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Exact solitary wave solutions for two nonlinear systems
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Abstract: In this paper, we employ the powerful sine-Gordon expansion method in investigating the solitary wave

solutions of the fifth-order nonlinear equation and the Date–Jimbo–Kashiwara–Miwa equation with symbolic computation.

We obtain the hyperbolic, trigonometric and complex solutions and the corresponding plots of the solitary wave solutions

are given out analytically and graphically.
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1. Introduction

In recent years, nonlinear evolution equations (NLEEs)

have attracted great interest as they play an important role

in various fields such as engineering science, mathematical

physics and other areas [1–11]. Different soliton equations

consist a significant part of the NLEEs and the recent

developments have shown that the scientists pay more and

more attention to the exact solutions of the NLEEs [12, 13].

Many researchers have obtained the traveling wave solu-

tions of NLEEs and presented many effective methods to

find the travelling wave solutions of NLEEs. These meth-

ods include the extended direct algebraic and the extended

sech-tanh methods [14], the G0=Gð Þ-expansion method

[15], the inverse scattering transform method [16], the

Anstatz method [17, 18], the cosine-function algorithm

method [19], the tanh expand method [20], the Exp-func-

tion method [21], the first integral method [22], the sim-

plified Hirota method and the Cole-Hopf transformation

method [23], Bernoulli approach [24], the extended map-

ping method [25], Kudryashov method [26], the extended

Jacobi elliptic function expansion method [27], and so on.

Over the utmost few years, how to find more traveling

wave solutions for the NLEEs has become the subject of

intense investigation.

In this paper, we apply the powerful sine-Gordon

expansion method (SGEM) [28] to find the complex exact

travelling wave solutions of the ð1þ 1Þ-dimensional fifth-

order nonlinear integrable equation and the ð2þ 1Þ-di-
mensional Date–Jimbo–Kashiwara–Miwa equation. The

paper is orgnized as follows. In Sect. 2, we give a brief

introduction to the powerful SGEM. The complex travel-

ling wave solutions of the ð1þ 1Þ-dimensional fifth-order

nonlinear integrable equation and ð2þ 1Þ-dimensional

soliton equation have been obtained in Sect. 3. Finally,

conclusions and discussion are given in Sects. 4 and 5

respectively.

2. Description of the sine-Gordon expansion method

In [29, 30], Baskonus and Batool proposed the sine-Gordon

expansion method, which is based on a travelling wave

transformation and sine-Gordon equation. Consider the

following sine-Gordon equation:

uxx � utt ¼ m2 sinðuÞ; ð1Þ

where u ¼ uðx; tÞand m is a real constant.

Applying the travelling wave transformation u ¼ UðnÞ,
n ¼ lðx� ctÞ to Eq. (1), we have the following nonlinear

ordinary differential equation (NODE):

U00 ¼ m2

l2 1� c2ð Þ sinðUÞ; ð2Þ

where U ¼ UðnÞ, n is the amplitude of the travelling wave

and c is the velocity of the travelling wave. The full

simplification of Eq. (2) is given as follows:
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U0

2

� �� �2
¼ m2

l2 1� c2ð Þ sin
2 U

2

� �
þ K; ð3Þ

where K is an integral constant. Substituting K ¼ 0,

xðnÞ ¼ U
2
and a2 ¼ m2

l2 1�c2ð Þ into Eq. (3), we obtain

x0 ¼ a sinðx nð ÞÞ; ð4Þ

putting a ¼ 1 into Eq. (4), we have

x0 ¼ sinðx nð ÞÞ; ð5Þ

then the Eq. (5) is a variables separable equation, and we

obtain the following two significant equations by solving (5),

sinðxÞ ¼ sin x nð Þð Þ ¼ 2pen

p2e2n þ 1
jp¼1 ¼ sech nð Þ; ð6Þ

cosðxÞ ¼ cos x nð Þð Þ ¼ p2e2n � 1

p2e2n þ 1
jp¼1 ¼ tanh nð Þ; ð7Þ

where p is an integral constant.

For the solution of the following nonlinear partial dif-

ferential equation

P u; ux; ut; uxx; utt; uxt; uxxx; . . .;ð Þ ¼ 0; ð8Þ

we consider

u ¼ U nð Þ ¼
Xn
i¼1

tanhi�1 nð Þ½Bisech nð Þ þ Ai tanh nð Þ� þ A0;

ð9Þ

then Eq. (9) can be rewritten by using both important

properties of the method like Eqs. (6) and (7) as follows:

U x ðnÞð Þð Þ ¼
Xn
i¼1

cosi�1 x nð Þð Þ½Bi sin x nð Þð Þ

þ Ai cos x nð Þð Þ� þ A0:

ð10Þ

Weuse the balance principle in determining the value of n by

considering the highest power nonlinear term and the higher

derivative in the obtained NODE. Letting the summation of

the coefficients of sini x nð Þð Þ cos j x nð Þð Þ i ¼ 0; 1; 2; . . .; j ¼ð
0; 1; 2; . . .; Þ that have the same power to be all zero, one can

have a systemof the coefficients.After solving this systemby

using Maple, by substituting the values into Eq. (9), we

obtain the new travelling wave solutions to Eq. (8).

3. Application of the method to two nonlinear systems

In this section,we verify the applicability of the SGEM through

two nonlinear equations which have different dimension. We

firstly consider the traveling wave solutions of the ð1þ 1Þ-
dimensional fifth-order nonlinear integrable equation

vttt � vtxxxx � 4ðvxvtÞxx � 4ðvxvxtÞx ¼ 0: ð11Þ

In [31], Wazwaz proposed the multiple soliton solutions by

using the simplified Hirota’s method established by Here-

man and Nuseir [32], and the results have shown that this

equation is completely integrable.

We utilize the traveling wave transformation v ¼ V nð Þ,
n ¼ lðx� ktÞ, and integrating to n, taking the integral

constant is zero, Eq. (11) is reduced to

�k2V 00 þ l2V ð4Þ þ 12lV 0V 00 ¼ 0; ð12Þ

setting U ¼ V 0, we have

�k2U0 þ l2U000 þ 12lUU0 ¼ 0: ð13Þ

Applying the balance principle on Eq. (13) by considering the

nonlinear term UU0 and the highest derivative U000, nþ 3 ¼
2nþ 1, we obtain n ¼ 2. Taking n ¼ 2 in Eq. (10), we obtain

U x nð Þð Þ ¼ B1 sin x nð Þð Þ þ A1 cos x nð Þð Þ
þ B2 cos x nð Þð Þ sin x nð Þð Þ þ A2 cos

2 x nð Þð Þ þ A0;
ð14Þ

U0 ¼ B1 sin x nð Þð Þ cos x nð Þð Þ � A1 sin
2 x nð Þð Þ � B2 sin

3 x nð Þð Þ
þ B2 sin x nð Þð Þ cos2 x nð Þð Þ � 2A2 sin

2 x nð Þð Þ cos x nð Þð Þ;
ð15Þ

and

U000 ¼ �5B1 sin
3 x nð Þð Þ cos x nð Þð Þ þ B1 sin x nð Þð Þ cos3 x nð Þð Þ

� 4A1 sin
2 x nð Þð Þ cos2 x nð Þð Þ þ 2A1 sin

4 x nð Þð Þ

� 18B2 sin
3 x nð Þð Þ cos2 x nð Þð Þ

þ 5B2 sin
5 x nð Þð Þ þ B2 sin x nð Þð Þ cos4 x nð Þð Þ

� 8A2 sin
2 x nð Þð Þ cos3 x nð Þð Þ

þ 16A2 sin
4 x nð Þð Þ cos x nð Þð Þ:

ð16Þ

Substituting Eqs. (14)–(16) into Eq. (13), we obtain the

summation of the coefficients of sini xð Þ cos j xð Þ with the

same power. With the identity cos2 xð Þ ¼ 1� sin2 xð Þ, the
Eq. (13) becomes

12lA1B1 þ 12lA0B2 � k2B2 þ 12lA2B2 þ l2B2

� �
sin xð Þ

þ �24lA1B1 � 24lA0B2 þ 2k2B2 � 60lA2B2 � 20l2B2

� �
sin3 xð Þ

þ �36lA1B2 � 36lA2B1 � 6l2B1

� �
sin3 xð Þ cos xð Þ

þ 12lA1B2 þ 12lA2B1 þ l2B1 þ 12lA0B1 � k2B1

� �
sin xð Þ cos xð Þ

þ �36lA1A2 þ 24lB1B2 � 4l2A1 � 12lA0A1 þ k2A1

� �
sin2 xð Þ

þ 36lA1A2 � 36lB1B2 þ 6l2A1

� �
sin4 xð Þ

þ 48lA2B2 þ 24l2B2

� �
sin5 xð Þ

þ �24lA0A2 þ 2k2A2 � 12lA2
1 þ 12lB2

1

�
þ 12lB2

2 � 24lA2
2 � 8l2A2Þ sin2 xð Þ cos xð Þ

þ �24lB2
2 þ 24l2A2 þ 24lA2

2

� �
sin4 xð Þ cos xð Þ ¼ 0:
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We require the coefficients of sini xð Þ cos j xð Þ to be zero

and solve the system of algebraic equations with symbolic

computation and substitute the obtained results into Eq. (9)

with n ¼ 2. We have four cases as follows:

Case 1:

A0 ¼
8l2 þ k2

12l
; A1 ¼ 0; A2 ¼ �l; B1 ¼ 0; B2 ¼ 0;

where l; k are arbitrary constants, and the corresponding

solution is

vðx; tÞ ¼ � 1

3
l2ðx� ktÞ þ k2

12
ðx� ktÞ þ l tanh lðx� ktÞ½ �:

ð17Þ

Case 2:

A0 ¼
5l2 þ k2

12l
; A1 ¼ 0; A2 ¼ � 1

2
l;

B1 ¼ 0; B2 ¼
1

2
il;

where l; k are arbitrary constants, i ¼
ffiffiffiffiffiffiffi
�1

p
, and the

corresponding solution is

vðx; tÞ ¼ � 1

12
l2ðx� ktÞ þ k2

12
ðx� ktÞ

þ 1

2
l tanh lðx� ktÞ½ � � 1

2
ilsech lðx� ktÞ½ �:

ð18Þ

Case 3:

A0 ¼
5l2 þ k2

12l
; A1 ¼ 0; A2 ¼ � 1

2
l; B1 ¼ 0;

B2 ¼ � 1

2
il;

where l; k are arbitrary constants, and the corresponding

solution is

vðx; tÞ ¼ � 1

12
l2ðx� ktÞ þ k2

12
ðx� ktÞ

þ 1

2
l tanh lðx� ktÞ½ � þ 1

2
ilsech lðx� ktÞ½ �:

ð19Þ

Case 4:

A1 ¼ 0; A2 ¼ 0; B1 ¼ 0; B2 ¼ 0;

where A0; l; k are arbitrary constants, and the

corresponding solution is

vðx; tÞ ¼ A0lðx� ktÞ: ð20Þ

Obviously, Case 4 is the trivial solution of the ð1þ 1Þ-
dimensional fifth-order nonlinear equation.

We understand the sine-Gordon expansion method is

very convenient for solving the ð1þ 1Þ-dimensional

fifth-order nonlinear integrable equation, and we consider

the ð2þ 1Þ-dimensional Date–Jimbo–Kashiwara–Miwa

equation

vxxxxy þ 4vxxyvx þ 2vxxxvy þ 6vxyvxx þ vyyy � 2vxxt ¼ 0:

ð21Þ

In [33], Yuan et al. proposed Wronskian and Grammian

solutions with the help of the Hirota method and auxiliary

variables, and they also obtained the bilinear Bäcklund

transformation and one-soliton solution.

Using the traveling wave transformation v ¼ V nð Þ, n ¼
lðxþ ay� ktÞ and integrating to n with the zero integral

constant, Eq. (21) is reduced to

al2V ð4Þ þ 6alV 0V 00 þ a3 þ 2k
� �

V 00 ¼ 0: ð22Þ

Setting U ¼ V 0, we have

al2U000 þ 6alUU0 þ a3 þ 2k
� �

U0 ¼ 0: ð23Þ

Applying the balance principle on Eq. (23) by considering the

nonlinear term UU0 and the highest derivative U000,
nþ 3 ¼ nþ nþ 1, we obtain n ¼ 2. We also obtain the

U;U0;U000 as theEqs. (14)–(16) byusingEq. (10) togetherwith
n ¼ 2.

Substituting Eqs. (14)–(16) into Eq. (23), we obtain the

algebraic system of the coefficients by equating the sum of

the coefficients which have the similar terms about

trigonometric function. With the identity

cos2 xð Þ ¼ 1� sin2 xð Þ, we have

�6al2B1 � 18alB1A2 � 18alA1B2

� �
sin3 xð Þ cos xð Þ

þ al2B1 þ 6alA1B2 þ 6alA2B1 þ 6alA0B1 þ a3B1 þ 2kB1

� �
sin xð Þ cos xð Þ

þ �4al2A1 þ 12alB1B2 � 18alA1A2 � 6alA0A1 � a3A1 � 2kA1

� �
sin2 xð Þ þ 6al2A1 � 18alB1B2 þ 18alA1A2

� �
sin4 xð Þ

þ �20al2B2 � 30alA2B2 � 12alA1B1

�
� 12alA0B2 � 2a3B2 � 4kB2Þ sin3 xð Þ

þ �8al2A2 � 12alA2
2 þ 6alB2

2 � 12alA0A2

�
� 2a3A2 � 4kA2 þ 6alB2

1

�6alA2
1

�
sin2 xð Þ cos xð Þ þ 24al2A2 þ 12alA2

2 � 12alB2
2

� �
sin4 xð Þ cos xð Þ þ 24al2B2 þ 24alA2B2

� �
sin5 xð Þ

þ al2B2 þ 6alA2B2 þ 6alA1B1 þ 6alA0B2

�
þa3B2 þ 2kB2

�
sin xð Þ ¼ 0:

In order to obtain the new solution v(x, y, t) to Eq. (21), we

solve the system of algebraic equations with symbolic

computation and substitute the results of the coefficients

into Eq. (9) along with n ¼ 2. We have four cases as

follows:
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Case 1:

A1 ¼ 0; A2 ¼ �2l; B1 ¼ 0; B2 ¼ 0;

k ¼ 4al2 � 3alA0 �
a3

2
;

where A0; a; l are arbitrary constants, and the

corresponding solution is

ðx; y; tÞ ¼ �2l2 xþ ay� 4al2 � 3alA0 �
a3

2

� �
t

� �

þ 2l tanh l xþ ay� 4al2 � 3alA0 �
a3

2

� �
t

� �� �

þ A0l xþ ay� 4al2 � 3alA0 �
a3

2

� �
t

� �
:

ð24Þ

Case 2:

A1 ¼ 0; A2 ¼ �l; B1 ¼ 0; B2 ¼ il;

k ¼ 5

2
al2 � 3alA0 �

a3

2
;

where A0; a; l are arbitrary constants, i ¼
ffiffiffiffiffiffiffi
�1

p
, and the

corresponding solution is

vðx; y; tÞ ¼ �l2 xþ ay� 5

2
al2 � 3alA0 �

a3

2

� �
t

� �

þ l tanh l xþ ay� 5

2
al2 � 3alA0 �

a3

2

� �
t

� �� �

� ilsech l xþ ay� 5

2
al2 � 3alA0 �

a3

2

� �
t

� �� �

þ A0l xþ ay� 5

2
al2 � 3alA0 �

a3

2

� �
t

� �
:

ð25Þ

Case 3:

A1 ¼ 0; A2 ¼ �l; B1 ¼ 0; B2 ¼ �il;

k ¼ 5

2
al2 � 3alA0 �

a3

2
;

where A0; a; l are arbitrary constants, and the

corresponding solution is

vðx; y; tÞ ¼ �l2 xþ ay� 5

2
al2 � 3alA0 �

a3

2

� �
t

� �

þ l tanh l xþ ay� 5

2
al2 � 3alA0 �

a3

2

� �
t

� �� �

þ ilsech l xþ ay� 5

2
al2 � 3alA0 �

a3

2

� �
t

� �� �

þ A0l xþ ay� 5

2
al2 � 3alA0 �

a3

2

� �
t

� �
:

ð26Þ

Case 4:

A1 ¼ 0; A2 ¼ 0; B1 ¼ 0; B2 ¼ 0;

where A0; a; l; k are arbitrary constants, and the

corresponding solution is

vðx; y; tÞ ¼ A0lðxþ ay� ktÞ: ð27Þ

Obviously, Case 4 is the trivial solution of the ð2þ 1Þ-
dimensional Date–Jimbo–Kashiwara–Miwa equation. The

graphs of Eqs. (24) and (25) with the parametric values are

shown in Figs. 1, 2, 3 and 4.

Fig. 1 The plot of Eq. (24) with l ¼ 0:5; a ¼ 1;A0 ¼ 2; t ¼ 0:002

Fig. 2 The plot of Eq. (24) with l ¼ 0:5; a ¼ 1;A0 ¼ 2;
t ¼ 0:002; y ¼ 0:001
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4. Results and discussion

In Sect. 3, we obtain four sets of solutions for the two integrable

equations respectively. We can easily learn the structures of

these solutions are similar by comparing their solutions of the

two equations. The trivial solutions are the most similar solu-

tions which have the same transformation v ¼ A0n, the form of

n depends on the dimensions of the given equation. In Eqs. (17)

and (24), the solutions are the same with those structures. By

analyzing Eqs. (18), (19) and (25), (26), we obtain the complex

solution that the real part containing the tanh function and the

imaginary part containing the sech function.

Secondly, we know a, l are known variables in these

solutions of the Date–Jimbo–Kashiwara–Miwa equation,

k is expressed by l and a. Of course, we also can use l and

k express a (or use a and k express l). Taking the Date–

Jimbo–Kashiwara–Miwa equation as an example, we can

obtain the solution by using the Maple

A1 ¼ 0; A2 ¼ �2l; B1 ¼ 0; B2 ¼ 0;

where A0; l; k are arbitrary constants, and the constant

a satisfies the equation

a3 þ �5l2 þ 6lA0

� �
aþ 2k ¼ 0:

We select the real root as

Fig. 3 The 3D graph of the Eq. (25) with l ¼ 1:4; a ¼ 2;A0 ¼ 2:8; t ¼ 0:007;� 15\x\15;� 1\y\1

Fig. 4 The 2D graph of the Eq. (25) with l ¼ 1:4; a ¼ 2;A0 ¼ 2:8; t ¼ 0:007; y ¼ 0:001;� 15\x\15

a ¼ 1

3
�27k þ 3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1536l6 þ 3456l5A0 � 2592l4A2

0 þ 648l3A3
0 þ 81k2

q� �1
3

�
3 � 8

3
l2 þ 2lA0

� �
�27k þ 3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1536l6 þ 3456l5A0 � 2592l4A2

0 þ 648l3A3
0 þ 81k2

p	 
1
3

;
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which gives the following solution

vðx; y; tÞ ¼ � 2l2 xþ ay� ktð Þ þ 2l tanh l xþ ay� ktð Þ½ �

þ A0l xþ ay� ktð Þ:
ð28Þ

Comparing with Eq. (24), we know that different unknown

variables corresponding to different solutions, and these

solutions have the similar structures. But many structures

of solutions are very complicated, they are very inconve-

nient to be used in real fields. Therefore, several simple,

convenient and practical solutions are given for two inte-

gable equations in this paper. Furthermore, the powerful

sine-Gordon expansion method can be used for other

nonlinear systems to obtain much more exact solutions.

5. Conclusions

In this paper, we take use of the sine-Gordon expansion

method to obtain four sets of exact solutions of the ð1þ 1Þ-
dimensional fifth-order nonlinear integrable equation and

the ð2þ 1Þ-dimensional Date–Jimbo–Kashiwara–Miwa

equation with the help of Maple. These travelling wave

solutions are given both analytically and graphically. We

find the sine-Gordon expansion method is a simple, pow-

erful and original mathematical technique to find the exact

solutions of the nonlinear system, and it can be extended to

solve other nonlinear evolution equations, especially higher

dimension nonlinear evolution equations and the coupled

nonlinear partial differential equations.
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