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Abstract: We present here an unexpected relationship to predict the structural phase transition directly and unambigu-

ously from the Bragg angle versus ionization energy plot. We first expose the changes to the F-band optical absorption

energy peak in alkali halides so as to justify why the Bragg angle (2h) versus ionization energy plots for both anions and

cations can be used to detect structural phase transition during substitutional doping or systematic changes to chemical

composition. In principle, this plot can be extended to predict structural phase transition for all types of solid via doping,

which includes cuprates, manganites, topological insulators and cathode materials used in lithium-ion batteries, but,

unfortunately, not Fermi metals. The said plot can be implemented in all X-ray diffractometers as an additional feature to

predict structural phase transition.
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1. Introduction

In atoms or ions or molecules, we can remove the outer

electron from any one of the mentioned species. The

minimum energy needed to remove the electron from its

original position r to a distance r ! 1 is defined as the

ionization energy (or the ionization potential in older

textbooks) provided that the said electron’s kinetic energy

remains the same (before and after the removal). Since the

energies of bound electrons carry the negative sign, the

ionization energies have got to be positive by definition. In

solids, the electrons’ displacement refers to r ! rfinite
where rfinite implies the electrons are still bounded within

their respective solids. This is one of the foundational

principles of the ionization energy theory. The second

principle reads—the ionization energy needed to ionize the

outer-most electron from atom-1 to a distance r ¼ r1 is

proportional to the ionization energy needed to ionize the

same electron from atom-1 to a distance r ! r1 where

obviously r1 � r1.

Among the numerous important applications that can be

derived unequivocally from the ionization energy theory

(IET) [1], which are listed in Ref. [2], we provide here one

of the least expected. Based on the above-stated principles,

a novel technique is presented here to detect structural

phase transition unambiguously in any solid (for as long as

they are not Fermi metals) during substitutional doping.

The strategy is to first identify the dopant (either a cation or

an anion or both) and use their averaged ionization energies

plotted against the measured Bragg angle (2h).
Bragg [3] originally presented a simple derivation and

explanation of the diffracted X-ray beams from a crystal in

which the incident waves are reflected like a mirror (or

specularly) from parallel planes of atoms in a given crystal.

Apparently, in Bragg’s derivation, the contribution of

atomic electrons to the diffracted beams is neglected. Here,

we take this effect into account and derive yet another

simple relationship between atomic ionization energy (n)
and the Bragg angle (2h). However, we note here that

Compton was the first one to unambiguously prove (with

experimental support) that the scattered wavelength of a

scattered X-ray should be larger than that of the incident

wavelength, thus establishing the quantum effect in X-ray

scattering [4]. Despite the discovery made by Compton,
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the Compton effect cannot be used to deduce Bragg’s

angle, 2h as a function of chemical composition, and

therefore, the prediction of structural phase transition from

X-ray diffraction is beyond Compton’s effect.

Apart from that, it is worth noting that the quantum

effect that explains why the scattered wave should depend

on the characteristic frequency of a molecule is due to

Raman [5–8]. In particular, the characteristic frequency of

a molecule mentioned by Raman in 1928 has been proven

to be related to the chemical composition of that particular

molecule via the atomic energy levels [9], which is also

true for solids [10]. On the other hand, the changes to

phase and group velocities of a scattered wave, including

X-rays, are due to Pancharatnam phase advance [11] in its

generalized form, which have been addressed

elsewhere [12].

In the following section, we shall provide the necessary

physics required to understand why any drastic or sudden

change to the Bragg angle implies a drastic change to the

averaged ionization energy (n) values such that the aver-

aged values used in the plot are no longer valid. In other

words, at a certain critical doping where the drastic change

occurs, the electronic polarization for the dopant has

changed due to the additional contribution made by the

polarized core electrons. This in turn gives rise to a

structural phase transition that can be observed from the

2h–n plot.

The plot highlighted here can be applied to study the

changes to X-ray spectra of doped oxides [13–30],

including superconducting cuprates [31, 32], namely,

NdFeAsO1�xFx (x = 0.05 and 0.25) [33], alloys [34, 35]

and ferroelectric crystals [36–39]. Moreover, the presence

of defects due to multivalent chemical elements such as Fe,

V, Mo and Cr in the structurally related FeVMoO7 and

CrVMoO7 compounds can also be evaluated as reported by

Saritha [40]. These compounds are technologically

important as new cathode materials to replace other known

compounds in the manufacturing of Li-ion

batteries [41–45].

2. Results and discussion

To understand why the ionization energy or the energy-

level spacing, n, should be able to detect the structural

phase transition, we do the following analysis on point

defects in alkali halides. The defect known as the Far-

bzentrum or the F-center for short is a type of anion (or

negative ion) vacancy defect that has trapped an excess

electron, averaged from the nearest-neighbor cations. The

German word, Farbzentrum, can be translated to read color

centers that can be observed from the optical absorption

measurement in the visible range [46, 47].

The model based on the trapped electron at the negative-

ion vacancy is first suggested by de Boer [46], and much of

the earliest experimental work on F-centers was carried out

by Pohl [46]. This F-center is the simplest color center with

atomic-like optical absorption spectra such that we can

neglect other quantum effects that may give rise to com-

plicated optical absorption spectra due to interaction-in-

duced energy-level splitting for the trapped electron.

Hence, we can now test the applicability of IET in alkali

halides with F-centers. The typical F-bands for several

alkali halide crystals can be found in Ref. [46].

The F-band peak decreases from the largest value for

LiCl to CsCl where the optical absorption energy for both

RbCl and CsCl is 2.0 eV [46], which is due to highly

polarized electron because the valence electron from Cs

has the lowest or smallest ionization energy. We re-plot

these absorption energies for chlorides and other alkali

halides as a function of cation’s and anion’s first ionization

energies as displayed in Figs. 1 and 2, respectively. The

correlation between the optical absorption energy and the

ionization energy is unambiguous, indicated with linear

solid lines. More recent data (including simple oxides and

sulfides) have been reported in Refs. [48–53] that are also

found to obey the notion of ionization energy without any

exception. Their relation should be linear because the

measured absorption energy is proportional to n of the

trapped electron.

The trapped electron here of course refers to the outer-

most valence electron of the cation. The linear relationship

is a natural consequence from IET. In particular, for a

given anion type, higher cation’s first ionization energy

implies less polarized valence electron from the cations (or

Fig. 1 F-center optical absorption energy as a function of cation’s

first ionization energy for alkali halides. The linear solid lines here

capture the linear proportionality between n and optical absorption

energy. The experimental data points were obtained from Ref. [46]
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the electron is strongly bounded to the cations), thus

increasing the optical absorption energy. Alternatively, for

a given cation, if the anion’s first ionization energy is

increased, then the cation’s valence electron is strongly

bounded to the anions, leading to the same result—in-

creasing optical absorption energy. This is the precise

mechanism responsible to produce the data points depicted

in Figs. 1 and 2.

Of course there are missing data especially for Cs

halides and alkali iodides, but the fact that both RbCl and

CsCl have an identical absorption energy value, 2.0 eV

implies the effect of core electron and outer electron

polarization from the cations and anions, respectively. For

example, the optical absorption energy for CsCl should be

smaller than that of RbCl, but this is not the case due to

additional polarization from the Cs’s core electron that

have increased the averaged n for Cs, larger than

376 kJ mol�1 (see Table 1).

For cases where the change to the Bragg angle (2h) is
small (also due to chemical doping or temperature or

applied voltage or electric field), one can still make use of

this new plot to evaluate the change to electron polarization

where this electron polarization is not large enough to

properly initiate any observable or significant structural

phase transition. In particular, such small changes to

electronic polarization can still be detected from the 2h–n
plot as a result of increasing thickness of KY3F10:Ho

3þ thin

film [54] or due to different annealing temperatures as

reported in Ref. [55] for the InGaPN alloy grown on GaAs

substrate.

A recent experimental evidence has been reported by

Wang et al. [56] using the optical Raman phonon shift

where the change to the electronic polarization of indi-

vidual atoms (especially the ones with the least ionization

energies) is the microscopic origin for the structural phase

transition, if the said polarization is sufficiently large. In

addition, we can also deduce that the electronic polariza-

tion-induced structural phase transition is not solely

applicable for ferroelectric crystals. For example, rear-

rangement of electron density due to electronic polarization

can cause structural phase transition as a result of chemical

doping or temperature or applied voltage (or electric field).

3. Bragg angle versus ionization energy plot: alkali

halides

The changes to the peak intensity observed from the peak

intensity versus 2h X-ray diffraction pattern have been

correctly formulated by Debye [46], and after applying the

energy-level spacing renormalization procedure, the

intensity can be derived to read,

IðhklÞ ¼ I0 exp

�
� �hjGj2

2Mionxph exp
�
ð1=2Þkn

�
�
; ð1Þ

where I(hkl) and I0 are the scattered and incident intensity,

respectively, hkl are the indices associated with the recip-

rocal lattice vector, G, jGj ¼ G, Mion denotes ion’s mass,

and xph is the phonon frequency that has been renormal-

ized, which can be done in a straightforward manner. If we

remove the exponential renormalizer, Eq. (1) reduces to

the standard Debye–Waller intensity formula [46] valid

only for absolute zero (T = 0 K) because xph without the

renormalization factor originates from the zero-point

potential energy. After the renormalization, Eq. (1) is valid

Fig. 2 F-center optical absorption energy versus anion’s first

ionization energy for alkali halides. The linear solid lines here

capture the linear proportionality between n and optical absorption

energy. The experimental data points were obtained from Ref. [46]

Table 1 Ionization energy values averaged based on a particular

ion’s valence state

Atoms Atomic number (Z) Valence state Ionization energy

(kJ mol�1)

Li 3 1þ 520y

F 9 1þ 1681�

Na 11 1þ 496y

Cl 17 1þ 1251�

K 19 1þ 419y

Br 35 1þ 1140�

Rb 37 1þ 403y

I 53 1þ 1008�

Cs 55 1þ 376y

The atoms are listed with increasing atomic number, Z. Each anion is

indicated with an asterisk (�), while the cations carry daggers (y), and
note that the ionization energies for the cations are always less than

that of the anions
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for T [ 0 K (because k ¼ 1=kBT) and for different

chemical composition (due to n).
The above relation is between n and X-ray diffraction

intensity. Now, we provide the relevant plots displayed in

Figs. 3 and 4 that give the unequivocal experimental evi-

dence for the relation between n and 2h. Before we embark

on this proportionality, n / 2h, let us first briefly state the

interesting aspect of Eq. (1), in which we can use it to

correctly predict that when the temperature is increased,

the scattered intensity strength or peak intensity, I(hkl), is

reduced. On the other hand, I(hkl) achieves a higher peak

intensity or value if n is larger.

In Refs. [1, 58], the scattering amplitude formula (as

functions of scattering angle and n) was derived by con-

sidering the electron and ion scattering. The scattering

amplitude formula is given by [1, 58],

jf ðh; nÞj / 1

l2IET exp �knð Þ þ jk0 � kj2
; ð2Þ

where lIET denotes the constant of proportionality with the

same unit as the wave vector, k, whereas jf ðh; nÞj is a

measure of scattering probability for a given h, and,

jk0 � kj / sin h; ð3Þ

which denotes the momentum transfer between the incident

and the scattered electrons (in strongly correlated solids),

and h is the scattering angle. This h is caused by the

electron-ion scattering, and by definition h ¼ hel�ion is

inversely proportional to twice the Bragg angle, 2hBragg ¼
2h used in X-ray diffraction data, and therefore, we can

redefine Eq. (2) to be compatible for X-ray diffraction by

denoting jk0 � kj as the momentum transfer between the

Fig. 3 Cation’s first ionization energy is plotted against twice the

Bragg angle (2h) for (200), top diagram, while the bottom diagram is

for (220). The solid lines are guides for the eye. The experimental

data points were obtained from Ref. [57]

Fig. 4 Anion’s first ionization energy versus twice the Bragg angle

(2h) for (200) and (220) plotted in the top and bottom diagrams,

respectively. Note that the listed anions should follow in the following

order: Na-(I, Br, Cl, F) for all plots. The solid lines are guides for the

eye. The experimental data points were obtained from Ref. [57]
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incident and scattered photons (from X-ray). The

scattering center in this case is the cation or an anion. As

a consequence, we obtain a simple proportionality between

2h and n,

n / jf ðh; nÞj / 1

hel�ion

/
�
p� hel�ion

�
¼ 2hBragg: ð4Þ

Equation (4) makes perfect physical sense because when

n ! 1, the system is a classical one with infinitely rigid

atoms (with no polarizable electrons) that should give rise

to largest possible Bragg angle (depending on the crystal

structure). Figures 3 and 4 give remarkable agreement

between theory and experiment to the extent that there is

no correction needed to understand the plotted data points,

and n predicts the existence of structural phase transition in

alkali halides.

For example, in Figs. 3 and 4, the following alkali

halides, CsCl, CsBr and CsI, do not follow the decreasing

trend of 2h with decreasing cation’s and anion’s first ion-

ization energies. The reason for this is that the crystal

structure for the said alkali halides is CsCl, which is dif-

ferent from that of NaCl crystal structure. The NaCl crystal

structure is valid for the rest of the alkali halides. In

summary, the sudden change in 2h for decreasing or

increasing n can be exploited to unambiguously predict the

sudden change in the crystal structure or the structural

phase transition, induced by the finite-temperature quantum

phase transition (due to changing n).
Apart from that, the results plotted in Figs. 3 and 4 also

provide the strongest experimental support to the claim

made in Ref. [1]—the formation of crystal structure (with

or without defects) is the effect, not the cause for the many

physical properties observed in a given solid. I have

excluded the data for LiI because the X-ray data for this

particular crystal were obtained using a different radiation

with a shorter wavelength, k ¼ 0:7090 Å compared to all

the other alkali halide crystals.

In summary, 2h–n plot provides an additional and an

unambiguous information to identify structural phase

transition as well as small changes to electronic polariza-

tion (in the absence of structural phase transition). We can

obtain the said plot without the need to guess the respon-

sible crystal structures a priori (before and after the struc-

tural phase transition) in order to predict the said transition.

The traditional method to predict structural phase transition

requires one to know the crystal structures a priori (before

and after the structural phase transition) in order to calcu-

late its lattice parameters and the sudden change in the

lattice parameters. In particular, the prediction of structural

phase transition using this commonly employed traditional

method of utilizing the change in the lattice parameters (or

crystal structure volume) is still being exploited as the

primary method [15, 33], which can be further substanti-

ated and supported with 2h–n plot.

4. Conclusion

In conclusion, we have established an accurate relationship

between the Bragg angle and the averaged ionization energy

of different chemical elements in alkali halides. After doing

so, we have moved on to exploit the said relationship to plot

the Bragg angle (2h) versus ionization energy (n). Subse-
quently, we proved that any large deviation detected from the

usual trend in this 2h–n plot should indicate a type of

structural phase transition or crystal structure transforma-

tion. We have shown that this conclusion should not be

surprising from the standard theory of X-rays with respect to

Debye–Waller factor, which has been renormalized in our

theory presented above. For example, the change in the

electronic polarization (of valence electrons) influences the

atomic form factor, which in turn leads to a corresponding

change in the structure factor. In principle, we should be able

to use this plot to study the structural phase transition (major

or minor) in other complex and technologically important

materials, namely, in cuprate and pnictide superconductors,

ferromagnetic manganites and semiconductors, inorganic

and oxide semiconductors, Mott insulators, topological

insulators and the solid materials used in Li-ion batteries,

provided that these materials are not in the same league as

Fermi metals.
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