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Abstract: In this paper, we present solutions of the Klein–Gordon equation for the multiparameter potential for arbitrary

l-state in D-dimensions using the super-symmetric quantum mechanics method. We have obtained the energy levels for the

multiparameter potential and the corresponding wave functions expressed in terms of hypergeometric function in a closed

form for arbitrary l-state. We have discussed in detail the special cases of this potential.
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1. Introduction

The Klein–Gordon equation (KGE) is the well-known rela-

tivistic wave equation that describes spin-zero particles. It is

also known that the analytic solutions of the Klein–Gordon

equations are only possible in a few cases such as harmonic

and Coulomb potentials [1, 2]. However, for arbitrary l-states

(l = 0), the KGE does not admit an exact solution. Thus,

KGE can be solved approximately using different approxi-

mation schemes [3, 4]. The solutions of KGE plays important

role in quantum mechanics since its solutions contain all the

necessary informations regarding the quantum system such

as probability density and entropy. Different potential

models have been studied using various approaches such as

Nikiforov–Uvarov [5], exact quantization rule [6], super-

symmetric quantum mechanics (SUSYQM) [7] and

asymptotic iteration method (AIM) [8] to obtained the bound

state solutions of Schrödinger, Klein–Gordon and Dirac

equations [9–12]. Interestingly, the study of the relativistic

wave equation in recent years particularly the Klein–Gordon

and Dirac equation have attracted the attention of many

authors, because the solutions of these equations play in

getting the relativistic effect in nuclear physics and other

areas [13]. With the introduction of the SUSYQM and the

concept of shape invariance in physics [14], the study of the

solvable potential models in both relativistic and non-rela-

tivistic quantum mechanics have received a great interest

[15]. The concept of SUSYQM allows one to determine the

eigenfunctions and eigenvalues analytically for solvable

potentials model using algebraic operator formulation

without solving the Schrödinger-like differential equation by

standard series method [16]. Recently, the KGE in general-

ized D-dimensions for different potentials is getting the

attention of researchers [17–20]. This multidimensional

space analysis of KGE has also been investigated for dif-

ferent potentials [21].

The purpose of the present paper is to attempt to study

the bound state solutions of the KGE with the multipa-

rameter exponential-type potential using the SUSYQM in

D-dimension [22, 23]. We have determined approximate

eigenvalues and the eigenfunction by employing the

improved Greene–Aldrich approximation scheme [24].

2. Theoretical consideration

The KGE in higher dimension for spherically symmetric

potential reads [25],

� DDwn;l;mðr;XDÞ

¼ ½En;l � VðrÞ�2 � ½mþ SðrÞ�2
n o

wn;l:mðr;XDÞ
ð1Þ
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where En,l, m, V(r) and S(r) are the relativistic energy, rest

mass, the repulsive vector potential and the attractive scalar

potential respectively and DD is defined as

DD ¼ r2
D ¼ 1

rD�1

o

o
rD�1 o

or

� �
� K2

DðXDÞ
r2

ð2Þ

The total wave function in D-dimension is written as,

wn;l;mðr;XDÞ ¼ Rn;lðrÞYm
l ðXDÞ ð3Þ

The term
K2

DðXDÞ
r2 is the generalization of the centrifugal

term for the higher dimensional space. The eigenvalues of

KD
2 (XD) are defined by the relation,

K2
DðXDÞYm

l ðXDÞ ¼ lðlþ D� 2ÞYm
l ðXDÞ ð4Þ

where Yl
m(XD), Rn,l and l represent the hyperspherical

harmonics, the hyperradial wave function and the orbital

angular momentum quantum number respectively. Now

substituting ansatz Rn;lðrÞ ¼ r�
ðD�1Þ

2 Fn;lðrÞ for the wave

function into Eq. (3) yields,

d2

dr2
þ En;l � VðrÞ
� �2� mþ SðrÞð Þ2

�

�ðDþ 2l� 1ÞðDþ 2l� 3Þ
4r2

�
Fn;lðrÞ ¼ 0

ð5Þ

Here, we consider the solvable multiparameter

exponential-type potential [26, 27],

VðrÞ ¼ Ae�2gr

1 � e�2grð Þ þ
Be�2gr

1 � e�2grð Þ2
þ Ce�4gr

1 � e�2grð Þ2
ð6Þ

where A, B and C are the potential parameter and g is the

screening parameter. Now substituting Eq. (6) into Eq. (5)

and considering the particular case V(r) = S(r), we obtain

the second order Schrodinger-like equation

d2

dr2
þ E2

n;l � m2 � 2ðEn;l þ mÞ
�

Ae�2gr

1 � e�2grð Þ þ
Be�2gr

1 � e�2grð Þ2
þ Ce�4gr

1 � e�2grð Þ2

 !

�ðDþ 2l� 1ÞðDþ 2l� 3Þ
4r2

�
Fn;lðrÞ ¼ 0 ð7Þ

3. Solutions of Klein–Gordon equation in D-dimension

using SUSYQM

It is well-known that Eq. (7) is exactly solvable only when

l = 0. However, in the presence of the centrifugal term

(l = 0), one can only obtain an approximate solution of

Eq. (7). When gr\ 1, we invoke an improved Greene–

Aldrich approximation scheme [24] to deal with the cen-

trifugal term as,

1

r2
� 4g2 c0 þ

e�2gr

1 � e�2grð Þ2

" #
ð8Þ

where c0 ¼ 1
12

is a dimensionless constant obtained from

the Taylor expansion of Eq. (8). Substitution of Eq. (8)

into Eq. (7) yields,

where,

~En;l ¼ E2
n;l � m2 � g2ðDþ 2l� 1ÞðDþ 2l� 3Þc0 ð10Þ

In the SUSYQM formulation, the ground-state wave

function F0,l(r) is given by [7, 14, 15] (see ‘‘Appendix’’).

F0;lðrÞ ¼ exp �
Z

WðrÞdr
� �

; ð11Þ

in which the integrand is called the superpotential and the

Hamiltonian is composed of the raising and lowering

operators

H� ¼ ÂþÂ ¼ � d2

dr2
þ V�ðrÞ; ð12Þ

Hþ ¼ ÂÂþ ¼ � d2

dr2
þ VþðrÞ; ð13Þ

with

Â ¼ d

dr
�WðrÞ; ð14Þ

Âþ ¼ � d

dr
�WðrÞ; ð15Þ

� d2Fn;l

dr2
þ

2ðEn;l þ mÞðC � AÞe�4gr þ 2ðEn;l þ mÞðAþ BÞ þ g2ðDþ 2l� 1ÞðDþ 2l� 3Þ
� �

e�2gr

1 � e�2grð Þ2

 !
Fn;lðrÞ ¼ ~En;lFn;l

ð9Þ
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and

V�ðrÞ ¼ W2ðrÞ �W 0ðrÞ ð16Þ

The superpotential obeys the associated Riccati

equation:

W2ðrÞ �W 0ðrÞ ¼ Veff ðrÞ � ~E0;l; ð17Þ

Based on the SUSYQM,we choose the superpotential in

the form,

WðrÞ ¼ �Q1e
�2gr

1 � e�2grð Þ þ Q2 ð18Þ

where,

Using Eq. (58), we obtained the partner potentials as

follows:

VþðrÞ ¼ W2 þ dW

dr
¼ Q1ðQ1 þ 2gÞe�2gr

1 � e�2grð Þ2

þ Q2
1e

�4gr � 2Q1Q1e
�2gr þ 2Q1Q1e

�4gr � Q2
1e

�2gr

1 � e�2grð Þ2
þ Q2

2;

ð22Þ

We construct the pair of supersymmetric partner

potentials V?(r) and V-(r) as follows,

V�ðrÞ ¼ W2 � dW

dr
¼ Q1ðQ1 � 2gÞe�2gr

1 � e�2grð Þ2

þ Q2
1e

�4gr � 2Q1Q1e
�2gr þ 2Q1Q1e

�4gr � Q2
1e

�2gr

1 � e�2grð Þ2
þ Q2

2:

ð23Þ

It is not difficult to see that the partner potentials are

shape invariant via mapping of the form Q1 ? Q1 ? 2g.

Also, it is easy to check the shape-invariance condition.

Vþðr; q0Þ ¼ V�ðr; qiÞ þ RðqiÞ ð24Þ

which holds via the mapping Q1 ? Q1 ? 2g. In our study

q0 = Q1 and qi is a function of q0, i.e.

q1 = f(q0) = q0 ? 2g. Thus, qn = q0 ? 2ng and from

Eq. (24), we write

Q1 ¼ �g�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ 2ðEn;l þ mÞðBþ CÞ þ g2ðDþ 2l� 1ÞðDþ 2l� 3Þ

q
; ð19Þ

Q2 ¼
2ðEn;l þ mÞðC � AÞ � �g�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ 2ðEn;l þ mÞðBþ CÞ þ g2ðDþ 2l� 1ÞðDþ 2l� 3Þ

p� �2

2 �g�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ 2ðEn;l þ mÞðBþ CÞ þ g2ðDþ 2l� 1ÞðDþ 2l� 3Þ

p� � ð20Þ

~E0;l ¼ �
2ðEn;l þ mÞðC � AÞ � �g�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ 2ðEn;l þ mÞðBþ CÞ þ g2ðDþ 2l� 1ÞðDþ 2l� 3Þ

p� �2

2 �g�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ 2ðEn;l þ mÞðBþ CÞ þ g2ðDþ 2l� 1ÞðDþ 2l� 3Þ

p� �
" #2

ð21Þ

~E�
n;l ¼

Xn
k¼1

RðqkÞ ¼
2ðEn;l þ mÞðC � AÞ � �g�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ 2ðEn;l þ mÞðBþ CÞ þ g2ðDþ 2l� 1ÞðDþ 2l� 3Þ

p� �

2 �g�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ 2ðEn;l þ mÞðBþ CÞ þ g2ðDþ 2l� 1ÞðDþ 2l� 3Þ

p� �
 !2

�
2ðEn;l þ mÞðC � AÞ � �g�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ 2ðEn;l þ mÞðBþ CÞ þ g2ðDþ 2l� 1ÞðDþ 2l� 3Þ

p
þ 2ng

� �

2 �g�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ 2ðEn;l þ mÞðBþ CÞ þ g2ðDþ 2l� 1ÞðDþ 2l� 3Þ

p
þ 2ng

� �
 !2

ð25Þ
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The complete energy spectrum is given as,

Using Eq. (10), we have obtained the required relativ-

istic energy spectrum for the multiparameter exponential-

type potential as,

To find the wave function, we have used change of

variable z = e-2gr in Eq. (9) and we get

d2Fn;l

dz2
þ 1 � z

zð1 � zÞ
dFn;l

dz

þ 1

z2ð1 � zÞ2
�Wz2 � fzþ g
	 


Fn;lðzÞ

¼ 0 ð28Þ

where,

W ¼ 2En;lC

4g2
þ 2mC

4g2
� 2En;lA

4g2
� 2mA

4g2
�
E2
n;l

4g2
þ m2

4g2

þ ðDþ 2l� 1ÞðDþ 2l� 3Þc0

4
ð29Þ

f ¼ 2En;lA

4g2
þ 2mA

4g2
þ 2En;lB

4g2
þ 2mB

4g2
þ

2E2
n;l

4g2
� 2m2

4g2

� ðDþ 2l� 1ÞðDþ 2l� 3Þc0

2

þ ðDþ 2l� 1ÞðDþ 2l� 3Þ
4

ð30Þ

g ¼
E2
n;l

4g2
� m2

4g2
� ðDþ 2l� 1ÞðDþ 2l� 3Þc0

4
ð31Þ

The corresponding wave function is determined from

Eq. (28) as follows:

Fn;l ¼
C nþ 1þ 2

ffiffiffi
g

p� �

n!C 1þ 2
ffiffiffi
g

p� � e�2gr
� � ffiffigp

ð1� e�2grÞ1=2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
þWþg�f

p

2F1 �n;nþ 2
ffiffiffi
g

p þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
þW þ g� f

r
þ 1;2

ffiffiffi
g

p þ 1;e�2gr

 !

ð32Þ

4. Results and discussion

In this section we have investigated the energy eigenvalues

and the corresponding eigenfunctions of Hulthen, Man-

ning–Rosen, Eckart and Deng–Fan potentials as special

cases of multiparameter exponential-type potential.

4.1. Hulthen potential

The Hulthén potential is very important in atomic and

molecular fields [28]. This potential has been used to

explain the electronic properties of F-colour centre in alkali

halides [29]. In this special case, we choose

B = C = 0, A = -Ze2d, g = d, where d is the screening

parameter and the multiparameter exponential-type poten-

tial turns into the Hulthen potential as,

VðrÞ ¼ �Ze2de�2dr

1 � e�2dr
ð33Þ

~En;l ¼ ~E0;l þ ~E�
n;l

¼ �
2ðEn;l þ mÞðC � AÞ � �g�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ 2ðEn;l þ mÞðBþ CÞ þ g2ðDþ 2l� 1ÞðDþ 2l� 3Þ

p
þ 2ng

� �

2 �g�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ 2ðEn;l þ mÞðBþ CÞ þ g2ðDþ 2l� 1ÞðDþ 2l� 3Þ

p
þ 2ng

� �
 !2 ð26Þ

E2
n;l � m2 ¼ g2ðDþ 2l� 1ÞðDþ 2l� 3Þc0

�
2ðEn;l þ mÞðC � AÞ � �g�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ 2ðEn;l þ mÞðBþ CÞ þ g2ðDþ 2l� 1ÞðDþ 2l� 3Þ

p
þ 2ng

� �

2 �g�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ 2ðEn;l þ mÞðBþ CÞ þ g2ðDþ 2l� 1ÞðDþ 2l� 3Þ

p
þ 2ng

� �
 !2

ð27Þ
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The energy spectra of the Hulthen potential is obtained

from the energy equation of the multiparameter

exponential-type potential Eq. (27) by substituting the

above parameters as,

The corresponding wave function of the Hulthen

potential is obtained from Eq. (32) as follows:

Fn;l ¼
C nþ 1 þ 2

ffiffiffiffiffiffi
gH

p� �

n!C 1 þ 2
ffiffiffiffiffiffi
gH

p� � e�2gr
� � ffiffiffiffi

gH
p

ð1 � e�2grÞ1=2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
þWHþgH�f H

p

2F1 �n; nþ 2
ffiffiffiffiffiffi
gH

p
þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
þWH þ gH � f H

r 

þ1; 2
ffiffiffiffiffiffi
gH

p
þ 1; e�2gr

�

ð35Þ

where,

WH ¼ 2En;lZe
2

4d
þ 2mZe2

4d
�
E2
n;l

4d2
þ m2

4d2

þ ðDþ 2l� 1ÞðDþ 2l� 3Þc0

4
ð36Þ

f H ¼ � 2En;lZe
2

4d
� 2mZe2

4d
þ

2E2
n;l

4d2
� 2m2

4d2

� ðDþ 2l� 1ÞðDþ 2l� 3Þc0

2

þ ðDþ 2l� 1ÞðDþ 2l� 3Þ
4

ð37Þ

gH ¼
E2
n;l

4d2
� m2

4d2
� ðDþ 2l� 1ÞðDþ 2l� 3Þc0

4
ð38Þ

This result is in good agreement with that obtained by

Agboola [30].

4.2. Manning–Rosen potential

Manning–Rosen potential is one of the short range poten-

tial and it has been used to describe the diatomic molecular

vibration [31]. The Manning–Rosen potential has been one

of the most useful and elegant potential model for studying

the energy eigenvalues of diatomic molecules [32]. As an

empirical potential, the Manning–Rosen potential gives an

excellent description of the interaction between two atoms

in a diatomic molecule, and it is very good for describing

such interactions close to the surface [33]. The special case

of Manning–Rosen potential is obtained from the multi-

parameter potential by considering, B ¼ 0;A ¼ � V0

b2 ;C ¼
aða�1Þ

b2 and g ¼ 1
b
. Thus, the Manning–Rosen potential

becomes,

VðrÞ ¼ 1

b2

aða� 1Þe�2r
b

1 � e�
2r
b

� �2
� V0e

�r
b

1 � e�
r
b

 !
ð39Þ

The energy level of the Manning–Rosen potential is

obtained from the energy equation of the multiparameter

exponential-type potential by putting the values of A, B and

C given above as,

E2
n;l � m2 ¼ d2ðDþ 2l� 1ÞðDþ 2l� 3Þc0

�
2ðEn;l þ mÞðZe2dÞ � �d�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 þ d2ðDþ 2l� 1ÞðDþ 2l� 3Þ

q
þ 2nd

� �

2 �d�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 þ d2ðDþ 2l� 1ÞðDþ 2l� 3Þ

q
þ 2nd

� �

0
BB@

1
CCA

2

ð34Þ

E2
n;l � m2 ¼ 1

b2
ðDþ 2l� 1ÞðDþ 2l� 3Þc0

�
2ðEn;l þ mÞðaða�1Þ

b2 þ V0

b2Þ � � 1
b
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
b2 þ 2ðEn;l þ mÞðaða�1Þ

b2 Þ þ 1
b2 ðDþ 2l� 1ÞðDþ 2l� 3Þ

q
þ 2n

b

� �

2 � 1
b
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
b2 þ 2ðEn;l þ mÞðaða�1Þ

b2 Þ þ 1
b2 ðDþ 2l� 1ÞðDþ 2l� 3Þ

q
þ 2n

b

� �

0
BB@

1
CCA

2

ð40Þ
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The corresponding wave function for the Manning–

Rosen potential becomes,

Fn;l ¼
C nþ 1 þ 2

ffiffiffiffiffiffiffiffi
gMR

p� �

n!C 1 þ 2
ffiffiffiffiffiffiffiffi
gMR

p� � e�2gr
� � ffiffiffiffiffiffi

gMR
p

ð1 � e�2grÞ1=2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
þWMRþgMR�f MR

p
2

F1 �n; nþ 2
ffiffiffiffiffiffiffiffi
gMR

p
þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
þWMR þ gMR � f MR

r 

þ1; 2
ffiffiffiffiffiffiffiffi
gMR

p
þ 1; e�2gr

!

ð41Þ

where

WMR ¼ 2En;laða� 1Þ
4

þ 2maða� 1Þ
4

þ 2En;lV0

4
þ 2mV0

4

�
E2
n;lb

2

4
þ m2b2

4
þ ðDþ 2l� 1ÞðDþ 2l� 3Þc0

4

ð42Þ

f MR ¼ � 2En;lV0

4
� 2mV0

4
þ

2E2
n;lb

2

4
� 2m2b2

4

� ðDþ 2l� 1ÞðDþ 2l� 3Þc0

2

þ ðDþ 2l� 1ÞðDþ 2l� 3Þ
4

ð43Þ

gMR ¼
E2
n;lb

2

4
� m2b2

4
� ðDþ 2l� 1ÞðDþ 2l� 3Þc0

4
ð44Þ

It is consistent with the result reported by Chen et al.

[34].

4.3. Eckart potential

The Eckart potential is one of the solvable exponential–

type potential in quantum mechanics [35]. Eckart potential

is one of most important potential models in physics and

chemical physics [36] and the bound state solution of the

Schrödinger equation [37] and the scattering states [38] of

this potential has been investigated. The Eckart potential is

obtained from the multiparameter potential by the setting

A = -a, B = b, C = 0 and g ¼ 2
a

as,

VðrÞ ¼ � ae�
r
a

1 � e�
r
a

þ be�
r
a

1 � e�
r
að Þ2

ð45Þ

The energy eigenvalues for the Eckart potential from

Eq. (27) becomes,

and wave function as,

Fn;l ¼
C nþ 1 þ 2

ffiffiffiffiffiffiffi
gEc

p� �

n!C 1 þ 2
ffiffiffiffiffiffiffi
gEc

p� � e�2gr
� � ffiffiffiffiffi

gEc
p

ð1 � e�2grÞ1=2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
þWEcþg�f

p
2

F1 �n; nþ 2
ffiffiffiffiffiffiffi
gEc

p
þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
þWEc þ gEc � f Ec

r 

þ1; 2
ffiffiffiffiffiffiffi
gEc

p
þ 1; e�2gr

!

ð47Þ

with

WEc ¼ 2En;laa
2 þ 2maa2 � E2

n;la
2 þ m2a2

þ ðDþ 2l� 1ÞðDþ 2l� 3Þc0

4
ð48Þ

f Ec ¼ �2En;laa
2 � 2maa2 þ 2En;lba

2 þ 2mba2 þ E2
n;la

2

� m2a2 � ðDþ 2l� 1ÞðDþ 2l� 3Þc0

2

þ ðDþ 2l� 1ÞðDþ 2l� 3Þ
4

ð49Þ

gEc ¼ E2
n;la

2 � m2a2 � ðDþ 2l� 1ÞðDþ 2l� 3Þc0

4
ð50Þ

E2
n;l � m2 ¼ 4

a2
ðDþ 2l� 1ÞðDþ 2l� 3Þc0

�
2ðEn;l þ mÞa� � 2

a
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4
a2 þ 2ðEn;l þ mÞbþ 4

a2 ðDþ 2l� 1ÞðDþ 2l� 3Þ
q

þ 4n
a

� �

2 � 2
a
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4
a2 þ 2ðEn;l þ mÞbþ 4

a2 ðDþ 2l� 1ÞðDþ 2l� 3Þ
q

þ 4n
a

� �

0
B@

1
CA

2

;

ð46Þ
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and it is in agreement with that of Akpan et al. [39] for

D = 3 and q = 1.

4.4. Deng–Fan potential

The Deng–Fan potential [40, 41] is the simplest modified

form of Morse potential and is related to the Manning–

Rosen and Eckart potentials. This potential is used to

describe diatomic molecular energy spectra and electro-

magnetic transition and is usually regarded as the true

internuclear potential in diatomic molecules. In this case,

the choice A = -2bDe, B = 0, C = Deb
2 and g ¼ a

2
,

where De is the dissociation energy. With these parameters,

we have obtained the Deng–Fan potential from Eq. (6) as,

VðrÞ ¼ �2bDee
�ar

1 � e�ar
þ Deb

2e�2ar

1 � e�2arð Þ2
; ð51Þ

and from Eq. (27), the energy spectra for the Deng–Fan

potential becomes,

and wave function is given by

Fn;l ¼
C nþ 1 þ 2

ffiffiffiffiffiffiffiffi
gDF

p� �

n!C 1 þ 2
ffiffiffiffiffiffiffiffi
gDF

p� � e�2gr
� � ffiffiffiffiffiffi

gDF
p

ð1 � e�2grÞ1=2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
þWDFþgDF�f DF

p
2

F1 �n; nþ 2
ffiffiffiffiffiffiffiffi
gDF

p
þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
þWDF þ gDF � f DF

r 

þ1; 2
ffiffiffiffiffiffiffiffi
gDF

p
þ 1; e�2gr

!

ð53Þ

where,

WDF ¼ 2En;lDeb
2

a2
þ 2mDeb

2

a2
þ En;lbDe

a2
þ mDeb

a2
�
E2
n;l

a2

þ m2

a2
þ ðDþ 2l� 1ÞðDþ 2l� 3Þc0

4

ð54Þ

f DF ¼ � 2En;lDeb
2

a2
� 2mDeb

2

a2
þ

2E2
n;l

a2
� 2m2

a2

� ðDþ 2l� 1ÞðDþ 2l� 3Þc0

2

þ ðDþ 2l� 1ÞðDþ 2l� 3Þ
4

ð55Þ

gDF ¼
E2
n;l

a2
� m2

a2
� ðDþ 2l� 1ÞðDþ 2l� 3Þc0

4
ð56Þ

It is the same as the one obtained by Dong et al. [3].

5. Conclusions

The success in the determination of the bound state solu-

tions of Klein–Gordon equation is a big task that must be

done since this solution brings information about quantum

state of the system under investigation. In this work, we

have considered the Klein–Gordon equation with a multi-

parameter exponential interaction and reported the

approximate analytical solutions of the problem via the

super-symmetric quantum mechanics (SUSYQM) formal-

ism. The special cases, Hulthen, Manning–Rosen, Eckart

and Deng–Fan potentials are consistent with those reported

in the literature [3, 30, 34, 39]. The approximate analytical

solution is obtained by invoking the improved Greene–

Aldrich approximation scheme to the centrifugal term.

Finally, the results of our work are both interesting for

theoretical and experimental physicists.

Appendix: Supersymmetry quantum mechanics

In the SUSYQM, we normally deal with the partner

Hamiltonians

H� ¼ p2

2m
þ V�ðxÞ; ð57Þ

where

E2
n;l � m2 ¼ a2

4
ðDþ 2l� 1ÞðDþ 2l� 3Þc0

�
2ðEn;l þ mÞðDeb

2 þ 2bDeÞ � � a
2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2

4
þ 2ðEn;l þ mÞðDeb2Þ þ a2

4
ðDþ 2l� 1ÞðDþ 2l� 3Þ

q
þ na

� �

2 � a
2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2

4
þ 2ðEn;l þ mÞðDeb2Þ þ a2

4
ðDþ 2l� 1ÞðDþ 2l� 3Þ

q
þ na

� �

0
B@

1
CA

2

ð52Þ
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V�ðxÞ ¼ U2ðxÞ � U0ðxÞ: ð58Þ

In the case of good SUSY, i.e. E0 = 0, the ground state

of the system is obtained via

/�
0 ðxÞ ¼ Ce�U ; ð59Þ

where C is a normalization constant and

UðxÞ ¼
Zx

x0

dzUðzÞ: ð60Þ

Next, if the shape invariant condition

Vþða0; xÞ ¼ V�ða1; xÞ þ Rða1Þ; ð61Þ

where a1 is a new set of parameters uniquely determined

from the old set a0 via the mapping F:a0 7! a1 = F(a0)

and R(a1) does not include x, the higher state solutions are

obtained via

En ¼
Xn
s¼1

RðasÞ; ð62Þ

/�
n ða0; xÞ ¼ P

n�1

s¼0

AyðasÞ
½En � Es�1=2

 !
/�

0 ðan; xÞ; ð63Þ

/�
0 ðan; xÞ ¼ C exp �

Zx

0

dzUðan; zÞ

8<
:

9=
;; ð64Þ

where

Ays ¼ � o

ox
þ Uðas; xÞ: ð65Þ

Therefore, this condition determines the spectrum of the

bound states of the Hamiltonian

Hs ¼ � o2

ox2
þ V�ðas; xÞ þ Es: ð66Þ

and the energy eigenfunctions of

Hs/
�
n�sðas; xÞ ¼ En/

�
n�sðas; xÞ; n� s ð67Þ

are related via [27–30]

/�
n�sðas; xÞ ¼

Ay

½En � Es�1=2
/�
n�ðsþ1Þðasþ1; xÞ: ð68Þ
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