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Abstract: We argue that the modified Landau—Raychaudhuri equations should first be analysed in a large class of
spacetimes and in dependence on various equations of states, before endorsing any conclusion about (non)singular Big
Bang. From the corrected entropy-area law in a large class of metrics, the generalized uncertainty principle (GUP) and the
modified dispersion relation (MDR) approaches, and various equations of states, the modified Friedmann equations are
derived. They are applied on Landau—Raychaudhuri equations in emergence of cosmic space framework from fixed point
method. We show that any conclusion about (non)singular Big Bang is simply badly model-dependent, especially when
utilizing GUP and MDR approaches, which can not replace a good theory for quantum gravity. We conclude that the
various quantum gravity approaches, metrics and equations of state lead to different modifications in Friedmann and

Landau—Raychaudhuri equations and thus to different (non)singular solutions for Big Bang theory.
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1. Introduction

General Relativity (GR) refers to infinite space curvature
(singularity) in black holes and at early stages of our
Universe. Quantum mechanics correctly describing physics
at small distances would be able to resolve such singularity
problem, where one quantity becomes infinite (undefined)
while another one approaches a certain value. As no real
good theory for quantum gravity is available so-far, the
entitlement of (non)singular begin of our University (Big
Bang) without gravity quantization would be seen as an
unwarranted claim. The current paper is devoted to clarify
this and warns from illusive conclusions based on
approaches stemming from consequences of minimal
length. These are not the other way around.

Black holes are well-known singular solutions of GR,
where considerable matter is concentrated in a tiny space.
They are much well characterized than singular Big Bang.
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Black holes are characterized by mass (M), electric charge
(Q), angular momentum (7 ) [1-3]. For instance, the prin-
ciple property that specifies Reissner—Nordstrom black
hole from de-Sitter—Schwarzschild-type is the electric
charge (Q). Corresponding to quantum geometry, Spy =
A /4[; [4-7] and the energy density p = 3/2A, where A is
the cross-sectional area of the black hole horizon and ¢, =
(hG/c3)1/2 is the Planck length.

Various quantum gravity approaches tackle concrete
quantum description of some problems in presence of
gravitational fields. They estimate a minimal length which
is likely related to the Planck scale and modifies the
Heisenberg uncertainty principle, i.e. generalized (gravi-
tational) uncertainty principle (GUP) [8, 9]. So-far, GUP
has found many implications [10-16]. Nevertheless, GUP
can not replace a real good theory for quantum gravity.

Based on various astrophysical observations, energy—
momentum relation in y-TeV-rays and threshold anomalies
of ultra-high energy cosmic ray, the Lorentz invariance
violation [17-20], where the velocity of light (c) should
differ from the maximum attainable velocity of a material
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[9] could be confirmed. This inters the literature as modi-
fied dispersion relations (MDR) [21-30].

With emergent cosmic space, a special type of the
Universe evolution is meant that having the following
properties:

e almost static at the very beginning, i.e. t — —oco but
becomes isotropic and homogeneous at large scales,
and

e cver existing, i.e. no timelike singularity took place.

The resulting Universe was/is large enough to apply even
classical description of spacetime and may be described by
some exotic matter equation-of-states. The latter likely
violates the energy conservation. Last but not least, the
acceleration of the Universe expansion agrees well with the
recent measurements on high redshift type Ia supernovae.
The scale factor that satisfies this type of the Universe
evolution is given as

a(t) = ol + exp(uT))]". (1)

A > 0 to avoid timelike singularity. ay > 0 to assure pos-
itive scale factor, i.e. an expanding Universe. The same
role is played by n > 0. T} =t — 7t is introduced by the
fractional action cosmology (FAC). In light of this, it is not
surprising to have non-singular begin, i.e. Big Bang, and
infinite end from the assumption of an emergent cosmic
space [31].

For the sake of completeness, we recall that the scale
factor expressed as power law, such as

a(t) =T, (2)

which leads to a slower expansion than that of an emergent
(and the other FAC’s logamediate and intermediate)
scenario.

In the present work, we systemically analyse the
dependence of the modified Landau—Raychaudhuri equa-
tions in a large class of spacetimes and in dependence on
various equations-of-states, etc. We implement different
approaches for GUP and MDR. For detailed calculations of
thermodynamics of three black hole metrics and their
connections to Friedmann equation, the readers are advised
to consult Ref. [32, 33]. We have estimated the corre-
sponding Friedmann equations and then applied these to
Landau-Raychaudhuri equations in emergence of cosmic
space framework from fixed point method [31]. We aim to
highlight the very strong model-dependence of singularity-
treatments based on GUP and MDR approaches. The
connections between current paper and references [32, 33]
are that the latter presents background for the earlier, i.e.
that of modified Landau—Raychaudhuri-equations and
(non)singularity Big Bang. The current paper deals with the
possible modifications on Landau—Raychaudhuri equations

and their (non)singularities due to many matrices, different
GUP/MDR approaches and various equations-of-state.

A very short reminder about GUP and MDR approaches
is given in Sect. 2. In Sect. 3.1, we compute the modified
thermodynamic quantities and the corresponding Fried-
mann equation in four dimensional de Sitter—Sch-
warzschild black hole. Section 3.2 is devoted to four
dimensional Reissner—Nordstrom black hole. The calcula-
tions for Garfinkle-Horowitz—Strominger black hole are
elaborated in Sect. 3.3. Detailed calculations are available
in Refs. [32, 33]. The present work introduces modifica-
tions of Landau-Raychaudhuri equations in Sect. 4.
Assuming that the cosmic background geometry is filled
with various types of relativistic equations-of-states, we
study the time derivative of Hubble parameter, dH/dt ver-
sus H for quadratic and linear GUP and MDR approaches
in Sect. 5. The final conclusion are detailed in Sect. 6. The
nonsingular solutions are strongly depending on metric
types, equations of state, and quantum gravity approaches.

2. Short reminder about minimal length and maximal
momentum approaches

There are various approaches for the measurable minimal
length and the maximal momentum [9, 32, 33]. They have
some indirect analogies with quantum gravity approaches,
for instance, the phase space can be discretized. For a
recent extensive review on GUP and MDP approaches and
their implications, see Refs. [8, 9].

e Quadratic GUP: quadratic order of momentum imple-
mented a minimal length dxy ~ ha is presented as [9],

&@zg@+ﬁ®m1 3)

where o = 0g+/1/(M, c?) = agl,/h is a constant
coefficient referring to the gravitational effects in
Heisenberg uncertainty principle. The Hilbert
representation on momentum space can be satisfied
by space noncommutativity,

2 -(p) = ih(1+2p%)0, Y(p),
p-¥(p) =po¥(p)
e Linear GUP: minimal length uncertainty dxy = %o and

maximum measurable momentum p,,, = /40 are
implemented,

(4)

5x5p2§(1—2a5p+4a25p2). (5)

The Hilbert representation on momentum space in
space noncommutativity,
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Y(p) = ih(1 — apy + 207 p3)0p ¥ (p),
p -¥(p) =po(p).

The GUP parameter is defined as
o=/ (Myc) = apl,/h, where ¢, h and M, are speed
of light and Planck constant and mass, respectively. The
Planck length ¢, ~ 107* m and the Planck energy
M, c* ~ 10" GeV. u is the proportionality constant.
The bounds on o, which are summarized in Refs. [32,
34-37], should be a subject of precise astronomical
observations, for instance gamma ray bursts [15].
e MDR approaches [21-30]:

77 =(P) =fEml,) ~ E* — 1 + 0 (2E
+ o0l E + (’)(KEES). (7)

=

(6)

The corresponding generalized uncertainty in O(E*) can
be estimated as follows.

2 NS
Eor>1-°2 P2_<&__23“1> v 8)
2 (ox) 2 8/ (ox)

In natural units, £, can be omitted.

At apparent horizon of Friedmann-Lemaitre—Robertson—
Walker (FLRW) Universe, the modified Landau-Ray-
chaudhuri equations due to the correction on the entropy-
area relation can be obtained for different types of black
holes [38—40].

(#1-£)s' @) = ~anto+p) o)

a2

where S (A) = dS(A)/dA.

3. Modified Friedmann equation

The corrections due to the various GUP and MDR
approaches have impacts on Friedmann equation. Detailed
calculations are given in Refs. [32, 33]. It is worthwhile to
recall that almost the same modifications are found in
Landau—Raychaudhuri equations, Sect. 4. To fit with the
scope of this paper, we just give the metric element and
then jump to modified Friedmann equations.

3.1. De Sitter—Schwarzschild black hole

In GR, the unique spherically symmetric vacuum solution
is the Schwarzschild metric [41]

oM oM\ !
ds’ = — (1 - —>dt2 + (1 — —) dr* + r*dQ’.
r r

(10)

e Quadratic GUP: from the corrected entropy-area rela-
tion, the modified Friedmann equations can be deter-
mined. For apparent horizon of FLRW Universe, the
second Friedmann equation can be obtained [38—40]

(H K) 1_’_oc27r1+ 21\ % 1 N
a? 4 s 4 ) 252

2 2.2
ouT oam
p+p+—p2—|—2—( )p3+---.

—_16
& 3 27

(11)

e Linear GUP: for apparent horizon of FLRW Universe,
we modify Friedmann equation by using corrected
entropy-area relation and unmodified entropy s = A /4

LK ay/m  (o/7)
(#+2) =t T
4v2 1
= —16n|p+p — ——=o/7p* +=(a 7r22+~}.
[p P35 Vp?E 43 (a/m)p
(12)
e MDR approaches: the second Friedmann equation reads
. k 3oy 572 2
H——)|l—-————— (a7 —4
( az)[ 8  32s (al oc2)+ ]
T L L Z_ﬁ(gﬁ_%{) Sy
prp=——5p 12 \%i 2)P .
(13)

3.2. Reissner—Nordstrom black hole

The line element in Reissner—Nordstrom geometry which
has static electrical charged [42, 43] reads

d 2
ds® = f(r)d —

2 2 —
f(r) rdQ, f(r)—1—7+7

(14)

Two possible outer and inner horizons can be defined [42,
43],
r=ME+\/M>—Q% r=r,———=. (15)
Therefore, when the black hole becomes electrically
charged, the event horizon shrinks, and another event
horizon appears near the singularity. The more charged the
black hole is, the closer the two horizons become [38]. As
more and more electric charge is thrown into the black
hole, the inner event horizon starts to get larger, while the
outer horizon starts to shrink [38].

e Quadratic GUP: according to position uncertainty

ox = r, Eq. (15), the horizon area A = 477:1*%r and the
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condition Q < r should be fulfilled. The modified
second Friedmann equation for charged black hole
corresponding to the interchange of the quantum
entropy, Eq. (9), is given as

(H—a—> [1+(oc7r) (4‘ +Q—2+4Q4>
+(am)! <8 2+Q2+Q4> + - } = —167

(am)2Q? (0* + 80%p%)

A

e Linear GUP: for FLRW Universe, the modified
Friedmann equation becomes

2
w122y o’ ,
-2— an
Vs s —mQ?
=-—1l6n

42 3 o 302 <3) }
+p——ZanpP———p 4 S
{p P A T Tem ™2,

(16)

L, 0
Ptr+os

512, (p’ 2 4
ki P ia
+27(oc7r)<8+ O p" +

Vo2 +4nQ% /o2 + 200
4nQ%\/s

(17)
e MDR approaches: the second Friedmann equation is
given as
K 3oun [1+8nQ 3nQ?
A=) -
( a? [ L [ 45 52
512 1 210 37n*Q?
—4 _
128 (o6 — 4 Lz + 53 Ea
:—16n[p+p+7[(1+247rQ) nQ2p3]
32 ,, 5 510 4 2 s
+27n (o 4oc2)[2p + T —7nQ°p’ | +---].
(18)

3.3. Garfinkle-Horowitz—Strominger black hole

Metric of Garfinkle-Horowitz—Strominger dilatonic black
hole is expressed as

M M\ !
ds* = <1 —2> dr* + (1 —2) dr* +r(r
r r

— 2a) dQ?, (19)
where a = Q%¢;>? /2M.
e Quadratic GUP:

(H K) 1+oc2n 1 Ta  7wa?
a2 2 \2s 32 g2
n o?n 2 1 na? n
2 452 3

2 16V6
= —l6n {p-&-p—kazn(g—ﬂps/z)

2 — A
gj( 27)? <(4—4)p3 - aznp4) + ).

(20)

e Linear GUP:

(H——) [1—%4& +oz)o;—n+~~-]

42 4
=—167 |p+p——=ay/mp** +-an(a+o 2+--}.
{p W Vp som(a+a)p

(21)

e MDR approaches:

. 3moy
H-2) |-
( a? { 8

51/2a (oc% — 4052)
B 32552

3132 any
453/2

57 (oF — 4ory)
12882

oy
—16n[p+p—17p2+%+ aln/ap5/2

5n? 3 2
BRI )%_%\@anvw) i

(22)

4. Modified Landau—Raychaudhuri equations

Modifications in Landau—Raychaudhuri equations for the
various types of black holes and from the different
approaches for the quantum gravity are discussed. From
corrections in the entropy-area relation and in various
thermodynamic quantities, we can estimate the time
derivative of the Hubble parameter dH/dt. More details can
be found in Ref. [32]. The resulting modified Landau—
Raychaudhuri equations for different metric types, various
equations-of-state and the MDR and GUP approaches are
elaborated in next sections.

4.1. de Sitter—Schwarzschild black hole

From Egs. (11)—(13), the modified Landau—Raychaudhuri
equations in de Sitter—Schwarzschild black holes due to the
minimal length, the higher-order GUP and the MRD
approaches, respectively, can be determined as a result of



Emergence of cosmic space and minimal length in quantum gravity

1099

modified entropy-area relation and the energy density [32,
33]. Starting from entropy-area and energy density rela-
tions, S =A/4, and p = 3/2A, respectively, with p =
3H? /8w in flat Universe, i.e. vanishing curvature constant
K, the derivatives of Hubble parameter with respect to the
comoving time, dH/dt, can be given in dependence on H,
from linear and quadratic GUP and MDR approaches,
receptively,

. 2 1
B [1+%H2+--} :—3H2[2(1+w)+1a2H2+--~],

H[1+«H —oH+ -]

2 3o 2
= -3H 6(1+a))+?H —4oH + -],

I-'I{l — —oc]H2 - — (oc% — 4a2)H4
2 2 45, 4
= —3H*|96(1 + w) + 180 H += (o — 4up)H*|.

(25)

4.2. Reissner—Nordstrom black hole

In the same way, the modified Landau—Raychaudhuri
equations for Reissner—Nordstrom black hole can be
deduced from Egs. (16)—(18) from the linear and quadratic
GUP and the MDR approaches, receptively,

. 2 4 4
i Lot 4o me
4 3n

= —3H? F(l + ) + 2L(2(QH2 + Q*HYH* + - ]
N 3 3 '

(26)
H[1—oaH+o*(1+Q)H + -]
2
:_3H2[2(1+w)—gocH+aZH2+---], (27)
H{l — oy (1 +8Q)H* — S (orf — 4012)H4}
128
(28)

5
IETER|
4.3. Garfinkle-Horowitz—Strominger black hole

The modified Landau—Raychaudhuri equations can also
be determined in Garfinkle-Horowitz—Strominger black
hole from Egs. (20)—(22) and the linear and quadratic
GUP and the MDR approaches, receptively,

H 1+a2H2+aa2H3+M2H4+
4 2 2

= 3K [30(1 + o) +6Ooc2<1 —§a2> H? (29)
— 48«’aH’ — 5(8a” + 1)o*H* + - -],
H[l—otH+oc(a+oc)H2+...]
= —3H? [2(1 + o) — gocH—l— a(a+ a)H* + - }7 (30)

H {1 — oy (1 +3a)H* + 35—2 (of — 40(2)H4:|

2(1+w)—%<1+\/§a>ﬂz (31)

— ﬁ (OC% — 40(2)H4:|

= —3H’

5. Results and discussion

Figure 1 gives the dependence of dH/dt on H for various
types of singularities (black holes) and equations-of-state
and from different quantum gravity approaches, i.e. different
modified Landau—Raychaudhuri equations. The curves in
first two top panels are calculated assuming that the equation
of state is characterized by w = —1 and —2/3, respectively.
These w-values cover the range that has been claimed in Ref.
[31], where nonsingular Big Bang has been proposed
according to infinite cosmic time resulted from the integra-
tion of Hubble parameter at arbitrary finite values of H [44].
Despite the normalization in Fig. 1, what matters is the
existence of two fixed points. It is obvious that nonsingu-
larity solution is only characterizing the de Sitter-Scha-
warzschild-type metric from linear GUP approach at
® = —2/3 (b) and the Reissner-Nordstrom-type metric at
o = —2/3 (f). At ® = —1 [top panels (a), (e), and (i)], and
for the whole class of spacetimes, there is no nonsingularity
from two fixed points method. The nonsingular solutions are
associated with infinitely-aged Universe [31].

For matter- and radiation-dominated background
geometry, w = 0 [third panel from top (c), (g), and (k)] and
® = 1/3 [bottom panels (d), (h), and (1)], respectively, the
nonsingular solutions appear only for Garfinkle-Horowitz—
Strominger-type metric from the quadratic GUP approach,
at w = 0 (panel k). The other panels (c), (g), (d), (h), and
(D) refer to singular Big Bang. The entire set of parameters
is summarized in Table 1 as [32, 33]. It is apparent that o,
and o are nothing but o 1612, and opf?, respectively.
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Fig. 1 (Color online) The top panel [(a), (e) and (i)] gives the time
derivative of the Hubble parameter, d H/d t, as function of H for de
Sitter—Schwarzschild (left-hand side), Reissner—Nordstrom (middle)
and Garfinkle-Horowitz—Strominger (right-hand panel) black holes
at @ = —1. The minimal length GUP (solid curve), higher order GUP

Table 1 Summarizing the parameters of GUP approaches [32, 33]
(0] a
4102 /45 1

o o 0%)

0.01 20/3 0.001

(dotted curve) and modified dispersion relation (dashed curve) show
different results and accordingly different (non)singular solutions.
The second [(b), (f) and (j)], third [(c), (g) and (k)] and fourth [(d),
(h) and (I)] panels from top to bottom top are the same but at
o = —2/3, 0, 1/3, respectively

However, in natural units, £, can be omitted. This means
that the parameters o, o; and o, are compatible with each
other and should have the same effect.

It is worthwhile to notice that our results show that the
implementation of MDR approaches results in no
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Table 2 Values of deceleration parameter ¢ in various metrics, equations of state and GUP and MDR approaches compared with Ref. [31]

Approach Black hole o=-1 w=-2/3 w=0 w=1/3

Quadraic GUP De Sitter—Schwarzschild -ve +ve +ve +ve
Linear GUP -ve +ve +ve +ve
MDR -ve +ve +ve +ve
Quadraic GUP Reissner—Nordstrom -ve +ve +ve +ve
Linear GUP —-ve +ve +ve +ve
MDR —-ve +ve +ve +ve
Quadraic GUP Garfinkle-Horowitz—Strominger —ve +ve +ve +ve
Linear GUP -ve +ve +ve +ve
MDR -ve +ve +ve +ve
Linear GUP Ref. [31] Undefined —ve +ve +ve

! ©=1/3 = 12 0=23 —

=0 e i O=1/3 =

08} ool ©=0

Linear GUP i Linear GUP

0.6 -
(a) Reissner-Nordstrom BH.

0.4t

02

(b) Garfinkle-Horowitz-Strominger BH.

0.3

Fig. 2 The dependence of ¢ on H is determined from linear GUP approach for various equations of states and two spacetimes; Reissner—

Nordstrom (a) and Garfinkle-Horowitz—Strominger (b)

nonsingular solutions for all metric-types and all equa-
tions of state. We find that the MDR approaches are
confirmed by various observations [17-21], especially for
the violation of Lorentz invariance principle, for instance
an experimental test can be performed by setting upper
bounds to «. The modification to the dispersion relation is
equivalent to assigning to the velocity of light (c¢) a value
differs from the maximum attainable velocity of a
material body. This small adjustment of ¢ leads to a
modification in the energy-momentum relation and
results in v of gamma ray burst, which is found non-
vanishing [17-21]. The latter means that the vacuum
dispersion relation becomes sensitive to the type of
quantum gravity effect. For details on other astronomical
observations, the readers can consult Ref. [15]. In addi-
tion to that, another argumentation in favor for MDR is
the possibility that the relation connecting energy and
momentum in Special Relativity (SR) may be modified at
Planck scale because of the threshold anomalies of ultra-
high energy cosmic ray (UHECR). This enters the liter-
ature as the modified dispersion relations (MDR) [21-30]
and can provide new sensitive tests for SR. Successful

searches would reveal a surprising connection between
particle physics and cosmology [17-20]. A short list of
astronomical observations supporting MDR is given in
[15]. This includes early-type galaxies, whether distant
neutrinos feel z-shift? and the time delay in ultra high-
energy cosmic rays, etc. Both linear and quadratic GUP
approaches are more controversial than MDR. That the
latter are orthogonal to the misleading conclusion of Ref.
[31] should not hold under.

We have calculated the deceleration parameter g =
dH~"/dt — 1 and found that the values of g-parameter vary
with w; the types of the equations of state. At =0 and
1 /3, g becomes positive and at w = —2/3, g switches to
negative values. ¢ is undefined (infinite), at w = —1,
Table 2. The comparison with corresponding results based
on the modified Friedmann equation proposed in Ref. [31]
shows clear irregularities.

Eq. (60) in [31] can be solved. It results in an inverse
function. With a first-order approximation, it turns to be a
naive exercise to prove that the slope becomes infinite,
especially when ¢ vanishes, i.e. very regular singular
solution, Figs. 2 and 3.
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i MDR (e) Reissner-Nordstrom BH i (f) Garfinkle-Horowitz-Strominger BH.

= 0021 (d) De sitter-Schwarzschild BH. 1 - i ' - 1

Fig. 3 The same as in Fig. 2 but from quadratic GUP (fop panel (a), (b) and (c)] and MDR [bottom panel (d), (e) and (f)] approaches and the

whole class of spacetimes

The two fixed point method as done in Ref. [31] is ques-
tionable. Accordingly, the conclusion is apparently a mis-
interpretation. To illustrate this, we solve H in dependence
on f, where H has the dimension of r~!. In Figs. 2 and 3,
imaginary solutions are classified as nonphysical and they
are not shown here. According to the two fixed point method,
Fig. 1 should have two cases of non-singularity. These are

e at w=—2/3 from linear GUP in de Sitter Sch-
warzschild and Reissner—Nordstrom spacetimes, and

e at w = 0 from quadratic GUP in Garfinkle-Horowitz—
Strominger spacetime.

These singularities are simply missing in Figs. 2 and 3. At
® = —2/3, the solutions from linear GUP in de Sitter
Schwarzschild (reported in [31]) and Reissner—Nordstrom
spacetimes are apparently nonphysical. At w =0 from
quadratic GUP in Garfinkle-Horowitz—Strominger space-
time, the dependence of t on H is given in top right-hand
panel of Fig. 3, which is obviously singular; H diverges at
vanishing 7.

6. Conclusions

In light of the present results, conclusions as the ones
drawn in Ref. [31] is badly simply model-dependent. In the
present paper, we emphasize that the (non)singular solu-
tions are strongly (just three of out of twelve cases)
dependent on the metric types, the equations of state, and
the quantum gravity approaches.

Defining Landau—Raychaudhuri singularity solutions
based in Ref. [44] should have been proposed after addi-
tional investigations for the time dependence of Hubble
parameter, Figs. 2 and 3, and scale factor, etc. Further
systematic studies should be first conducted before for-
mulating an edge-cutting conclusion about (non)singular
solutions. One should not lose sight of the various theo-
retical studies and astrophysical observations potentially
approving the singular solutions, when applying quantum
corrections to Freidmann and/or Landau—Raychaudhuri
equations.

Last but not least, the absence of a good theory for
quantum gravity should not lead real scientists to make any
conclusions about (non)singular Big Bang. Horava-Lif-
shitz gravity is conjectured as a good candidate for quan-
tum gravity. In an ongoing work [45], we have estimated
the impacts of various equations-of-state on the (non)sin-
gular Big Bang solutions based on Horava-Lifshitz gravity
(detailed and non-detailed balance). The present work aims
to emphasize the very strong model-dependence of studies
based on GUP and MDR approaches.
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