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Abstract: The heat transfer in flow past thin needle has applications in instruments like hot wire anemometers. The

objective of this article is to study the influence of hybrid nanoparticles on heat transfer distribution of the boundary layer

flow over a parabolically shaped thin hot needle. The Sakiadis and Blasius 2-D flow scenarios have been analyzed by

implementing a mathematical model with the Navier–Stokes and the energy equations. The resulting equations are solved

numerically by using a similarity solution technique. This technique results in a differential equation in terms of a single

variable, representing the curves parallel to the needle surface. The results show that using distinct nanoparticles allows us

to control the heat transfer rate apart from the physical parameters, such as, needle size or velocity ratio parameter. A

comparative analysis of Nusselt number, frictional drag, temperature, and velocity profiles for Ag–water nanofluid, Ag–

CuO/water hybrid nanofluid, and CuO–water nanofluid has been carried out for different flow conditions, including

Sakiadis and Blasius flow. The addition of nanoparticles hikes the heat transfer rate by 27–28% in Blasius flow and 6–8%

in Sakiadis flow.
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List of symbols

Tw Temperature at the needle surface (K)

uw Needle velocity (m s-1)

T1 Temperature of the ambient fluid (K)

u1 Velocity of the ambient fluid (m s-1)

j Thermal conductivity (W m-1 K-1)

l Dynamic viscosity (kg m-1 s-1)

m Kinematic viscosity (m2 s-1)

q Density (kg m-3)

Pr
Prandtl number ¼ l cpð Þ

f

j

� �

c Needle size

g Non-dimensional space variable

h Non-dimensional temperature

/1 Volume fraction of copper oxide nanoparticles

/2 Volume fraction of silver nanoparticles

k Flow parameter

u,v Velocities in x and r direction, respectively (m s-1)

Subscripts

1 For Ambient fluid

w For needle surface

hnf For hybrid nanofluid

nf For nanofluid

f For base fluid

s1 For copper oxide nanoparticles

s2 For silver nanoparticles

1. Introduction

The benefit of studying heat exchange and fluid flow

around a thin heated needle immersed in the fluid stream is

quite evident in applications, like anemometers, shielded

thermocouple, and microscale cooling devices, etc. for heat

evacuation. A hot wire anemometer is used to measure the

direction and velocity of the fluid. At first, Mark [1]

investigated laminar boundary layer characteristics of

slender bodies of revolution in axial compressible and

incompressible flows using Mangler transformations and

the von-Karman Integral method. Mark [1] used modified

boundary layer equations to analyze the fluid flow past

paraboloids of revolution for the axial incompressible case.
*Corresponding author, E-mail: odelu@diat.ac.in

Indian J Phys (January 2022) 96(1):137–150

https://doi.org/10.1007/s12648-020-01944-8

� 2021 IACS

http://orcid.org/0000-0001-6577-6051
http://crossmark.crossref.org/dialog/?doi=10.1007/s12648-020-01944-8&amp;domain=pdf
https://doi.org/10.1007/s12648-020-01944-8


Lee [2] investigated the boundary layer flow over a thin

needle submerged in an incompressible fluid and shaped

like a paraboloid of revolution. Lee [2] introduced a sim-

ilarity variable, which represents the curves parallel to the

needle surface. Chen and Smith [3] examined the influence

of the needle size on the nonuniform incompressible flow

over the nonisothermal thin needle. Narain and Uberoi [4]

and Grosan and Pop [5] examined forced convection while

Narain and Uberoi [6, 7] investigated forced as well as free

convective heat transport in the axisymmetric boundary

layer flow past needle immersed vertically in a uniform

stream of fluid.

The heat transport in the boundary layer can be

enhanced significantly by the incorporation of nanoparti-

cles in traditional fluids. Choi and Eastman [8] addressed

the low thermal conductivity of conventional fluids by

proposing nanofluids. They suspended nanometer-sized

metallic particles (Eastman [9]; Eastman et al. [10]) or

carbon nanotubes (Choi et al. [11]) in conventional heat

transfer fluid, and noted that the thermal conductivity of the

resulting liquid is exceptionally high. The exceptional heat

augmentation behavior of nanofluids has attracted the

worldwide attention of researchers as it offers a fine control

over heat transfer in various industries. Godson et al. [12]

reported a 9.2–13.2% increment in the heat transfer coef-

ficient with 0.01–0.04% of the volume fraction of silver

nanoparticles in water. Hasan [13] reported that for dia-

mond-water nanofluid, there is a 9.12%, 9.78%, and 9.9%

increment in the heat exchange rate, respectively, for cir-

cular, triangular, and square fins when compared with pure

water. A detailed review of the work done by various

researchers for heat augmentation in fluid flow through

different geometries using different nanofluid models can

be found in Sheikholeslami and Ganji [14] and Das et al.

[15]. Ahmad et al. [16] investigated nanofluid flow past

thin needle by taking into account Brownian motion and

thermophoresis via the Buongiorno nanofluid model. Soid

et al. [17] studied the flow and heat transport characteristics

for a thin needle, moving axially in the Cu–water nano-

fluid. Khan et al. [18] calculated the entropy generation

minimization and the heat transfer characteristics for three

nanofluid models (copper, aluminum oxide, titanium oxide

in water) in the radiative flow around a thin needle. Hamid

et al. [19] studied the heat exchange in the boundary layer

flow of graphene oxide–water nanofluid past a thin needle

and observed that higher nanoparticle volume fraction

leads to high skin friction values. Some more investigations

on Newtonian nanofluids with various nanoparticles have

been discussed in [20–25]. Non-Newtonian fluids like

Casson fluid also come under the purview of this research.

For example, Souayeh et al. [26] and Raza et al. [27, 28]

investigated the radiative heat transport in magnetohydro-

dynamic flow by using Casson model. This work can be

extended to other non-Newtonian shear-thinning models

like Cross and Carreau–Yasuda models [29–32].

Some types of nanoparticles may have high thermal

conductivity, while some other types might result in a

nanofluid with remarkable rheological properties. Then the

concept of hybrid nanofluids comes into the picture. Hybrid

nanofluids can be synthesized either by suspending two or

more distinct kinds of nanoparticles in the base fluid or by

dispersing synthetic hybrid nanoparticles in the base fluid.

Hybrid nanoparticles show outstanding physicochemical

characteristics in comparison with mono-type nanoparticles.

Experimental investigations of Suresh et al. [33] indicated a

12.11% increment in thermal conductivity of Al2O3–Cu/

water hybrid nanofluid for a 2% volume fraction of hybrid

nanocomposites in water. The experiment revealed that not

only thermal conductivity, a significant increment in vis-

cosity, is also observed. However, experimental investiga-

tions of Jana et al. [34] demonstrated that Cu nanoparticles,

Au nanoparticles, or CNTs show more enhancement in

thermal conductivity than that of their hybrid suspensions

(Cu–CNTs or Au–CNTs) in water. They reported a 74%

increment in thermal conductivity with 0.3% inclusion of

copper nanoparticles in water, whereas a 37% increment in

the same with 1.4% volume fraction of Au nanoparticles.

They observed a drastic decrease in the thermal conductivity

for mono-type nanoparticle suspensions (only Cu or only Au

in water) with time due to aggregation and sedimentation. A

detailed review of hybrid nanofluids is enlisted in Sarkar

[35]. Recently, Hayat and Nadeem [36] investigated the

effect of dispersing hybrid nanoparticles on three-dimen-

sional rotating fluid flow over a linearly stretching surface

with mathematical modeling. Researchers such as Nadeem

et al. [37], Maskeen et al. [38], Devi et al. [39, 40], Mansour

et al. [41], Khan et al. [42], Abdel-Nour et al. [43] investi-

gated hybrid nanofluid flow over various geometries like

cylinders, sheet or through a porous cavity, etc. Izadi et al.

[44] studied the free convective flow of MWCNTs–Fe3O4/

water nanofluid filled in a T-shaped enclosure. Tayebi [45]

reported that hybrid nanofluid (consisting of Cu and Al2O3)

leads to a greater heat exchange than Al2O3 –water in fluid

flow through annular space between eccentric cylinders. The

heat transfer characteristics of micropolar hybrid nanofluid

(Cu and TiO2 nanoparticles) were investigated by Subhani

[46]. Ghadikolaei and Gholinia [47] studied the Nusselt

number and skin friction profiles for heat transfer in natural

convective MHD flow of GO–MoS2/water–ethylene glycol

(50–50%).

In the present article, a comparative analysis of Nusselt

number, frictional drag, temperature, and velocity profiles

among Ag–water nanofluid, Ag–CuO/water hybrid nano-

fluid, and CuO–water nanofluid is performed for different

flow conditions, including Sakiadis and Blaisus flows past

a thin heated needle. The influence of various flow
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conditions and needle size on heat and flow characteristics

is investigated. To visualize the impact of the addition of

nanoparticles, the percentage increments in Nusselt number

and skin friction coefficient are calculated and analyzed in

detail for Sakiadis flow, Blasius flow, and other cases to

have a deeper understanding.

2. Mathematical model and physical description

of the flow

Consider the boundary layer flow around a thin heated

needle immersed in a viscous fluid comprising of Ag and

CuO nanoparticles. The needle is paraboloid shaped such

that the axis of the paraboloid lies in the direction of

mainstream flow. The nanofluid flow past the needle is

assumed to be steady and incompressible. The needle itself

moves with the uniform velocity uw horizontally either in

the same or opposite direction to the mainstream of fluid

flowing over it with velocity u1. The thickness of the

needle is assumed to be smaller than that of the boundary

layer formed over it. As the needle is assumed to be thin,

its transverse curvature has significant influence, but the

pressure gradient along the needle surface is negligible.

Without loss in generosity, it is assumed that the temper-

ature Tw at the needle surface is higher than the tempera-

ture T1 of the ambient fluid (i.e., Tw [ T1). The needle is

placed over X-axis such that it is symmetric about the axis

as depicted in Fig. 1, in which x and r denote the axial and

radial directions, respectively, in the cylindrical coordi-

nates ðx; rÞ. The surface shape of the needle is defined by

RðxÞ as follows

RðxÞ ¼ mfcx
U

� �1=2
: ð1Þ

Here U ¼ uw þ u1 represents the composite velocity, c

depicts the needle size, and mf denotes the kinematic

viscosity of the surrounding fluid.

In order to study the flow and heat transfer of the sys-

tem, the boundary layer assumptions (Schlichting and

Gersten [48]) are applied to the Navier–Stokes equations.

The terms o2u
�
ox2; ou=ox; u in the axial direction are

assumed to be of O 1ð Þ, whereas r and v in the radial

direction are assumed to be of O dð Þ where d denotes the

width of the boundary layer, as discussed in Mark [1]. The

order of lhnf is assumed to be O d2
� �

, so that the inertial

and viscous terms in the equations of motion should be of

the same order [49, 50]. The continuity equation and

conservation of momentum are presented by Eqs. (2) and

(3) after applying Prandtl’s order of magnitude

assumptions.

o ruð Þ
ox

þ o rvð Þ
or

¼ 0; ð2Þ

u
ou

ox
þ v

ou

or
¼ lhnf

qhnf

1

r

o

or
r
ou

or

� �
; ð3Þ

qCp

� �
hnf

u
oT

ox
þ v

oT

or

� �
¼ jhnf

1

r

o

or
r
oT

or

� �
: ð4Þ

where u and v are the velocity components in axial and

radial direction, respectively. The energy equation given in

Eq. (4) is employed to study the heat transport in the

boundary layer around the thin needle. It is a mathematical

formulation of the first law of thermodynamics, which says

that the energy of a closed system cannot be changed in the

absence of external influence. It is assumed that both

viscosity and velocity gradients are small enough to neglect

the viscous dissipation in the energy Eq. (4). Here jhnf ,
qhnf and lhnf in Eqs. (3) and (4) represent the thermal

conductivity, density, and dynamic viscosity of the hybrid

nanofluid. Equations (2)–(4) governing the boundary layer

fluid transport are subjected to the following conditions

ðiÞ At r ¼ RðxÞ; T ¼ Tw; u ¼ uw; v ¼ 0; ð5Þ
iið Þ As r ! 1; T ! T1; u ! u1: ð6Þ

The hybrid nanofluid consists of CuO (copper oxide)

and Ag (silver) nanoparticles dispersed in water. Firstly,

CuO-nanoparticles with volume fraction /1 are dispersed

in water to synthesize CuO–water nanofluid. In order to

obtain Ag–CuO/water hybrid nanofluid, Ag nanoparticles

with volume fraction /2 are suspended in CuO–water

nanofluid.

The effective viscosity lnf , density qnf , and heat

capacity ðqCpÞnf of the CuO–water nanofluid are calculated
using the following equations

lnf ¼
lf

1� /1ð Þ2:5
; ð7Þ

qnf ¼ 1� /1ð Þqf þ /1 qs1; ð8Þ

Fig. 1 Schematic flow representation around thin needle
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qCp

� �
nf
¼ 1� /1ð Þ qCp

� �
f
þ/1 qCp

� �
s1
: ð9Þ

Here qs1 and ðqCpÞs1 denote the density and heat

capacity of the CuO nanoparticles, respectively, while qf
and ðqCpÞf denote the density and heat capacity of the base

fluid water, respectively. The effective viscosity is

calculated by using Brinkman model [51].

The effective thermal conductivity of the nanofluid jnf
is calculated by using Hamilton Crosser model [52]. If js1
denote the thermal conductivity of the CuO nanoparticles

and jf denote the thermal conductivity of the base fluid

water, then the effective thermal conductivity of the

nanofluid is defined as

jnf ¼
jp þ ðn� 1Þjf � ðn� 1Þ/ jf � jp

� �
jp þ ðn� 1Þjf þ / jf � jp

� � jf : ð10Þ

Here n is termed as the shape factor and n ¼ 3=w where

w represents the sphericity. For spherical nanoparticles

n ¼ 3. After putting this value of n, the effective thermal

conductivity is defined as

jnf ¼
js1 þ 2jf � 2/1 jf � js1ð Þ
js1 þ 2jf þ /1 jf � js1ð Þ jf : ð11Þ

The effective heat capacity is calculated using the linear

relationship as stated by Xuan and Roetzel [53]. Similarly,

the effective viscosity lhnf , density qhnf , heat capacity

ðqCpÞhnf , and thermal conductivity jhnf of the Ag–CuO/

water hybrid nanofluid are calculated by using Eqs. (12)–

(15).

lhnf ¼
1

1� /1ð Þ2:5 1� /2ð Þ2:5
lf ; ð12Þ

qhnf ¼ 1� /2ð Þ 1� /1ð Þ þ /1

qs1
qf

� �
þ /2

qs2
qf

	 

qf ;

ð13Þ

qCp

� �
hnf

¼ 1� /2ð Þ 1� /1ð Þ þ /1

qCp

� �
s1

qCp

� �
f

 !
þ /2

qCp

� �
s2

qCp

� �
f

( )
qCp

� �
f
;

ð14Þ

jhnf ¼
js2 þ 2jnf � 2/2 jnf � js2ð Þ
js2 þ 2jnf þ /2 jnf � js2ð Þ jnf : ð15Þ

Here qs2, ðqCpÞs2; and js2 denote the density, heat

capacity, and thermal conductivity of the Ag nanoparticles,

respectively. We put /1 ¼ 0 in the Eqs. (12)–(15) to

calculate the effective viscosity lnf , density qnf , heat

capacity ðqCpÞnf ; and thermal conductivity jnf of the Ag–

water nanofluid. The local Nusselt number Nux and skin

friction coefficient Cf are defined by Eq. (16) as stated in

[16, 17].

Nux ¼ xqw=jf Tw � T1ð Þ and Cf ¼ sw
�
qfU

2: ð16Þ

The expression for the heat flux and the shear stress at

the needle surface is as stated in Eq. (17).

qw ¼ �jhnf
oT

or

� �
r¼R

and sw ¼ lhnf
ou

or

� �
r¼R

: ð17Þ

3. Numerical solution

The heat exchange in the channel commences as soon as

the hot needle is inserted. So, it is sensible to study the heat

transfer and flow characteristics along the surfaces parallel

to the needle. The parabolic shape of the needle allows the

similarity solution to exist. As discussed by Lee [2], a non-

dimensional variable (g) proportional to the ratio of r2 and

x is used.

g ¼ Ur2

mfx
: ð18Þ

As the study is a streamlined flow, it is reasonable to

assume that a stream function exists in form

w ¼ gðxÞ � f ðgÞ. The g(x) is supposed to be of the linear

form so that the partial differential equations can be

converted to ordinary differential equations. After plugging

the g(x), the stream function reduces to (19),

w ¼ mfx � f ðgÞ; ð19Þ

such that the velocity components are given by the

relations (20).

u ¼ 1

r

ow
or

; v ¼ � 1

r

ow
ox

: ð20Þ

The temperature is non-dimensionalized with the

temperature difference of the needle and the ambient

fluid is

hðgÞ ¼ T � T1
Tw � T1

: ð21Þ

After using Eqs. (12)–(15) and applying similarity

transformations (20–21), the non-dimensional momentum

and energy equations are

2

1� /1ð Þ2:5 1� /2ð Þ2:5
f 00 þ gf 000ð Þ

þ 1� /2ð Þ 1� /1ð Þ þ /1

qs1
qf

� �
þ /2

qs2
qf

	 

ff 00

¼ 0; ð22Þ
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2

Pr
�jhnf
jf

h0 þgh00ð Þ

þ 1�/2ð Þ 1�/1ð Þþ/1

qCp

� �
s1

qCp

� �
f

 !
þ/2

qCp

� �
s2

qCp

� �
f

( )
fh0

¼0:

ð23Þ

The non-dimensional form of the boundary conditions is

f 0ðcÞ ¼ k
2
; f ðcÞ ¼ kc

2
; hðcÞ ¼ 1; ð24Þ

f 0ð1Þ ! 1� k
2

; hð1Þ ! 0: ð25Þ

Here, Pr ¼ mf
af
represent the Prandtl number. The velocity

ratio parameter k ¼ uw
U is an important attribute as it

governs different flow conditions as mentioned below

(a) k ¼ 0 represents the Blasius flow when the needle is

at rest in a moving fluid.

(b) k ¼ 1 represents the Sakiadis flow when the needle is

moving, but the fluid is at rest.

(c) 0\k\1 represents the case when the velocities of the

needle and the fluid are oriented in the same direction.

(d) k\0 and k[ 1 represent the case when the direction

in which the needle is moving opposite to that of the

free stream of fluid. Here, k\0 describes the case

when the needle is moving in the negative x-direction,

but the surrounding fluid is moving toward the

positive x-direction. On the contrary, k[ 1 represents

the case when the needle is moving in the positive x-

direction, but the surrounding fluid is moving toward

the negative x-direction.

After non-dimensionalization, the local Nusselt number

and the skin friction coefficient in terms of local Reynold’s

number Rex ¼ Ux=mf are given by

NuxRe
�1=2
x ¼ �2

jhnf
jf

c1=2h0ðcÞ; ð26Þ

CfRe
1=2
x ¼ 4c1=2

lhnf
lf

f 00ðcÞ

¼ 1

1� /1ð Þ2:5 1� /2ð Þ2:5
4c1=2f 00ðcÞ: ð27Þ

The system of higher-order ODE’s (22)–(23) subject to

boundary conditions (24)–(25) is converted to the system

of first-order equations using the following substitution:

f ; f 0; f 00; h; h0ð Þ ¼ y1; y2; y3; y4; y5ð Þ; ð28Þ

dy1
dg

¼ y2;

dy2
dg

¼ y3;

dy3
dg

¼ 1

g
�y3 �

1

2
1� /2ð Þ 1� /1ð Þ þ /1

qs1
qf

� �
þ /2

qs2
qf

	 

1� /1ð Þ2:5 1� /2ð Þ2:5y1y3

	 

;

dy4
dg

¼ y5;

dy5
dg

¼ 1

g
�y5 �

Pr

2
� jf
jhnf

1� /2ð Þ 1� /1ð Þ þ /1

qCp

� �
s1

qCp

� �
f

 !
þ /2

qCp

� �
s2

qCp

� �
f

( )
y1y5

( )
:

ð29Þ

The boundary conditions in terms of ðy1; y2; y3; y4; y5Þ
are given by

y1ðcÞ ¼
kc
2
; y2ðcÞ ¼

k
2
; y4ðcÞ ¼ 1; y2ð1Þ

¼ 1� k
2

; y4ð1Þ ¼ 0: ð30Þ

The above system of Eqs. (29) and (30) is solved by the

fourth-order Runge–Kutta method along with the well-

known shooting strategy. To integrate the system of the

first-order ODE’s given in (29), the initial guess values s1
and s2 are chosen to have the set of initial conditions at

g ¼ c given by Eq. (31).

y1ðcÞ ¼
kc
2
; y2ðcÞ ¼

k
2
; y3ðcÞ ¼ s1; y4ðcÞ ¼ 1; y5ðcÞ

¼ s2:

ð31Þ

After choosing the initial guess values s1 and s2, the

initial value problem given by Eqs. (29) and (30) is

integrated using the Runge–Kutta method till g1. A system

of algebraic equations is formulated by equating the results

obtained using numerical integration to the conditions

given in (30), which are further solved using the Newton–

Raphson method (Jaan Kiusalaas [54]), with an error

tolerance of order of magnitude 10-9. A reasonably good

guess is required to ensure the desired error tolerance while

obtaining a solution as a bad guess will lead to singular

Jacobian matrix. A MATLAB code is developed to achieve

the numerical solution by using the above numerical

scheme. The accuracy of the code was checked by

verifying the results obtained using the current algorithm

against already published results by treating it as a limiting

case shown in Table 1. The validation is performed for the

viscous base fluid case. The values of f 00ðcÞ obtained using

the present code are compared against the values obtained

by bvp4c solver method as calculated by Soid et al. [17]

using bvp 4c solver and Ishak et al. [55] using the finite
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difference method by putting k ¼ 0; /1 ¼ 0; /2 ¼ 0 in

the non-dimensionalized governing Eqs. (21)–(22). The

computed results when compared with the already

published literature are in good agreement (Table 1). It

was observed during the code verification that a fair initial

guess and an appropriate value of g at infinity would lead to
the faster convergence of the solution, and an

unsuitable guess can lead to a singularity in the Jacobian

iterations. While obtaining the results, one should be very

careful in choosing an initial guess. Also, the smaller step

size ensures an accurate solution.

4. Results and discussion

Inducing a heated needle in the fluid initiates a heat transfer

at the solid–fluid boundary. This heat propagates into the

fluid around the needle. To study the enhancement of heat

transfer in the system, the results are computed for the rate

of heat transfer at the solid–fluid boundary and fluid tem-

perature. The percentage increment in the Nusselt number

after dispersing the nanoparticles ðNunanofluid � NuwaterÞ=ð
:NuwaterÞ � 100 is calculated and the influence of each

parameter can be studied on a non-dimensional scale to see

that the study can be extended to any length within the

limitations of the boundary layer approximations. The

velocity and skin friction are also computed to understand

the flow characteristics. The impact of needle size (c) and

velocity ratio parameter (k) on heat transfer and fluid flow

is enquired in detail. The study has been performed for

different flow conditions governed by flow parameter

(k\ 0, = 0, = 0.5, = 1,[ 1) to visualize the influence for

each of the flow condition. The physical data for the

thermophysical quantities are given in Table 2. All the

numerical simulations have been performed with the vol-

ume fraction of the nanoparticles as 0.1 (i.e.,

/1 þ /2 ¼ 0:1).

4.1. The effect of needle size on heat exchange

in Sakiadis flow

Sakiadis flow refers to the situation when the thin heated

needle is moving in static fluid and is governed by the case

when k ¼ 1. The size of the needle is directly proportional

to the factor c; i.e., the thickness of the needle. Hence, the

study has been performed by taking c as a parameter,

meaning that the flow and heat transport characteristics are

studied by varying needle size c. Such flow situations are of

considerable importance as these ‘‘needles’’ could be

identified with very small diameter cylinders such as

‘‘wires’’ or ‘‘sensors’’ of hot wire anemometers. The effect

of needle size on heat exchange at the boundary as well as

in the ambient nanofluid is visualized with the help of

Nusselt number profiles and temperature distribution

curves for pure water, (Ag–water)nf (Ag–water nanofluid),

(CuO–water)nf (CuO–water nanofluid) and (Ag–CuO/wa-

ter)hnf (Ag–CuO/water hybrid nanofluid). The graphical

results of skin friction and velocity are also presented to

visualize the flow characteristics.

4.1.1. Heat transfer at the boundary

As the heat transfer in the fluid is initiated by the hot

needle, studying the heat transfer rate at the boundary is

one of the primary objectives of the problem. The rate of

heat exchange is studied through the Nusselt number pro-

files by varying c. The profiles of the Nusselt number

against c are shown in Fig. 2 for the Sakiadis flow (i.e.,

k ¼ 1). As there would be a larger surface area for the

bigger size of the needle, the needle dissipates more heat

Table 1 Resemblance of f 00ðcÞ values with already published results

for code verification

Pr c f 00ðcÞ

Soid et al. [17] Ishak et al. [55] Present results

1 0.2 0.751665 – 0.7516

1 0.1 1.288778 1.2888 1.2888

1 0.01 8.491454 8.4924 8.4922

Table 2 Details of the nanoparticles and the base fluid

Physical properties Ag nanoparticles CuO nanoparticles Water

q (kg m-3) 10,500 6320 997.1

Cp (J kg-1 K-1) 235 531.8 4179

j (W m-1 K-1) 429 76.5 0.613
Fig. 2 Nusselt number profile for Sakiadis flow
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into the fluid. This can be easily inferred from Fig. 2 that

the heat transfer rate gradually increases with the size of

the needle. As the Nusselt number profiles increase in a

nearly linear manner with c, it implies that the rate of heat

exchange at the boundary can be increased by increasing

the needle size. Table 3 gives the Nusselt number values

for pure water, (CuO–water)nf, (Ag–water)nf and (Ag–

CuO/water)hnf as well as the percentage increments in the

Nusselt number, i.e.,

ðNunanofluid � NuwaterÞ=Nuwaterð Þ � 100%ð Þ due to the

inclusion of nanoparticles in pure water. It is calculated

from Table 3 that at the needle surface (i.e., at

g ¼ c ¼ 0:2), there has been 8.894%, 6.4476%, and nearly

8% increment in Nusselt number for (CuO–water)nf, (Ag–

water)nf, and (Ag–CuO/water)hnf, respectively. This

implies that for Sakiadis flow, (CuO–water)nf has more

heat transfer enhancement than (Ag–water)nf. This can also

be seen in Fig. 2, where the Nusselt number profiles for

various nanofluid models follow the trend for a fixed value

of c in Sakiadis flow:

CuO� waterð Þnf [ Ag� CuO/waterð Þhnf [ ðAg
� waterÞnf [ Pure water

4.1.2. Heat transfer around the needle

The temperature profiles for pure water, (CuO–water)nf,

(Ag–water)nf, and (Ag–CuO/water)hnf have been plotted

against g from g ¼ c to g1. For computational purposes,

the infinite boundary values g1 have been considered till 9

or 10, depending on the asymptotic convergence of

velocity and thermal boundary layers. Since it is a coupled

differential equation, the maximum of the two has to be

opted for obtaining accurate results. The (Ag–water)nf has

more temperature values than the (Ag–CuO/water)hnf,

which in turn has more temperature values than (CuO–

water)nf. In the earlier section, we have seen that the (CuO–

water)nf has more rate of heat transfer when compared to

the other three fluids. In support of this argument, Fig. 3

shows that the thickness of the thermal boundary layer is

the least for (CuO–water)nf among the three nanofluids.

This is because of the fact that the thinner the boundary

layer, the more will be the rate of heat transfer. So there is

more rapid heat exchange for (CuO–water)nf than (Ag–

water)nf in Sakiadis flow. The impact of the needle size on

the temperature is visualized by plotting the temperature

curves for two different values of needle size c (a magni-

fied version of this is shown in Fig. 4 for better under-

standing). Figure 4 shows that an increment in needle size

rises the fluid temperature. In other words, the thickness of

thermal boundary layer increases with increasing needle

size, meaning that the effect of needle transverse curvature

is important and a more slender needle enhances heat

transfer.

4.1.3. Velocities around the needle

Similar to the temperature profiles, an asymptotic behavior

of axial velocities can be seen in Fig. 5. It is observed that

the inclusion of nanoparticles results in a thin velocity

boundary layer for Sakiadis flow. Among the three

nanofluids, the fluid velocity is lowest for (Ag–water)nf and

highest for (CuO–water)nf, i.e., the velocity boundary layer

is thinner for (Ag–water)nf and thicker for (CuO–water)nf at

a given needle size. It is also noticed that with the increase

in needle size (Fig. 6), fluid velocity increases for all the

three nanofluids.

4.1.4. Skin friction at the boundary

The magnitude of skin friction at the boundary follows the

trend:

Table 3 Nusselt number table

k NuxRe
�1=2
x

% Increment

Water CuO–water Ag–water Ag–CuO/water CuO–water Ag–water Ag–CuO/water

- 0.2 1.7390 2.3084 2.3495 2.3383 32.7434 35.1071 34.4655

0.0 1.9909 2.5351 2.5635 2.5589 27.3385 28.7654 28.5335

0.3 2.3898 2.8791 2.8821 2.8906 20.4721 20.5976 20.9547

0.5 2.6675 3.1106 3.0927 3.1121 16.6099 15.9405 16.6672

0.8 3.0977 3.4600 3.4053 3.4440 11.6952 9.9287 11.1769

1.0 3.3914 3.6931 3.6101 3.6636 8.8940 6.4476 8.0254

1.2 3.6889 3.9246 3.8104 3.8804 6.3881 3.2938 5.1896
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ðAg
� waterÞnf [ Ag� CuO/waterð Þhnf [ CuO� waterð Þnf

This trend is in synchronicity with the axial velocity

profiles, since the skin friction depends upon the velocity

gradient. Table 4 reveals that there has been a 72% rise in

the magnitude of skin friction coefficient for (Ag–water)nf,

63% for (Ag–CuO/water)hnf, and nearly 58% for (CuO–

water)nf, when calculated in reference to pure water. In

Sakiadis flow, a heated needle moves through a quiescent

fluid, so there is a drag force on the needle, leading to a

negative skin friction coefficient (Fig. 7).

4.2. Effect of different flow conditions on heat transfer

(Blasius flow and other cases)

The previous section explores the heat exchange in the

system, when the needle is moving through quiscent fluid,

particularly the case where k ¼ 1 (termed as Sakiadis

flow). The present section will shed light on the heat

exchange taking place for different flow conditions cate-

gorized as: (a) k ¼ 0 (termed as Blasius flow in which

needle is at rest), (b) 0\k\1 (when the needle and the

surrounding nanofluid are moving in the same direction)

(c) k\0 or k[ 1 (when the needle moves in an opposite

direction to that of the surrounding nanofluid). To visualize

the influence of the different flow conditions, Nusselt

Fig. 3 Temperature profile for Sakiadis flow

Fig. 4 Influence of c on temperature profile for Sakiadis flow

Fig. 5 Velocity profile for Sakiadis flow

Fig. 6 Influence of c on velocity profile for Sakiadis flow
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number profiles, temperature distribution curves, skin

friction profiles, and velocity curves for different values of

flow parameter k have been presented.

4.2.1. Heat transfer at the boundary

The rate of heat transfer is studied through the Nusselt

number profiles for different c. The profiles of Nusselt

numbers against c for the different flow conditions gov-

erned by k are shown in Fig. 8(a) to Fig. 8(c). As there

would be a larger surface area for the bigger size of the

needle, it dissipates more heat into the fluid. It can be

inferred from the figures that the Nusselt number profiles

increase gradually with c for all the fluids (water, (CuO–

water)nf, (Ag–water)nf, and (Ag–CuO/water)hnf). It implies

that the rate of heat exchange at the boundary can be

enhanced by increasing the needle size. The value of the

Nusselt number increases due to the addition of nanopar-

ticles, whether it is CuO-nanoparticles, Ag nanoparticles,

or both CuO and Ag nanoparticles.

For different flow conditions (i.e.,

k ¼ �0:2; 0; 0:3; 0:8; 1:2 ), Table 3 gives the Nusselt

number values for pure water, (CuO–water)nf, (Ag–wa-

ter)nf, and (Ag–CuO/water)hnf along with the increment

percentage in the Nusselt number. It is calculated that for

k ¼ �0:2, there has been nearly 33% increment in Nusselt

number value for (CuO–water)nf, approximately 35%

increment for (Ag–water)nf, and 34% increment for (Ag–

CuO/water)hnf by considering the value of pure water as

reference at the needle surface (i.e., at g ¼ c ¼ 0:2)

(Fig. 8(a)). Whereas, for Blasius flow (i.e.,k ¼ 0),

(Fig. 8(b)), there has been almost a 27% increment in

Nusselt number for (CuO–water)nf, nearly 28.7% incre-

ment for (Ag–water)nf and nearly 28.5% increment for

(Ag–CuO/water)hnf. So, for k ¼ � 0:2; 0 the following

trend in Nusselt number values is observed:

ðAg
� waterÞnf [ Ag� CuO/waterð Þhnf [ CuO� waterð Þnf

Nusselt number behavior for Blasius flow (i.e., fixed

needle in a moving fluid) has a reverse outcome for all the

three nanofluids, when compared with that of Sakiadis flow

(i.e., moving needle in quiescent fluid). The rate of heat

exchange is maximum for (Ag–water)nf in case of Blasius

flow, whereas it is maximum for (CuO–water)nf in case of

Sakiadis flow.

Each of the flow conditions has a remarkable influence

on the flow and heat transfer of the system. Table 3 illus-

trates that the Nusselt number increases with increment in

flow parameter k. Now, k being the ratio of the needle

velocity to the composite velocity, the rate of heat transfer

can be enhanced by increasing the needle velocity or by

decreasing the velocity of nanofluid stream.

The percentage increments in Nusselt number for the

(CuO–water)nf, (Ag–water)nf, and (Ag–CuO/water)hnf
when calculated in reference to that of pure water decreases

with increase in k. This means that for smaller values of k,
the inclusion of nanoparticles on heat exchange is much

Table 4 Skin friction coefficient table

k CfRe
1=2
x

% change in magnitude

Water CuO–water Ag–water Ag–CuO/water CuO–water Ag–water Ag–CuO/water

- 0.2 1.9112 2.8026 2.9487 2.8493 46.64 54.28 49.08

0.0 1.3977 2.0847 2.2127 2.1277 49.15 58.31 52.23

0.3 0.5779 0.8805 0.9447 0.9030 52.36 63.47 56.25

0.5 0.0000 0.0000 0.0000 0.0000 00.00 00.00 00.00

0.8 - 0.9112 - 1.4266 - 1.5500 - 1.4713 56.56 70.10 61.46

1.0 - 1.5471 - 2.4429 - 2.6636 - 2.5234 57.9 72.16 63.10

Fig. 7 Skin friction profile for Sakiadis flow
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more effective than for a higher value of k. For Blasius

flow(k ¼ 0), there has been approximately 27–28% incre-

ment in Nusselt number upon the addition of nanoparticles

in pure water. However, for Sakiadis flow (k ¼ 1), it’s only

6–8%.

Table 3 illustrates that for k ¼ 0:3 there has been nearly

20–21% increment in Nusselt number, for k ¼ 0:5, there

has been approximately 16%, whereas for k ¼ 0:8 there

has been nearly 11% increment in Nusselt number for the

(CuO–water)nf, (Ag–water)nf, and (Ag–CuO/water)hnf in

comparison with pure water. On the other hand, when

k ¼ 1:2, there is only 6% of increment in the Nusselt

number for (CuO–water)nf, approximately 5% increment

for (Ag–CuO/water)hnf and nearly 3% increase for (Ag–

water)nf in comparison with that of pure water.

4.2.2. Heat transfer around the needle

The values for the temperature have been plotted against g
from g ¼ c to g1. For computational purposes, the infinite

boundary values of g have been simulated till 9 or 10,

depending on the convergence of velocity and thermal

boundary layers. For Blasius flow, the temperature distri-

bution around the needle (Fig. 9(a)) follows the trend:

water\ðAg
� waterÞnf\ Ag� CuO/waterð Þhnf\ CuO� waterð Þnf
When 0\k\0:5, the maximum rise in temperature is

seen (Fig. 9(b)) in the case of (Ag–CuO/water)hnf. After

k ¼ 0:5, the following trend in temperature profiles

(Fig. 9(c) to Fig. 9(d)) is noticed:

water\ CuO� waterð Þnf\ Ag� CuO/waterð Þhnf\ðAg
� waterÞnf
Section 4.2.1 shows that as k increases, the percentage

increments in Nusselt number decrease for the (CuO–

water)nf, (Ag–water)nf, and (Ag–CuO/water)hnf. Figure 10

shows that as k increases, the thickness of the thermal

boundary layer increases. The thicker the boundary layer

is, the lesser will be the heat exchange. It accounts for the

reason behind the decrement in the heat transfer rate with

an increment in k.

4.2.3. Velocities around the needle

The influence of the flow parameter k on hybrid nanofluid

velocity is shown in Fig. 11. It is depicted in the figure that

k ¼ 0:5 acts as a critical value of flow parameter, after

which the direction of velocity profiles got reversed.

k\0:5 represents the case when the velocity of the ambient

fluid u1 is more than that of the needle uw, k ¼ 0:5 rep-

resents the case when the needle velocity is equal to that of

the surrounding nanofluid stream (i.e., uw ¼ u1) and

k[ 0:5 represents the case when the velocity of the needle

uw is more than that of the ambient fluid u1. This implies

as the needle velocity becomes more than that of the sur-

rounding fluid (i.e., k[ 0:5), the trend and direction of

velocity profiles get reversed. At a particular value of flow

Fig. 8 (a) Nusselt number profile for k ¼ � 0:2. (b) Nusselt number

profile for Blasius flow. (c) Nusselt number profile for k ¼ 0:8
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Fig. 9 (a) Temperature profile for Blasius flow. (b) Temperature profile for k ¼ 0:3. (c) Temperature profile for k ¼ 0:5. (d) Temperature profile

for k ¼ 1:2

Fig. 10 Effect of k on temperature profile of hybrid nanofluid Fig. 11 Effect of k on velocity profile of hybrid nanofluid
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parameter such that k\0:5, the axial velocity (f 0) profiles
of the base fluid, nanofluids and hybrid nanofluid (e.g. as in

Fig. 12(a)) follow the trend:

water\ CuO� waterð Þnf\ Ag� CuO/waterð Þhnf\ðAg
� waterÞnf
But for k[ 0:5, the above trend in axial velocity

profiles is reversed (Fig. 12(b)):

ðAg� waterÞnf\ Ag� CuO/waterð Þhnf\ CuO� waterð Þnf
\water

4.2.4. Skin friction at the boundary

In order to visualize the influence of different flow condi-

tions, skin friction profiles are plotted (Fig. 13(a)–13(b))

and the skin friction coefficient is calculated at the needle

boundary (Table 4) for distinct values of flow parameter k.
Table 4 depicts that for k ¼ � 0:2; 0 and 0\k\0:5, the

sign of the skin friction coefficient is positive and among

various nanofluids, the skin friction profiles (Fig. 13(a))

follow the trend:

water\ CuO� waterð Þnf\ Ag� CuO/waterð Þhnf\ðAg
� waterÞnf
When k\0:5, the velocity of the nanofluid stream is

greater than that of the needle due to which it exerts a drag

force on the needle, leading to the positive skin friction

coefficient. k ¼ 0:5 acts as a critical value at which the

magnitude of skin friction is zero (Table 4) and after which

the sign of the skin friction coefficient along with the

direction of skin friction profiles got reversed (see Table 4

and Fig. 13(b)). This is because at k ¼ 0:5, the needle

velocity and the velocity with which nanofluid move are

equal, uw ¼ u1. This results in a negligible skin friction at

the needle–fluid interface. Furthermore, when k[ 0:5, the

velocity of the nanofluid stream is less than that of the

needle due to which the needle exerts drag force on the

nanofluid stream. It leads to the negative sign of the skin

friction coefficient. However, the magnitude of the skin

Fig. 12 (a) Velocity profile for Blasius flow. (b) Velocity profile for

k ¼ 0:8
Fig. 13 (a) Skin friction profile for Blasius flow. (b) Skin friction

profile for k ¼ 0:8
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friction coefficient follows the same trend after k ¼ 0:5 as

discussed above. From Table 4, it can be observed that for

all the flow conditions, the magnitude of the skin friction

follows the trend:

water\ CuO� waterð Þnf\ Ag� CuO/waterð Þhnf\ðAg
� waterÞnf
As k increases, percentage increments in skin friction

also increase for all the nanofluids implying that the effect

of adding nanoparticles on skin friction is magnified with

an increment in k. Furthermore, with the increase in the

magnitude of the relative velocity ( uw � u1j j), the

magnitude of the skin friction coefficient (ratio of wall

shear stress to local dynamic energy) increases (Table 3).

Through this experiment, we see that the wall shear stress

has more effect on skin friction coefficient than the local

dynamic energy for each of the nanofluids.

5. Conclusions

In this paper, a comparative analysis is performed for Ag–

CuO/water hybrid, CuO–water, and Ag–water nanofluids

to study their impact on heat transfer in the boundary layer

flow past a thin needle. The influence of needle size and the

different flow conditions involving Sakiadis and Blasius

flows are examined numerically. The significant outcomes

of the analysis are summarized as

1. By increasing the needle size c, the rate of heat transfer

at the boundary can be enhanced. Also, increment in

the needle size c rises the fluid temperature.

2. As k increases, the Nusselt number increases for all the

fluids, whether it is a base fluid (water) or nanofluids

(CuO–water or Ag–water) or hybrid nanofluid (Ag–

CuO/water)hnf.

3. For Blasius flow (k ¼ 0), there has been approximately

27–28% increment in Nusselt number upon the

addition of nanoparticles in pure water. However, for

Sakiadis flow (k ¼ 1) it is only 6–8%. It implies that

the effect of the addition of nanoparticles on the heat

exchange is much more effective for a smaller value of

k than for a higher value.

4. Hybrid nanoparticles have tremendous control over a

heat exchange at the solid–fluid boundary in Sakiadis

and Blasius flows. The heat transfer can be controlled

by using a particular volume fraction of nanoparticles

so that it would meet the required criteria.

5. Ag–CuO/water hybrid nanofluid experiences the max-

imum temperature compared to the other fluids when

the needle velocity is less than that of the ambient fluid

velocity (i.e., 0\k\0:5)

6. k ¼ 0:5 acts as a critical value of flow parameter, after

which the whole trend and direction of velocity

profiles get reversed. The velocity profiles of Blasius

flow and Sakiadis flows are opposite in nature.

The results reveal that the use of hybrid nanoparticles

leads to a great control over heat transfer at the boundaries.

Apart from the heat transfer at the boundaries, the veloci-

ties and skin friction can be controlled to a certain extent.

Acknowledgments The authors owe their deep sense of gratitude to

the honorable Vice-Chancellor of Defence Institute of Advanced

Technology (Deemed University) for constant encouragement and

support in the current research. Also, Miss Preeti is thankful to the

Defence Research and Development Organization (DRDO),

Government of India, for supporting this work under the Senior

Research Fellowship (F-16-52-08).

References

[1] R M Mark, Laminar boundary layers on slender bodies of rev-

olution in axial flow, (Doctoral dissertation, California Institute

of Technology) (1954)

[2] L L Lee Phys. Fluids 10 820 (1967)

[3] J L S Chen and T N Smith J. Heat Transf. 100 358 (1978)

[4] J P Narain and M S Uberoi J. Heat Transf. 94 240 (1972)

[5] T Grosan and I Pop J. Heat Transf. 133(5) 054503 (2011)

[6] J P Narain and M S Uberoi Phys. Fluids 15 1879 (1972)

[7] J P Narain and M S Uberoi Int. J. Heat Mass Transf. 16 1505

(1973)

[8] S U Choi and J A Eastman Argonne National Lab, IL (United
States) (No. ANL/MSD/CP-84938; CONF-951135-29) (1995)

[9] J A Eastman Argonne National Lab., IL (US) (No. ANL/MSD/

CP-96711) (1999)

[10] J A Eastman, S U S Choi, S Li, W Yu and L J Thompson Appl.
Phys. Lett. 78 718 (2001)

[11] S U S Choi, Z G Zhang, W Yu, F E Lockwood and E A Grulke

Appl. Phys. Lett. 79 2252 (2001)

[12] L Godson, K Deepak, C Enoch, B Jefferson and B Raja Arch.
Civ. Mech. Eng. 14 489 (2014)

[13] M I Hasan Appl. Therm. Eng. 63 598 (2014)

[14] M Sheikholeslami and D D Ganji J. Taiwan Inst. Chem. Eng. 65
43 (2016)

[15] S K Das, S U Choi and H E Patel Heat Transf. Eng. 27 3 (2006)

[16] R Ahmad, M Mustafa and S Hina Chin. J. Phys. 55 1264 (2017)

[17] S K Soid, A Ishak and I Pop Appl. Therm. Eng. 114 58 (2017)

[18] M W A Khan, M I Khan, T Hayat and A Alsaedi Physica B
Condens. Matter 534 113 (2018)

[19] A Hamid, A Hafeez, M Khan, A S Alshomrani and M Alghamdi

Eur. J. Mech. B Fluids 76 434 (2019)

[20] F Mebarek-Oudina and R Bessaı̈h Thermophys. Aeromech. 26(3)
325 (2019)

[21] F Mebarek-Oudina Heat Transf. Asian Res. 48(1) 135–147

(2019)

[22] S Marzougui, F Mebarek-Oudina, A Assia, M Magherbi, Z Shah

and K Ramesh J. Therm. Anal. Calorim. (2020).

https://doi.org/10.1007/s10973-020-09662-3

[23] F Mebarek-Oudina Eng. Sci. Technol. Int. J. 20(4) 1324 (2017)

[24] J Raza, F Mebarek-Oudina and A J Chamkha Multidiscip.
Model. Mater. Struct. 15(4) 737 (2019).

https://doi.org/10.1108/MMMS-07-2018-0133

Numerical investigation of boundary layer flow 149

https://doi.org/10.1007/s10973-020-09662-3
https://doi.org/10.1108/MMMS-07-2018-0133


[25] M A Sheremet, R Trimbitas, T Grosan and I Pop Appl. Math.
Mech. 39 1425 (2018)

[26] B Souayeh, M G Reddy, P Sreenivasulu, T Poornima, M

Rahimi-Gorji and I M Alarifi, J. Mol. Liq. 284 163 (2019)

[27] J Raza, F Mebarek-Oudina, P Ram and S Sharma Defect Diffus.
Forum 401 92 (2020)

[28] J Raza, M Farooq, F Mebarek-Oudina and B Mahanthesh Mul-
tidiscip. Model. Mater. Struct. 15 913 (2019)

[29] S M Kayani, S Hina and M Mustafa Arab. J. Sci. Eng. 1 1143

(2020)

[30] S Hina, A Shafique and Mustafa Physica A Stat. Mech. Appl.
540 123184 (2020)

[31] M Shahzad, M Ali, F Sultan, W A Khan and Z Hussain Indian J.
Phys. (2019). https://doi.org/10.1007/s12648-019-01669-3

[32] A Sultan, M Mustafa and M Rahi Proc. Inst. Mech. Eng. Part C
J. Mech. Eng. Sci. 233 4980 (2019)

[33] S Suresh, K P Venkitaraj, P Selvakumar and M Chandrasekar

Colloids Surf. A Physicochem. Eng. Asp. 388 41 (2011)

[34] S Jana, A Salehi-Khojin and W H Zhong Thermochim. Acta 462
45 (2007)

[35] J Sarkar, P Ghosh and A Adil Renew. Sustain. Energy Rev. 43
164 (2015)

[36] T Hayat and S Nadeem Results Phys. 7 2317 (2017)

[37] S Nadeem, N Abbas, A U Khan Results Phys. 8 829 (2018)

[38] M M Maskeen, A Zeeshan, O U Mehmood and M Hassan J.
Therm. Anal. Calorim. 138 1127 (2019)

[39] S S U Devi and S A Devi Can. J. Phys. 94 490 (2016)

[40] S A Devi and S S U Devi Int. J. Nonlinear Sci. Numer. Simul. 17
249 (2016)

[41] M A Mansour, S Siddiqa, R S R Gorla and A M Rashad Therm.
Sci. Eng. Prog. 6 57 (2018)

[42] U Khan, A Zaib, and F Mebarek-Oudina Arab. J. Sci. Eng.
(2020). https://doi.org/10.1007/s13369-020-04680-7

[43] Z Abdel-Nour, A Aissa, F Mebarek-Oudina et al. J. Therm.
Anal. Calorim. (2020). https://doi.org/10.1007/s10973-

020-09690-z

[44] M Izadi, H F Oztop, M A Sheremet and S A M Mehryan and N

Abu-Hamdeh Numer. Heat Transf. Part A Appl. 76 479 (2019)

[45] T Tayebi and A J Chamkha Numer. Heat Transf. Part A Appl. 71
1159 (2017)

[46] M Subhani and S Nadeem Appl. Nanosci. 9 447 (2019).

https://doi.org/10.1007/s13204-018-0926-2

[47] S S Ghadikolaei and M Gholinia Int. Commun. Heat Mass
Transf. 110 104371 (2020)

[48] H Schlichting and K Gersten Boundary-Layer Theory (Berlin

Heidelberg: Springer) (2017)

[49] D W Beard and K Walters In Mathematical Proceedings of the
Cambridge Philosophical Society (Cambridge University Press)

60 667 (1964)

[50] M Mushtaq, S Asghar and M A Hossain Heat Mass Transf. 43
1049 (2007)

[51] H C Brinkman J. Chem. Phys. 20 571 (1952)

[52] R L Hamilton and O K Crosser Ind. Eng. Chem. Fundam. 1 187

(1962)

[53] Y Xuan and W Roetzel Int. J. Heat Mass Transf. 43 3701 (2000)

[54] K Jaan Numerical Methods in Engineering with MATLAB
(Cambridge: Cambridge University Press) (2005)

[55] A Ishak, R Nazar and I Pop Chin. Phys. Lett. 24 2895 (2007)

Publisher’s Note Springer Nature remains neutral with regard to

jurisdictional claims in published maps and institutional affiliations.

150 P Prashar et al.

https://doi.org/10.1007/s12648-019-01669-3
https://doi.org/10.1007/s13369-020-04680-7
https://doi.org/10.1007/s10973-020-09690-z
https://doi.org/10.1007/s10973-020-09690-z
https://doi.org/10.1007/s13204-018-0926-2

	Numerical investigation of boundary layer flow past a thin heated needle immersed in hybrid nanofluid
	Abstract
	Introduction
	Mathematical model and physical description of the flow
	Numerical solution
	Results and discussion
	The effect of needle size on heat exchange in Sakiadis flow
	Heat transfer at the boundary
	Heat transfer around the needle
	Velocities around the needle
	Skin friction at the boundary

	Effect of different flow conditions on heat transfer (Blasius flow and other cases)
	Heat transfer at the boundary
	Heat transfer around the needle
	Velocities around the needle
	Skin friction at the boundary


	Conclusions
	Acknowledgments
	References




