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Abstract: The studies of the dynamic behaviors of nonlinear models arising in ocean engineering play a significant role in

our daily activities. In this study, we investigate the coupled Boussinesq equation which arises in the shallow water waves

for two-layered fluid flow. The modified exp ð�uðfÞÞ-expansion function method is utilized in reaching the solutions to

this equation such as the topological kink-type soliton and singular soliton solutions. The interesting 2D and 3D graphics of

the obtained analytical solutions in this study are presented. Via one of the reported analytical solutions, the finite forward

difference method is used in obtaining the approximate numerical and exact solutions to this equation. The Fourier–Von

Neumann analysis is used in checking the stability of the used numerical method with the studied model. The L2 and L1
error norms are computed. We finally present a comprehensive conclusion to this study.

Keywords: Shallow water waves; Coupled Boussinesq equation; MEFM; FDM; Exact and numerical approximations

PACS Nos.: 02.60.Lj; 02.70.Wz; 03.65.-w

1. Introduction

In the past two decades, investigations of the solutions to

the various nonlinear evolution equations (NLEEs) have

attracted the attention of many scientists from all over the

world. Nonlinear evolution equations are used in modeling

complex nonlinear aspects describing some of our real-life

problems in the various fields of nonlinear sciences such as

modeling the interaction between atmosphere and ocean

influences, optic fibers, fluid mechanics, hydrodynamics,

metrology and plasma physics. It is very important to

investigate the behaviors of the models that arise in

dynamics of the ocean because of the vital roles they play

in our daily activities.

Various analytical and numerical techniques have been

formulated for tackling these kinds of nonlinear models

such as the improved tanðu=2Þ-expansion method [1], the

sine-Gordon expansion method [2–8], the multivariate

transformation technique [9], the homogeneous balance

method [10], the Jacobi elliptic function method [11, 12],

the extended homoclinic test function method [13], the

local fractional Riccati differential equation method [14],

the improved Bernoulli sub-equation function method [15],

the Hirota’s bilinear method, homoclinic test approach and

parameter perturbation technique [16], semi-inverse vari-

ational principle [17], the modified simple equation method

[18], the ansatz and mapping methods [19], the lumped

Galerkin approach [20], the Fourier pseudo-spectral

method [21], the shooting method [22], the meshless ker-

nel-based method of lines [23] and many other mathe-

matical approaches [24–54].

This study uses the modified exp ð�uðfÞÞ-expansion
function method (MEFM) [55–58] in constructing analyt-

ical solutions to the coupled Boussinesq equation [59]. We

further utilize the finite forward difference scheme in
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obtaining the numerical and exact approximations to the

coupled Boussinesq equation by taking one of the obtained

analytical solutions into consideration.

The Boussinesq equations for variable water depth that

are effective for shallow water and referred to as the

standard Boussinesq equations were first developed by

Peregrine [60, 61]. The Boussinesq-type equations are very

popular nonlinear evolution equations formulated for

describing the dynamics of water with small amplitude and

long wave. Boussinesq-type equations are also the most

important equations in the prediction of wave transforma-

tions in coastal areas. The Boussinesq equation is widely

used in coastal and ocean engineering. Tsunami wave

modeling and mathematical modeling of tidal oscillations

show some of the applications of this equation in ocean

engineering [60, 61].

The coupled Boussinesq equation is given by [59]

vt þ wx þ vvx ¼ 0;

wt þ ðwvÞx þ vxxx ¼ 0:
ð1Þ

Boussinesq equations are used to model the dynamics of

shallow water waves that arise in different places like

rivers, lakes and sea beaches [59, 60]. The coupled

Boussinesq equation arises in the shallow water waves for

two-layered fluid flow. This occurs whenever there is an

accidental oil spill from a ship that results in a layer of oil

floating above the layer of water [60, 61].

2. The MEFM

In this section, we present the general facts of the MEFM .

Consider the nonlinear partial differential equation of

the form

F v; vx; vxv
2; vxx; vxxt; . . .

� �
¼ 0; ð2Þ

where v ¼ vðx; tÞ is an unknown function, and F is a

polynomial in v(x, t) and its derivatives. The subscript

indicates the partial derivatives of v with respect to x and t.

Step 1: Consider the following wave transformation:

vðx; tÞ ¼ VðfÞ; f ¼ x� kt: ð3Þ

Substituting Eq. (3) into Eq. (2) yields the following

nonlinear ordinary differential equation (NODE):

QðV;V 0
V2;V

0
;V

00
; . . .Þ ¼ 0; ð4Þ

where Q is a polynomial of V and its derivatives.

Step 2: The solution of Eq. (4) is assumed to be of the

form [55]

VðfÞ ¼
Pd

i¼0 Ai

h
e�uðfÞ

ii

Pr
j¼0 Bj

h
e�uðfÞ

i j

¼ A0 þ A1e
�u þ . . .þ Ade

�du

B0 þ B1e�u þ . . .þ Bre�ru
;

ð5Þ

where Ai;Bj; ð0� i� d; 0� j� rÞ are constants to be

obtained later, such that Ad 6¼ 0, Br 6¼ 0:

The function u ¼ uðfÞ simplifies the following nonlin-

ear ordinary differential equation (NODE):

u
0 ðfÞ ¼ e�uðfÞ þ leuðfÞ þ k: ð6Þ

Equation (6) has the following family of solutions [55]:

Family 1: When l 6¼ 0, k2 � 4l[ 0,

uðfÞ ¼ ln

 
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4l

p

2l

� tanh
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 � 4l
p

2
ðfþ EÞ

�
� k
2l

!

:

ð7Þ

Family 2: When l 6¼ 0, k2 � 4l\0,

uðfÞ ¼ ln

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�k2 þ 4l

p

2l

� tan
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�k2 þ 4l
p

2
ðfþ EÞ

�
� k
2l

!

:

ð8Þ

Family 3: When l ¼ 0, k 6¼ 0 and k2 � 4l[ 0,

uðfÞ ¼ �ln

 
k

ekðfþEÞ � 1

!

: ð9Þ

Family 4: When l 6¼ 0, k 6¼ 0 and k2 � 4l ¼ 0,

uðfÞ ¼ ln

 

� 2kðfþ EÞ þ 4

k2ðfþ EÞ

!

: ð10Þ

Family 5: When l ¼ 0, k ¼ 0 and k2 � 4l ¼ 0,

uðfÞ ¼ lnðfþ EÞ: ð11Þ

Ai;Bj; ð0� i� d; 0� j� rÞ, E; k; l are coefficients to be

obtained, and r, d are positive integers that can be deter-

mined by using the homogeneous balancing principle.

Step 3: Substituting Eq. (5) with fixed value of d and r, its
possible derivatives along with Eq. (6) into Eq. (4), we get a

polynomial in powers of e�uðfÞ. We collect a set of algebraic

equations from the polynomial by equating each summation of

the coefficients ofe�uðfÞwith the samepower to zero.Toget the

solutions of (2), we solve the set of equations with aid of

symbolic software and get the values of the coefficients

Ai;Bj; ð0� i� d; 0� j� rÞ, E; k; l. Substituting the obtained
values of the coefficients into Eq. (5) gives the solutions to (2).
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3. The analysis of FDM

In this section, we give the analysis of the finite forward

difference. To present this analysis, the following notations

need to be given:

1. Dx is the spatial step

2. Dt is the time step

3. xi ¼ aþ iDx; i ¼ 0; 1; 2; :::;N points are the coordi-

nates of mesh and N ¼ b�a
Dx ; tj ¼ jDx; j ¼ 0; 1; 2; :::;M

and M ¼ T
Dt.

4. The functions v x; tð Þ and w x; tð Þ represent the values of
these solutions at these grid points; v xi; tj

� �
� vi;j and

w xi; tj
� �

� wij, respectively.

5. vi;j and wi;j represent the numerical solutions of the

exact values of v x; tð Þ and w x; tð Þ at the point xi; tj
� �

,

respectively.

For v(x, t):

Htvi;j ¼ vi;jþ1 � vi;j; ð12Þ

Hxvi;j ¼ viþ1;j � vi;j; ð13Þ

Hxxxvi;j ¼ viþ2;j � 2viþ1;j þ 2vi�1;j � vi�2;j: ð14Þ

For w(x, t):

Htwi;j ¼ wi;jþ1 � wi;j; ð15Þ

Hxwi;j ¼ wiþ1;j � wi;j: ð16Þ

Thus, one may approximate the partial derivatives into the

finite difference operators as

For v(x, t):

ov

ot

����
i;j

¼ Htvi;j

Dt
þ OððDtÞÞ; ð17Þ

ov

ox

����
i;j

¼ Hxvi;j

Dx
þ OððDxÞÞ; ð18Þ

o3v

ox3

����
i;j

¼ Hxxxvi;j

ðDxÞ3
þ OððDxÞ2Þ: ð19Þ

For w(x, t):

ow

ot

����
i;j

¼ Htwi;j

Dt
þ OððDtÞÞ; ð20Þ

ow

ox

����
i;j

¼ Hxwi;j

Dx
þ OððDxÞÞ: ð21Þ

One may rewrite Eq. (1) in the finite forward difference

operator’s form as

Htvi;j

Dt
þ Hxwi;j

Dx
þ vi;j

Hxvi;j

Dx
¼ 0;

Htwi;j

Dt
þ wi;j

Hxvi;j

Dx
þ vi;j

Hxwi;j

Dx
þ Hxxxvi;j

ðDxÞ3
¼ 0:

ð22Þ

We get the following indexed forms by substituting

Eqs. (12–16) into Eq. (22):

viþ1;j ¼� 1

2ðDtÞ
�
1þ ðDxÞ2v2i;j � ðDxÞ2wi;j

�

 

ðDtÞvi�2;j � 2ðDtÞvi�1;j � 2ðDxÞ3v2i;j

� 2ðDtÞðDxÞ2v3i;j þ 2ðDxÞ3vi;jvi;jþ1

� ðDtÞviþ2;j þ 2ðDxÞ3wi;j

þ 2ðDtÞðDxÞ2vi;jwi;j � 2ðDxÞ3wi;jþ1

!

;

ð23Þ

wiþ1;j ¼� 1

2ðDtÞ
�
1þ ðDxÞ2v2i;j � ðDxÞ2wi;j

�

 

� 2ðDxÞvi;j � ðDtÞvi�2;jvi;j þ 2ðDtÞvi�1;jvi;j

� 2ðDtÞv2i;j þ 2ðDxÞvi;jþ1 þ ðDtÞvi;jviþ2;j

� 2ðDtÞwi;j � 2ðDtÞðDxÞ2v2i;jwi;j

� 2ðDxÞ3vi;jþ1wi;j þ 2ðDtÞðDxÞ2w2
i;j

þ 2ðDxÞ3viþjwi;jþ1

!

;

ð24Þ

where the initial values ui;0 ¼ u0ðxiÞ and vi;0 ¼ v0ðxiÞ.

4. Von Neumann stability analysis

In this section, the stability of the numerical scheme with

the coupled Boussinesq equation is analyzed by using the

Fourier–Von Neumann stability analysis (Figs. 1, 2, 3, 4).

We consider fn as the amplification factor. The growth

factor of a typical Fourier mode may be given as follows:

vnm ¼ Pfneib;wn
m ¼ Wfneib; ð25Þ

where i ¼
ffiffiffiffiffiffiffi
�1

p
.

To check the stability of the numerical scheme, the

nonlinear terms in the coupled Boussinesq equation

vvx;wvx and vwx must be linearized by making v and

w local constants. Thus, the nonlinear terms vvx;wvx and

vwx become Avx;Bvx and Awx; respectively.

The finite difference operator form of these linearized

terms is given as

On the exact and numerical solutions to the coupled Boussinesq equation 649



Avx ¼ A
Hxvi;j

Dx
; Bvx ¼ B

Hxvi;j

Dx
; Awx ¼ A

Hxwi;j

Dx
; ð26Þ

where A ¼ vnm and B ¼ wn
m:

Implementing these changes on Eq. (22), one may

obtain

Htvi;j

Dt
þ Hxwi;j

Dx
þ A

Hxvi;j

Dx
¼ 0;

Htwi;j

Dt
þ B

Hxvi;j

Dx
þ A

Hxwi;j

Dx
þ Hxxxvi;j

ðDxÞ3
¼ 0:

ð27Þ

Now, inserting Eq. (25) into Eq. (27) yields

P

 
1

ðDtÞ þ ðA2 � BÞðDtÞðDxÞ2
ðð�A2 þ BÞðDtÞðDxÞ2 þ AðDxÞ3ðf� 1Þ

þ ðA2 � BÞðDtÞðDxÞ2cos½b� þ iDtð2þ ðA2 � BÞDx2

� 2cos½b�sin½b�ÞÞ

�W
� Dx3ðf� 1Þ
Dt þ ðA2 � BÞDtDx2

�
!

¼ 0

ð28Þ
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Fig. 1 The (a) kink-type and (b) soliton surfaces of Eq. (38) and (39) under the values l ¼ 2, k ¼ 3, E ¼ 2:5 and t ¼ 2 for the 2D graphics
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Fig. 2 The singular soliton surfaces of Eq. (40) and (41) under the values k ¼ 1, E ¼ 1 and t ¼ 2 for the 2D graphics
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P
��

� ADt� Dxð�1þ BDx2Þðf� 1Þ þ ADtcos½b�

� iADtsin½b� þ 2iADtcos½b�sin½b�
�

� ðDtþ ðA2 � BÞDtDx2Þ�1
�

þW
��

� A2DtDx2 þ Dtð1� BDx2Þ þ ADx3ðf� 1Þ

þ Dtcos½b� þ ðA2 � BÞDtDx2cos½b�

þ iDtsin½b� þ iðA2 � BÞDtDx2sin½b�
�
ðDtþ ðA2 � BÞDtDx2Þ�1

�
¼ 0;

ð29Þ

where A ¼ vnm;B ¼ wn
m Next, Let fnþ1 ¼ ffn and assume

that f is independent of time. Then, we easily obtain the

following system of algebraic equations.

Therefore,

f1 ¼
1

Dx4 cos b
2

h i
� iDx4sin b

2

h i
�
Dx4cos

b
2

� 	

� 2iADtDx3sin
b
2

� 	
� iDx4sin

b
2

� 	

� 2
��

Dt2Dx4 � BDt2Dx6
� �

cos
b
2

� 	2
sin

b
2

� 	2

� Dt2Dx4cos
b
2

� 	
cos

3b
2

� 	
sin

b
2

� 	2

� iDt2Dx4cos
b
2

� 	
sin

b
2

� 	3
þiDt2Dx4cos

3b
2

� 	
sin

b
2

� 	3

� BDt2Dx6sin
b
2

� 	4��1
2
�

ð30Þ
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Fig. 3 The (a) kink-type and (b) soliton surfaces of Eq. (42) and (43) under the values l ¼ 0:7, k ¼ 0:35, E ¼ 1 and t ¼ 2 for the 2D graphics
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Fig. 4 The singular soliton surfaces of Eq. (44) and (45) under the values k ¼ 0:35, E ¼ 1 and t ¼ 2 for the 2D graphics
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f2 ¼
1

D
x4 cos

b
2

� 	

� iDx4sin
b
2

� 	�
ðDx4cos b

2

� 	
� 2iADtDx3sin

b
2

� 	
� iDx4sin

b
2

� 	

þ 2
�
ð Dt2Dx4 � BDt2Dx6
� �

cos
b
2

� 	2
sin

b
2

� 	2

� Dt2Dx4cos
b
2

� 	
cos

3b
2

� 	
sin

b
2

� 	2

� iDt2Dx4cos
b
2

� 	
sin

b
2

� 	3
þiDt2Dx4cos

3b
2

� 	
sin

b
2

� 	3

� BDt2Dx6sin
b
2

� 	4�1
2
�
:

ð31Þ

According to the Fourier stability, numerical scheme is

unconditionally stable as f1j j � 1; f1j j � 1.

5. L2 and L1 Error Norms

To show how close the exact and numerical solutions are,

we use L2 and L1 error norms.

The L2 and L1 error norms are defined as [62]

L2 ¼ uexact � unumeric


 



2

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

h
XN

j¼0

uexactj � unumericj

���
���
2

vuut ;
ð32Þ

L1 ¼ jjuexact � unumericjj1
¼ Max

j juexactj � unumericj j:
ð33Þ

6. Theoretical calculations

In this section, we present the computational parts of the

study.

6.1. Application of the MEFM to Eq. (1)

In this subsection, we present the application of the MEFM

to the coupled Boussinesq equations.

Consider the coupled Boussinesq equations given in

Eq. (1).

Using the wave transformation

vðx; tÞ ¼ VðfÞ; w ¼ WðfÞ; f ¼ x� kt; ð34Þ

Eq. (1) is carried to the following single NODE:

2V
00 � V3 þ 3kV2 � 2k2V ¼ 0; ð35Þ

where W ¼ kV � V2

2
.

Balancing the terms V
00
and V3 in (35), we have the

following relation between r and d:

d ¼ rþ 1; ð36Þ

choosing r ¼ 1 implies that d ¼ 2.

Using r ¼ 1, d ¼ 2 along with Eq. (5), we get

VðfÞ ¼ A0 þ A1e
�u þ A2e

�2u

B0 þ B1e�u
: ð37Þ

Substituting Eq. (37) and its second derivative into

Eq. (35), we get an equation in a polynomial of e�u. We

collect a group of the algebraic equation from this poly-

nomial by equating the sum of the coefficients of e�u with

the same power to zero. We solve the group of equations

with the help of Wolfram Mathematica software and find

the values of the coefficients. The values of the coefficients

are obtained in various cases. For each case, to obtain the

solutions of Eq. (1), we put the values of the coefficients

into Eq. (37) along with one of (Family 1– 5).

Case-1:

A0 ¼ B0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4l

q
� k
�
;A1 ¼ B1

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4l

q
� k
�

� 2B0;A2 ¼ �2B1; k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4l

q
:

Case-2:

A0 ¼ B0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ 4l

p
þ k
�
;A1 ¼ B1

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ 4l

p
þ k
�

� 2B0;A2 ¼ �2B1; k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ 4l

p
:

With case-1, we obtained the following families of

solutions:

solution-1:When l 6¼ 0, k2 � 4l[ 0,

v1:1ðx; tÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4l

q
� k

þ 4l

kþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4l

p
tanh½w1:1ðx; tÞ�

;
ð38Þ

w1:1ðx; tÞ ¼ 2lðk2 � 4lÞ
.�

kcosh½w1:1ðx; tÞ�

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4l

q
sinh½w1:1ðx; tÞ�

�2
;

ð39Þ

where

w1:1ðx; tÞ ¼ 1
2

�
E þ x�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4l

p
t
�
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4l

p
:

solution-2: When l ¼ 0, k 6¼ 0 and k2 � 4l[ 0,

v1:2ðx; tÞ ¼ k
�
1� coth½w1:2ðx; tÞ�

�
; ð40Þ

w1:2ðx; tÞ ¼ � k2

cosh½2w1:2ðx; tÞ� � 1
; ð41Þ

where

w1:2ðx; tÞ ¼ 1
2
kðE þ x� ktÞ:

With case-2, we obtained the following families of

solutions:

solution-1:When l 6¼ 0, k2 � 4l[ 0,
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v2:1ðx; tÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ 4l

p
þ k

� 4l
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ 4l

p
� k tanh½w2:1ðx; tÞ�

;
ð42Þ

w2:1ðx; tÞ ¼ 2k2l
.� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þ 4l
p

cosh½w2:1ðx; tÞ�

� k sinh½w2:1ðx; tÞ�
�2
;

ð43Þ

where

w2:1ðx; tÞ ¼ 1
2
k
�
E þ x� kt

�
:

solution-2: When l ¼ 0, k 6¼ 0 and k2 � 4l[ 0,

v2:2ðx; tÞ ¼ kð1� coth½w2:2ðx; tÞ�Þ; ð44Þ

w2:2ðx; tÞ ¼ � k2

cosh½2w2:2ðx; tÞ� � 1
; ð45Þ

where

w2:2ðx; tÞ ¼ 1
2
kðE þ x� ktÞ:

6.2. Exact and numerical approximations

In this subsection, we obtain the exact and numerical

approximations of Eq. (1) using Eq. (38) and (39) and the

datum k ¼ 1; k ¼ 3; l ¼ 2;E ¼ 2:5. Substituting these

values into Eqs. (38) and (39) gives the following special

exact solutions for the approximations:

vðx; tÞ ¼ �2þ 8

3þ tanh
h
1
2
ð2:5� t þ xÞ

i ; ð46Þ

wðx; tÞ ¼ 4
�
3cosh

h 1
2
ð2:5� t þ xÞ

i
þ sinh

h 1
2
ð2:5� t

þ xÞ
i��2

:

ð47Þ

At t ¼ 0, Eqs. (46) and (47) become

v0ðxÞ ¼ �2þ 8

3þ tanh
h
1
2
ð2:5þ xÞ

i ; ð48Þ

w0ðxÞ ¼ 4
�
3cosh

h 1
2
ð2:5þ xÞ

i
þ sinh

h 1
2
ð2:5þ xÞ

i��2

:

ð49Þ

Inserting ðDxÞ ¼ ðDtÞ ¼ 0:01 into Eq. (23) and (24) yields

viþ1;j ¼ ð9999:10þ v2i;j � wi;jÞ�1
�
� 4999:10vi�2;j

þ 9999:10vi�1;j

þ v2i;j þ v3i;j � vi;jvi;jþ1

þ 4999:10viþ2;j � wi;j � vi;jwi;j þ wi;jþ1

�
;

ð50Þ

wiþ1;j ¼ ð9999:10þ v2i;j � wi;jÞ�1
�
9999:10vi;j

þ 4999:10vi�2;jvi;j

� 9999:10vi�1;jvi;j þ 9999:10v2i;j

� 9999:10vi;jþ1 � 4999:10vi;jviþ2;j

þ 9999:10wi;j þ v2i;jwi;j þ vi;jþ1wi;j

� w2
i;j � vi;jwi;jþ1

�
;

ð51Þ

respectively.

Hence, we present the exact and numerical approxima-

tions of Eq. (1) in Tables 1 and 2 and L2 and L1 error

norms in Table 3.

7. Results and discussion

In this study, we successfully employed the modified exp

ð�uðfÞÞ-expansion function method to the coupled

Boussinesq equation. Several wave solutions are

Table 1 Numerical and exact approximations of Eq. (1) and absolute

errors under Eq. (38)

xi tj Numerical Exact Eror

0 0.01 0.07960 0.07961 6.69266�10�6

0.01 0.01 0.07884 0.07885 6.63951�10�6

0.02 0.01 0.07809 0.07809 6.58665�10�6

0.03 0.01 0.07734 0.07735 6.53408�10�6

0.04 0.01 0.07660 0.07661 6.48180�10�6

0.05 0.01 0.07587 0.07587 6.42982�10�6

0.06 0.01 0.07514 0.07515 6.37813�10�6

0.07 0.01 0.07442 0.07443 6.32674�10�6

0.08 0.01 0.07371 0.07371 6.27564�10�6

0.09 0.01 0.07300 0.07301 6.22483�10�6

Table 2 Numerical and exact approximations of Eq. (1) and absolute

errors under Eq. (39)

xi tj Numerical Exact Eror

0 0.01 0.07644 0.07644 3.42592�10�6

0.01 0.01 0.07574 0.07574 3.39847�10�6

0.02 0.01 0.07504 0.07505 3.37117�10�6

0.03 0.01 0.07435 0.07436 3.34400�10�6

0.04 0.01 0.07367 0.07367 3.31699�10�6

0.05 0.01 0.07210 0.07210 3.29012�10�6

0.06 0.01 0.07232 0.07232 3.26340�10�6

0.07 0.01 0.07165 0.07166 3.23682�10�6

0.08 0.01 0.07099 0.07010 3.21039�10�6

0.09 0.01 0.07034 0.07034 3.18412�10�6
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constructed. Jawad et al. [59] constructed some exponen-

tial function and non-topological soliton solutions to the

coupled Boussinesq equation. In this study, soliton, topo-

logical kink-type soliton and singular soliton solutions are

reported. When we compare our results with the results

presented in [59], we observed that the reported analytical

solutions in this study are newly constructed. Furthermore,

the well-known numerical scheme, namely the finite for-

ward difference method, is used in obtaining the approxi-

mate exact and numerical solutions to the coupled

Boussinesq equation. We observed that as Dx ¼ Dt are

getting smaller, the approximations are approaching zero

(Figs. 5 and 6).

8. Conclusion

In this study, we use the modified exp ð�uðfÞÞ-expansion
function method in obtaining the analytical solutions to the

coupled Boussinesq equation. Topological kink-type

Table 3 L2 and L1 error norm under 0� h� 1 and 0� x� 1

xi ¼ tj L2(v(x, t)) L1(v(x, t)) L2(w(x, t)) L1(w(x, t))

0.1 0.0004379358 0.0006196246 0.0002236631 0.0003188607

0.01 0.0000000321 0.0000001112 0.0000000090 0.0000000302

0.001 0.0000000465 0.0000000668 0.0000000237 0.0000000346

0.0001 0.0000000005 0.0000000007 0.0000000235 0.0000000832
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Fig. 5 Numerical and exact

approximations graph of Eq. (1)
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soliton, soliton and singular soliton solutions are success-

fully extracted. By choosing the suitable values of the

parameters, the 2D and 3D of the reported solutions are

also plotted. Via one of the obtained analytical solutions,

the finite forward difference scheme is used in approxi-

mating the exact and numerical solutions to the studied

nonlinear model. The stability of the numerical scheme is

also checked. The L2 and L1 error norms are also com-

puted (Figs. 7, 8). The numerical and exact approximations

are compared, and the comparison is supported by graph-

ical plots.

The modified exp ð�uðfÞÞ-expansion function method

is an efficient mathematical tool which provides good

analytical solutions for numerical study, and finite forward

difference method supplies good approximations when it is

utilized on these analytical solutions.
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