt.

Figure 15(b) is also a double graph that displays the

effects of Sc and Nb on the concentration profile. It shows

that the concentration profile increases with the Schmidt

number Sc. Physically, larger values of Schmidt number Sc

indicate less mass diffusion which causes the concentration

of nanoparticles to remain larger in the fluid. On the other

hand, the Brownian motion is an arbitrary disorganized

(a) (b)

Fig. 8 (a) Velocity and (b) temperature profiles with varying k

(a) (b)

Fig. 9 (a) Velocity and (b) temperature profiles with varying Ec
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motion of nanoparticles dispersed in the base fluid resulting

from their collision with moving molecules of the base

fluid. Consequently, the concentration profile shows a

decreasing behavior with increasing values of the Brown-

ian diffusion parameter Nb as shown in Fig. 15(b). The

argument behind this result is that when the magnitudes of

Nb increase, the random motion and also collision of the

nanoparticles in the fluid increase which reduce the con-

centration of the nanoparticles in the fluid.

5.3. The wall shear stress, wall heat transfer and mass

transfer rates

This subsection comprises the effects of flow parameters on

the wall shear stress, wall heat and mass transfer rates.

Indeed, the graphical results that are illustrated in this

subsection for the skin friction coefficient Cf , the Nusselt

number Nu and the Sherwood number Sh are plotted for

large time, say s� 2 (steady state), and thus, the results

obtained may not be affected by time increasing for all

parameters values as a consequence of the results obtained

in Sect. 5.1.

(a) (b)

Fig. 10 (a) Effect of k on concentration profile and (b) effect of Ec on concentration profile

(a) (b)

Fig. 11 (a) Velocity and (b) temperature profiles with varying S
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5.3.1. The wall shear stress: skin friction coefficient

The effects of pertinent parameters on the wall shear stress

at the left wall g ¼ 0 and at the right wall g ¼ 1 are

illustrated in Figs. 16(a), 17, 18 and 19(b). Consequently,

from these graphs it can be observed that the wall shear

stress, coefficient of skin friction Cf (at both left and right

walls), shows an increasing behavior with increasing val-

ues of the Eckert number Ec and the thermal Grashof

number Gt for varying scaled values of the suction/injec-

tion Reynolds number Re. The results in the works of

[35, 36] are similar to the outcomes of our paper. The

pressure gradient parameter A, the Schmidt number Sc and

the Prandtl number Pr also show an increasing effect on Cf

(at both left and right walls) for varying scaled values of

the suction/injection Reynolds number Re. However, the

Forchheimer number F and the porous medium shape

parameter S have a decreasing effect on Cf at both walls of

the micro-channel. In addition, Cf increases as the values

of the variable viscosity parameter k increase at the left

wall of the micro-channel g ¼ 0 (see Fig. 19(a)), whereas

Cf decreases with increasing values of the variable vis-

cosity parameter k at the right wall g ¼ 1 (see Fig. 19(b)).

(a) (b)

Fig. 12 (a) Velocity and (b) temperature profiles with varying F

(a) (b)

Fig. 13 (a) Effect of S on concentration profile and (b) effect of F on concentration profile
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5.3.2. The wall heat transfer rate: Nusselt number

The effects of prominent governing flow parameters on the

wall heat transfer rate at the left wall g ¼ 0 and at the right

wall g ¼ 1 are portrayed in Figs. 20(a), 21, 22 and 23(b).

Accordingly, from these graphs we can see that the wall

heat transfer rate, the Nusselt number Nu, at both left and

right walls shows an increasing behavior with increasing

values of the variable viscosity parameter k and the thermal

Grashof number Gt for varying scaled values of the suc-

tion/injection Reynolds number Re. This result is similar to

the one obtained by [35]. Likewise, Nu at both left and

right walls shows an increasing behavior with increasing

values of the pressure gradient parameter A, the Schmidt

number Sc and the Prandtl number Pr for varying scaled

values of the suction/injection Reynolds number Re.

Nevertheless, the Forchheimer number F and the porous

medium shape parameter S have a decreasing effect on Nu

at both walls of the micro-channel. As presented in

Fig. 21(a), the Nusselt number Nu increases as values of

the Eckert number Ec increase at the left wall of the micro-

channel g ¼ 0; but Fig. 21(a) reveals that Nu decreases

with increasing values of the Eckert number Ec at the right

wall g ¼ 1.

(a) (b)

Fig. 14 (a) Velocity and (b) temperature profiles with varying Pr and Nt

(a) (b)

Fig. 15 (a) Effects of Pr and Nt on concentration profile and (b) effects of Sc and Nb on concentration profile
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5.3.3. The wall mass transfer rate: Sherwood number

The effects of governing flow parameters on the wall mass

transfer rate at the left wall g ¼ 0 and at the right wall

g ¼ 1 are given in Figs. 24(a), 25, 26 and 27(b). As a result,

these graphs depict that the wall mass transfer rate, Sher-

wood number Sh, at both left and right walls shows an

increasing trend with increasing values of the pressure

gradient parameter A, the variable viscosity parameter k,
the thermal Grashof number Gt, the Schmidt number Sc

and the Prandtl number Pr for varying scaled values of the

suction/injection Reynolds number Re. Nonetheless, the

Forchheimer number F and the porous medium shape

parameter S have a decreasing effect on Sh at both walls of

the micro-channel. From Fig. 25(a), it is noticed that Sh

increases as values of the Eckert number Ec increase at the

left wall of the micro-channel g ¼ 0; while Fig. 25(b)

shows that Sh decreases with increasing values of the

Eckert number Ec at the right wall g ¼ 1.

(a) (b)

Fig. 16 (a) Skin friction at g ¼ 0 and (b) skin friction at g ¼ 1 with varying A, F and Re

(a) (b)

Fig. 17 (a) Skin friction at g ¼ 0 and (b) skin friction at g ¼ 1 with varying S, Ec and Re

1760 B Hindebu et al.



6. Conclusions

In the present study, we investigated the flow and heat

transfer characteristics of unsteady mixed convection flow

of variable viscosity nanofluid in a micro-channel filed

with a saturated porous medium under the influences of

axial pressure gradient, suction/injection as well as thermal

and solutal buoyancy forces. The governing highly non-

linear partial differential equations corresponding to the

momentum, energy and concentration fields were

formulated and solved numerically by utilizing the semi-

discretization finite difference method. Therefore, based on

the above results we pointed out the following conclusions.

• Both the velocity and temperature profiles show an

increasing behavior with increasing values of the

pressure gradient parameter A, the variable viscosity

parameter k, the Eckert number Ec, the thermal Grashof

number Gt, the solutal Grashof number Gc and the

thermophoresis parameter Nt.

(a) (b)

Fig. 18 (a) Skin friction at g ¼ 0 and (b) skin friction at g ¼ 1 with varying Gt, Sc and Re

(a) (b)

Fig. 19 (a) Skin friction at g ¼ 0 and (b) skin friction at g ¼ 1 with varying k, Pr and Re
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• The concentration profile indicates an increasing trend

with increasing values of the suction injection Reynolds

number Re, the porous medium shape parameter S, the

Forchheimer number F, the Prandtl number Pr, the

Schmidt number Sc and the thermophoresis parameter

Nt.

• The skin friction coefficient Cf is large for higher

values of the pressure gradient parameter A, the Eckert

number Ec, the thermal Grashof number Gt, the

Schmidt number Sc and the Prandtl number Pr on both

sides of the micro-channel walls.

• Both the Nusselt number Nu and the Sherwood number

Sh show an increasing pattern with an increasing values

of the pressure gradient parameter A, the variable

viscosity parameter k, the thermal Grashof number Gt,

the Schmidt number Sc and the Prandtl number Pr on

both sides of the micro-channel walls.

(a) (b)

Fig. 20 (a) Nusselt number at g ¼ 0 and (b) Nusselt number at g ¼ 1 with varying A, F and Re

(a) (b)

Fig. 21 (a) Nusselt number at g ¼ 0 and (b) Nusselt number at g ¼ 1 with varying S, Ec and Re
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(a) (b)

Fig. 22 (a) Nusselt number at g ¼ 0 and (b) Nusselt number at g ¼ 1 with varying Gt, Sc and Re

(a) (b)

Fig. 23 (a) Nusselt number at g ¼ 0 and (b) Nusselt number at g ¼ 1 with varying k, Pr and Re
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(a) (b)

Fig. 24 (a) Sherwood number at g ¼ 0 and (b) Sherwood number at g ¼ 1 with varying A, F and Re

(a) (b)

Fig. 25 (a) Sherwood number at g ¼ 0 and (b) Sherwood number at g ¼ 1 with varying S, Ec and Re
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