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Abstract: Relativistic symmetries of Dirac equation, i.e. spin and pseudospin symmetries are investigated for a modified

Yukawa potential including a Yukawa tensor interaction. Using supersymmetry quantum mechanics and a proper

approximation to the inverse square centrifugal term, arbitrary-state solutions are reported in an analytical approach. We

have included some useful numerical data and illustrative figures to represent a better understanding of the solutions.
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1. Introduction

For decades, Dirac equation has been a promising basis to

study relativistic spin-1/2 fermions in nuclear and particle

physics. The problem in this case, just as that of linear

Schrödinger equation, appears as an ordinary second-order

differential equation, which has been extensively discussed

in the literature by various analytical and numerical tech-

niques. Numerical approaches, despite their reliability, are

less clear in comparison with their analytical counterpart in

which the explicit forms of the wavefunction and the

energy relation are reported. Some of analytical tools are

Nikiforov–Uvarov (NU) technique [1], asymptotic iteration

method (AIM) [2], shape invariant approach [3] and

supersymmetric quantum mechanics (SUSYQM) [4–6],

factorization method [7] and others [8] and references

therein.

The concept of SUSYQM has been introduced many

years ago [9, 10] and it provides theoretical physicists with

a powerful tool to deal with non-relativistic Schrödinger

equation. However, some years later, it has been applied to

other wave equations of quantum mechanics such as Dirac,

Klein–Gordon, Duffin–Kemmer Petiau (DKP) and spinless

Salpeter equations [11–22].

Within present work, we have considered the so-called spin

and pseudospin symmetries of Dirac equation. These sym-

metries, due to their applications in hadronic and nuclear

spectroscopy, have renewed interests in the study of the

equation [23]. In more precise words, these symmetries could

explain the experimental observation of the quasi-degeneracy

in single-nucleon doublets between normal parity orbitals

n; l; j ¼ lþ 1
2

� �
and n� 1; lþ 2; j ¼ lþ 3

2

� �
, where n, l and j

represent the radial, orbital and total angular momentum

quantum numbers, respectively. These symmetries have been

successfully used in the study of nuclear shell model [24] as

well as many other concepts such as nuclear deformation,

super-deformation, magnetic moment and identical bands

[25]. It is now understood that pseudo-orbital angular

momentum ~l ¼ lþ 1 in pseudospin limit is in fact the usual

orbital angular momentum l of lower component of Dirac

spinor [26]. It should be mentioned that spin symmetry refers

to the case where difference of repulsive Lorentz vector

potential VðrÞ and attractive Lorentz scalar potential SðrÞ is a

constant; DðrÞ ¼ VðrÞ � SðrÞ ¼ const. other jargon, i.e.

pseudospin symmetry, corresponds to RðrÞ ¼ VðrÞ þ SðrÞ ¼
const. Until now, these symmetries have been investigated for

different interactions by various techniques [27, 28]. In our

work, we consider a modified Yukawa potential of the form [29]
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VðrÞ ¼ �V0 1� 1

r
e�ar

� �2

¼ � A

r2
e�2ar þ B

r
e�ar � C;

A ¼ C ¼ V0; B ¼ 2V0 ð1Þ

where a is screening parameter and V0 is coupling strength

of the potential. Mie-type, inversely quadratic Yukawa,

Yukawa and Coulomb potentials are all special cases of

this interaction. For a! 0, this potential reduces to Mie-

type potential. When B ¼ C ¼ 0 the potential changes into

inversely quadratic Yukawa potential, which is widely used

in nuclear, particle, atomic, condensed matter and chemical

physics [30]. For A ¼ C ¼ 0;B! � B
2
, we recover the

quite famous Yukawa potential. In addition, when

A ¼ C ¼ 0, a! 0, Coulomb potential is obtained. Dif-

ferent forms of Yukawa potentials have also been investi-

gated [31].

2. Supersymmetry quantum mechanics (SUSYQM)

In SUSUQM, we deal with the partner Hamiltonians

[6, 32]

H� ¼
p2

2m
þ V�ðxÞ; ð2Þ

where

V�ðxÞ ¼ U2ðxÞ � U0ðxÞ: ð3Þ

In case of unbroken supersymmetry, i.e. E0 ¼ 0 ground

state of the system is obtained via

/�0 ðxÞ ¼ Ce�UðxÞ; ð4Þ

where C is a normalization constant and

UðxÞ ¼
Zx

x0

dzUðzÞ: ð5Þ

Next, we check whether the shape invariant condition

holds. The shape-invariancy implies

Vþða0; xÞ ¼ V�ða1; xÞ þ Rða1Þ; ð6Þ

where a1 is a new set of parameters uniquely determined

from old set a0 via mapping F : a0 7! a1 ¼ Fða0Þ and Rða1Þ
does not include x. If condition in Eq. (6) is satisfied,

higher state solutions are obtained via

En ¼
Xn

s¼1

RðasÞ; ð7Þ

/�n ða0; xÞ ¼ P
n�1

s¼0

AyðasÞ
½En � Es�1=2

 !

/�0 ðan; xÞ; ð8Þ

/�0 ðan; xÞ ¼ Cexp �
Zx

0

dzUðan; zÞ

8
<

:

9
=

;
; ð9Þ

where

Ays ¼ �
o

ox
þ Uðas; xÞ: ð10Þ

Therefore, this condition determines the spectrum of bound

states of Hamiltonian

Hs ¼ �
o2

ox2
þ V�ðas; xÞ þ Es: ð11Þ

The energy eigenfunctions of

Hs/
�
n�sðas; xÞ ¼ En/

�
n�sðas; xÞ; n� s ð12Þ

are related via [6, 32]

/�n�sðas; xÞ ¼
Ay

½En � Es�1=2
/�n�ðsþ1Þðasþ1; xÞ: ð13Þ

3. Dirac equation with a tensor coupling

Dirac equation with a tensor potential UðrÞ in relativistic

unit ð�h ¼ c ¼ 1Þ is written as [27–29]

a~ � p~þ bðM þ SðrÞ � iba~ � r̂UðrÞ½ �wðrÞ ¼ E � VðrÞ½ �wðrÞ;
ð14Þ

where E is relativistic energy of the system, p~¼ �ir~ is

three-dimensional momentum operator and M is mass of the

fermionic particle. a~, b are 4� 4 Dirac matrices given as

a~¼ 0 ri

ri 0

� �
; b ¼ I 0

0 �I

� �
; ð15Þ

where I is a 2 9 2 unit matrix and r~i are Pauli three-vector

matrices defined as

r1 ¼
0 1

1 0

� �
; r2 ¼

0 �i

i 0

� �
; r3 ¼

1 0

0 �1

� �
:

ð16Þ

Eigenvalues of spin–orbit coupling operator are j ¼ ðjþ
1
2
Þ[ 0; j ¼ �ðjþ 1

2
Þ\0 for unaligned j ¼ l� 1

2
and

aligned spin j ¼ lþ 1
2

cases respectively. The set

H;K; J2; Jzð Þ forms a complete set of conserved

quantities. Thus, we can write the spinors as [27–29]

wnjðrÞ ¼
1

r

FnjðrÞYl
jmðh;uÞ

iGnjðrÞY
~l
jmðh;uÞ

 !

ð17Þ

where FnjðrÞ and GnjðrÞ represent upper and lower

components of Dirac spinors. Yl
jmðh;uÞ; Y

~l
jmðh;uÞ are spin

and pseudospin spherical harmonics and m is projection on

the z-axis. With other known identities given by [27, 28]
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r~ � A~
� �

r~ � B~
� �

¼ A~ � B~þ ir~ � A~� B~
� �

;

r~ � p~¼ r~ � r̂ r̂ � p~þ i
r~ � L~

r

 ! ð18Þ

as well as

r~ � L~
� �

Y
~l
jmðh;uÞ ¼ ðj� 1ÞY~l

jmðh;uÞ
r~ � L~
� �

Yl
jmðh;uÞ ¼ �ðj� 1ÞYl

jmðh;uÞ

r~ � r̂ð ÞYl
jmðh;uÞ ¼ �Y

~l
jmðh;uÞ

r~ � r̂ð ÞY~l
jmðh;uÞ ¼ �Yl

jmðh;uÞ

ð19Þ

we obtain the following coupled equations [27–31],

d

dr
þ j

r
� UðrÞ

� �
FnjðrÞ ¼ M þ Enj � DðrÞð ÞGnjðrÞ;

ð20Þ
d

dr
� j

r
þ UðrÞ

� �
GnjðrÞ ¼ M � Enj þ RðrÞð ÞFnjðrÞ;

ð21Þ

where

DðrÞ ¼ VðrÞ � SðrÞ; ð22Þ
RðrÞ ¼ VðrÞ þ SðrÞ: ð23Þ

After a simple decoupling, we obtain second-order

Schrödinger-like equations

d2

dr2
� jðjþ 1Þ

r2
þ 2jUðrÞ

r
� dUðrÞ

dr

�U2ðrÞ� MþEnj�DðrÞð Þ M�EnjþRðrÞð Þ

þ
dDðrÞ

dr
d
dr
þ j

r
�UðrÞ

� �

MþEnj�DðrÞð Þ

8
>>>>>>><

>>>>>>>:

9
>>>>>>>=

>>>>>>>;

FnjðrÞ

¼ 0;

ð24Þ

d2

dr2
� jðj� 1Þ

r2
þ 2jUðrÞ

r
þ dUðrÞ

dr
�U2ðrÞ

� MþEnj�DðrÞð Þ M�EnjþRðrÞð Þ

þ
dRðrÞ

dr
d
dr
� j

r
þUðrÞ

� �

M�EnjþRðrÞð Þ

8
>>>>><

>>>>>:

9
>>>>>=

>>>>>;

GnjðrÞ

¼ 0;

ð25Þ

with jðj� 1Þ ¼ ~lð~lþ 1Þ; jðjþ 1Þ ¼ lðlþ 1Þ.

3.1. Pseudospin symmetry limit

In pseudospin symmetry limit,
dRðrÞ

dr
¼ 0 or RðrÞ ¼ Cps ¼

const [23–26]. As previously mentioned, we intent to study

the potential

DðrÞ ¼ �Aps

r2
e�2ar þ Bps

r
e�ar � Cps; ð26Þ

besides Yukawa tensor interaction [33]

UðrÞ ¼ �V1

e�ar

r

� �
; ð27Þ

where V1 and a are strength and range of nucleon force,

respectively [33]. The corresponding equation is not

exactly solvable. Consequently, to provide an analytical

solution, we have to proceed on an approximate basis.

Therefore, we introduce the approximations [34]

1

r2
� 4a2e�2ar

ð1� e�2arÞ2
; ð28Þ

1

r2
� 4a2e�ar

ð1� e�2arÞ2
; ð29Þ

Substituting Eqs. (26)–(29) into Eq. (25), we obtain

d2

dr2
� 4a2jðj� 1Þe�2ar

1� e�2arð Þ2
� 8a2jV1e�2ar

1� e�2arð Þ2

(

þ 2a2V1e�2ar

1� e�2arð Þ þ
4a2V1e�2ar

1� e�2arð Þ2
� 4a2V2

1 e�4ar

1� e�2arð Þ2

)

Gps
njðrÞ

þ

�4a2ApsðM � Enj þ CpsÞe�4ar

1� e�2arð Þ2

þ 2aBpsðM � Enj þ CpsÞe�2ar

1� e�2arð Þ

� CpsðM � Enj þ CpsÞ

0

BBBBBBB@

1

CCCCCCCA

Gps
nj

¼ ðM þ EnjÞðM � Enj þ CpsÞGps
nj ð30Þ

or, more neatly,

� d2Gps
nj

dr2
þ Veff ðrÞGps

nj ¼ ~Eps
njGps

nj; ð31Þ

where

Veff ðrÞ ¼
gps

1 e�4ar þ gps
2 e�2ar þ gps

3

1� e�2arð Þ2
; ð32Þ

~Eps
nj ¼ �ðM þ EnjÞðM � Enj þ CpsÞ; ð33Þ

gps
1 ¼ 4a2ApsðM�EnjþCpsÞþ 4a2V1 V1þ

1

2

� ��

þ2aðM�EnjþCpsÞBpsþCpsðM�EnjþCpsÞ
	
; ð34Þ

gps
2 ¼ 4a2jðj� 1Þ þ 8a2V1 j� 3

4

� ��

�2CpsðM � Enj þ CpsÞ � 2aBpsðM � Enj þ CpsÞ
	
;

ð35Þ

Supersymmetry quantum mechanics 285



gps
3 ¼ Cps M � Enj þ Cps

� �
ð36Þ

According to Eq. (4), the lower component is

G
ps
0;jðrÞ ¼ exp �

Z
/ðrÞdr

� �
; ð37Þ

where in integrand is determined from Riccati equation

/2 � /0 ¼ Veff ðrÞ � ~Eps
0;j; ð38Þ

After a change of variable of the form y ¼ e�2ar; super-

potential is found as

/ðyÞ ¼ lpsy

1� yð Þ þ kps; ð39Þ

which rewrites Eq. (36) as

ðlpsÞ2y2

1� yð Þ2
þ 2lpskpsy

1� yð Þ þ ðk
psÞ2 þ 2aylps

1� yð Þ2

¼ gps
1 y2 þ gps

2 yþ gps
3

1� yð Þ2
� ~Eps

0;j; ð40Þ

Equating the corresponding powers on both sides of Eq.

(40), we find

~Eps
0;j ¼ gps

3 � ðk
psÞ2; ð41Þ

lps ¼ �a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ gps

1 þ gps
3 þ gps

2

� �q
ð42Þ

kps ¼ ðl
psÞ2 þ gps

3 � gps
1

2lps
; ð43Þ

By virtue of Eq. (3), we can construct the partner

Hamiltonian as

VeffþðrÞ ¼ /2 þ d/
dr

¼ lps lps � 2að Þy2

1� yð Þ2
þ ððl

psÞ2 þ gps
3 � gps

1 � 2alpsÞy
1� yð Þ

þ ðlpsÞ2 þ gps
3 � gps

1

2lps

 !2

ð44Þ

Veff�ðrÞ ¼ /2 � d/
dr

¼ lps lps þ 2að Þy2

1� yð Þ2
þ ððl

psÞ2 þ gps
3 � gps

1 þ 2alpsÞy
1� yð Þ

þ ðlpsÞ2 þ gps
3 � gps

1

2lps

 !2

ð45Þ

Thus, it is not difficult to show that VþðrÞ and V�ðrÞ are

shape invariant via

lps ! lps � 2a; ð46Þ

with a0 ¼ lps; a1 ¼ f ða0Þ ¼ a0 � 2a, an ¼ f ða0Þ ¼ a0

�2na. Thus, from Eq. (6), we have

Table 1 Energies in pseudospin symmetry limit for M ¼ 1 fm�1, a ¼ 0:01 fm

~‘ n j ð‘; jÞ Eps
njðfm�1Þ

Aps ¼ �0:2; Bps ¼ �0:4

Cps ¼ �0:2; V1 ¼ 0

Cps ¼ �5 fm�1

0

BB@

1

CCA

Eps
njðfm�1Þ ¼ ½16�

Aps ¼ 0; Bps ¼ 1

Cps ¼ 0; V1 ¼ 0

Cps ¼ 0 fm�1

0

BB@

1

CCA

Eps
njðfm�1Þ

Aps ¼ �0:2; Bps ¼ �0:4

Cps ¼ �0:2; V1 ¼ 0:5

Cps ¼ �5 fm�1

0

BB@

1

CCA

Eps
njðfm�1Þ ¼ ½16�

Aps ¼ 0; Bps ¼ 1

Cps ¼ 0; V1 ¼ 0:5

Cps ¼ 0 fm�1

0

BB@

1

CCA

1 1 -1 1S1
2

-0.942576757 -0.955227812 -0.942502609 -0.931659752

2 1 -2 1P3
2

-0.942710712 -0.978280583 -0.942603069 -0.968839010

3 1 -3 1d5
2

-0.942911663 -0.988854451 -0.942770516 -0.984284996

4 1 -4 1f7
2

-0.943179636 -0.994345276 -0.943004969 -0.991903836

1 2 -1 2S1
2

-0.946996080 -0.978280583 -0.946921128 -0.968839010

2 2 -2 2P3
2

-0.947132339 -0.988854451 -0.947023317 -0.984284996

3 2 -3 2d5
2

-0.947336747 -0.994345276 -0.947193644 -0.991903836

4 2 -4 2f7
2

-0.947609326 -0.997356164 -0.947432128 -0.996004056

1 1 2 0d3
2

-0.942576757 -0.955227812 -0.942603069 -0.968839010

2 1 3 0f5
2

-0.942710712 -0.978280583 -0.942770516 -0.984284996

3 1 4 0g7
2

-0.942911663 -0.988854451 -0.943004969 -0.991903836

4 1 5 0h9
2

-0.943179636 -0.994345276 -0.943306456 -0.996004056

1 2 2 1d3
2

-0.946996080 -0.978280583 -0.947023317 -0.984284996

2 2 3 1f5
2

-0.947132339 -0.988854451 -0.947193644 -0.991903836

3 2 4 1g7
2

-0.947336747 -0.994345276 -0.947432128 -0.996004056

4 2 5 1h9
2

-0.947609326 -0.997356164 -0.947738796 -0.998264813
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Rða1Þ ¼
ða0Þ2 þ gps

3 � gps
1

2a0

 !2

� ða1Þ2 þ gps
3 � gps

1

2a1

 !2

; ð47Þ

Rða2Þ ¼
ða1Þ2 þ gps

3 � gps
1

2a1

 !2

� ða2Þ2 þ gps
3 � gps

1

2a2

 !2

;

ð48Þ

RðanÞ ¼
ðan�1Þ2 þ gps

3 � gps
1

2an�1

 !2

� ðanÞ2 þ gps
3 � gps

1

2an

 !2

;

ð49Þ
~E�0;j ¼ 0 ð50Þ

Consequently, energy eigenvalues can be obtained from

Eqs. (47)-(49) as

~Eps�
nj ¼

Xn

k¼1

RðakÞ

¼ ða0Þ2 þ gps
3 � gps

1

2a0

 !2

� ðanÞ2 þ gps
3 � gps

1

2an

 !2

;

ð51Þ

and

~Eps
nj ¼ ~Eps�

nj þ ~Eps
0;j ¼

¼ � ða0 � 2naÞ2 þ gps
3 � gps

1

2ða0 � 2naÞ

 !2

þgps
3 ; ð52Þ

which, from Eqs. (33)–(36), (41)–(43) and (52),

yields

Table 2 Energies in spin symmetry limit for M ¼ 1 fm�1, a ¼ 0:01 fm

n ‘ j ð‘; jÞ Es
njðfm�1Þ

As ¼ 0:2; Bs ¼ 0:4

Cs ¼ 0:2; V1 ¼ 0

Cs ¼ 5 fm�1

0

BB@

1

CCA

Es
njðfm�1Þ ¼ ½16�

As ¼ 0; Bs ¼ �1

Cs ¼ 0; V1 ¼ 0

Cs ¼ 0 fm�1

0

BB@

1

CCA

Es
njðfm�1Þ

As ¼ 0:2; Bs ¼ 0:4

Cs ¼ 0:2; V1 ¼ 0:5

Cs ¼ 5 fm�1

0

BB@

1

CCA

Es
njðfm�1Þ ¼ ½16�

As ¼ 0; Bs ¼ �1

Cs ¼ 0; V1 ¼ 0:5

Cs ¼ 0 fm�1

0

BB@

1

CCA

0 0 -1 0S1
2

0.857444434 0.607950247 0.857436394 0.004987562

1 0 -1 1S1
2

0.860271262 0.891565680 0.860263027 0.808888053

2 0 -1 2S1
2

0.863164719 0.955227812 0.863156287 0.932381312

3 0 -1 3S1
2

0.866125068 0.978280583 0.86611644 0.969190359

0 1 -2 0P3
2

0.857508755 0.891565680 0.857468554 0.808888053

1 1 -2 1P3
2

0.860337143 0.955227812 0.860295967 0.932381312

2 1 -2 2P3
2

0.863232169 0.978280583 0.863190012 0.969190359

3 1 -2 3P3
2

0.866194095 0.988854451 0.866150953 0.984479831

0 2 -3 0d5
2

0.857637405 0.955227812 0.857565038 0.932381312

1 2 -3 1d5
2

0.860468912 0.978280583 0.860394791 0.969190359

2 2 -3 2d5
2

0.863367072 0.988854451 0.863291189 0.984479831

3 2 -3 3d5
2

0.866332151 0.994345276 0.866254495 0.992018477

0 3 -4 0f7
2

0.857830397 0.978280583 0.857725857 0.969190359

1 3 -4 1f7
2

0.860666578 0.988854451 0.860559507 0.984479831

2 3 -4 2f7
2

0.863569437 0.994345276 0.863459821 0.992018477

3 3 -4 3f7
2

0.866539239 0.997356164 0.866427066 0.996072265

0 1 1 0P1
2

0.857508755 0.891565680 0.857565038 0.932381312

1 1 1 1P1
2

0.860337143 0.955227812 0.860394791 0.969190359

2 1 1 2P1
2

0.863232169 0.978280583 0.863291189 0.984479831

3 1 1 3P1
2

0.866194095 0.988854451 0.866254495 0.992018477

0 2 2 0 d3
2

0.857637405 0.955227812 0.857725857 0.969190359

1 2 2 1d3
2

0.860468912 0.978280583 0.860559507 0.984479831

2 2 2 2d3
2

0.863367072 0.988854451 0.863459821 0.992018477

3 2 2 3d3
2

0.866332151 0.994345276 0.866427066 0.996072265

0 3 3 0f5
2

0.857830397 0.978280583 0.857951028 0.984479831

1 3 3 1f5
2

0.860666578 0.988854451 0.860790128 0.992018477

2 3 3 2f5
2

0.863569437 0.994345276 0.86369592 0.996072265

3 3 3 3f5
2

0.866539239 0.997356164 0.866668671 0.998303763
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Fig. 1 (a) Energy versus a for pseudospin symmetry limit for Aps ¼ �0:2; Bps ¼ �0:4; Cps ¼ �0:2; , V1 ¼ 0:5 fm�1, M ¼ 1 fm�1, Cps ¼
�5 fm�1 and (b) energy versus a for spin symmetry limit for As ¼ 0:2; Bs ¼ 0:4; Cs ¼ 0:2, V1 ¼ 0:5 fm�1, M ¼ 1 fm�1, Cs ¼ 5 fm�1

Fig. 2 (a) Energy versus V1 for pseudospin symmetry limit for Aps ¼ �0:2; Bps ¼ �0:4; Cps ¼ �0:2, a ¼ 0:01, M ¼ 1 fm�1,

Cps ¼ �5 fm�1and (b) energy versus V1 for spin symmetry limit for As ¼ 0:2; Bs ¼ 0:4; Cs ¼ 0:2, a ¼ 0:01,M ¼ 1 fm�1, Cs ¼ 5 fm�1

Fig. 3 (a) Energy versus Aps for pseudospin Symmetry limit for Bps ¼ �0:4; Cps ¼ �0:2; a ¼ 0:01, V1 ¼ 0:5 fm�1, M ¼ 1 fm�1, Cps ¼
�5 fm�1 and (b) energy versus As for spin symmetry limit for Bs ¼ 0:4; Cs ¼ 0:2; a ¼ 0:01, V1 ¼ 0:5 fm �f g1, M ¼ 1 fm�1, Cs ¼ 5 fm�1
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�ðMþEnjÞðM�EnjþCpsÞ

þ
ð�a�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2þ gps

1 þ gps
3 þ gps

2

� �q
� 2naÞ2þ gps

3 � gps
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2ð�a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2þ gps

1 þ gps
3 þ gps

2

� �q
� 2naÞ

0

B@

1

CA

2

� gps
3 ¼ 0; ð53Þ

For completeness description of potential model under

investigation, let us find the corresponding wave functions

for pseudospin symmetry limit. By using transformation

y¼ e�2ar, we obtain lower component of the wave function as

GnjðrÞ ¼ Nnj e�2ar
� � ffiffiffiffi

fps

3

p
1� e�2ar
� �1

2
þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
þfps

1
þfps

3
�fps

2

p

� 1F2 �n; nþ 2

ffiffiffiffiffiffi
fps

3

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
þ fps

1 þ fps
3 � fps

2

r 

þ1; 2

ffiffiffiffiffiffi
fps

3

q
þ 1; e�2ar

�
; ð54Þ

where

fps
1 ¼

AðM � Enj þ CpsÞ þ V1 V1 þ
1

2

� �

þ 1

2a
ðM � Enj þ CpsÞBþ

CðM � Enj þ CpsÞ
4a2

þ

ðM þ EnjÞðM � Enj þ CpsÞ
4a2

2

6666664

3

7777775

;

ð55Þ

fps
2 ¼

2ðMþEnjÞðM�EnjþCpsÞ
4a2

�
jðj� 1Þþ 4V1 j� 3

4

� �
� 2CðM�EnjþCpsÞ

4a2

�BðM�EnjþCpsÞ
2a

2

664

3

775;

ð56Þ

fps
3 ¼

C M � Enj þ Cps

� �

4a2
þ ðM þ EnjÞðM � Enj þ CpsÞ

4a2
;

ð57Þ

3.2. Spin symmetry limit

In spin symmetry limit
dDðrÞ

dr
¼ 0 or DðrÞ ¼ Cs ¼ const [23–

26]. As in previous section, we consider

RðrÞ ¼ �As

r2
e�2ar þ Bs

r
e�ar � C; ð58Þ

UðrÞ ¼ �V1

e�ar

r

� �
; ð59Þ

Substitution of Eqs. (58) and (59) into Eq. (24) gives

Fig. 4 (a) Energy versus Bps for pseudospin symmetry limit for Aps ¼ �0:2; Cps ¼ �0:2; a ¼ 0:01, V1 ¼ 0:5 fm�1 M ¼ 1 fm�1, Cps ¼
�5 fm�1 and (b) energy versus Bs for spin symmetry limit for As ¼ 0:2; Cs ¼ 0:2; a ¼ 0:01, V1 ¼ 0:5 fm�1, M ¼ 1 fm�1, Cs ¼ 5 fm�1

d2

dr2
� jðjþ 1Þ

r2
� 2jV1e�ar

r2
� aV1e�ar

r
� V1e�ar

r2
� V2

1 e�2ar

r2

� �
FnjðrÞ � M þ Enj � Csð Þ �As

r2
e�2ar þ Bs

r
e�ar � Cs

� �
FnjðrÞ

¼ ðM þ Enj � CsÞðM � EnjÞFnjðrÞ; ð60Þ
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By using approximations given by Eqs. (28) and (29) in Eq.

(60), we arrive at

� d2Fnj

dr2
þ Veff ðrÞFnj ¼ ~Es

njFnj; ð61Þ

where

Veff ðrÞ ¼
vs

1e�4ar þ vs
2e�2ar þ vs

3

1� e�2arð Þ2
; ð62Þ

~Es
nj ¼ � M þ Enj � Csð Þ M � Enjð Þ; ð63Þ

vs
1 ¼ 4a2V1 V1 �

1

2

� �
� 4a2AðM þ Enj � CsÞ

� 2aBðM þ Enj � CsÞ � CðM þ Enj � CsÞ; ð64Þ

vs
2 ¼ 4a2jðjþ 1Þ þ 4a2V1 2jþ 3

2

� �

þ 2aBðM þ Enj � CsÞ þ 2CðM þ Enj � CsÞ; ð65Þ

vs
3 ¼ �CðM þ Enj � CsÞ; ð66Þ

Following same steps of previous section, we find energy

equation in this case as

� ðM þ Enj � CsÞðM � EnjÞ

þ
ð�a�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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Fig. 5 (a) Energy versus Cps for pseudospin symmetry limit for Aps ¼ �0:2; Bps ¼ �0:4; a ¼ 0:01, V1 ¼ 0:5 fm�1, M ¼ 1 fm�1, Cps ¼
�5 fm�1 and (b) energy versus Cs for spin symmetry limit for As ¼ 0:2; Bs ¼ 0:4; a ¼ 0:01, V1 ¼ 0:5 fm�1, M ¼ 1 fm�1, Cs ¼ 5 fm�1

Fig. 6 Lower and upper radial wave functions in view of the pseudospin symmetry under condition (a) j\0 and (b) j[ 0 for

Aps ¼ �0:2; Bps ¼ �0:4; Cps ¼ �0:2, V1 ¼ 0:5 fm�1; a ¼ 0:01, M ¼ 1 fm�1, Cps ¼ �5 fm�1
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FnjðrÞ ¼ Nnj e�2ar
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where

xs
1 ¼ V1 V1 �

1

2
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2a
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xs
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4a2
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and the other component can be simply found via,

GnjðrÞ ¼
1

M þ Enj � Cs

d

dr
þ j

r
� UðrÞ

� �
FnjðrÞ: ð72Þ

4. Numerical results

We have listed some numerical results given in Tables 1 and

2 for the set Aps ¼ �0:2; Bps ¼ �0:4; Cps ¼ �0:2; V1 ¼
0; Cps ¼ �5; M ¼ 1; a ¼ 0:01 in pseudospin symmetry

and As ¼ 0:2; Bs ¼ 0:4; Cs ¼ 0:2; V1 ¼ 0; Cs ¼ 5; M ¼
1; a ¼ 0:01 for spin symmetry. For values of Aps ¼
0; Bps ¼ 1; Cps ¼ 0, V1 ¼ 0; 0:5, Cps ¼ 0 for pseudospin

symmetry case and for As ¼ 0, Bs ¼ �1, Cs ¼ 0,

V1 ¼ 0; 0:5, Cs ¼ 0 for spin symmetry case, numerical

results are compared with [16]. In Tables 1 and 2 numerical

results of energy eigenvalue equations are presented in

presence and absence of Yukawa potential as tensor inter-

action. In addition, it can be seen that all degeneracies

between two states in spin and pseudospin doublets are

removed by tensor interaction (V1 6¼ 0). In Fig. 1, we have

plotted the energy versus a for both pseudospin and spin

symmetry limits. In Fig. 2, we present the effects of tensor

interaction on bound-states. Figures. 3, 4 and 5 present

dependence of bound-state energy levels on potential

parameters. Also, Figs. 6 and 7 respectively show the

wavefunctions for pseudospin and symmetry limits without

and with tensor interaction.

5. Conclusions

In this paper, we have considered the spin and pseudospin

symmetries of Dirac equation with these interactions with

successful prediction of Yukawa potential and modified

Yukawa potential in particle and nuclear physics. We

have shown that using supersymmetry quantum mechan-

ics, shape-invariance condition and a physical approxi-

mation to centrifugal term, problem can be analytically

solved for any arbitrary states. Various parameters

obtained from analysis give a better insight to their effect

on spectrum and wavefunction of system. Our results, for

special cases of parameters reduce to well-known Cou-

lomb, Mie-type, Yukawa and inversely-quadratic Yukawa

potential and therefore provide more general results than

reported [29, 30].

Fig. 7 Upper and lower radial wave functions in view of the spin symmetry under condition (a) j\0 and (b) j[ 0 for As ¼ 0:2;
Bs ¼ 0:4; Cs ¼ 0:2, V1 ¼ 0:5 fm�1; a ¼ 0:01, M ¼ 1 fm�1, Cs ¼ 5 fm�1
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