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Abstract: In this study, the doubly dispersive equation is presented by the application of the improved Bernoulli sub-
equation function method (IBSEFM). The doubly dispersive equation which is a nonlinear partial differential equation is
transformed into nonlinear ordinary differential equation using a wave transformation and then is solved by IBSEFM.
Some new solutions are successfully constructed. All the obtained solutions in this study have been satisfied the doubly
dispersive equation. In the present study, we have used Wolfram Mathematica 9 software for all of the computations and

graphic plottings.
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1. Introduction

Nonlinear evolution equations (NLEEs) arise in many
fields of sciences including physics, mechanics and mate-
rial science [1-5]. As the NLEEs describe various aspects
of our real life situations, the searching for solitary wave
solutions plays an important fundamental role [6]. Various
methods have been developed for obtaining the analytical
solutions of different kinds of partial differential equations,
such as the improved Bernoulli sub-equation function
[7-10], the modified extended tanh [11], the simplest
equation [12-14], the modified simplest equation [15, 16],
the extended sinh-Gordon equation expansion [17-20], the
fractional variation iteration [21-24], the hybrid differen-
tial transform [25], the exponential function [26], the
modified exp (—d(n))-expansion function [27], the g-ho-
motopy analysis transform [28], homotopy perturbation
Sumudu transform [29], the implicit finite difference
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scheme, the Dufort—Frankel finite difference scheme [30]
and the difference schemes method [31]. In addition, the
improved Bernoulli sub-equation method (IBSEFM) is
used by constructing variety of solitary wave solutions to a
nonlinear model for describing the wave propagation in the
nonlinearity elastic inhomogeneous Murnaghan’s rod,
called the doubly dispersive equation [32].
The doubly dispersive equation [32] is given by

b= (L(E0),) =5 (5 (AP + p?0s — (b20),),)
(1)

where b =% <1 and p = £ are combinations of the con-
stant scale factors.

2. The IBSEFM
Improved Bernoulli sub-equation function method

(IBSEFM) which is formed by modifying the Bernoulli
sub-equation function method will be given in this part.
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Step 1 Let us consider the following partial differential
equation

P(u, Uy, thyy thyy, .. .) = 0, (2)
and take the wave transformation
u(x,f) = U(y),y = x — ct, (3)

where ¢ is constant and will be determined later.
Substituting Eq. (3) into Eq. (2), we obtain the following
nonlinear ordinary differential equation

N(U, U U U, ) =0. (4)

Step 2 Considering the trial equation of solution in
Eq. (4), it can be written as follows:

_ Yie@iF'(n)

U v wares
ag+aiF(n) + axF*(n) + ...+ a,F"(n)
 bo+biF(n) + baF2(n) 4 ..+ buF™(n)

(5)

According to the Bernoulli theory, we can consider the
general form of Bernoulli differential equation for F’ as
follows:

F' =wF+dF" w+#0,d#0, M € R—{0,1,2}, (6)

where F = F(n) is Bernoulli differential polynomial.
Substituting the above relations in Eq. (4), it yields
equations of polynomial Q(F) of F as follows:

Q(F) = p,F* + ...+ pF + py = 0. (7)

According to the balance principle, we can determine
the relationship between n, m and M.

Step 3 Setting all of the coefficients of Q(F) to zero will
yield us an algebraic system of equations:

p;=0,i=0,...s. (8)

Solving this system, we will specify the values of
ag, -, dn and bOa"'abm~

Step 4 When we solve nonlinear Bernoulli differential
equation given by Eq. (6), we obtain the following two
situations in terms of w and d:

1

PO) = [+ | - v o)
_ [(E = 1)+ (E + 1) tanh(w(1 — M)y /2)]™"
Fln = [ 1 — tanh(w(1 — M)n/2) ’

(10)

3. Application

In this section, the DDE is presented by the application of
the IBSEFM. Using the wave transformation given by

Eq. (1),
D(x, 1) = U(y),7 = pu(x — t) (11)

Substituting Eq. (11) into Eq. (1) yields the following
NODE:

2(E — 9?*p)U + pPeU? + e®V?(9?p — bo)U" =0 (12)

Balancing Eq. (12) by considering the highest derivative
and the highest power, we obtain n — m = 2M — 2.

Choosing M =2,m =1, gives n = 3. Thus, the trial
solution to Eq. (1) takes the following form:

_ag+a\F(y) + aF*(y) + a:F(y)
v = by + b1 F(7) ’

where F' = wF +dF?,w #0,d # 0. Substituting
Eq. (13), its second derivative along with F' = wF +
dF3,w # 0,d # 0 into Eq. (12) yields a polynomial in F.
Solving the system of the algebraic equations yields the
values of the parameter involved. Substituting the obtained
values of the parameters into Eq. (13) yields the solutions
to Eq. (1).

For w # d, we can find the following coefficients:

Case 1

(13)

12wiv?a(E — aF)by
PR+ aiia)
12w v (E — aF)b, —2E + aeu®v? e’ F

ap =0, a =

“= pB(=2 + eu?v2a?) P= (=2 + eu?v?a?)
(14)
Case 2
212v*6*(E — oF )by
ap = — ;
O PRt )
212v26(E — aF) (6wbgy + aby)
a) = — .
! Bt i)
12wy (E — oF ) (whbo + aby)
ar = — .
: PBETadia)
12wV (E — aF)b, 2E + aep’v?a?
a4 = — C :
: pBQ2 + euvig?) P 92(2 + euv2a?)’
(15)
Case 3
12wy e (E — aF )by
—0: a1 =0: — .
ao ;a1 ; Ao pﬁ(—2+6ﬂ2V20'2) )
12wV (E—aF)by —2E + aep? V2o’ F

b :0' =
5 Y0 Y 192(*24’6/12\)20'2)7

(16)

T B2t )
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Case 4 0 6w,u2v20'(—192p + OCF)b()
ay=0; a; = ;
I al:(—EJrocF)b].az_ 6w(E — aF)b; 0 1 Y
’ pPe ' pPBea ' - 6wV (92 p — aF)(why + aby)
o OPE—aF o EtaF V2 o B ’ (20)
33—~~~ 5o o>, 200 —VY - k] — T T/
pPec? 20° Veva ow? 12v (=% p + aF )by
as = )
(17) pp
1
Case 5 E= 5 (9p(2 — eu’v?a?) + aep’v?a’F);
6w(E —aF)b
ap=0; a; =0; aZZ(pﬁea)l. Case 8
2,22
oWE—aF)bi , _ . _Etaf V2 g TPt aF)b
a3 = ; =0 = ; = — ; ’
} pPea? 0 P 202 0 H Veve pp
(18) 4 = 12v:a(9?p — aF)(6wbg + aby)
pp ’
Case 6 6wuv? (9%p — oF ) (who + aby) 1)
ar» = — .
o = 0: alz(_E+aF)bl'a2— 6w(E — aF)b; 2 B '
’ ppe 7 ppes W22V (—9%p + aF )by
_ _OWAE—aF)b , __EtaF V2 4= B ’
az = — pPea? ;bo=VU; p= 292 Mu_\/gvo" E 1(192 (2+ /1222) O{,MVO'2F)
== € €
(19) 2
Substituting Eq. (14) into Eq. (13) gives
(l2v\;/)¢ v2a(E—aF )b 12w2,u2t2(E oF )b, 12w,u2"2(E—OtF2(Wbo+()'b1)
Be-C—nof_w) (Z21ep21262) g(e—(—uoy_w eu2v2 g2 (=t g _w)7 (24 ey2y242
ul(x,t 7!’( ) H=veo p/(e k— )(2+uta) p[}(e kﬂ)(2+,u a?) (22)
bo + W
Case 7 Substituting Eq. (15) into Eq. (13) gives
_ZHZ‘QZJZ(Ez_gFQ)bO - 12w? 12v? (E—aF)b, _ Dwpy o’F)(wh0+(7b|) __ 2*V’o(E—aF)(6wby+ob))
PBQ2+e?vie e~ (=)o f—w)” (24121262 B(e—(—tuof—w)" (24121262 pB e*(xfli))wk—% (2+€p21v20?)
wale. 1) = pBe - mok—2) 2rer2e?)  pp(etmek—2) 2 tevie?)  PB( ) (23)
bo + W
Substituting Eq. (16) into Eq. (13) gives
(e * ,ﬁ)yak%)< 12w2;12\‘2(E31F)b| ‘ 12w 2o (E—aF)b) ) (24)
B o~ (=10 =) 2+e2v262)  pp e~ =)oy _w +eu2v202
uz(x,1) = ( k)(bl ) A Ly c )
Substituting Eq. (17) into Eq. (13) gives
eﬂ%m) v 6w2 (E—2F)b; w(E—aF)b, (“E+aF)b;
’ V2(x—1) } V2(x—19) (25)
phe a2 ppe

2 V2(x—19)
Vo k| oo oppe| € VO ke

u4(x7t): by




312 F Dusunceli et al.

Substituting Eq. (18) into Eq. (13) gives compared, we observed that the reported results in this
study are new and presented for the first time. The reported
) results in this study may be useful in explaining the
W2Ax—tv) 2 (E—aF)b (B . . . .
(e VA e "ﬁ((i ; by Gﬁ((h 2"1 ; physical meaning of the studied nonlinear model.
P v ICR _ﬁ” i . . . .

s (e, 1) = i ( ! ”) o ( ! ”> Remark 1 Solution (26) is travelling wave solution and

S b the other solutions are singular soliton solutions.

(26)

Choosing the suitable values of parameters, we per-
Substituting Eq. (19) into Eq. (13) gives formed the numerical simulations of the obtained solutions

Y2rd) 6w2 (E—aF)b 6w(E—2F)b E+aF)b
P k=¥ w=(E—xF)by . w(E—aF)by — (=E+aF)by (27)
V1) V1) _V2a—19)
ppe| e 2 ppef e T A k=%

Ve k% Vev Ve
ug(x,t) = )
Substituting Eq. (20) into Eq. (13) gives for (24-26-28) equation by plotting their 2D and 3D
wr(x, 1) = (Figs. 1, 2, and 3).
6»1/,142"20(7192/)«#0(/:)170 6w2/12v2(7l92p+aF)b1 6wu2v2(192pfocF)(wbo+ab1)
pB e’(«"*“’)l“’k—%) B e—(xfn));mk,% N B e—(x—rﬂ);mk,% 2
( il bl) il ) 5. Conclusions

bO + e—(x—m);mk_%

(28)  In this article, new solutions are obtained for the doubly
dispersive equation using the IBSEFM method. We have

Substituting Eq. (21) into Eq. (13) gives seen that the results we obtained are new solutions when

Mz‘,202(7192p+a,:)b0 6w2,u2v2(7192p+aF)b1 - 6w,u2v2(192p7xF)(wbo+ob1) - ,uzvza(ﬂzpfo)(éwboJrabl)

ph I,ﬁ(ef(vfrﬂ)uak,%f pﬁ(ef(xfu‘));mki%)z p[}(e*k“’)wkf%)
us(x.1) e (29)
e (x n));wk7;
4. Results and discussion we compare them with previous ones. Our results might be

useful in explaining the physical meaning of various non-
In this study, the improved Bernoulli sub-equation function  linear models arising in the field of nonlinear sciences.
method is used in finding wave solutions to the doubly = IBSEFM is a powerful and efficient mathematical tool that
dispersive equation. Exponential function solutions are  can be used to handle various nonlinear mathematical
successfully constructed. Cattani et al. [17] reported some  models.
solutions to the doubly dispersive equation. When the
reported results in this paper and the results in [17] are
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Fig. 3 The 3D and 2D surfaces of the solution Eq. (28) for suitable values
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