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Abstract: We have analyzed the role of barrier modification effects (barrier height, barrier position, barrier curvature)

introduced due to the energy-dependent Woods–Saxon potential model (EDWSP model) and the coupled channel model on

the sub-barrier fusion dynamics of
32;36
16 Sþ 90;96

40 Zr reactions. The influence of inelastic surface excitations of colliding pairs

and multi-neutron transfer channels is found to be a dominant mode of couplings. The coupling of relative motion of

colliding nuclei to these dominant intrinsic degrees of freedom leads to a substantially large fusion enhancement at below-

barrier energies over the expectations of one-dimensional barrier penetration model. The coupled channel calculations

based upon static Woods–Saxon potential must include the internal nuclear structure degrees of freedom of colliding nuclei

for complete description of experimental data. On the other hand, theoretical calculations based upon the EDWSP model

along with Wong formula provide a complete description of sub-barrier fusion enhancement of various heavy-ion fusion

reactions. In EDWSP model calculations, significantly larger values of diffuseness parameter ranging from a = 0.98 fm to

a = 0.85 fm are required to address the observed sub-barrier fusion enhancement of
32;36
16 Sþ 90;96

40 Zr reactions. Further-

more, within the context of EDWSP model, it is possible to achieve an agreement with the experimental fusion cross-

sectional data within 10 %. For four heavy-ion fusion reactions, only at 4 fusion data points out of 90 fusion data points

deviates exceeding 5 %, while 86 fusion data points lie within 5 % and hence the EDWSP model is able to account the

above-barrier portion of the fusion cross-sectional data within 5 % with a probability greater than 90 %.

Keywords: Depth and diffuseness of Woods–Saxon potential; Heavy-ion sub-barrier fusion reactions; Coupled channel

equations; Diffuseness anomaly
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1. Introduction

The fusion reactions at energies in the close vicinity of

Coulomb barrier represent an ideal opportunity to study the

quantum mechanical tunneling of colliding nuclei and the

sub-barrier fusion reactions that can be used as a spectro-

scopic tool to explore the nature of nuclear interactions and

nuclear structure of participating nuclei [1–3]. It has been

well recognized that the energy dependence of the sub-

barrier fusion cross sections is strongly influenced by the

internal structure degrees of freedom of reacting nuclei

such as nuclear shape deformation, multi-phonon

vibrational states of colliding nuclei, rotations of nuclei

during collision, neck formation and nucleon transfer

reactions. The couplings to such relevant intrinsic channels

strongly modify the behavior of tunneling probability in

such a way that it produces substantially large fusion

enhancement at below-barrier energies over the predictions

of one-dimensional barrier penetration model [4–7]. The

role of static deformation and the inelastic surface vibra-

tional states of colliding pairs on the energy dependence of

sub-barrier fusion cross sections have been properly

addressed by various theoretical models [1–7]. However,

the various dynamical aspects related to the multi-neutron

transfer channels are not fully understood because the

mechanism of multi-nucleon transfer channels involves a

complex rearrangement of nucleons between the fusing
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nuclei and generally occurs at much larger inter-nuclear

separations between fusing nuclei [1–9].

Theoretically, the effective nucleus–nucleus potential is

one of the most important ingredients that displays very

strong impression on the behavior of sub-barrier fusion

excitation functions. In this connection, many attempts

have been made to deduce the relevant information

regarding the optimum form of nuclear potential by ana-

lyzing the large set of experimental data [10–17]. Gener-

ally, the static Woods–Saxon potential is most frequently

used to address the heavy-ion reactions. Significantly larger

values of diffuseness of Woods–Saxon potential ranging

from a = 0.75 fm to a = 1.5 fm have been used for the

explanation of sub-barrier fusion data, while a much

smaller value of diffuseness parameter (a = 0.65 fm) is

required for description of elastic scattering process. This

diffuseness anomaly, which reflects the inconsistency of

static Woods–Saxon potential for simultaneously exploring

of elastic scattering and fusion process, may be associated

with various kinds of static and dynamical physical effects

[1–7, 18–20]. To understand the cause of diffuseness

anomaly and the puzzling behavior of sub-barrier fusion

data, in the present work we have analyzed the fusion

dynamics of
32;36
16 Sþ 90;96

40 Zr systems within the context of

the coupled channel approach and the energy-dependent

Woods–Saxon potential model (EDWSP model) [21–33].

The role of internal structure degrees of freedom of col-

liding nuclei is entertained within the framework of cou-

pled channel calculations performed by using the code

CCFULL [34]. In EDWSP model, the energy dependence

of Woods–Saxon potential induces similar kinds of static

and dynamical physical effects as deduced from the

channel coupling effects and hence brings the larger fusion

enhancement at below-barrier energies with respect to the

energy-independent one-dimensional barrier penetration

model as evident from the earlier works [21–33].

In the presence of strong multi-phonon vibrational states

of collision partners, it is very difficult to single out the

contribution of multi-neutron transfer channels, and thus,

the rich interplay of multi-phonon vibrational states and

multi-nucleon transfer channel still attracts the analysis of

fusion dynamics of
32;36
16 Sþ 90;96

40 Zr systems [35, 36]. The

simultaneous existence of the strong octupole vibrations in
96
40Zr nucleus and the neutron transfer channels puzzles

relative importance of inelastic surface vibrational cou-

plings and neutron transfer couplings in the enhancement

of sub-barrier fusion excitation function data. Various

coupled channel models have predicted that the fusion of
32
16Sþ 90

40Zr and
36
16Sþ 90;96

40 Zr systems have the dominance

of inelastic surface excitations of colliding nuclei, while

the fusion of 32
16Sþ 96

40Zr system has the dominance of

inelastic surface excitations as well as the neutron transfer

channels. The coupled channel calculations and the

EDWSP model calculations reasonably explain the

observed fusion dynamics of
32;36
16 Sþ 90;96

40 Zr reactions. This

unambiguously has suggested that the energy dependence

in Woods–Saxon potential introduces barrier modification

effects (barrier height, barrier position, barrier curvature) in

closely similar way as reflected from the coupled channel

approach and hence simulates the influences of nuclear

structure degrees of freedom of colliding pairs. The brief

description of the method of calculation is given in Sect. 2.

The results are discussed in detail in Sect. 3, while the

conclusions are drawn in Sect. 4.

2. Theoretical formalism

2.1. One-dimensional Wong formula

The partial wave fusion cross section is given by the fol-

lowing expression [4, 5]

rF ¼ p
k2

X1

‘¼0

ð2‘þ 1ÞTF
‘ ð1Þ

Hill and Wheeler [37] have proposed an expression for

tunneling probability (TF
‘ ) which is based upon the

parabolic approximation, wherein the effective interaction

between collision partners is replaced by an inverted

parabola

THW
‘ ¼ 1

1þ exp 2p
�hx‘

V‘ � Eð Þ
h i ð2Þ

This expression has been further simplified by Wong using

the following assumptions for barrier position, barrier

curvature and barrier height [38].

R‘ ¼ R‘¼0 ¼ RB

x‘ ¼ x‘¼0 ¼ x

V‘ ¼ VB þ
�h2

2lR2
B

‘þ 1

2

� �2

Using above assumptions and Eq. (2) into Eq. (1), one can

write the fusion cross section as

rF ¼ p
k2

X1

‘¼0

ð2‘þ 1Þ
1þ exp 2p

�hx V‘ � Eð Þ
� � ð3Þ

Since the infinite number of partial wave contributes to the

fusion process, one can change the summation over ‘ into

integral with respect to ‘ in Eq. (3). Therefore, by solving

the integral one can obtain final expression for Wong

formula which can be used for evaluating the fusion cross

section in all range of energies [38].
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rF ¼ �hxR2
B

2E
‘n 1þ exp

2p
�hx

E � VBð Þ
� �� �

ð4Þ

2.2. Energy-dependent Woods–Saxon Potential model

(EDWSP model)

In the previous work, the energy-dependent Woods–Saxon

potential model (EDWSP model) has been successfully

used to address the role of inelastic surface vibrations of

colliding pairs and the multi-neutron transfer channels [21–

33]. The form of static Woods–Saxon potential is defined

as

VNðrÞ ¼
�V0

1þ exp r�R0

a

� 	� � ð5Þ

with R0 ¼ r0ðA
1
3

P þ A
1
3

TÞ. The quantity ‘V0’ is depth and ‘a’

is diffuseness parameter of the nuclear potential. In

EDWSP model, the depth of real part of Woods–Saxon

potential is given by the following expression

V0 ¼ A
2
3

P þ A
2
3

T � AP þ ATð Þ
2
3

h i

� 2:38þ 6:8 1þ IP þ ITð Þ A
1
3

PA
1
3

T

A
1
3

P þ A
1
3

T


 �

2

64

3

75MeV ð6Þ

here IP ¼ NP�ZP
AP


 �
and IT ¼ NT�ZT

AT


 �
are the isospin

asymmetry of projectile and target nuclei, respectively. The

present parameterization of potential depth is based upon

the reproduction the fusion excitation function data of wide

range of projectile–target combinations ranging from

ZPZT = 84 to ZPZT = 1640 [21–33]. In fusion process, the

various kinds of static and dynamical physical effects such

as variations of densities of colliding nuclei, dissipation of

kinetic energy of relative motion into internal structure

degrees of freedom, different kinds of channel couplings

effects (influences of inelastic surface vibrational states,

rotational states of deformed nuclei, multi-nucleon transfer

channels) or other static and dynamical physical effects

occur in the surface region of nuclear potential or in the tail

region of Coulomb barrier. Such kinds of different physical

effects are responsible for the modification of parameters

of static Woods–Saxon potential. Furthermore, the surface

diffuseness as well as the surface energy of colliding pairs,

which strongly depends on the collective motion of all

nucleons inside the nucleus, gets fluctuated and also bring a

requirement of modifications in the value of potential

parameters. The first term in the square bracket of Eq. (6),

which is directly proportional to surface energy of the

colliding nuclei, accommodates such static and dynamical

physical effects. All these physical effects bring the

necessity of larger diffuseness parameter ranging from

a = 0.75 fm to a = 1.5 fm for accounting the sub-barrier

fusion data [21–33]. In addition, the isotopic effects are

generally evident if a common projectile is bombarded on a

series of target isotope or vice versa, and these isotopic

effects are incorporated in the present model via isospin of

colliding nuclei.

In fusion dynamics, different kinds of static and dynam-

ical physical effect such as variation of surface energy, N/Z

ratio, variation of densities in neck region, dissipation of

kinetic energy of relative motion to internal structure of

collision partners, which causes themodification in the value

of diffuseness of static Woods–Saxon potential, are accu-

rately accommodated in the present model. In EDWSP

model calculations, these static and dynamical physical

effects are included through energy-dependent diffuseness

parameter which is defined by the following expression

aðEÞ¼0:85 1þ r0

13:75 A
�1

3

P þA
�1

3

T


 �
1þexp

E
VB0

�0:96

0:03

� �� �

2
664

3
775fm

ð7Þ

In EDWSP model calculations, depending upon the

value of range parameter (r0) and bombarding energy of

colliding pairs, the above expression provides a wide

range of diffuseness parameter. The range parameter r0 is

treated as free parameter in order to vary the value of

diffuseness parameter required to address the fusion

excitation function data of system under consideration.

It is shown later that the theoretical calculations based

upon static Woods–Saxon potential must include the

effects of couplings to internal nuclear structure degrees

of freedom such as inelastic surface excitations of

colliding pairs, rotational states of deformed nuclei and

multi-nucleon transfer channels or other static and

dynamical physical effects to reproduce the sub-barrier

fusion data. However, the energy dependence in the

Woods–Saxon potential induces barrier modification

effects and hence adequately addresses the sub-barrier

fusion dynamics of various heavy-ion fusion reactions.

Strictly speaking, in the EDWSP model, the variation of

diffuseness parameter is effectively equivalent to increase

of capture radii of reacting nuclei, and thus, this increase

of capture radii of fusing system suggests that the sub-

barrier fusion process starts at much larger inter-nuclear

separation between colliding nuclei [21–33].

2.3. Coupled channel model

This section briefly reviews the details of coupled channel

approach used to analyze the fusion dynamics of various

heavy-ion fusion reactions. From theoretical point of view,

the different kinds of channel coupling effects can be
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addressed by using the coupled channel formulation. In

coupled channel calculations, it is very difficult to include

all intrinsic channels simultaneously, but one can consider

the effects of relevant channels [34, 39–41]. Therefore, the

set of coupled channel equation can be written as

��h2

2l
d2

dr2
þ J Jþ1ð Þ�h2

2lr2
þVNðrÞþ

ZPZTe
2

r
þ en�Ecm

� �
wnðrÞ

þ
X

m

VnmðrÞwmðrÞ¼ 0 ð8Þ

where r~ is the radial coordinate representing the relative

motion between fusing nuclei. l is the reduced mass of the

projectile–target system. The quantities Ecm and en
represent the bombarding energy in the center of mass

frame and the excitation energy of the nth channel,

respectively. The Vnm is the matrix elements of the

coupling Hamiltonian, which in the collective model

consists of Coulomb and nuclear components. In code

CCFULL [34], the coupled channel equations are solved

numerically by entertaining the two basic approximations.

The first approximation is no-Coriolis or rotating frame

approximation which has been used to reduce the number

of the coupled channel equations [34, 39–41]. If there is no

transfer of the angular momentum from the relative motion

of colliding nuclei to their intrinsic motion, the total orbital

angular momentum quantum number L can be replaced by

the total angular momentum quantum number J. Under this

approximation, which is also known as the isocentrifugal

approximation, the number of coupled channel equation is

reduced to a great extent. The second approximation is

ingoing wave boundary conditions which are well

applicable for heavy-ion reactions. According to IWBC,

there are only incoming waves at r = rmin, which is taken

as the minimum position of the Coulomb pocket inside the

barrier, and there are only outgoing waves at infinity for all

channels except the entrance channel (n = 0). The code

CCFULL [34] employs static Woods–Saxon potential to

entertain the effects of nuclear structure degrees of freedom

such as inelastic surface excitations of colliding pairs,

rotational states of deformed nuclei, multi-nucleon transfer

channel or other static and dynamical physical effects. By

including the effects of all relevant internal degrees of

freedom, the fusion cross section becomes

rFðEÞ ¼
X

J

rJðEÞ ¼
p

k20

X

J

2J þ 1ð ÞPJðEÞ ð9Þ

where PJ(E) is the total transmission coefficient

corresponding to the angular momentum J. For coupled

channel calculations, the vibrational couplings in the

harmonic limit are taken into account. The operator in

the nuclear coupling Hamiltonian for vibrational couplings

is given by

ÔV ¼ bkffiffiffiffiffiffi
4p

p RT a
y
k0 þ ak0


 �
ð10Þ

with RT is parameterized as rcoupA
1
3, bk is the deformation

parameter and a
y
k0(ak0) is the creation (annihilation)

operator of the phonon of vibrational mode of

multipolarity k. In general, the nuclear coupling matrix

elements are evaluated as

V ðNÞ
nm ¼ nh jVNðr; ÔÞ mj i � V

ð0Þ
N dn;m

The matrix elements of ÔV between the n phonon state nj i
and the m phonon state mj i, which are needed for the

vibrational coupling, is defined as

ÔVðnmÞ ¼
bkffiffiffiffiffiffi
4p

p RT dn;m�1

ffiffiffiffi
m

p
þ dn;mþ1

ffiffiffi
n

p� 	
ð11Þ

The Coulomb coupling matrix elements for vibrational

couplings are computed by the linear coupling

approximation and is defined as

V
ðCÞ
VðnmÞ ¼

bkffiffiffiffiffiffi
4p

p 3

2kþ 1
ZPZTe

2 Rk
T

rkþ1
� ð

ffiffiffiffi
m

p
dn;m�1

þ
ffiffiffi
n

p
dn;mþ1Þ ð12Þ

The total coupling matrix elements are obtained by taking

the sum of V
ðNÞ
nm and V

ðCÞ
nm .

3. Results and discussion

This paper highlights the barrier modification effects

introduced due to the EDWSP model and the coupled

channel model in sub-barrier fusion dynamics of
32;36
16 Sþ

90;96
40 Zr reactions. In addition, the relative importance of

strong octupole vibrational state of 96
40Zr nucleus, strong

quadrupole vibrational state of 32
16S nucleus and multi-

neutron transfer channels, which puzzles the behavior of

sub-barrier fusion enhancement of
32;36
16 Sþ 90;96

40 Zr reac-

tions, is still unclear. Therefore, from the present work, the

unambiguous conclusion with regard to the relative

importance of multi-phonon vibrational couplings and

neutron transfer couplings is directly evident. The values of

Table 1 Deformation parameter (bk) and the energy (Ek) of the

quadrupole and octupole vibrational states of colliding nuclei [35, 36]

Nucleus b2 E2 (MeV) b3 E3 (MeV) Reference

32
16S 0.32 2.230 0.40 5.006 [35]
36
16S 0.16 3.291 0.38 4.192 [36]
90
40Zr 0.09 2.186 0.22 2.748 [35, 36]
96
40Zr 0.08 1.751 0.27 1.897 [35, 36]
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the deformation parameters and their corresponding ener-

gies of low-lying 2? and 3- vibrational states of all these

nuclei are listed in Table 1. The barrier height, barrier

position and barrier curvature of the fusing nuclei used in

the EDWSP model calculations are listed in Table 2. The

values of range, depth and diffuseness of EDWSP model

for various combinations of projectile and target nuclei are

listed in Table 3. In Table 4, the ground state Q-values for

neutron pickup channels for the fusion of 32
16Sþ 90;96

40 Zr

systems are listed, while all the ground state Q-values for

neutron pickup channel are negative for the fusion of 36
16Sþ

90;96
40 Zr systems, and hence, these are not listed in Table 4.

The fusion of spherical nuclei, wherein only inelastic

surface vibrational states are dominating, is expected to be

more simple as compared to the fusion of neutron-rich

nuclei. In neutron-rich nuclei, in addition to multi-phonon

vibrational states, the possibility of neutron transfer channel

with positive ground state Q-value exists that must be

incorporating to account the sub-barrier fusion enhance-

ment. The fusion dynamics of 36
16Sþ 90;96

40 Zr and 32
16Sþ 90

40Zr

systems has the dominance of low-lying 2? and 3- vibra-

tional states, while in the fusion of the 32
16Sþ 96

40Zr system,

there is rich interplay of inelastic surface vibrations and

neutron transfer channels. In both projectiles, the 3-

vibrational states lie at high excitation energies and have

comparable strengths, while the 2? vibrational state of

lighter projectile 32
16S is significantly larger and lies at low

excitation energy as compared to the corresponding values

of 36
16S nucleus. The lighter target (9040Zr) nucleus is doubly

magic, and in the heavier target (9640Zr) nucleus due to low

excitation energy and large coupling strengths, it exhibits

strong octupole vibrations. Therefore, the effects of 2?

vibrational state of lighter projectile (3216S) and 3- vibra-

tional states of heavier target (9640Zr) are expected to produce

more pronounced impact on the fusion enhancement at sub-

barrier fusion energies. Before going into the details of

coupled channel calculations of
32;36
16 Sþ 90;96

40 Zr reactions,

the barrier modification effects introduced due to the

energy-dependent Woods–Saxon potential model (EDWSP

model) in the fusion dynamics of these reactions is dis-

cussed. In EDWSP model-based calculations, the energy-

dependent diffuseness parameter generates energy-depen-

dent fusion barriers of varying heights as shown in

Fig. 1(a)–1(h). This kind of physical effect is a direct

manifestation of the enhancement of the fusion cross sec-

tion at energies below the energy of the Coulomb barrier.

The barriers whose heights are lowers than that of the

Coulomb barrier produce substantially large sub-barrier

fusion cross section over the expectations of energy-inde-

pendent one-dimensional barrier penetration model. At

below-barrier energies, a = 0.98 fm is the largest value of

the diffuseness parameter (a = 0.98 fm for
32;36
16 Sþ 96

40Zr

and a = 0.97 fm for
32;36
16 Sþ 90

40Zr reaction) that produce

lowest fusion barrier which in turn leads to the maximum

flux lost from the elastic channel to fusion channel. With

increase of incident energy, the value of diffuseness

parameter goes on decreasing and the height of the corre-

sponding fusion barrier gradually increases as depicted in

Fig. 1(a)-1(h). At above-barrier energies, the diffuseness

parameter attains its minimum value (a = 0.85 fm),

wherein the predictions of static Woods–Saxon potential,

the EDWSP model and coupled channel model coincide

with each other. At such energies, the present model leads

the highest fusion barrier, and for all cases (
32;36
16 Sþ 90;96

40 Zr

systems), this highest fusion barrier produced in the

EDWSP model calculations is still smaller than that of

corresponding values of the Coulomb barrier as listed in

Table 2. Therefore, as a consequence of lowering of fusion

barrier between colliding nuclei, the present model ade-

quately addresses the observed fusion dynamics of
32;36
16 Sþ

90;96
40 Zr systems. The comparisons of the EDWSP model

calculations and the coupled channel calculations for the

fusion of
32;36
16 Sþ 90;96

40 Zr systems reflect that the energy

dependence in Woods–Saxon potential introduces barrier

modification effects (barrier height, barrier position, barrier

curvature) in somewhat similar way to that of coupled

channel formulation.

Table 2 Values of VB0, RB and �hx used in the EDWSP model cal-

culations for various heavy-ion fusion reactions

System VB0 (MeV) RB (fm) �hx (MeV) Reference

32
16Sþ 90

40Zr 81.20 10.51 3.96 [34]
32
16Sþ 96

40Zr 80.10 10.78 5.20 [34]
36
16Sþ 90

40Zr 79.00 10.64 3.32 [36]
36
16Sþ 96

40Zr 77.20 10.92 3.22 [36]

Table 3 Range, depth, diffuseness parameters of Woods–Saxon

potential used in the present calculations for various heavy-ion fusion

reactions [21–33]

System r0 (fm) V0 (MeV) aPresent

Energy range
fm
MeV

� 	

32
16Sþ 90

40Zr 1.120 91.36 0:97 to 0:85
65 to 100

32
16Sþ 96

40Zr 1.115 97.43 0:98 to 0:85
65 to 100

36
16Sþ 90

40Zr 1.105 106.40 0:97 to 0:85
65 to 100

36
16Sþ 96

40Zr 1.120 113.22 0:98 to 0:85
65 to 100

Table 4 Q-values (MeV) for ground state to ground state neutron

pick-up transfer channels for various S ? Zr systems [35]

System ?1n ?2n ?3n ?4n

32
16Sþ 90

40Zr -3.330 -1.229 -6.590 -6.319
32
16Sþ 96

40Zr ?.788 ?.737 ?.508 ?7.655
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In the fusion of 36
16Sþ 90

40Zr system as shown in Fig. 2, if

colliding nuclei are considered as inert, the experimental

data are substantially larger than theoretical predictions.

The coupling to one phonon 2? vibrational state in pro-

jectile as well as one phonon 2? and 3- vibrational states

of target along with their mutual couplings strongly

enhance the fusion cross section as compared to no cou-

pling calculations but unable to account the experimental

data in whole range of energy. The addition of higher

phonon states of target like two phonon 3- vibrational

states improves the coupled channel predictions, but still

there remain large discrepancies between theoretical cal-

culations and experimental data. The coupling of one

phonon 2? vibrational state in projectile, one phonon 2?

vibrational state and three phonon 3- vibrational states of

target along with the mutual excitations such as (3-)3,

ð2þ � ð3�Þ2Þ vibrational states bring the close agreement

between coupled channel calculations and fusion data.

Similar results are found for 36
16Sþ 96

40Zr system as shown in

Fig. 3, wherein the target possesses strong octupole

vibrations and strongly modify the energy dependence of

fusion cross section at below-barrier energies. In addition

of coupling to single phonon 2? and 3- vibrational states

along with their mutual couplings in projectile, the inclu-

sion of three phonon 3- vibrational states in target rea-

sonably account the observed fusion enhancement of
36
16Sþ 96

40Zr system. For 36
16Sþ 90;96

40 Zr systems, the ground

state Q-values are negative for all neutron transfer channels

which suggests that the effects of neutron transfer channel

seem to be undesirable. Therefore, the relative fusion

enhancement of sub-barrier fusion cross section with

respect to one-dimensional barrier penetration model can

be attributed to the presence multi-phonon vibrational

states of fusing nuclei. It is quite interesting to see the

predictions of EDWSP model adequately reproduce the

fusion excitation function data of 36
16Sþ 90;96

40 Zr systems in

an economical way.

If one is able to reproduce the fusion excitation function

data by including the coupling to the inelastic surface

excitations for 36
16Sþ 90;96

40 Zr systems, the same should be

true for 32
16Sþ 90

40Zr system because the neutron transfer

channel are also suppressed in this case. For this system,
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Fig. 1 Fusion barrier (FB) for
32;36
16 Sþ 90;96

40 Zr systems obtained by using the EDWSP model [21–33]
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coupling to low-lying surface vibrations are playing deci-

sive role in the fusion enhancement at sub-barrier energies.

The inclusion of two and three phonon 3- vibrational states

alone in the target produces larger sub-barrier fusion

enhancement as compared to no coupling calculations.

However, such coupling fails to provide close agreement

between theoretical calculations and the experimental data.

This suggests the significance of addition of higher multi-

phonon vibrational states of fusing nuclei. The couplings to

one phonon 2? vibrational state of both colliding nuclei

and two phonon 3- vibrational states in the target along

with their mutual couplings reasonably account the

experimental data in whole range of energy as shown in

Fig. 4.

The fusion of 32
16Sþ 96

40Zr system helps in disentangling

the relative dominance of neutron transfer channels and the

inelastic surface excitations in the sub-barrier fusion

dynamics. In target nucleus, six neutrons outside of neutron

shell closure, which occurs at N = 50, offer the large

probabilities of transferring of four neutrons with positive

ground state Q-values (see Table 4) from target to pro-

jectile. The coupling to one phonon 2? and 3- vibrational

states in projectile as well as in target along with their

mutual couplings significantly produces larger fusion cross

section as compared to uncoupled case, but still there are

large discrepancies between theoretical calculations and

fusion data. The further addition to higher multi-phonon

vibrational states such as two phonon and three phonon

states in target improves the results quantitatively but fails

miserably to account the experimental data. The existence

of a strong octupole vibration in 96
40Zr nucleus and strong

quadrupole vibration in 32
16S nucleus [35, 36] suggests that

couplings to such multi-phonon vibrational states have

strong impact on the energy dependence of fusion cross

section in below-barrier energy regions. Besides, coupling

to these dominant channels, there is large deviation

between theoretical calculations and experimental data in

sub-barrier energy regions as shown in Fig. 5. However, if
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scenario of experimental data of 32
16Sþ 90;96

40 Zr systems is

treated under the formwork of the EDWSP model, it pro-

duces the required orders of magnitude of sub-barrier

fusion cross section data. This clearly suggests that the

energy dependence in Woods–Saxon potential governs the

similar kinds of barrier modification effects as reflected

from the channel coupling effects. It is worth noting hear

that the larger barrier curvature required in the EDWSP

model calculations for addressing the sub-barrier fusion

data of 32
16Sþ 96

40Zr reaction is the consequence of domi-

nance of neutron transfer channels, and hence, similar

conclusions are also evident from the previous work [21–

33].

The fusion dynamics of 32
16Sþ 90

40Zr and 36
16Sþ 90;96

40 Zr

systems is quite insensitive to the neutron transfer channels

because of negative ground state Q-values for all neutron

transfer channels and larger sub-barrier fusion enhance-

ment of these systems with respect to one-dimensional

barrier penetration model can be understood in terms of

inelastic surface vibrational states of reacting nuclei. The

substantially larger fusion enhancement of 32
16Sþ 96

40Zr

system in comparison with other S ? Zr combinations can

only be accounted if one includes the influences of inelastic

surface excitations and neutron (multi-neutron) transfer

channels with positive ground state Q-values. To track the

isotopic effects, the comparison of fusion excitation func-

tion data of
32;36
16 S; 40;4820 Caþ 90;96

40 Zr and 40
20Caþ 94

40Zr reac-

tions are shown in Figs. 6 and 7. The striking difference in

the fusion cross section data of
32;36
16 S; 40;4820 Caþ 90

40Zr as

shown in Fig. 6 and
32;36
16 S; 40;4820 Caþ 96

40Zr systems as shown

in see Fig. 7 is a consequence of different structures of

projectiles. With the increase of coupling strengths of

inelastic surface excitations such as 2? and 3- vibrational

states of projectiles, the corresponding sub-barrier fusion

enhancement increases as evident from Fig. 6. The larger

fusion cross-sectional data of 32
16S;

40
20Caþ 96

40Zr systems in

comparison with that of 36
16S;

48
20Caþ 96

40Zr systems can be

correlated with the existence of neutron pickup channels,

which is evident from Fig. 7. The similar conclusions with
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regard to the relative importance of inelastic surface

vibrations of colliding nuclei and multi-neutron transfer

channels are pointed out in the previous work [21–33] and

also from the pioneering work of several authors [1–7].

In Fig. 8, a comparison of experimental data of
32;36
16 Sþ

90;96
40 Zr systems indicates that the substantially larger fusion

enhancement of 36
16Sþ 96

40Zr system over 36
16Sþ 90

40Zr system

can be attributed to the existence of strong octupole

vibration in 96
40Zr nucleus. The larger fusion data for 32

16Sþ
90
40Zr system in comparison with 36

16Sþ 90;96
40 Zr systems can

be correlated with coupling to strong quadrupole vibra-

tional state of 32
16S nucleus. The comparison of the fusion

excitation function data of
32;36
16 S; 40;4820 Caþ 90;96

40 Zr and
40
20Caþ 94

40Zr systems is shown in Fig. 9, wherein relative

sub-barrier fusion enhancement mirrors the dominance of

either inelastic surface vibrational states or neutron transfer

channels. The magnitude of sub-barrier fusion excitation

function data of 32
16S;

40
20Caþ 96

40Zr and
40
20Caþ 94

40Zr systems

are strongly enhanced with reference to other reactions due

to the combined effects of inelastic surface vibrational

states and multi-neutron transfer channels, while the fusion

enhancement of
32;36
16 S; 40;4820 Caþ 90

40Zr and 48
20Caþ 96

40Zr

systems is a consequence of dominance of inelastic surface

excitations of collision partners.

It is well known that different types of channel coupling

effects are dominating only at sub-barrier energies, while

such static and dynamical physical effects are unimportant

in above-barrier energy regions. Therefore, the above-

barrier fusion data should be accurately reproduced by one-

dimensional barrier penetration model [18–20]. According

to one-dimensional barrier penetration model, the abnor-

mally larger values of diffuseness of static Woods–Saxon

potential are required to account the experimental fusion

data [1–7, 18–20]. In this regard, the predictions of the

EDWSP model calculations in above-barrier energy

regions are shown in Fig. 10. In the previous work, the

experimental data of 12
6 Cþ 92

40Zr,
16
8 Oþ 92

40Zr,
28
14Siþ 92

40Zr,
35
17Clþ 92

40Zr and Caþ Ca systems are analyzed which has

the precision of about 1 % at energies above the Coulomb

barrier [30]. For these projectile–target combinations, the

EDWSP model is able to reproduce the above-barrier

portion of the fusion excitation function data within 5 %

with probability larger than 90 % as evident from the
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previous work [30]. The above portion of experimental

data of 36
16Sþ 90;96

40 Zr systems has the precision of 15 %

while that of 32
16Sþ 90;96

40 Zr systems has the precision of

0.8 %. For these fusing systems, it is possible to achieve an

agreement with the experimental cross section within

10 %. Within EDWSP model, only at 4 fusion data points

out of 90 fusion data points deviation exceeds 5 %,

whereas 86 fusion data points lies within 5 %. Therefore,

the present model is able to reproduce the above-barrier

fusion data within 5 % within with a probability greater

than 90 %.

In coupled channel calculations, larger value of dif-

fuseness parameter a & 0.90 fm is required to reproduce

the sub-barrier fusion enhancement. In same analogy, the

EDWSP model-based calculation requires significantly

larger value of diffuseness parameter ranging from

a = 0.85 fm to a = 0.98 fm for addressing the sub-barrier

fusion data, and therefore, the energy dependence in the

Woods–Saxon potential reflects similar characteristics of

sub-barrier fusion mechanism as inferred from the static

Woods–Saxon potential with abnormally large diffuseness

parameter. Ghodsi and Zanganeh [45] have shown that the

M3Y?repulsion and static Woods–Saxon potential with

large diffuseness parameter accurately reproduce the fusion

dynamics of 12
6 Cþ 92

40Zr,
16
8 Oþ 92

40Zr,
28
14Siþ 92

40Zr and
35
17Clþ 92

40Zr systems. This unambiguity reveals that

M3Y?repulsion and static Woods–Saxon potential with

large diffuseness parameter explore similar behavior of

sub-barrier fusion dynamics, and hence, the effects of

M3Y?repulsion potential can be correctly reproduced by

static Woods–Saxon potential with abnormally large dif-

fuseness parameter ranging from a = 0.75 fm to

a = 1.5 fm. The similarity between M3Y?repulsion

potential and static Woods–Saxon potential with large

diffuseness parameter is also evident from the work of

Esbensen et al. [46, 47] and Stefanini et al. [48, 49]. The

successful exploration of fusion dynamics of
32;36
16 Sþ

90;96
40 Zr systems within the framework of the EDWSP model

indicates that the energy dependence in Woods–Saxon

potential reflects similar characteristics of heavy-ion fusion

reactions as deduced from static Woods–Saxon potential

with large diffuseness parameter and consequently form

M3Y?repulsion potential.

In heavy-ion fusion reactions, it is well populated that

the effect of couplings to internal degree of freedom such

as static deformation, surface inelastic channels and neu-

tron transfer channels is to split the Coulomb barrier into

spectrum of barriers having different heights which is

known as barrier distribution [1–7, 35, 36, 42–44, 46–49].

In this spectrum, the barriers whose heights are lower than

that of the Coulomb barrier can be ascribed for the sub-

stantially larger sub-barrier fusion enhancement over the

expectations of the one-dimensional barrier penetration

model [1–7]. In similar fashion, the energy-dependent

Woods–Saxon potential produces a distribution of barriers

of varying heights as depicted in Fig. 1. The lowering of

fusion barrier between colliding nuclei is the main ingre-

dient of the EDWSP model, and hence, as a consequence of

lowering of fusion barrier, the EDWSP model is capable of

addressing the sub-barrier fusion excitation functions of

various heavy-ion fusion reactions. This raises number of

questions on the role of internal structure degrees of free-

dom of colliding pairs in the sub-barrier fusion enhance-

ment. Therefore, the different kinds of channel coupling

effects such as vibrational degrees of freedom, rotational

degrees of freedom and nucleon (multi-nucleon) transfer

channel whether represent a true picture of the relevant

channels in the enhancement of sub-barrier fusion excita-

tion function data or simply mimics the inconsistency of

static Woods–Saxon potential parameters is still not clear.

Whether the energy dependence of the diffuseness

parameter (that is the energy dependence of the Woods–

Saxon potential) is true representation of the nuclear

potential or simulates other static and dynamical physical

effects is still not clear.

4. Conclusions

The present work explores the role of barrier modification

effects introduced due to energy-dependent nucleus–nu-

cleus potential and the coupled channel model in sub-bar-

rier fusion dynamics. For this, the present paper has

systematically analyzed the fusion dynamics of
32;36
16 Sþ

90;96
40 Zr systems wherein the inelastic surface vibrational

couplings and neutron transfer couplings puzzle behavior

of the sub-barrier fusion enhancement over the expecta-

tions of one-dimensional barrier penetration model. The

theoretical calculations based upon static Woods–Saxon

potential performed by using code CCFULL require the

inclusion of internal nuclear structure degrees of freedom

of colliding nuclei such as inelastic surface vibrational

states and multi-neutron transfer channels for reproducing

the sub-barrier fusion excitation function data. In contrast

to this, the EDWSP model along with one-dimensional

Wong formula adequately addresses the observed fusion

dynamics of
32;36
16 Sþ 90;96

40 Zr reactions. This clearly suggests

that the energy dependence in Woods–Saxon potential

introduces barrier modification effects (barrier height,

barrier position, barrier curvature) in somewhat similar

way as reflected from the coupled channel formulation and

hence simulates the effects of dominant channel coupling

effects. The EDWSP model-based calculation requires

significantly larger values of diffuseness parameter ranging

from a = 0.85 fm to a = 0.98 fm, which is much larger

than a value (a = 0.65 fm) extracted from the elastic
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scattering data, for accounting the sub-barrier fusion data.

Furthermore, within the context of EDWSP model, it is

possible to achieve an agreement with the fusion cross-

sectional data within 10 %, and hence, the EDWSP model

is able to reproduce the above-barrier portion of the fusion

cross-section data within 5 % with a probability greater

than 90 %.
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