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Abstract: This study presents an analytical investigation on the entropy generation in ferrofluid flow over rotating disk

with influence of low oscillating magnetic field. The entropy generation equation is derived as a function of velocity and

temperature gradient. This equation is non-dimensionalized by using geometrical and physical flow field-dependent

parameters. Their reversibilities due to fluid flow and heat transfer and their contribution in total entropy generation are

calculated under the impact of magnetic parameter and nanoparticle volume fraction. In addition, the results for average

heat transfer coefficient and thermal resistance are also discussed and give a way to enhance the heat transfer rate under

keeping information of entropy generation.
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List of symbols

V Velocity

vr; vh; vz Velocity components

r; h; z Cylindrical coordinates

T Temperature of fluid

M Magnetization of fluid

H Strength of magnetic field

Cp Specific heat

ss Relaxation time parameter

av Stretching parameter

e Temperature ratio

sB Brownian relaxation time

l0 Permeability of free space

I Moments of inertia of the particles

t Time

n Number of particles

m Magnetic moment of the particle

l Viscosity

t Kinematic viscosity

/ Volume fraction

xp Internal angular momentum of particles

p Pressure

k Thermal conductivity

X Vorticity of the flow

Mo Instantaneous magnetization

xo The angular frequency of field

no Amplitude of the magnetic field

S Unsteadiness parameter

Pr Prandtl number

Br Rotational Brinkman number

Re Rotational Reynolds number

q Density

Subscripts

int Cluster

s Solid particle

f Base fluid

a Aggregation

c Backbone particles

nc Dead-end particles

nf Composition of particles and base fluid
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1. Introduction

Ferrofluids are a new class of heat transfer fluids that can

be prepared by dispersing super-paramagnetic nanoparti-

cles with a typical diameter of less than 20 nm in base

fluids such as water, oil, ethylene glycol. Ferrofluids

exhibit both the fluid and magnetic properties [1–3]. Fer-

rofluids have remarkable potential for heat transfer appli-

cations. In recent year, ferrofluids have found several

applications in heat transfer processes such as ther-

mosyphons controlled by magnetic field and improved

cooling systems of high-power electric transformers [4–9].

Using ferrofluids in the presence of an external magnetic

field can be considered as an appropriate solution for

enhancing forced-convection heat transfer and fluid mixing

[10, 11]. In an experimental work, Goharkhah et al. [12]

studied the effects of constant and alternating magnetic

field on the laminar forced-convection heat transfer of

water-based ferrofluids in a uniformly heated tube using

four electromagnets as the magnetic field source. Accord-

ing to their results, as the magnetic field is turned off, using

the base fluid with a 2% particle concentrations of

nanoparticles improves the average heat transfer rate by

13.5% compared to the base fluid. This enhancement could

be increased to 18.9% and 31.4% by applying constant and

alternating magnetic fields with magnetic field. Laminar

forced-convection heat transfer of Fe3O4 magnetic nano-

fluid in an isothermal minichannel in the presence of

constant and alternating magnetic field was numerically

studied by Ghasemian et al. [13] using the two-phase

mixture approach. Their obtained results indicate that the

heat transfer enhancement becomes more significant when

the magnetic field source is located in the fully developed

region. A maximum value of 16.48% for the heat transfer

enhancement was reported using a constant magnetic field.

This value could be increased to 27.72% using an alter-

nating magnetic field with the same intensity. Ellahi et al.

[14] instigated theoretical study on ferrofluid under the

influence of low oscillating magnetic field over disk. They

found 7.86% heat transfer enhancement in the absence of a

magnetic field and found 8.73% heat transfer enhancement

in the presence of a magnetic field. A numerical study on

the heat transfer of ferrofluids in microchannels was con-

ducted by Xuan et al. [15]. They finally concluded that heat

transfer rate could increase if the directions of magnetic

field gradient and fluid flow are the same. It is remarkable

that there are still only relatively few such publications. To

apply the ferrofluid to practical heat transfer processes,

more studies on its flow and heat transfer feature are

needed.

Furthermore, except for enhancing the convection heat

transfer as much as possible, it is also of significant

importance to reduce the entropy generation to the greatest

extent. Entropy generation determines the level of irre-

versibility accumulation during the flow and heat transfer

process. Consequently, entropy generation is usually used

for evaluating the performance of engineering devices.

Reducing the generated entropy will result in more efficient

designs of energy systems. In 1996, Bejan [16] presented a

method named Entropy Generation Minimization (EGM)

to measure and optimize the disorder or disorganization

generated during a process specifically in the fields of

refrigeration (cryogenics), heat transfer, storage and solar

thermal power conversion. Minimization of the total

entropy generation for two typical heat transfer enhance-

ment problems related to the variation of heat transfer area

and the variation of temperature difference was studied by

Perez Blanco [17]. Jery et al. [18] studied the effects of

magnetic field, Prandtl number and Grashof number on

entropy generation in natural convection. They found that

the magnetic field decreases the convection currents, the

heat transfer and entropy generation inside the enclosure.

Yazdi et al. [19] investigated the entropy generation

numbers as well as the Bejan number in magnetohydro-

dynamics (MHD) fluid flow in open parallel microchan-

nels. They showed that entropy generation reduces in the

presence of magnetic field.

The presented literature survey shows that the heat

transfer and entropy generation in ferrofluid under the

influence of low oscillating magnetic field over stretching

rotating disk have not yet been addressed. In the present

study, magnetic force into the fundamental hydrodynamic

equations is introduced and their effects along with parti-

cles concentration on physical properties, entropy genera-

tion, convection heat transfer coefficient and thermal

resistance are discussed. To achieve this goal, the present

work is organized in the following way. The basic gov-

erning equations and models of effective physical proper-

ties are discussed in mathematical modeling section. In the

next section, homotopy analysis method-based Bvph2

package is applied to solve the nonlinear coupled equations

and write the results up to first iteration of package. The

impacts of parameters on thermal and fluid friction irre-

versibilities, local and average entropy generation as well

as average convection heat transfer coefficient along with

thermal resistance are examined and discussed in Results

and discussion section. The achievements of the study are

concluded and give a way to minimize the entropy and

enhance the convective heat transfer during fluid flow in

last section.
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2. Formulation of the problem

2.1. Flow modeling

Consider the axially symmetric laminar and non-conduct-

ing flow of an incompressible nano-ferrofluid past a

stretchable rotating disk that has an angular velocity

varying with time Xv=1� bvtð Þ. The coordinate system and

geometry of the problem are shown in Fig. 1. We consider

that the disk rotation speed has a form of Xvr=1� bvt and

the disk stretching velocity is avXvr=1� bvt, which is

proportional to the radius r.

The basic governing equations containing the continu-

ity, momentum, energy, magnetization and rotational

motion equations in vector form are as follows [14]:

r � V ¼ 0; ð1Þ

qnf
dV

dt
¼ �rp þ lnfr2Vþ l0 M � rð ÞHþ 1

2ss
r

� xp �X
� �

; ð2Þ

qCp

� �
nf

dT

dt
¼ knfr2T ; ð3Þ

dM

dt
¼ xp �M� 1

sB
M�Moð Þ; ð4Þ

I
dxp

dt
¼ M�H� 1

ss
xp �X
� �

: ð5Þ

In the above, V ¼ vr; vh; vzð Þ is the velocity, T is the

temperature, M is the magnetization of the fluid, H is the

strength magnetic field, Mo is the instantaneous

magnetization, ss is the relaxation time parameter, sB is

the Brownian relaxation time, l0 is the permeability of free

space, I is the sum of moments of inertia of the particles

per unit volume, xp is the internal angular momentum due

to the self-rotation of particles and X is the vorticity of the

flow.

Since ss is small, the inertial term is negligible in

comparison with relaxation term, i.e., I
dxp

dt
� I

xp

ss
; there-

fore, Eq. (5) can be written by way of

xp ¼ Xþ ss
I

M�Hð Þ: ð6Þ

Now, Eqs. (2) and (4) in view of Eq. (6) can be written

as

qnf
dV

dt
¼ �rp þ M � rð ÞHþ lnfr2Vþ 1

2
r� M�Hð Þ;

ð7Þ
dM

dt
¼ X�M� 1

sB
M�Moð Þ þ ss

I
M� M�Hð Þ: ð8Þ

The magnetic torque M�H and the viscous torque

X� xp

� �
are acting on the particles and equilibrium of

both torques, which leads to the hindrance of the particle

rotation, can thus be written from Eq. (6) as

M�H ¼ �6lnf/ X� xp

� �
: ð9Þ

In the existence of low oscillating magnetic field,

Eq. (8) can be written as [14]

sB
dR neð Þ
dt

¼ 1� 1

2

1

Le

� 1

ne

� �
noR neð Þ cosx0t

� �
: ð10Þ

Above, the parameters xo and no are frequency and

amplitude of the real magnetic field, whereas the effective

Lange in function is donated by Le.

By Eqs. (9) and (10), the expression for mean magnetic

torque becomes

M�H ¼ �6l/Xg; g ¼ 1

2
n0cosx0tL neð ÞR neð Þ: ð11Þ

Here, gðn0;x0sBÞ is the effective magnetization

parameter.

1

2
r�M�H ¼ 1

2
r��6lf/gX ¼ � 3

2
lf/gr r � Vð Þ

¼ 3

2
lf/gr2V.

ð12Þ

Now Eq. (7) with the help of Eq. (12) can be written as

qnf
dV

dt
¼ �rp þ M � rð ÞHþ lnf þ

3

2
lf/g

� �
r2V;

ð13Þ

q
dV

dt
¼ �r~p þ lnf þ

3

2
lf/g

� �
r2V. ð14Þ

As �r~p ¼ �rp þ M � rð ÞH i.e., is reduced pressure.

The equations of continuity, momentum and energy can be

written in the cylindrical form after boundary layer

approximation as

Fig. 1 Geometry of the problem
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ovr

or
þ vr

r
þ ovz

oz
¼ 0; ð15Þ

� o~p

or
þ lnf þ

3

2
lf/g

� �
o2vr

or2
þ o

or

vr

r

� �
þ o2vr

oz2

� 	

¼ qnf
ovr

ot
þ vr

ovr

or
þ vz

ovr

oz
�

v2
h

r

" #

;

ð16Þ

lnf þ
3

2
lf/g

� �
o2vh

or2
þ o

or

vh

r

� �
þ o2vh

oz2

� 	

¼ qnf
ovh

ot
þ vr

ovh

or
þ vz

ovh

oz
þ vrvh

r

� 	
;

ð17Þ

� o~p

oz
þ lnf þ

3

2
lf/g

� �
o2vz

or2
þ 1

r

ovz

or
þ o2vz

oz2

� 	

¼ qnf
ovz

ot
þ vr

ovz

or
þ vz

ovz

oz

� 	
;

ð18Þ

qCp

� �
nf

oT

ot
þ vr

oT

or
þ vz

oT

oz

� 	
¼ knf

o2T

or2
þ 1

r

oT

or
þ o2T

oz2

� 	

ð19Þ

along the following boundary conditions:

at z ¼ 0; vr ¼ avXvr
1�bvt

; vh ¼ Xvr
1�bvt

; vz ¼ 0; T r; h; zð Þ ¼ Tw

at z ¼ 1; vr ¼ 0; vh ¼ 0; T r; h; zð Þ ¼ T1



:

ð20Þ

Now, introduce the following similarity transformation:

g ¼
ffiffiffiffi
Xv

mf

q
zffiffiffiffiffiffiffiffiffi
1�bvt

p ; vr r; z; tð Þ ¼ Xvr
1�bvt

F gð Þ; vh r; z; tð Þ ¼ Xvr
1�bvt

G gð Þ;

vz r; z; tð Þ ¼
ffiffiffiffiffiffiffiffiffi
Xvmf
1�bvt

q
E gð Þ; h gð Þ ¼ T�T1

Tw�T1
; ~p ¼ � Xvlf

1�bvt
P gð Þ

9
>=

>;

ð21Þ

By using Eq. (21) into Eqs. (15)–(19), the

dimensionless nonlinear system of ordinary differential

equations is

2F þ E0 ¼ 0; ð22Þ
qnf
qf

F2 � G2 þ EF0 þ S F þ g
2

F0
� �h i

¼ lnf
lf

þ 3

2
/g

� �
F00;

ð23Þ
qnf
qf

EG0 þ 2FG þ S G þ g
2

G0
� �h i

¼ lnf
lf

þ 3

2
/g

� �
G00;

ð24Þ
qnf
qf

EE0 þ S

2
E þ gE0ð Þ

� 	
¼ � dP

dg
þ lnf

lf
þ 3

2
/g

� �
E00;

ð25Þ

qCp

� �
nf

qCp

� �
f

Pr Eh0 þ S
g
2
h0

h i
¼ knf

kf
h00 ð26Þ

and the corresponding boundary conditions are

F 0ð Þ ¼ av; G 0ð Þ ¼ 1; E 0ð Þ ¼ 0; h 0ð Þ ¼ 1;
F 1ð Þ ¼ 0; G 1ð Þ ¼ 0; h 1ð Þ ¼ 0



:

ð27Þ

where Pr ¼ lfðCpÞf
kf

is the Prandtl number and S ¼ b
Xv

is the

unsteadiness parameter.

2.2. Thermodynamics properties

In Eqs. (23)–(26), models for physical properties like the

effective density qnf ; heat capacitance Cp

� �
nf
, viscosity lnf

and thermal conductive knf for nano-ferrofluid are defined

as

qnf ¼ 1� /að Þqf þ /qa; ð28Þ

qCp

� �
nf
¼ 1� /að Þ qCp

� �
f
þ/a qCp

� �
a
; ð29Þ

knf ¼
ka þ 2kf þ 2/a ka � kfð Þ
ka þ 2kf � /a ka � kfð Þ kf ; ð30Þ

lnf ¼ lf 1� /a

/max

� ��2:5/max

: ð31Þ

Here, subscripts a and f are illustrated to aggregate and

base fluid water, respectively. Further, the thermal

properties of particle aggregation are given as

qa ¼ 1� /intð Þqf þ /intqs; ð32Þ

Cp

� �
a
¼ 1� /intð Þ Cp

� �
f
þ/int Cp

� �
s
: ð33Þ

The above subscript s is used for solid single particles.

The /int is donated for the nanoparticles volume fraction in

cluster or in aggregate and / ¼ /int/a. With the influence

of magnetics, particles become lineup in the direction of

the field that makes a chain which is called backbone and

other free particles are called dead-end particles. In this

situation, thermal conductivity is the combination of

backbone and dead-end particles thermal conductivities.

The effective thermal conductivity of dead-end particles is

given as

1� /ncð Þ kf � kncð Þ= kf þ 2kmð Þ þ /nc ks � kncð Þ= ks þ 2kncð Þ
¼ 0:

ð34Þ

The thermal conductivity of aggregate ka is determined

by using composite theory for misprinted ellipsoidal

particles for the backbone, and the following equations

are used

ka ¼ knc
3þ /c 2b11 1� L11ð Þ þ b33 1� L33ð Þ½ �

3� /c 2b11L11 þ b33L33½ � ; ð35Þ

where
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L11 ¼ 0:5p2
.

p2 � 1ð Þ � 0:5p cosh�1 p
.

p2 � 1ð Þ1:5;
L33 ¼ 1� 2L11;
bii ¼ kc

ii � knc
� ��

knc � Lii kc
ii � knc

� �
 �

9
>=

>;
:

ð36Þ

Interfacial resistance is accounted for in the term

kc
ii ¼ ks= 1þ cLiiks=kfð Þ: ð37Þ

Here, c ¼ ð2þ 1=pÞa; a ¼ Ak=a1, Ak is the Kapitza

radius and p ¼ Rga1. The number of particles in

aggregation and belonging to the backbone is calculated

through

Nint ¼ Rg

�
a1

� �df ; ð38Þ

Nc ¼ Rg

�
a1

� �dl ; ð39Þ

where a1 is the radius of the primary particle,Rg is the

average radius of gyration, df is the fractal dimension and

dl is the chemical dimension.

The volume fraction of backbone particles /c and par-

ticles belonging to dead ends /nc is given by

/c ¼ Rg

�
a1

� �dl�3
; ð40Þ

/nc ¼ /int � /c; ð41Þ

where /int ¼ ðRg=a1Þ1=df�3
.

2.3. Entropy generation

Generally, the local volumetric entropy generation rate is

defined as

S000
gen ¼

knf

T2
w

rT½ �2þ lnf
Tw

U; ð42Þ

where

rT½ �2¼ oT

or

� �2

þ 1

r

oT

ou

� �2

þ oT

oz

� �2
" #2

ð43Þ

and

U ¼ 2
ou

or

� �2

þ 1

r2
ov

ou
þ u

� �2

þ ow

oz

� �2
" #

þ ov

oz
þ 1

r

ow

ou

� �2

þ ow

or
þ ou

oz

� �2

þ 1

r

ou

ou
þ r

o

or

v

r

� �� 	
:

ð44Þ

Thus, the entropy generation rate Eq. (42) is reduced in

this form

S000
gen ¼

knf

T2
w

oT

oz

� �2

|fflfflfflfflfflffl{zfflfflfflfflfflffl}
Thermal irreversibility

þ lnf
Tw

2
ou

or

� �2

þ 1

r2
u2 þ ow

oz

� �2
" #

þ ov

oz

� �2

þ ou

oz

� �2

þ r
o

or

v

r

� �� 	2( )

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Fluid friction irreversibility

:

ð45Þ

Equation (45) reveals that the entropy is generated due

to two factors. Firstly, the entropy is generated by reason of

heat transfer irreversibility NHTIð Þ and secondly due to fluid
friction irreversibility NFFIð Þ. The similarity transformation

parameters of Eq. (21) are employed to dimensionalize the

local entropy generation given in Eq. (45),

NG ¼ knf

kf
eh0 gð Þ þ lnf

lf
Br

3

Re
H0 gð Þ2þF0 gð Þ2þG0 gð Þ2

� 	
:

ð46Þ

Here, dimensionless temperature difference is

e ¼ DT=Tw, Br ¼ lfX
2r2= 1� btð Þ2kfDT is the rotational

Brinkman number and NG ¼ S000
gen= kfXDT= 1� btð ÞmfTwð Þ

is the dimensionless entropy generation rate. The averaged

entropy generation number can be evaluated using the

following formula:

NG;av ¼
1

8

Zm

0

Z1

0

2p�rNGd�rdg; ð47Þ

where 8 is the volume of fluid. In order to consider both the

velocity and thermal boundary layers, we calculate the

volumetric entropy generation in a large finite domain.

Thus, integrations shown in Eq. (47) are obtained in the

domain 0� r � 1 and 0� g�m, where m is a sufficiently

large number. From the above equation, it is possible to

evaluate the contributions of heat transfer and fluid friction

in the averaged entropy generation.

2.4. Heat transfer coefficient

To understand the convection boundary layers, it is nec-

essary to understand convective heat transfer between a

surface and a fluid flowing past it. The heat transfer rate

can then be written as

Qz ¼ hA Tw � T1ð Þ; ð48Þ

where A is the area of plate and h is the convection heat

transfer coefficient of the flow. The heat transfer at the

surface by conduction is

Qz ¼ �knfA
o Tw � T1ð Þ

oy

����
z¼0

: ð49Þ

These two terms are equal, thus
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hA Tw � T1ð Þ ¼ �knfA
o Tw � T1ð Þ

oy

����
z¼0

: ð50Þ

Rearranging

h ¼
�knf

o T�T1ð Þ
oy

���
z¼0

Tw � T1ð Þ : ð51Þ

The average convection heat transfer coefficient is

calculated as

hav ¼
1

8

Z 1

0

2p�rhd�r; ð52Þ

The resistance to heat transfer via convection is

calculated by the following equation:

Thermal resistance ¼ 1

hav

: ð53Þ

3. Solution of the problem

Due to the nonlinear nature of Eqs. (22)–(26), an exact

solution is not possible. Now, we opted to go for analytic

solution. The analytic solutions of differential equations are

obtained by many different methods in the literature

[20–24]. In this study, we use the homotopy analysis

method. For this, the Mathematica package BVPh2.0

which is based on the homotopy analysis method is

employed for solving nonlinear ordinary differential

equation. In this package, it is needed to put appropriate

initial guess of solutions and auxiliary linear operators to

find the desired solution. Thus, we take the auxiliary linear

operators corresponding to Eqs. (22)–(24) and (26) as

£E Hð Þ ¼ dE

dg
; £FðFÞ ¼ dF

dg
þ d2F

dg2
;

£GðGÞ ¼ dG

dg
þ d2G

dg2
; £hðhÞ ¼ 2 dh

dg
þ d2h
dg2

;

9
=

;
ð54Þ

By taking the boundary conditions in Eq. (27), we,

respectively, selected the following initial guess as

Eo ¼ 0; Fo gð Þ ¼ ae�g;
Go gð Þ ¼ e�g; ho gð Þ ¼ e�2g



; ð55Þ

Taking the linear auxiliary operators in Eq. (55) and the

initial guess in Eq. (56), the coupled nonlinear Eqs. (22)

and (26) subject to Eq. (27) can be solved directly by using

package BVPh2.0. Finally, the solutions of velocity and

temperature profiles can be exposed explicitly by means of

an infinite series of the following form:

E gð Þ ¼
P

m¼0

1
Em gð Þ; F gð Þ ¼

P

m¼0

1
Fm gð Þ;

G gð Þ ¼
P

m¼0

1
Gm gð Þ; h gð Þ ¼

P

m¼0

1
hm gð Þ

9
>>=

>>;
; ð56Þ

where Em gð Þ;Fm gð Þ;Gm gð Þ and hm gð Þ are governed by

high-order deformation equations. The results for

Em gð Þ;Fm gð Þ;Gm gð Þ and hm gð Þ are calculated up to 30th

order of approximation.

It should be emphasized that E gð Þ;F gð Þ;G gð Þ and h gð Þ
given by BVPh2.0 contain four unknown convergence

control parameters cE, cF , cG and ch which are used to

guarantee the convergence of the series solutions. The

optimal values of the convergence control parameters are

obtained by minimizing the total squared residual error at

k-th order of approximation. The squared residual error at

k-th order is

eH cH ; cF; cG; chð Þ

¼ 1

N þ 1

XN

j¼0

@E

Xk

i¼0

Ei;
Xk

i¼0

Fi

 !�����
g¼jdg

2

4

3

5

2

;
ð57Þ

eF cH ; cF; cG; chð Þ

¼ 1

N þ 1

XN

j¼0

@F

Xk

i¼0

Ei;
Xk

i¼0

Fi;
Xk

i¼0

Gi

 !�����
g¼jdg

2

4

3

5

2

;
ð58Þ

eG cH ; cF; cG; chð Þ

¼ 1

N þ 1

XN

j¼0

@G

Xk

i¼0

Ei;
Xk

i¼0

Fi;
Xk

i¼0

Gi;
Xk

i¼0

hi

 !�����
g¼jdg

2

4

3

5

2

;

ð59Þ

eh cH ;cF;cG;chð Þ ¼ 1

N þ 1

XN

j¼0

@h

Xk

i¼0

Ei;
Xk

i¼0

hi

 !�����
g¼jdg

2

4

3

5

2

;

ð60Þ

where nonlinear operators are

@E F;Eð Þ ¼ 2F þ E0 ¼ 0 ð61Þ

@F E;F;Gð Þ ¼ qnf
qf

F2 � G2 þ EF0 þ S F þ g
2

F0
� �h i

� lnf
lf

þ 3

2
/g

� �
F00

¼ 0; ð62Þ

@G E;F;Gð Þ ¼ qnf
qf

EG0 þ 2FG þ S G þ g
2

G0
� �h i

� lnf
lf

þ 3

2
/g

� �
G00

¼ 0; ð63Þ

@h E; hð Þ ¼
qCp

� �
nf

qCp

� �
f

Pr Eh0 þ S
g
2
h0

h i
� knf

kf
h00 ¼ 0 ð64Þ

and the total error at k-th order of approximation is defined

as
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eTotal ¼ eE cH ; cF; cG; chð Þ þ eF cH ; cF; cG; chð Þ
þ eG cH ; cF; cG; chð Þ þ eh cH ; cF ; cG; chð Þ ð65Þ

To check the accuracy of this method, values of F0 0ð Þ
and G0 0ð Þ are compared with the results obtained by

Rashidi et al. [25] and an excellent agreement were found

with these results as shown in Table 1.

Further, the results for velocity components and tem-

perature up to first iteration are as follows:

E ¼ e�2g � 73

100
þ 73

100

� �
;

F ¼

1

2
þ 83

400

lnf
lf

þ 3

2
/g

� �
þ 83

800

qnf
qf

� �
�

83S

1600

qnf
qf

� �
� 249

800

lnf
lf

þ 3

2
/g

� �

0

BBB@

1

CCCA
e�g

þ

�83

400

lnf
lf

� �
þ 83S

1600

qnf
qf

� �
�

83S

800

qnf
qf

� �
z � 249

800

lnf
lf

þ 3

2
/g

� �

0

BBB@

1

CCCA
e�2g

� 83

800

qnf
qf

� �� �
e�3g;

ð66Þ

G ¼
1þ 43

200

lnf
lf

� �
� 43

600

qnf
qf

� �
�

43S

800

qnf
qf

� �
þ 192

400

lnf
lf

þ 3

2
/g

� �

0

BBB@

1

CCCA
e�g

þ
� 43

200

lnf
lf

� �
þ 43S

800

qnf
qf

� �
�

43S

400

qnf
qf

� �
z � 192

400

lnf
lf

þ 3

2
/g

� �

0

BBB@

1

CCCA
e�2g

� 43

600

qnf
qf

� �� �
e�3g;

ð67Þ

E ¼ e�2g � 73

100
þ 73

100

� �
; ð68Þ

T ¼ �53

75

knf

kf

� �
� 53

225
PrS� 53

300
PrS

qCp

� �
nf

qCp

� �
f

 !

z

 !

e�3g;

þ 1þ 53

75

knf

kf

� �
þ 53

225
PrS

qCp

� �
nf

qCp

� �
f

 ! !

e�2g:

ð69Þ

4. Results and discussion

The impact of low isolating magnetic field and different

particle concentrations on heat transfer characteristics as

well as thermal and fluid friction irreversibilities fluid flow

is demonstrated in graphical, pie charts and tabular form.

To prepare these results, some assumptions are taken to

account. Consider particles made the aggregations due to

magnetic field and its average radius of gyration is 200 nm.

In single aggregation, the total particles are 200 in which

50 particles belong to backbone. To observe the behavior

of particles concentration and magnetization, other

parameters are taken to be fixed such as stretching

parameter av ¼ 0:5, unsteadiness parameter S ¼ 0:5, rota-

tional Brinkman number Br ¼ 0:001, temperature ratio e ¼
0:01 and rotational Reynolds number Re ¼ 700.

The impacts of particle concentrations and magnetic

parameter on irreversibilities due to fluid flow friction are

shown in Figs. 2 and 3. In these figures, it is seen that fluid

friction irreversibilities with both parameters are increased,

but noticeable impact is happened by particle concentra-

tions as compared to magnetization. It is noticed that when

the nanoparticle concentration is enhanced, resistance

between adjacent layers of moving fluid is enhanced which

leads to enhancement in viscosity of fluid that is main

cause of irreversibility enhancement in system. On the

other hand, when angular velocity of particle is decreased

as compared to vorticity of flow, the value of magnetiza-

tion parameter is increased. In enhancement of magneti-

zation parameter, viscosity is enlarged. Therefore,

irreversibility in system is enhanced by magnetization

parameter. The influences of particle concentration and

magnetization parameter on irreversibility due to heat

transfer are shown in Figs. 4 and 5. It is perceived that

Table 1 Comparison of the obtained results with the ones from the open literature against when / ¼ 0% and av ¼ 2

S Convergence control parameters F0 0ð Þ G0 0ð Þ

cE cF cG ch Present [25] Present [25]

- 0.1 - 0.63 - 0.91 - 0.78 - 0.93 - 3.1187 - 3.1178 - 2.0532 - 2.0530

- 0.5 - 0.57 - 0.99 - 0.82 - 0.95 - 2.9632 - 2.9601 - 1.9907 - 1.9901

- 1 - 0.51 - 1.12 - 0.89 - 0.96 - 2.7621 - 2.7622 - 1.9204 - 1.9111

Study of heat transfer and entropy generation in ferrofluid 755



irreversibilities due to heat flow are rapidly reduced near to

wall by nanoparticles distribution but this behavior is not

continued when moving far from wall. On the other hand,

irreversibilities by heat transfer are enhanced throughout in

flow region when magnetization parameters’ effect is

increased. Figures 6 and 7 show the total contribution of

thermal and fluid friction irreversibilities in the form of

local entropy generation in axial direction. From above

figures, it is noted that maximum contribution in irre-

versibilities is processed by heat transfer as compared to

fluid friction. So, Figs. 6 and 7 have similar behavior as

shown in Figs. 4 and 5.

The numerical sets of values show the results for aver-

age entropy generation as displayed in Figs. 8 and 9 under

Fig. 2 Effect of nanoparticle concentrations on fluid flow friction

irreversibilities

Fig. 3 Effect of magnetization parameter on fluid flow friction

irreversibilities

Fig. 4 Effect of nanoparticle concentrations on heat transfer

irreversibilities

Fig. 5 Effect of magnetization parameter on heat transfer

irreversibilities

Fig. 6 Effect of nanoparticle concentrations on local entropy

generation

Fig. 7 Effect of magnetization parameter on local entropy generation
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the impact of particle concentration and magnetic param-

eter. In Fig. 8, it is found the values of average entropy

generation are increased by increasing particle concentra-

tion. In enhancement of entropy generation, maximum

contribution is due to heat transfer irreversibilities as

compared to fluid friction. This is due to rapid enhance-

ment in thermal conductivity by dispersion of nanoparticle

concentration. On the hand, when magnetization effect is

increased, the values of average entropy generation are

increased with maximum contribution of irreversibilities

due to fluid flow friction. This is due to increase of fluid

viscosity.

For applications of heat transfer enhancement in

renewable energy systems and industrial thermal manage-

ment, the value of convection heat transfer coefficient and

thermal resistance is found at different particle concentra-

tions and various values of magnetic field in Table 2. It is

seen that when particle concentration is increased, the

values of convection heat transfer coefficient are increased

and thermal resistance is reduced. On the other hand, due to

magnetization effect, the values of convection heat transfer

coefficient are increased but not as increased by nanopar-

ticle concentration.

0%φ = 5%φ = 10%φ =

, 0.003013G aveN = , 0.003849G aveN = , 0.004694G aveN =

Fig. 8 Contributions of average heat transfer and fluid friction irreversibilities in the total average entropy generation at different particles

volume fraction

0.0g = 0.5g = 1.0g =

, 0.003844G aveN = , 0.003849G aveN = , 0.003852G aveN =

Fig. 9 Contributions of average heat transfer and fluid friction irreversibilities in the total average entropy generation at different values of

magnetization parameter

Table 2 Results of average convection heat transfer coefficient and average thermal resistance under influence of particle concentration and

magnetization parameter

/ (%) Nuave Thermal resistance g Nuave Thermal resistance

0 25.7726 0.0,388,009 0.0 27.7292 0.0360631

5 27.8450 0.0359131 0.5 27.8450 0.0359131

10 29.5922 0.0337927 1.0 27.9530 0.0357743
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5. Concluding remarks

In this paper, theoretical study is done on analysis of

entropy generation in ferrofluid flow under the influence of

low oscillating magnetic field over rotating disk. Outcome

of the analysis shows that irreversibilities due to heat

transfer are increased by dispersion of nanoparticles which

enhances the total entropy. These irreversibilities are

minimized by magnetic influences. On the other side, fluid

flows’ irreversibilities are increased by influences of this

parameter.
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