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Abstract: It is shown that the thermal radiation can be described without quantization of energy in the framework of

classical field theory using the nonlinear Schrödinger equation which is considered as a classical field equation. Planck’s

law for the spectral energy density of thermal radiation and the Einstein A-coefficient for spontaneous emission are derived

without using the concept of the energy quanta. It is shown that the spectral energy density of thermal radiation is

apparently not a universal function of frequency, as follows from the Planck’s law, but depends weakly on the nature of

atoms, while Planck’s law is valid only as an approximation in the limit of weak excitation of atoms. Spin and relativistic

effects are not considered in this paper.
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1. Introduction

Thermal black body radiation was the first physical phe-

nomenon for whose explanation the idea of the quantiza-

tion of energy was used.

As is well known, Planck’s idea of quantization of the

energy of the oscillator was initially met with scepticism.

Many prominent physicists of the time were inclined to

consider Planck’s proposed method of calculating the mean

energy of the oscillator as a mathematical technique (i.e., a

trick) with no serious physical meaning.

Serious support for Planck’s idea was provided by

Einstein, who generalised it to quantization of the energy

of the radiation field. Einstein also introduced the concept

of stimulated and spontaneous emission after considering

the kinetics of the process of ‘‘emission–absorption of a

quantum by an atom’’; on this basis he proposed a new,

kinetic derivation of Planck’s law.

Einstein’s proposed method of derivation of the

Planck’s law for the spectrum of equilibrium thermal

radiation, and particularly the relationship he obtained

between the intensities of the absorption and the stimulated

emission, as well as between the intensities of spontaneous

and stimulated emission, became somewhat of a bench-

mark that focussed all subsequent researchers on this issue.

Additionally, the ability to obtain the so-called Einstein

A-coefficient for spontaneous emission began to be seen as

convincing evidence of the correctness of any theory of

thermal radiation.

Subsequently, the internally consistent quantum theory

was built from the disparate facts that energy quanta suc-

cessfully explained; however, there was a price to pay for

it. The price was the rejection of the classic images of

waves and particles and the consequent the loss of clarity

of the theory: the objects that the theory describes cannot

be imagined. However, it turned out that one becomes

accustomed to this.

Dirac’s quantum radiation theory became the apex of

this theory, which later became quantum electrodynamics.

It was capable to describe (but not to understand!) the

totality of atomic phenomena and phenomena of the

interaction of the atom (or electron) with electromagnetic

radiation, which it treats as a flux of quanta—photons.
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One of the outstanding successes of Dirac’s radiation

theory was the derivation of the Einstein A-coefficient for

spontaneous emission.

The representations of the discrete (quantum) nature of

radiation and the related discreteness of all physical pro-

cesses formed the basis of the interpretation of quantum

mechanics and quantum electrodynamics; this is consistent

with the initial ideas of M. Planck and A. Einstein. In

particular, it is believed that any changes in the system

occur in the form of the jump-like transitions in which the

system goes from one allowed discrete state to another,

while intermediate states do not exist.

It is generally accepted that a complete description of

the intra-atomic phenomena and light–atom interaction is

possible only within the framework of quantum electro-

dynamics (QED), when both the states of an atom and the

radiation are quantized. Attempts have been made to con-

struct a so-called semiclassical theory in which only atomic

states are quantized, while the radiation is considered as a

classical Maxwell field [1–17]. These include: photoelec-

tric effect [1], Lamb shift [2, 5], spontaneous emission

[2, 5, 6], semiclassical radiation theory [3], radiative effects

[4], Compton effect [8–13], Hanbury Brown and Twiss

effect [14, 15], semiclassical theory of laser [16, 17], etc.

Despite the success of this approach, there are many intra-

atomic and optical phenomena that have not yet been

explained within the framework of semiclassical theory. As

indicated in [1] they include the Planck’s distribution law

for blackbody radiation, spontaneous emission, Lamb shift,

anomalous magnetic moment of electron, Stern and Ger-

lach effect, entanglement phenomena etc. It is believed that

an accurate description of these phenomena requires a

complete quantum–mechanical analysis of both the atom

and the field. In particular, this statement relates to the

description of thermal radiation.

In papers [18–24], it was shown that many of the so-

called quantum phenomena can be described without

quantization of matter and light but considering both light

and electrons as continuous classical fields. In this case, the

Dirac equation (and its reduced forms—the Schrödinger,

Pauli and Klein-Gordon equations) plays the same role for

the electron field (electron wave), which Maxwell’s equa-

tions play for the electromagnetic field.

From this point of view, the atom can be considered (at

least formally) as an open volume resonator in which an

electrically charged electron wave is held by the electro-

static field of the atomic nucleus [22].

From a formal point of view, an atom is no different

from cavity resonators designed to hold electromagnetic

waves. In particular, the atom, as a volume resonator, has a

set of eigenmodes and corresponding eigenfrequencies

[22]. The eigenfrequencies xn are the eigenvalues of the

linear wave equation describing the electron wave (e.g. the

Schrödinger equation), while the eigenmodes are described

by the eigenfunctions un rð Þ of this equation. Any state of

the atom can be represented as a superposition of the

eigenmodes

w ¼
X

n

cnun rð Þ exp �ixntð Þ ð1Þ

where the eigenfunctions un rð Þ are orthonormal:

Z
unu

�
kdV ¼ dnk ð2Þ

while the coefficients cn describe the distribution of the

electric charge of the electron wave between the eigen-

modes in the atom [22].

In particular, for a hydrogen atom
X

n

cnj j2¼ 1 ð3Þ

while the value qn ¼ �e cnj j2 is the electric charge of the

electron wave contained in eigenmode n. If the entire

electric charge of the electron wave is contained in a single

eigenmode k, that is ckj j2¼ 1 and cnj j2¼ 0 for n 6¼ k (i.e.,

only one eigenmode k is excited), then this state of the

hydrogen atom will be called a pure state; all other states of

the hydrogen atom, when several eigenmodes are excited

simultaneously, will be called the mixed states [22].

The energy of the atom (of the electron wave) takes

continuous values, although its eigenfrequencies xn have a

discrete spectrum. This is similar to the notion that the

energy of electromagnetic waves in a conventional cavity

resonator can take continuous values, while its eigenfre-

quencies form a discrete spectrum.

According to classical electrodynamics, an atom in a

pure state does not radiate electromagnetic waves, [22]

and, therefore, can remain in this state indefinitely. That is,

the pure states of the atom are stationary. In contrast, an

atom in a mixed state emits electromagnetic waves con-

tinuously, in full compliance with classical electrodynam-

ics [22]. In particular, if two eigenmodes n and k of an

atom, having the eigenfrequencies xn and xk\xn, were

excited simultaneously by any means, then the atom would

continuously spontaneously emit electromagnetic waves at

a frequency xnk ¼ xn � xk [22]. This spontaneous emis-

sion will occur over time (i.e., it is not a jump-like tran-

sition as it is in quantum mechanics) and will be

accompanied by a continuous change in the energy and the

state of the atom: the electric charge of the electron wave in

the process of spontaneous emission continuously flows

from an eigenmode with a higher frequency xn into an

eigenmode with a lower frequency xk (for brevity: from a

higher mode to a lower mode) [22]. Thus, a mixed state of

an atom is nonstationary, and because of spontaneous

emission, the atom eventually will go into a stationary
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(pure) state corresponding to the lowest of the initially

excited eigenmodes [22]. This implies that the lowest pure

state of an atom, i.e., its ground state, is stable, while all

other pure state, although they are stationary, are unstable.

If more than two eigenmodes of an atom are simulta-

neously excited, then the emission of the atom will occur

simultaneously at all frequencies xnk ¼ xn � xk [ 0,

where n and k are the indices of all excited modes. This

explains the discrete spectrum of the spontaneous emis-

sions of atoms, which is not associated with jump-like

transitions, but is a fairly trivial result of classical elec-

trodynamics when the electrically charged electron wave in

atom is described by a wave equation, for example, the

Schrödinger equation [22].

However, as we know, it is not possible to describe the

spontaneous ‘‘transitions’’ themselves using a linear wave

equation, for example, a linear Schrödinger equation

because a linear wave equation does not describe the

changes in the states of an atom in spontaneous emission.

To explain spontaneous transitions in quantum theory,

quantum mechanics is extended to quantum electrody-

namics, in which not only the states of an atom are quan-

tized but also the radiation itself.

In the paper [22], it was shown that this can be per-

formed at the expense of the natural from the standpoint of

a classical electrodynamics modification of the Schrö-

dinger equation. So the equation obtained in [22]

i�h
ow
ot

¼ � 1

2me

Dw� e2

r
w� 2e2

3c3
wr

o3

ot3

Z
r wj j2dr ð4Þ

allows describing not only stationary states of the hydrogen

atom, which the conventional linear Schrödinger equation

predicts but also the continuous changes in the states of an

atom during spontaneous emission. The last term in the

right-hand side of Eq. (4) is responsible for this, and it has

a simple physical meaning from the standpoint of classical

electrodynamics: this term describes the inverse action of

the self-radiation field on the electron wave [22]. With the

addition of the last term, the Eq. (4) becomes nonlinear.

This view allows (in a natural way within the framework

of classical field theory) describing light–atom interactions

with damping because of spontaneous emission [23, 24]

and giving a fully classical explanation of the laws of the

photoelectric effect [14].

Note that the interpretation proposed in [21, 22] of the

wave function and an electron wave described by it as a

real physical field is close to the initial Schrödinger inter-

pretation, which he abandoned under the influence of

critics supporting the Copenhagen probabilistic interpreta-

tion. One of the arguments of opponents of the Schrödinger

interpretation was that it will inevitably come into conflict

with the Planck theory of thermal radiation requiring a

discreteness of energy. In this paper, it will be shown that

this is not so: the thermal radiation can be described as a

purely classical process of interaction of a continuous

electron wave in an atom with a continuous radiation field,

being based on Eq. (4) and its generalization.

In this paper, I will give a detailed derivation of Planck’s

law for the equilibrium thermal radiation, considering the

continuous process of interaction of a hydrogen atom with

its thermal environment (thermostat) and with the radiation

field generated by other atoms.

2. Atom in an isotropic light field

2.1. Equations with damping due to spontaneous

emission

Let us consider first an isolated atom embedded in an

external radiation field created by other sources, and per-

haps by it itself. In the paper [13], the case was considered

in which an atom interacts with a plane monochromatic

electromagnetic wave, and the optical equation with

damping from spontaneous emission was rigorously

derived. In the present paper, we assume that the radiation

field is not monochromatic and is a superposition of waves

with a broad frequency spectrum having different polar-

izations and propagating in different directions.

The hydrogen atom in an electromagnetic wave field is

described by the nonlinear Schrödinger equation [22, 23]

i�h
ow
ot

¼ � 1

2me

Dw� euwþ werE r; tð Þ þ 2e

3c3
wr d

...
ð5Þ

where

d ¼ �e

Z
r wj j2dr ð6Þ

is the electric dipole moment of the electron wave in an

atom; E r; tð Þ is the electric field of an electromagnetic

wave, which in the case under consideration is the result of

interference of a plurality of the waves created by different

sources (atoms).

In this paper, it is assumed that the wavelengths k of the

electromagnetic radiation are substantially larger than the

characteristic size of the electron field in the atom:

k �
Z

r wj j2dr ð7Þ

Therefore, the coordinates r in the vector E r; tð Þ in

solving Eq. (5) are assumed to be constant and are treated

as parameters, and for this reason are not indicated further.

If the atom is in a mixed state, its wave function has the

form (1). Substituting (1) into Eq. (5), one obtains, taking

into account expression (2), the system of equations for the

amplitudes of the excitation of eigenmodes [22]
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i�h
dcn

dt
¼ �

X

k

ck dnkEð Þ exp �ixkntð Þ

� 2

3c3

X

k

ck dnkd
...� �

exp �ixkntð Þ ð8Þ

where xnk ¼ xn � xk;

d
...
¼ i

X

n

X

k

x3
nkcnc

�
kd

�
nk exp �ixnktð Þ ð9Þ

dnk ¼ d�
kn ¼ �e

Z
ru�n rð Þuk rð Þdr ð10Þ

It is assumed that the amplitudes cn change slowly

compared with the rapidly oscillating factors exp �ixnktð Þ,
i.e. (see [23]),

_cnj j � xnk cnj j ð11Þ

The solution of Eqs. (8), (9) allows describing the

behaviour of atoms in any given radiation field E tð Þ.
As an example, let us consider the so-called ‘‘two-level

atom’’, i.e., the case in which only two eigenmodes k and n

of the atom are excited simultaneously. For concreteness,

assume that xn [xk, i.e., xnk [ 0. In this case, Eqs. (8)

and (9) take the form

i�h
dcn

dt
¼ � ck dnkEð Þ exp ixnktð Þ þ cn dnnEð Þ½ �

� 2

3c3
ck dnkd

...� �
exp ixnktð Þ þ cn dnnd

...� �h i
ð12Þ

i�h
dck

dt
¼ � cn d�

nkE
� �

exp �ixnktð Þ þ ck dkkEð Þ
� �

� 2

3c3
cn d�

nkd
...� �

exp �ixnktð Þ þ ck dkkd
...� �h i

ð13Þ

d
...
¼ ix3

nk d�
nkcnc

�
k exp �ixnktð Þ � dnkckc

�
n exp ixnktð Þ

� �

ð14Þ

In what follows we assume that the field E tð Þ
corresponds to electromagnetic waves, and thus it is

oscillating. Then, Eqs. (12) and (13) contain pure

oscillating terms that cannot be compensated in any way.

However, the amplitudes cn and ck will contain both the

rapidly oscillating components that vary with frequency

xnk or with the characteristic frequencies of the field E tð Þ
and components varying slowly compared to them. In this

paper we are interested in the slowly varying components

of the amplitudes cn and ck. Therefore, averaging Eqs. (12)

and (13) over the fast oscillations, one obtains

i�h
dcn

dt
¼ �ck dnkEð Þ exp ixnktð Þ � icn ckj j22x

3
nk

3c3
dnkj j2 ð15Þ

i�h
dck

dt
¼ �cn d�

nkE
� �

exp �ixnktð Þ þ ick cnj j22x
3
nk

3c3
dnkj j2

ð16Þ

where the bar denotes averaging over the fast oscillations.

Let us consider the spectral representation of the elec-

tromagnetic radiation field

E tð Þ ¼
Z1

�1

Ex xð Þ exp �ixtð Þdx ð17Þ

where

Ex �xð Þ ¼ E�
x xð Þ ð18Þ

Next, one can write

E tð Þ ¼
Z1

0

Ex xð Þ exp �ixtð Þdxþ
Z1

0

E�
x xð Þ exp ixtð Þdx

ð19Þ

Substituting (19) into Eqs. (15) and (16), one obtains

i�h
dcn

dt
¼ �ck

Z1

0

dnkExð Þ exp �i x� xnkð Þt½ �dx

� icn ckj j22x
3
nk

3c3
dnkj j2 ð20Þ

i�h
dck

dt
¼ �cn

Z1

0

d�
nkE

�
x

� �
exp i x� xnkð Þt½ �dx

þ ick cnj j22x
3
nk

3c3
dnkj j2 ð21Þ

where it is assumed that

x� xnkj j � xnk ð22Þ

Therefore, when averaging over the fast oscillations, the

factors exp �i x� xnkð Þt½ � are considered to be constant.

Condition (22) will be proved later.

Let us introduce the notation

qnn ¼ cnj j2; qkk ¼ ckj j2; qnk ¼ cnc
�
k ; qkn ¼ ckc

�
n ð23Þ

Obviously,

qnn þ qkk ¼ 1 ð24Þ
qnk ¼ q�kn ð25Þ

Condition (24) expresses the law of conservation of

charge for the electron wave [21, 22]: the electric charge of

the electron wave is distributed between only the modes n

and k.
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Using Eqs. (20) and (21), one obtains

dqnn
dt

¼�dqkk
dt

¼ i
1

�h
qkn

Z1

0

dnkExð Þexp �i x�xnkð Þt½ �dx

8
<

:

�qnk

Z1

0

d�
nkE

�
x

� �
exp i x�xnkð Þt½ �dx

9
=

;� 2cnkqnnqkk

ð26Þ
dqnk
dt

¼ dq�kn
dt

¼ qkk � qnnð Þ i
1

�h

Z1

0

dnkExð Þ exp �i x� xnkð Þt½ �dx� cnkqnk

8
<

:

9
=

;

ð27Þ

where

cnk ¼
2x3

nk

3�hc3
dnkj j2 ð28Þ

Equations (26) and (27) are a generalisation of the

equations obtained in [23].

Let us assume that the functions qnn and qkk are changed
slowly compared with the oscillating functions qnk and qkn.
In this case, Eq. (27) has a solution

qnk ¼
Z1

0

ax exp �i x� xnkð Þt½ �dx ð29Þ

where ax is a slowly varying function of time.

Substituting (29) into (27) one obtains

ax ¼ i
qkk � qnnð Þ

�i x� xnkð Þ þ qkk � qnnð Þcnk
dnkExð Þ

�h
ð30Þ

Substituting (29) and (30) into (26) and taking into

account (25), one obtains

dqnn
dt

¼�dqkk
dt

¼ 1

�h

Z1

0

Z1

0

qkk �qnnð Þ
i x0 �xnkð Þþ qkk �qnnð Þcnk

d�
nkE

�
x0

� �
dnkExð Þ

�h

8
<

:

exp �i x�x0ð Þt½ �dx0dxþ
Z1

0

Z1

0

qkk �qnnð Þ
�i x0 �xnkð Þþ qkk �qnnð Þcnk

dnkEx0ð Þ d�
nkE

�
x

� �

�h
exp i x�x0ð Þt½ �dx0dx

)

ð31Þ

Let us average this equation over the time interval 2t0,

which is assumed to be considerably less than the

characteristic time of change of the slowly changing

functions qnn and qkk, but much longer than the

characteristic time of change of the rapidly oscillating

function qnk. Taking into account that as t0 !1

exp �i x� x0ð Þt½ � ¼ 1

2t0

Zt0

�t0

exp �i x� x0ð Þt½ �dt

¼ p
t0
d x� x0ð Þ ð32Þ

one obtains as a result

dqnn
dt

¼ � dqkk
dt

¼ 2p

�h2
1

t0

Z1

0

qkk � qnnð Þ2cnk
x� xnkð Þ2þ qkk � qnnð Þ2c2nk

d�
nkE

�
x

� �
dnkExð Þdx� 2cnkqnnqkk

ð33Þ

Let us calculate the mean energy density of the radiation

field

W ¼ 1

4p
E2 ð34Þ

We assume that the radiation field exists only during the

time interval �t0; t0½ �, and then pass to the limit t0 ! 1.

Then, taking (19) and (32) into account, one obtains

W ¼ 1

2t0

Z1

0

Ex xð Þj j2dx ð35Þ

This expression can be written in the form

W ¼
Z1

0

Ux xð Þdx ð36Þ

where

Ux xð Þ ¼ 1

2t0
Ex xð Þj j2 ð37Þ

is the spectral energy density: Ux xð Þdx is the energy of

radiation field having a frequency in the range x;xþ dx½ �,
per unit volume. For an isotropic radiation field,

Exi xð ÞE�
xj xð Þ ¼ 1

3
Ex xð Þj j2dij ð38Þ

where i; j ¼ 1; 2; 3 are the vector indices.

Taking into account random orientations of the electric

dipole moments dnk with respect to the vectors Ex and their

statistical independence, one can write

d�
nkE

�
x

� �
dnkExð Þ

� 	
¼ dnk;id

�
nk;j

D E
ExiE

�
xj ð39Þ

where h. . .i denotes averaging over all mutual orientations

of the vectors dnk and Ex; i and j are the vector indices;

assume summation over repeated vector indices.
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Because all orientations of the vector dnk are equally

probable, one obtains

dnk;id
�
nk;j

D E
¼ 1

3
dnkj j2dij ð40Þ

Then, taking (38) into account, one can write expression

(39) in the form

d�
nkE

�
x

� �
dnkExð Þ

� 	
¼ 1

3
dnkj j2 Exj j2 ð41Þ

Averaging Eq. (33) over all possible mutual orientations

of the vectors dnk and Ex, taking expressions (37) and (41)

into account, one obtains

dqnn
dt

¼ � dqkk
dt

¼ 4p

3�h2
dnkj j2

Z1

0

qkk � qnnð Þ2cnk
x� xnkð Þ2þ qkk � qnnð Þ2c2nk

Ux xð Þdx

� 2cnkqnnqkk
ð42Þ

This is the most general equation describing the

behaviour of the two-level atom in an isotropic light field

with a spectral energy density Ux xð Þ. In particular, an

atom will be in equilibrium with the radiation field when
dqnn
dt

¼ dqkk
dt

¼ 0, i.e., when

pc3

�hx3
nk

Z1

0

1� 2qnnð Þ2cnk
x� xnkð Þ2þ 1� 2qnnð Þ2c2nk

Ux xð Þdx

¼ qnn 1� qnnð Þ ð43Þ

Here, expressions (24) and (28) are taken into account.

Equation (43) allows finding the distribution of the electric

charge of the electron wave between the excited modes n

and k for the case when the atom is in equilibrium with

radiation characterised by function Ux xð Þ.
It should be noted that Eq. (42) was first obtained in [23]

as a generalization of the corresponding equation for a

monochromatic wave. Now we have described a more

detailed derivation of this equation.

2.2. Continuous spectrum of the radiation field

Let us assume that there are many sources of radiation (the

atoms) with different frequencies of spontaneous emission,

so that together they form a continuous spectrum of the

radiation field.

Taking into account the assessment [23]

cnk=xnk � a3 � 1 ð44Þ

where a ¼ e2

�hc is the fine-structure constant, one concludes

that the function
qkk�qnnð Þ2cnk

x�xnkð Þ2þ qkk�qnnð Þ2c2
nk

has a bell-shaped form

in the vicinity of the frequency xnk with bandwidth

Dx� cnk � xnk. This proves condition (22).

By the term continuous spectrum of the radiation field,

we will mean a spectrum whose change in spectral energy

density Ux xð Þ in the band Dx� cnk in the vicinity of

frequency xnk is small compared with the value of Ux xð Þ,
i.e.,

cnk
dUx xnkð Þ

dx











 � Ux xnkð Þ ð45Þ

In this case, taking into account the expressions (44) and

(45), one obtains

Z1

0

qkk � qnnð Þ2cnk
x� xnkð Þ2þ qkk � qnnð Þ2c2nk

Ux xð Þdx

	 Ux xnkð Þ
Z1

0

qkk � qnnð Þ2cnk
x� xnkð Þ2þ qkk � qnnð Þ2c2nk

dx

	 Ux xnkð Þ
Z1

�1

qkk � qnnð Þ2cnk
w2 þ qkk � qnnð Þ2c2nk

dw

¼ pUx xnkð Þ qkk � qnnð Þ ð46Þ

Substituting expression (46) into Eq. (42), one obtains

dqnn
dt

¼ � dqkk
dt

¼ 4p2 dnkj j2

3�h2
Ux xnkð Þ qkk � qnnð Þ � 2cnkqnnqkk ð47Þ

Taking into account expression (24), Eq. (47) can be

rewritten in the form

dqnn
dt

¼ 4p2 dnkj j2

3�h2
Ux xnkð Þ 1� 2qnnð Þ � 2cnkqnn 1� qnnð Þ

ð48Þ

The solution of this equation with the initial condition

qnn t ¼ 0ð Þ ¼ qnn 0ð Þ ð49Þ

has the form

qnn ¼
qnn 0ð Þ p� q exp 2cnk p� qð Þt½ �f g � pq 1� exp 2cnk p� qð Þt½ �f g

qnn 0ð Þ 1� exp 2cnk p� qð Þt½ �f g þ p exp 2cnk p� qð Þt½ � � q

ð50Þ

where

p ¼ 1

2
1þ 2að Þ þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4a2

p
;

q ¼ 1

2
1þ 2að Þ � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4a2

p ð51Þ

are the roots of the equation

q2nn � 1þ 2að Þqnn þ a ¼ 0 ð52Þ
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a ¼ 2p2 dnkj j2

3�h2cnk
Ux xnkð Þ ð53Þ

Using (28), one obtains

a ¼ p2c3

�hx3
nk

Ux xnkð Þ ð54Þ

Equation (48) has two stationary points, qnn ¼ q and

qnn ¼ p. It is easy to see that the first is stable, while the

second does not correspond to any state of the hydrogen

atom because p[ 1.

From expression (50) it follows that at t ! 1
qnn 1ð Þ ¼ q ð55Þ

In this state, the atom will be in equilibrium with the

radiation field. Thus, in equilibrium state, the atom will

have the following distribution of the electric charge of the

electron wave between the excited eigenmodes n and k

qnn ¼
1

2
1þ 2að Þ � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4a2

p
ð56Þ

qkk ¼
1

2
1� 2að Þ þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4a2

p
ð57Þ

These expressions can be obtained directly by solving

the algebraic Eq. (52).

Note that the initial condition (49) can be created by

different types of exposure, for example, by the thermal

collisions of the atom under study with other atoms, by

laser radiation, etc. The excitation of the atoms because of

‘‘thermal collisions’’ with other atoms will be discussed

below.

2.3. The energy condition of the equilibrium

of the atom and the radiation field

According to expressions (56) and (57), both eigenmodes n

and k of the two-level atom will be excited simultaneously

in an equilibrium state. This means that the atom, being in

equilibrium with the radiation field, will be in a mixed

excited state, and according to [22] will continuously emit

electromagnetic waves in full compliance with classical

electrodynamics. On the other hand, again in full compli-

ance with classical electrodynamics, the radiation field will

do work on the distributed electric currents of the electron

wave in an atom, which will lead to the excitation of the

atom. Obviously, in equilibrium conditions of the atom in a

radiation field, the energy balance condition must be sat-

isfied: the energy emitted by the atom in the form of

electromagnetic waves must be equal to the energy

absorbed by the atom from the light field:

I ¼ WE ð58Þ

where I is the intensity of the emission of an atom, and WE

is the mean energy absorbed by the electron wave from of

the radiation field per unit time.

According to classical electrodynamics [25]: I ¼ 2
3c3

€d
2

and WE ¼
R

jEdV . Using condition (7) one can write

WE ¼ E

Z
jdV ð59Þ

From the continuity equation for the electric charge of

the electron wave one obtains
Z

jdt ¼ _d ð60Þ

Then expression (59) can be rewritten in the form

WE ¼ E _d ð61Þ

Using condition (11), one obtains

_d ¼ �i
X

n

X

k

xnkcnc
�
kd�

nk exp �ixnktð Þ ð62Þ

€d ¼ �
X

n

X

k

x2
nkcnc

�
kd

�
nk exp �ixnktð Þ ð63Þ

Then

I ¼ 2

3c3

X

n

X

k

x4
nkqnnqkk dnkj j2 ð64Þ

WE ¼ �i
X

n

X

k

xnkd
�
nk 
 qnkE exp �ixnktð Þ ð65Þ

Substituting expressions (64) and (65) into the energy

balance Eq. (58), one obtains the general equilibrium

condition of the atom with the radiation field.

In particular, for a two-level atom, using (10) and (23)

one obtains

I ¼ 4x4
nk dnkj j2

3c3
qnnqkk ð66Þ

WE ¼ �ixnkd
�
nk 
 qnkE exp �ixnktð Þ þ ixnkdnk


 q�nkE exp ixnktð Þ ð67Þ

With expression (28), (66) can be written in the form

I ¼ 2cnk�hxnkqnnqkk ð68Þ

Using expressions (19) and (23) and solution (29) and

(30), one obtains

qnkE exp �ixnktð Þ ¼
Z1

0

Z1

0

E�
x xð Þax0exp i x� x0ð Þt½ �dx0dx

¼ p
t0

Z1

0

E�
x xð Þaxdx

ð69Þ
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Substituting this expression into (67), one obtains

WE ¼ xnk

2p
�ht0

Z1

0

qkk � qnnð Þ2cnk
x� xnkð Þ2þ qkk � qnnð Þ2c2nk

d�
nkE

�
x

� �
dnkExð Þdx

ð70Þ

Averaging expression (70) over all possible mutual

orientations of the vectors dnk and Ex, and using

expressions (37) and (41), one obtains

WE ¼ xnk

4p dnkj j2

3�h

Z1

0

qkk � qnnð Þ2cnk
x� xnkð Þ2þ qkk � qnnð Þ2c2nk

Ux xð Þdx

ð71Þ

For the continuous spectrum of the radiation field, using

(46), one obtains

WE ¼ �hxnk

4p2 dnkj j2

3�h2
Ux xnkð Þ qkk � qnnð Þ ð72Þ

Substituting expressions (68) and (72) into the energy

balance condition (58), one obtains

2cnkqnnqkk ¼
4p2 dnkj j2

3�h2
Ux xnkð Þ qkk � qnnð Þ ð73Þ

Equation (73) coincides exactly with the condition of

equilibrium of the atom with the radiation field, which was

obtained from the Eq. (47) at
dqnn
dt

¼ dqkk
dt

¼ 0. Thus, the

energy equilibrium condition of the atom with the radiation

field (73) is also a consequence of Eq. (47). One can

conclude therefore that Eq. (47), obtained from the

nonlinear Schrödinger Eq. (5), which takes spontaneous

emission into account, contains all of the necessary energy

conditions of the interaction of the atom with the radiation

field.

If the spectral energy density of the radiation field is

known, then the distribution of the electric charge of the

electron wave between the excited modes of the atom in

equilibrium can be determined with expressions (56) and

(57). Conversely, if the distribution of the electric charge of

the electron wave between the excited eigenmodes of an

atom in equilibrium with the radiation field is known a

priori, then from expression (73) and (28) one can find the

spectral energy density of radiation at which such a balance

is possible:

Ux xnkð Þ ¼ �hx3
nk

p2c3
qnnqkk

qkk � qnn
ð74Þ

Note that in this case, the reason that the atom turned up

in a mixed state which is characterised by the parameters

qnn and qkk can be any. In the case of thermal excitation of

the atom, it is necessary to use the thermostatistics of

excitation of various eigenmodes of an atom.

3. Interaction of an atom with a thermal reservoir

3.1. Thermostatistics of the excited states of the atom

In order to describe the interaction of an atom with a

thermal reservoir, it is necessary to add to Eq. (5) the new

terms which describe the interaction of the atom under

consideration with the atoms of the thermal reservoir.

Obviously, these terms will be random and any particular

solution of such an equation will describe only one of the

possible statistical realizations of the random process.

Nevertheless, the statistical properties of an atom inter-

acting with a thermal reservoir can be found from quite

general considerations.

Indeed, taking into account the property (3) and defini-

tions (23) one can introduce the Boltzmann’s entropy

S ¼ �k
X

n

qnn ln qnn ð75Þ

and the energy of the atom [22]

E ¼
X

n

�hxnqnn ð76Þ

where k is the Boltzmann’s constant.

The expression (75) and (76) formally coincide with the

corresponding expressions of statistical mechanics but the

parameters qnn in our case have another meaning: they are

not the probabilities of the random states of the system but

they describe the distribution of the electric charge of the

classical continuous electron wave between the different

eigenmodes of the atom [22].

Using the analogy between the expressions (75), (76)

and those of statistical mechanics we can conclude that the

parameters qnn are described by the Gibbs distribution

qnn ¼ z�1 exp � �hxn

kT

� 

ð77Þ

where T is the temperature, and z is the constant

determined by substituting expression (77) into the

normalization condition (3):

z ¼
X

n

exp � �hxn

kT

� 

ð78Þ

In particular, for the two-level atom, when only two

eigenmodes k and n are excited, one obtains

qnn ¼
exp � �hxnk

kT

� �

1þ exp � �hxnk

kT

� � ; qkk ¼
1

1þ exp � �hxnk

kT

� � ð79Þ

3.2. Thermal radiation

Knowing the thermostatistics of the excited states of an

atom (77), (78), it is possible to calculate the intensity of
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spontaneous (electric dipole) emission (66) at a frequency

xnk:

Ink ¼
4x4

nk dnkj j2

3c3
1

P
s exp � �hxsn

kT

� � 1
P

s exp � �hxsk

kT

� � ð80Þ

Then, the full emission intensity of the atom is

I ¼
X

n

X

k\n

Ink ð81Þ

In particular, for the two-level atom, when only two

eigenmodes k and n are excited, one obtains

I ¼ Ink ¼
4x4

nk dnkj j2

3c3
exp � �hxnk

kT

� �

1þ exp � �hxnk

kT

� �� �2 ð82Þ

The spontaneous emission (80), (82) can be called

thermal emission because it is caused by the excitation of

the eigenmodes of the atom from its thermal collisions with

the atoms of the thermal reservoir at temperature T .

Thus, an atom in the mixed state (77), (78) continuously

emits energy in the form of electromagnetic waves with

intensity (80), and thus permanently loses energy. There-

fore it tends to arrive into a pure state in which only the

lower of the eigenmodes is excited. To remain in the sta-

tionary state (77), (78), the atom must continuously receive

energy from outside at the rate of its emission losses. This

energy can be supplied as a result of thermal collisions with

the atoms of the thermal reservoir, and of interaction with

the radiation field. The case in which energy is supplied

only through interaction with the radiation field was con-

sidered in Sect. 2.3.

In this section, let us consider the case when the atom

undergoes only thermal effects, and the radiation field

around it is absent. Such an atom is a non-equilibrium

thermodynamic system and it is necessary to continuously

supply energy to it to compensate for losses from sponta-

neous (thermal) emission.

For system under consideration we can write the energy

balance equation:

dE

dt
¼ WT � I ð83Þ

where WT is the rate at which the atom exchanges energy

with the thermal reservoir; I, is the intensity of emission of

the atom.

Because in this case energy is supplied to the atom

thermally, thermodynamics dictates that this is possible

only if the temperature of the thermal reservoir is higher

than the ‘‘temperature of the atom’’, as a thermodynamic

system. In this case

WT ¼ a T � Tað Þ ð84Þ

where a is the coefficient of heat exchange between the

atom as a thermodynamic system and the thermal reservoir,

T is the temperature of the thermal reservoir, Ta is the

‘‘temperature of the atom’’. In equilibrium, the energy that

the atom loses through emission is fully compensated by a

resupply of thermal energy from the thermal reservoir, In

this case WT ¼ I, i.e.,

a T � Tað Þ ¼ I ð85Þ

It follows that the ‘‘temperature of the atom’’ as a

thermodynamic system will be different from the

temperature of the thermal reservoir:

Ta ¼ T � I=a ð86Þ

and it is always lower than the reservoir temperature,

which supports the thermal emission. In this case, the

energy will be continuously ‘‘pumped through’’ the atom at

the rate I. In other words, such an atom is an open ther-

modynamic system in a state of forced equilibrium. Note

that precisely the temperature Ta defined by expression

(86) should enter into the distribution (77).

Let us explain what ‘‘the temperature of the atom’’

means in this case. Atoms, interacting with the thermal

reservoir, continuously and randomly change their states.

However, all of the random states will be described by

some statistics; in particular, the mean intensities of the

excitations of the eigenmodes of an atom will be described

by the distribution (77), (78). If we take many identical

atoms that interact with the thermal reservoir but not with

each other, then such a system will have the same statistics

as a single atom, and can be considered as a ‘‘gas’’. Some

temperature can be ascribed to such a system (‘‘gas’’). This

is the temperature considered above to be the ‘‘temperature

of the atom’’ Ta.

4. Results and discussion

4.1. Temperature of the radiation field

Let us consider the case when the radiation generated by

the atoms remains in the same region of space as the atoms

and influences them. In this case, each atom experiences

both thermal effects from its environment (thermal reser-

voir) and the effects of an external electromagnetic field

generated by emission from other atoms (and itself).

In this case, the energy balance equation for the atom

under study can be written in the form

dE

dt
¼ WT þWE � I ð87Þ
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If atom is in equilibrium, then dE
dt
¼ 0 and

WT þWE � I ¼ 0 ð88Þ

Using (84), this equilibrium condition can be written in

the form

a T � Tað Þ þWE � I ¼ 0 ð89Þ

If, at the same time, the atom is in thermodynamic

equilibrium with the thermal reservoir, then according to

the thermodynamics, T ¼ Ta. Next, it follows from the

Eq. (89) that the atom is also in detailed equilibrium with

the radiation field: WE ¼ I. In this case, the loss of energy

of the atom due to emission will be compensated by the

work of the electromagnetic radiation field (see Sect. 2.3).

A certain temperature Tr can be attributed to thermal

radiation as a thermodynamic system. The temperature of a

system of discrete particles is an understandable and

commonly experienced parameter and is related to the

distribution of these particles over their possible energy

levels (discrete or continuous). For this reason, in quantum

mechanics, which considers the radiation as a system of

particles (photons), the temperature of radiation field has a

simple and intuitive classical meaning.

Considering the radiation as a classical electromagnetic

field, the question is, how can a temperature be attributed to

such a continuous system? For this purpose one can use the

thermodynamic condition of equilibrium, according to

which two systems in thermodynamic equilibrium must

have the same temperature. Thus, if the radiation is in

equilibrium with the thermal reservoir, according to the

thermodynamics it can be said to have a temperature equal

to that of the thermal reservoir: Tr ¼ T . It is this radiation

we call the equilibrium thermal radiation, in contrast to the

non-equilibrium thermal radiation, which is also caused by

the thermal excitations of the atoms, but which is not in

equilibrium with them (see Sect. 3.2).

Let us consider now the case when there are three sys-

tems: (1) the thermal reservoir, (2) the thermal radiation

and (3) an atom, and they are all in thermal equilibrium.

According to thermodynamics, if the system A is in ther-

modynamic equilibrium with system B, and the system B is

in thermodynamic equilibrium with the system C, then the

systems A and C are also in thermodynamic equilibrium. It

follows that in equilibrium, the thermodynamic tempera-

ture of the thermal reservoir, of an atom and of the thermal

radiation are the same: Tr ¼ Ta ¼ T .

From this condition and from the equilibrium condition

(89), the expression (58) follows, which indicates that in

the system consisting of the thermal reservoir, an atom and

the thermal radiation being in thermodynamic equilibrium,

the detailed balance of the atom with the radiation field

described by the condition (58), and the detailed balance of

the atom with the thermal reservoir, described by the

distribution (77), (78), must exist simultaneously. It should

be noted that this conclusion is not trivial, taking into

account that the atom is under the simultaneous effects of

the radiation field and thermal excitation from the thermal

reservoir.

4.2. Spectral energy density of the equilibrium thermal

radiation

As shown above, a two-level atom, being in a mixed

excited state characterised by the parameters qnn and qkk
connected by the condition (24), will be in equilibrium

with the radiation field only when the spectral energy

density of the radiation Ux xð Þ satisfies the condition (74).

Note that in deriving the equilibrium conditions (74), the

reason for an atom being in an excited state was not

specified, so the expression (74) is valid for any cause of

the excitation of the eigenmodes of the atom. In particular,

if the two-level atom is in equilibrium with the thermal

reservoir, it will be in mixed excited state described by the

parameters (79).

Substituting (79) into expression (74) one obtains an

expression for the spectral energy density of equilibrium

thermal radiation

Ux xð Þ ¼ �hx3

p2c3
1

exp �hx
kT

� �
� 1

� �
1þ exp � �hx

kT

� �� � ð90Þ

This expression can be rewritten in the equivalent form

Ux xð Þ ¼ �hx3

2p2c3sinh �hx
kT

� � ð91Þ

where sinhx ¼ 1
2
ex � e�xð Þ is the hyperbolic sine.

Fig. 1 (Colour online) Dependence of the non-dimensional spectral

energy density of equilibrium thermal radiation on the non-dimen-

sional frequency, calculated by using Planck’s law and the model of

the two-level atom (90)
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Expression (90) is different from Planck’s law for

equilibrium thermal radiation by the additional factor

1= 1þ exp � �hx
kT

� �� �
.

Figure 1 shows a comparison of expression (90) with

Planck’s law. It can be observed that the difference asso-

ciated with the factor 1= 1þ exp � �hx
kT

� �� �
is small and

noticeable only at low frequencies �hx
kT
\4.

It is interesting to compare expression (90) with exper-

imental data [26], which is an experimental basis of the

theory of thermal radiation. Such a comparison is shown in

Fig. 2 for the spectral function Uk ¼ x2

2pc Ux.

We note that the dependencies Ux xð Þ (Fig. 1) and

Uk kð Þ (Fig. 2) describe the same spectral energy density of

the thermal radiation only in the frequency and wave rep-

resentations. We used the dependence Ux xð Þ in Fig. 1

because it demonstrates the difference between the

Planck’s law and the predictions of the model of the two-

level atom (90) better than the dependence Uk kð Þ. At the
same time, we used the dependence Uk(k) in Fig. 2 because
the experimental data are presented in [26] exactly in these

coordinates.

Taking into account the experimental errors, it can be

said that both expression (90) and Planck’s law describe

the experimental data [26] equally well. The difference

between the results of calculations with expression (90) for

the two-level atom and Planck’s law is so small that it

appears difficult to determine which describes the experi-

mental data better.

At the same time, we note that expression (90) for the

spectral energy density of equilibrium thermal radiation is

derived fully within the framework of classical field theory

without using the hypothesis of energy quantization. From

the standpoint of the proposed theory, Planck’s law is

approximate, and should be replaced (for the two-level

atom, at least) by the more accurate expression (90).

It is easy to see that for the spectral energy density of

radiation (90), the Wien displacement law kmax ¼ b=T and

the Stefan–Boltzmann law u ¼ rT4 retain their forms;

however, the constants within them should be slightly

corrected compared with those calculated by Planck’s law.

After a simple calculation using expression (90), one

obtains

�hx
kT

� 


max

¼ 3

instead of �hx
kT

� �
max

¼ 2:821439 based on Planck’s law.

Accordingly, the Wien constant obtained by the expression

(90) is b = 0.003081 m K instead of b = 0.002898 m K

as obtained by Planck’s law.

Similarly, for the Stefan–Boltzmann constant, using

formula (90), one obtains (see ‘‘Appendix’’)

r ¼ p2k4

16�h3c3

instead of r ¼ p2k4

15�h3c3
obtained by Planck’s law.

4.3. Einstein A-coefficient for spontaneous emission

Let us consider the Eq. (47), which describes the interac-

tion between an atom and a broad-spectrum radiation field.

This equation can be rewritten in the form

dqnn
dt

¼ � dqkk
dt

¼ BknUx xnkð Þqkk � BknUx xnkð Þqnn � Ankqnnqkk
ð92Þ

where

Bkn ¼ Bnk ¼
4p2 dnkj j2

3�h2
ð93Þ

Ank ¼ 2cnk ð94Þ

Using expression (28), one can find the connection

between the coefficients (93) and (94)

Bkn ¼ Bnk ¼
p2c3

�hx3
nk

Ank ð95Þ

Note that this connection is universal because it does not

depend on the electric dipole moments dnkj j2 and is

Fig. 2 (Colour online) Comparison of the non-dimensional spectral

energy density Uk calculated with the model of the two-level atom

(90) (solid line) and the experimental data [26] (markers) for different

temperatures. The dashed lines show the dependencies calculated by

Planck’s law
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determined only by the frequency of spontaneous emission

xnk. Therefore, although the relation (95) was obtained for

the hydrogen atom, one can expect that it will be valid for

other atoms having different frequencies of spontaneous

emission xnk.

Once again note that all of the results above have been

obtained within the framework of classical field theory

without any quantization. However, it is possible to inter-

pret Eq. (92) in the spirit of a photon hypothesis.

Let us introduce the notations

wind
kn ¼ BknUx xnkð Þ;wind

nk ¼ BnkUx xnkð Þ;wsp
nk ¼ Ankqkk

ð96Þ

Next, the Eq. (92) can be written in the form

dqnn
dt

¼ � dqkk
dt

¼ wind
kn qkk � wind

nk qnn � w
sp
nkqnn ð97Þ

This equation, formally, has the form of the kinetic

equation describing the transitions of some fictitious

system between two discrete states n and k; in this case,

taking condition (24) into account, the parameters qnn and

qkk can be interpreted as the probabilities of finding the

system in the corresponding discrete states. The first and

second terms on the right-hand side of Eq. (97) can be

interpreted as induced transitions k ! n and n ! k,

respectively, and the third term as a spontaneous

transition n ! k. Accordingly, the parameters wind
kn and

wind
nk , which are determined by the expressions (96), should

be interpreted as the probabilities of the corresponding

induced transitions (related to the absorption and

stimulated emission of a ‘‘photon’’ �hxnk) per unit time,

and the parameter w
sp
nk, as the probability of spontaneous

transition (associated with the spontaneous emission of a

‘‘photon’’ �hxnk) per unit time. In this case, the parameters

Bkn;Bnk and Ank (93), (94) should be interpreted as the

Einstein coefficients. Taking expression (95) into account,

the ‘‘probabilities’’ of the corresponding ‘‘transitions’’ are

connected by the relations

wind
kn ¼ wind

nk ¼ p2c3

�hx3
nk

1

qkk
w
sp
nkUx xnkð Þ ð98Þ

These expressions are different from those are derived in

quantum electrodynamics [27] only by the additional factor
1
qkk
.

In the case when the excitation of the upper eigenmode

n is weak, i.e., when qnn � qkk, one can take qkk 	 1, and

then relation (98) becomes the well-known result of

quantum electrodynamics [27]. In this case the correct

expressions (95) for the Einstein A-coefficient for sponta-

neous emission are obtained, and expression (90) for the

spectral energy density of equilibrium thermal radiation

becomes Planck’s law.

However, the above analysis shows that the photon

interpretation of the equations obtained is not only

unnecessary but also erroneous because it is based only on

the outer analogy. We see that the expression for the

spectral energy density of equilibrium thermal radiation

(90) and the so-called Einstein A-coefficient for sponta-

neous emission can be obtained in a natural way within the

framework of the classical field theory without any quan-

tization of radiation.

Moreover, we see that Planck’s radiation law and the

Einstein’s statistical interpretation of Eq. (92) correspond

only to the weak excitation of the upper mode of the

electron wave in an atom when qnn � qkk. If the excitation
of the upper modes in the atom is not weak, it is necessary

to use the nonlinear Eq. (92), and for the spectral energy

density of equilibrium thermal radiation, it is necessary to

use not Planck’s law but a more complicated expression,

e.g., in the case of the two-level atom, expression (90).

5. Conclusions

Thus, in this study, for the first time, we have managed to

build a completely classical theory of thermal radiation

using only classical ideas about light as a continuous

classical electromagnetic wave and to obtain Planck’s

spectrum of thermal radiation.

It should be mentioned the Planck’s paper [28] in which

the inverse action of the self-radiation of classical oscillator

was considered. However, the derivation of the Planck’s

law [28] cannot be considered as classical, because the

hypothesis of quantization of the oscillator energy was

used. In contrast to this, in the present study, the Planck’s

law was obtained without quantization of energy in the

framework of classical field theory, considering the non-

linear Schrödinger equation, as an ordinary field equation,

furthermore, energies of both radiation and atom are con-

sidered to be continuous [22, 23].

From the above analysis, it follows that in contrast to

the predictions of Planck’s law, the spectral energy

density of thermal radiation is apparently not a universal

function of frequency but depends, albeit slightly, on the

properties of the emitting atoms. This can be observed

by considering, for example, the three-level atom. Only

in the case of a weak excitation of the atom one can

consider that thermal radiation from all types of sources

(atoms) is universal and is described by the unified

Planck’s law. In my opinion, this explains why the

spectral energy density of thermal radiation obtained in

experiments does not depend on the material of the inner

blackbody cavity surface and is well described by

Planck’s law: under the conditions of these experiments,

a weak excitation of atoms occurred and the atoms were
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practically in the ground states with slightly excited

upper modes. In this case, as shown in Sect. 4.3,

expression (90) becomes Planck’s law.

Most of the results obtained above refer to equilibrium

thermal radiation. However, obviously, there are processes

in which the thermal radiation from atoms (i.e., the radia-

tion induced by the thermal excitation of the mixed states

of the atoms) will not be in equilibrium with them, and

hence will not be equilibrium thermal radiation. This is

possible, for example, for an open system.

The intensity of arbitrary (not necessarily equilibrium)

thermal radiation is described by the expression (82). The

frequency corresponding to the maximum of the intensity

of the radiation (82) at a constant parameter dnkj j2, is

determined by the solution of the transcendental equation

x
1� exp �xð Þ
1þ exp �xð Þ ¼ 4

where x ¼ �hx
kT
. The solution of this equation is x 	 4:13. In

reality, however, to determine this maximum it is necessary

to take into account the change of the parameter dnkj j2 with
frequency xnk. Nevertheless, this indicates that the fre-

quency at which a maximum of the intensity of the non-

equilibrium thermal radiation is observed can be different

from the frequency corresponding to the maximum of the

intensity of equilibrium thermal radiation as determined by

Planck’s law or by the expression (90).

From here, one can make an important practical con-

clusion. The temperatures of many objects that cannot be

measured directly (e.g., extremely high temperatures or the

temperatures of remote objects, including astrophysical

objects) are determined indirectly using their thermal

radiation and Wien’s displacement law, assuming that the

radiation is in equilibrium with the radiating atoms. If this

is not so, then the use of the Wien’s constant obtained from

the Planck’s law, or even from the expression (90), can

result in significant error in determining the temperature of

a radiating object.

The results of this paper and papers [22, 23] show that

there is no point in dividing the emission of atoms into

spontaneous emission and stimulated emission: any emis-

sion of an atom is conventional classical electric dipole

radiation [22] that occurs when an atom is in a mixed

excited state for any reason.

We note that the series of papers including this paper

and papers [18–24] expands the close relationship between

quantum mechanics and ordinary classical waves. Experi-

mental studies [29–31] confirm this conclusion.

Acknowledgements Funding was provided by the Tomsk State

University competitiveness improvement program.

Appendix

Using the spectral energy density of radiation (90), the

Stefan–Boltzmann constant is defined by the expression

r ¼ k4

�h3p2c3

Z1

0

x3

exp xð Þ � 1½ � 1þ exp �xð Þ½ � dx ð99Þ

Let us calculate the integral in the expression (99).

Obviously,

Z1

0

x3

exp xð Þ � 1½ � 1þ exp �xð Þ½ � dx ¼
Z1

0

x3 exp �xð Þ
1� exp �2xð Þ½ � dx

¼
Z1

0

x3
X1

n¼0

e� 2nþ1ð Þxdx ¼
X1

n¼0

1

2nþ 1ð Þ4
Z1

0

y3e�ydy

¼ p4

16

ð100Þ

because the last integral in expression (100) is equal to 6,

and

X1

n¼0

1

2nþ 1ð Þ2p
¼ 22p � 1

2 
 2pð Þ!Bp

where p ¼ 1; 2; 3; . . .; Bp are the Bernoulli numbers; in

particular B2 ¼ 1=30.
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