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Abstract: In this paper, a general solution to the field equations of a generalized thermoelastic medium with double
porosity has been obtained. To investigate the problem, we use the Lord—Shulman theory in the thermoelasticity. The half-
space of an isotropic homogeneous thermoelastic material is considered. Using the normal mode analysis and the numerical
inversion technique, the analytic expressions of the physical quantities are obtained. Numerically, computed results for
these quantities and its depicted graphically lead to study the effect of porosity. Comparisons in the presence and absence
of double porosity, in two different times, are obtained. Although the problem has been solved theoretically, it is possible
for researchers to benefit from their results in many different sciences, for example, in the field of geophysics, earthquake
engineering, along with seismologist working in the field of mining tremors and drilling into the crust of the earth.

Keywords: L-S theory; Thermoelastic medium; Normal mode; Double porosity

PACS Nos.: 44.05. +e; 81.40.J5; 62.20. fq; 62.20.Dc; 62.40.4+i

List of symbols

A 1 Lame’ parameters

0y Kronecker delta

Ce The specific heat at constant strain

To The reference temperature

g; The equilibrated stress corresponding
to vy

T; The equilibrated stress corresponding
to vp

b, d, by, v, 71, 72 The constitutive coefficients

Vi The volume fraction field

corresponding to pores and v, is the
volume fraction field corresponding to
fissures

¥, ® The volume fraction fields
corresponding to v; and v,,
respectively

K, and K, The coefficients of equilibrated inertia

T The temperature change measured

form the absolute temperature T}

*Corresponding author, E-mail: nehal.tarek23 @yahoo.com

U; The displacement vector
0 The mass density

Tjj The stress tensor

To The relaxation time
K>0 The thermal conductivity

1. Introduction

The generalized theory of thermoelasticity is one of the
modified versions of classical uncoupled and coupled the-
ory of thermoelasticity. In order to remove the paradox of
physical impossible phenomena of an infinite velocity of
thermal signals in the classical coupled thermoelasticity,
the generalized theory of thermoelasticity has been devel-
oped. The coupled theory of thermoelasticity is explained
in [1]. In [2] generalized thermoelasticity theory involving
one thermal relaxation time is studied. Lord—Shulman has
been applied, in [3], to study the effect of dependence of
the modulus of elasticity on the reference temperature in

© 2019 IACS
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two-dimensional generalized thermoelasticity. Generalized
electro-magneto-thermo-viscoelastic in the case of 2-D
thermal shock problem in a finite conducting medium with
one relaxation time was studied in [4]. Marin [5] explained
an approach of a heat-flux-dependent theory for micropolar
porous media. The deformation of a rotating two-temper-
ature generalized magneto-thermoelastic medium with
internal heat source due to hydrostatic initial stress was
studied by Said [6]. The weak solutions in elasticity of
dipolar bodies with stretch were studied by Marin and Stan
[7]. In [8], two-temperature generalized magneto-ther-
moelastic medium, for dual-phase-lag model, under the
effect of the gravity field and hydrostatic initial stress, is
studied. Wave propagation in a magneto-micropolar ther-
moelastic medium with two temperatures for three-phase-
lag model was studied by Said [9]. The origin of the linear
theory of elastic materials with double porosity goes back
to papers of Barenblatt et al. [10]. Wilson and Aifantis, in
[11], discussed the theory of consolidation with double
porosity. Khalili and Valliappan, in [12], used the theory of
flow and deformation in double porous media. In [13],
Masters et al. studied coupling temperature to a double-
porosity model of deformable porous media. Berryman and
Wang [14] investigated the elastic wave propagation and
attenuation in a double-porosity dual-permeability med-
ium. In [15], Khalili and Selvadurai studied the fully
coupled constitutive model for thermo-hydro-mechanical
analysis in elastic media with double porosity. Linear
dynamics of double-porosity dual-permeability materials-I
was discussed by Pride and Berryman [16]. Zhao and Chen
[17] introduced the fully coupled dual-porosity model for
anisotropic formations. Svanadze [18] studied the dynam-
ical problems of the theory of elasticity for solids with
double porosity. In [19], Ainouz investigated the homog-
enized double-porosity models for poro-elastic media with
interfacial flow Barrier. Plane waves and boundary value
problems in the theory of elasticity for solids with double
porosity were studied by Svanadze [20]. Straughan [21]
studied the stability and uniqueness in double-porosity
elasticity. The so-called double-porosity model allows the
body to have a double porous structure: macroporosity
connected to pores in the body and a microporosity con-
nected to fissures in the skeleton. Moreover, the general-
ized theory, with the help of Darcy’s law, is established to
obtain the basic equations for elastic materials with double
porosity involve the displacement vector field, a pressure
associated with the pores, and a pressure associated with
the fissures (see [17, 20, 21]). The materials with double

porosity are of interest in geophysics [22, 23] and
mechanics of bone [21]. The theory is established with the
help of Darcy’s law. The basic equations for elastic
materials with double porosity involve the displacement
vector field, a pressure associated with the pores, and
pressure associated with the issues [20-26]. Othman and
Marin [27] studied the effect of thermal loading due to
laser pulse on thermoelastic porous media under G-N
theory. The plane waves in magneto-thermoelastic solids
with voids and microtemperatures due to hall current and
rotation were investigated by Othman et al. [28].

In the present paper, we have studied the equations of
generalized thermoelastic material with double-porosity
structure with one relaxation time. Effect of porosity and
different times is shown graphically.

2. Formulation of the problem and basic equations

Consider a homogeneous thermoelastic half-space with
double-porosity structure in the undeformed state at uni-
form temperature 7). It follows from the description of the
problem that all the considered functions will depend upon
(x, z, t). We thus obtain the displacement vector u of the
form u = (u1,0,u3). The field equations and constitutive
relations for a homogeneous isotropic thermo-elastic solid
with double-porosity structure in the absence of incre-
mental body forces and heat source by L-S model are:
Stress—strain equation (see [29])

tij = A0y + 2ue; + boy® + doy;V — o (T —Tp). (1)
In case of isotropic solids, the constitutive equations for

double porosity [29]

ogi=0®;+b ¥, (2)

i =b1 P;+7 ¥, (3)
The equation of motion in the absence of body force

lij = pi;. 4)
Using (1) in (4), we get the equation of motion in the

two dimensions

Oe Rl oY

2
uNVPup + (24 p) =+ b= +d— or_ ,ou

o o Y Pax P
(5)
de 0® ¥ T u
2 ve  ,OP  L0T L,00  0U3
uVu3+(/1+u)aZ+baZ+daZ %=

(6)
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Equilibrated stress equations of motion where
Vb4 bV be—anb— W 4T = Ky T PR SN RN L -
o —be — o1 P —« =K —, 1 =—>%5 350 ©=—>5- > 3=">, 44= )
! ! 3T TN 1o pciK w? pciK w?’ pcl Kic?
(7) b b
as=——>5, 46 =,
Ry Kicq o
b1V2<D+yV2‘P—de—oc3q§—ocz&”+y2T:K2W % o T b
t ay 8 2 0 = 2p
(8) Ko Koy 1 ciK>
dK,
1 a = , A =—7,
Equation of heat 1 2 27 0K,
) or o oY o3 % 72ToK,
KV’T = (141 >(C*—+T +9,To— + 7,7, ) a , , =
( 05 ) (P BTo— +nTo—=- o Tl 13 K, 14 K, =K
9) Ko, _ N,
aie = P 17="5, Ko
For the purpose of numerical evaluation, we introduce - 1 pe oy
dimensionless variables 9= /2% 5 -
pcKiwy

(0] w
(xl7zl) = 71(&2)’ (u/17ul3) = 71(”17“3)7
C1 C1
{617 ]} - {61311} (t 770) - (l)](t,fo),
[¢/ TI] Klwl [¢ T} C2 _ ;L + 2,[1
o ) ’ 1 p 9
* 2 602
o =28, VoAVR = G20,
1

t. = ! L T’—T
P\pT,) " Ty

Using the above dimensionless quantities, Eqgs. (5)—(9)

become:
A+ p\ Qe 5 0D 4 oT
( Pcl >6x+ ( )V . +a1a—+a2 Ox a3a
_62141
oo
(10)
A+ p\ Qe [T od oY oT
( pei >62+ (Pﬁ)v @ 0z +a 0z a 0z
_62143
oo
(11)
2 2 o3’
ayV- P+ asV ’I’—aGe—aﬂD—agEP-i-agT:ﬁ,
(12)
2 2 il 4
aoV-® +anVv Y’—alze—am(b—am‘I/—&—aGT:W,
(13)
a V2T = 1+‘59 a_TJr 6+a a(era b d
16 = 05 )\ & e 1875, 195,

(14)

Define displacement potentials ¢; and ; that relate to
displacement components u; and u5 as,

0, 0y, 09, | 0y,
P Y S Nt 15
M T T T (15)
Using Eq. (15) in Eqgs. (10)—(14), to obtain:
62
Vi, +a1®+ arV — a;T = a;’z‘, (16)
2
U ) 2 oY,
— |V, = —>, (17)
(pC% Lo
2 2 2 ’o
asVe® + asV°V — agV d)l —a7<P—a8'I’+a9T:¥,
(18)
2 2 2 v
a,oV°P + a1 VYV —apvV ([)l —6113@—(114'1”4-(115TZW7
(19)
0\ /0T 0 0P oY
a16VT = <1 +Toa) (§+017V2%+ a5, +ap at)
(20)

Dimensionless variables of the stress components take the
form,

o L e aul bO!l
Foe = (ﬁ%) * <ﬁTo> - (Kw ﬁTo)qj

d0(1

_— 21
Korpt,) T (21)
y) 2,u 6u3 bO(]
- (Z SRV (B e
e (ﬁT0>e+ (5TO> 0z - (Klw%ﬁT0>
dOC]

— ¥ 22

- (Klw%ﬂTo) ’ 22)
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_ (2
Taz = <m> Cxz- (2’3)

3. Normal mode analysis

The solution of the considered physical variables can be
decomposed in terms of normal mode as the following
form

[ul ,uz, e, T7 ¢17 lpl ) (D7 l/j7 tlj]'}(x7 2, t)
= U T @1, &0, 12)(2) exp [i(or + a))
(24)
where o is the complex time constant (frequency), i is the

imaginary unit, and a is the wave number in the x-direction.
Using (24) in Egs. (16)—(20), we obtain

(D* —m)¢; + a1 + ay V" —a;T* =0, (25)
(D* —m*)yy =0, (26)
(a4D2 — n2)¢* + (a5D2 — n3)'l’* — ((JGDZ — m)(j)“{ + aoT*

(27)

(a16D2 — }’lg)T* -+ ng(D2 — (lz)(JST +n1®@ +n P =0.
(29)

where

0
D:a—z, m* = a* +

ny = a4a2 + a7 — wz,

20

W~ pcy _ 2 2

—, nm=a -,
_ 2

n3 = asa” + as,

2 2 2 2
n4g =aed”, ns=ajpd +days, ne=ana +au— o,

n; =apa”, ng=apea +io(l + itw),
ng = —ia)a17(1 + i’L'()CU), nyp = —iwalg(l + ifow),

ny = —iwa19(1 + i‘L’()CO).
Put the above Eqgs. (25), (27), (28), (29) in the matrix, we
find that the differential equation takes the form:

[D¥ — AD® + BD*
— CD*+E{¢}(2), & (2),¥" (2),¥].T*} =0.  (30)

where

A= ari(asng + asaiene + aiehy — aidedis + dsdigh — asasng) + ai(aipards — arpasny — anz — dasis — dudrdiz) + das(aiaiie + aipazng)

(a4a|1a|6 - aloasale)

)

ng(asne + ayny — ajpns + nsas + ajasay — ayaiide) + aie(Nsnz + nane + arans + aasng — dydghe — d1di1Na)

+ny1(—asars + aay) + nio(—aisas + ayas) — ai(asaisng + ajyasng) — as(azainng + araigny — araisng — arjinng

—azaynong — aighNe + aznghy — aznyiai) — na(axaisain — aearng + ayasng) + nig(asaza, — ayasas)

_ taio(arasns + araigns — aragng — asning + asazngns — aieh1 N3 + aznons — asasnii) + ns(axasdis — asdighi — asasng)

B = ;
ae(asay — ayas)
ny(neng — nyjais) + nio(nanys — ag(—ayng + ag + azain) — axmy(ang — agng — aisny) + ais(asaz + asny)
—az(asny + appnz + ajng + agng)) + aing(asng + appnz — ajng — aghe — asaisig + ajdong)
+ay(aignnz — aisnonz — aishang + aongng + ashi1ds — aoni1arz) — asng(axng + aaisng + ne ny — asngng — aisniny)
+ng(+aznynyy + annpng — azaiinang + ajpazng — ajpddgng — Asnins — Azdsnisng — dighan + apazn3ng + ddens)
C— +nong(aign — 2azng) + nyi(azanns + ag(aon; — asng)) + ns(aisarng — azaghg — ajghsng — aznzng + azagniy + n3ng — nying)
6116(614a|1 - al()as)
—ay(—agniiny — ajsniing — ng(nang + aisnons + neny
—aonong)) — na(nii(aisny + azng) + nong(azais — azne))
“+ngns(axns — n3ny — axagng + aznzng) + nyns(agny —3 ng)
E— *ﬂlo(llz(alyu + a9n7) - n3(a15n1 + 613}’17) + n(,(agﬂl - a3n4)) '

aig(asar — ayas)

(a10D? — ns)®* + (a1 D?* — ng)¥* — (a;nD* — ny)dy
+asT"

)

The solution of Eq. (30) has the form

4
=" Mye ™, (31)
n=1
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4 k 03 = ’11€DA1+7]2qj,za (41)
= HyMe ", (32)
n=1 3= 773¢,z + 1y qj,Z' (42)
: —knz where = kl(u2 2 =13 = x[;c]wz N4 = xlia(iiz
= ZH 2uMue ™", (33) Moreover, substltutmg from' Egs. (31) '(32) into (41)
n=l and (42), we get the solution of o3 and 73, as:
4
4
= H3,M, 7k”Z7 34 — i(wt+ax
nz::l 3 ¢ ( ) 03 = Z;HgnMne k”ze( i+ ), (43)
Y] = Mse ™. (35) 4
_ —kyz ji(wt+ax)
After substituting Egs. (33)=(35) into (15), the = 2 Hy,Mye ™"e : (44)
displacements take the form: "
where

[a1a9 + as (a4kﬁ — nz)} [a15n9 (kﬁ — az) —

(arok;, — n7)(ar6k, — ng)]

—lag(kz — m1) — as(asky — na)][mioars + (arok; — ns)(aisky — ns)]

H,, =
lag (ki — n1) — as(asky, — na)l[(ank; — ne)(aisk, — ng) +nnais]’
~lazas + a3 (ask; — n3)][arsno(k; — a®) — (ar2ky — n7)(asky — ns)]
Hy, = [moais + (aiok? — ns)(aiek> — ng)] + Hin[(a11k> — ne)(aick? — ng) + nijais) 7
[—aisng (k2 — a?) + (a12k2 — n7)(a16k? — ng)]
Hs, = [Hanao (k2 — a?) + nyg + Hlnmﬂ

(6116](2 — I’lg)

A 2ua? ba
Hiy = | — (K — & )H,, H,1+( )+<
! (ﬁTo( 0 =) = gy e kia? BTy

—2iak,
He, = JHQJ’H

H; = m* + az,
BTo

Hg, = 7’73kn

- n4an]na

do H He — 2iamp
klw%ﬁTo 1n; 5 — ﬁTO

Hy, = 7’71kn - nzanln-

4
Uy = E l-aHZHMnefknzgt(thﬁax) + mM5€7mZ€l(wt+ax), (36)
i=1
4
Uz = E _anZHMne—k,,zet((ut—O—ax) + l-aMSe—mzez((ut+ax) )
i=1

(37)

In addition, substituting from Egs. (34) and (36-37) into
(21)—(23), the stress displacements become

4
T = Z H4nMn€7k"z€i<wt+ax) + H5M5€7mzei(wt+ax>, (38)
i=1

4
— Z HSnMnefk,,zei(wtwLax) _ H5M5€7mzei(wt+ax), (39)

i=1

4
Ty = Z HﬁnMne—k,lzei(a)Hax) _ H7Mse—mzei(wt+ax). (40)

i=1

Dimensionless variables for the components of a;, T;

4. Boundary conditions

We apply five boundary conditions for present problem at
the plane surface z = 0.

T, = Plei(thrax)’ (45)
T, =0, (46)
73 =0, (47)
3 =0, (48)
T = Pzei((Ut+ax). (49)

Applying Egs. (45-49) in (39), (40), (43), (44) and (34), we
get

4
> Hs,M, — HsMs = Py, (50)

4
> HeuM, — H;Ms =0, (51)

n=1
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4 , 10 -2 10 -2
=77x10"NM =3.86 x 10'""N R
ZHSnMn:O, (52) A X , wu=3.86 x10 m -,
p K=386x10°Ns"'K™!, =001,
4 =178 x 109K, p=28954kgm3,
> HouM, =0, (53) C'=383.10kg 'K!, Ty=293K, a=1, 10=07,
n=l x=05 ¢=-1, pi=1x102, p,=10x 102
4
ZlH3"M” = Pa. (54) Following Khalili [31], the double porous parameters are
" taken as
We can put Egs. (50)—(54) in matrix and using MATLAB s s
x=13x107°N, b; =0.12x 107N,
program to get My, M, .....,Ms,
| p=11x10°Nm2, 9 =0.16 x 10°Nm2,
M, Hsy Hs; Hsy Hsy —Hs\ [P S Ny 2 10 Ny a2
7, =0219x 10°Nm™2, d=0.1x10°"Nm2,
M, H¢t Hey Hgz Heo —H 0 " " 5 b 5
My | = | Hy Hy Hgy Hy O 0 b=09x10"Nm2, K, =0.1546 x 107> Nm2,
M, Hyy Hyy Hozs Hoy O 0 K; =0.1456 x 1072 Nm™.
M;s H3 Hyp Hiz Hy 0O P
(55) The numerical technique, outlined above, was used for the

5. Special cases

Case (i) when we neglect the presence of double porosity,
the problem turns into a generalized thermoelastic medium.

Case (ii) If 79 = 0 in Eq. (9),the corresponding expres-
sions for thermoelastic medium with double porosity in the
context of the coupled theory of thermoelasticity were
yielded.

6. Results and discussion

To discuss, numerically, the effect of double porosity, the
copper is considered as the thermoelastic material for
which we take the following values of the different phys-
ical constants as Othman et al. [30].

Fig. 1 Distribution of the stress
0.04

distribution of the real part of the temperature 7, the dis-
placement components u, u3 the stress components Ty, Ty,
7., the components of double porosity ¢ and t for the
problem. All the variables are taken in non-dimensional
form from the result.

Figures 1 and 2 explain the comparison of the stress
component T,, in the presence and absence of double
porosity at two different times. We find that in Figs. 1 and
2 the stress T, increases a small shift in the presence of
double porosity and then decreases at two different values
of time in the presence and absence of double porosity and
take the form of the wave and try to return to zero. Fig-
ures 3 and 4 show the comparison of the stress component
7., in the presence and absence of double porosity at two
different times. We find that in Fig. 3 the stress 7,
increases to a maximum value at = 1 and then decreases
to a minimum value at f = 2 in the presence of double
porosity and take the form of a wave and try to return to

Without Double Porosity

component T,
0.035

0.03
0.025
0.02

K 0.015
001}
0.005

-0.005 -

e 1205
t=15 [

-0.01
0
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Fig. 2 Distribution of the stress With Double Porosity
Component Txx 2 T T T T T T T T T
S t=0.5
i\ t=1.5
15 H 4
118 i
e \
0.5
O -
_05 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20
z
Fig. 3 Distribution of the stress With Double Porosity
component T, 1.2 T T T T T T T T T T
e t=0.5

_02 1 1 1 1 1 1 1 1 1
2 4 6 8 10 12 14 16 18 20
z
Fig. 4 Distribution of the stress Without Double Porosity
component T, 0.35 T T T T T
0.3
0.25 4
0.2 -
N
i)
0.15 B
0.1 -
0.05 4
O 1 1
3 4 5
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Fig. 5 Distribution of the stress With Double Porosity

component 7. 0.02 ' ' ' ' ' p—— gy

otk = t=1.5 I

-0.02
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-0.06 i

TXZ

-0.08 H
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014 | \/ .
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Fig. 6 Distribution of the stress Without Double Porosity

component T, 0.016 T T T T T

--------------- t=0.5
t=1.5

0.014
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0.008

TXZ
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Fig. 8 Distribution of the Without Double Porosity

temperature 7' 0.4 T T T T T

--------------- t=0.5
t=15 |

0.35

0.3

0.05

Fig. 9 Distribution of the x 103 With Double Porosity

displacement 1 12 T T T T T T T r r
—mmmee 4205
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Fig. 10 Distribution of the Without Double Porosity
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=15 |
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Fig. 11 Distribution of the

displacement u3 7

With Double Porosity

Fig. 12 Distribution of the

Without Double Porosity

displacement u3

zero. Figure 4 explains that the stress 7., decreases to a
minimum value in the absence of double porosity at two
different times and then decays until it returns to zero.
Figures 5 and 6 demonstrate the comparison of the stress
component 7,, in the presence and absence of double
porosity at two different times. We find that in Fig. 5 the
stress T,, decreases and then increases to a maximum value
at + = 2 in the presence of double porosity and take the
form of the wave and try to return to zero. Figure 6 shows
that the stress 7, increases to a maximum value at z = 0.5
in the absence of double porosity at two different times and
then decreases until it returns to zero. Figures 7 and 8
explain the comparison of the temperature 7 in the pres-
ence and absence of double porosity at two different times.
We find that in Figs. 7 and 8 the temperature T decreases in
the two cases (with and without double porosity) at two
different times and then decays to zero. Figures 9 and 10
show the comparison of the displacement u; in the pres-
ence and absence of double porosity at two different times.

We find that in Fig. 9 the displacement u; decreases at
t = 0.5 more than at = 1.5 and then decreases until it
decays to zero in the positive direction of z, but in Fig. 10
the displacement u; decreases to minimum value at t = 1.5
more than at r = 0.5 and takes the form of the wave until it
decays to zero. Figures 11 and 12 illustrate the comparison
of the displacement u3 in the presence and absence of
double porosity at two different times. We find that in
Fig. 11 the displacement u5 increases a small shift in the
begging at t = 0.5 more than at r = 1.5 and then begins to
decrease until it decays to zero, but in Fig. 12 the dis-
placement uj increases at t = 0.5 more than at # = 1.5 and
then begins to decrease until it decays to zero. Figures 13
and 14 demonstrate the comparison of the equilibrated
stresses ¢ and 7 in the presence of double porosity at two
different times. We find that in Figs. 13 and 14 the equi-
librated stresses ¢ and 7 increase with the increase in time
to a minimum value at 1 and then begin to decrease and
take the form of the wave and try to return to zero.
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Fig. 13 Distribution of the

equilibrated stress © 0.025 T T

Double Porosity Stress

0.02

T
=7

0.015

e 0.01

—

0.005

-0.005 ! L
0

Fig. 14 Distribution of the X103
equilibrated stress o 3 T T

Double Porosity Stress

N
3
LI

rerr— —

t=1.5

7. Conclusion

From the figures obtained by comparing the functions in
the presence and absence of double porosity at two dif-
ferent times, important phenomena are observed:

Analytic solutions based upon normal mode analysis of
the thermoelastic problem in solids have been developed,
which used in the present article is applicable to a wide
range of problems in hydrodynamics and thermoelasticity.
There are significant differences in the presence and
absence of double porosity under two different times.

All the physical quantities satisfy the boundary condi-
tions. The value of all the physical quantities converges to
zero, and all the functions are continuous. Though the
problem is theoretical, it can provide useful information for
experimental researchers working in the field of geo-
physics, earthquake engineering, along with seismologist

working in the field of mining tremors and drilling into the
crust of the earth. The numerical treatment of the general
system of equations and conditions governing the phe-
nomenon may be useful in getting rid of the limitations of
the method of normal modes’ technique, and this task is in
progress.
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