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Abstract
During the growth of Czochralski single crystal silicon, the change of solid–liquid interface shape leads to uneven distribution 
of thermal stress, and the concentration of thermal stress leads to crystal defects in the process of single crystal formation, 
which reduces the efficiency of solar cells. In order to avoid a large number of crystal defects caused by the concentration of 
thermal stress near the solid–liquid interface, the effect of the solid–liquid interface shape on thermal stresses is investigated 
in this study using numerical calculations to determine the most favourable solid–liquid interface shape for single crystal 
silicon growth. The results show that the von Mises stress on the m-shaped solid–liquid interface is smaller; von Mises stress 
distribution on the solid–liquid interface of a shape is more uniform; the von Mises stress on the solid–liquid interface of 
the n-shaped solid–liquid interface is large, and the von Mises stress can be released by controlling the solid–liquid flipping 
through a small range of pulling speed fluctuations, thereby reducing defects in single-crystal silicon.
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1 Introduction

The escalating global energy crisis can be addressed in part 
by harnessing solar energy, as evidenced by the International 
Energy Agency's 2020 World Energy Outlook report (IEA, 
2020) [1]. Single-crystal silicon is extensively utilized in 
the photovoltaic sector for the production of solar panels 
[2], with Czochralski growth being the main approach for 
the growth of the photovoltaic single-crystal silicon [3]. 
Czochralski single-crystal silicon (Cz-Si) solar cells cur-
rently account for approximately 75% of the total output of 

photovoltaic modules, with the photovoltaic market share 
expected to reach 90% in 2023 [4].

Although the implementation of Dash-neck has removed 
the most severe effects of dislocations [5], photovoltaic 
Cz-Si is usually not entirely defect-free [6]. Grown-in 
defects in Si crystals are formed by the aggregation of 
excess vacancies (V) or self-interstitials (I) introduced from 
the solid–liquid (S-L) interface [7]. According to Voronkov 
theory, the value of V/G ratio determines the defect type in 
single crystal silicon, V- or I-dominant, V/G is defined as the 
growth rate (V) over the temperature gradient in the growth 
direction near the S-L interface (G) [8, 9]. The critical value 
of V/G ( (V∕G)cri = �cri ) depends on both the shape of the 
S-L interface [10, 11] and thermal stresses at the interface 
[12, 13]. V-dominance occurs when the actual V/G value 
exceeds the V/G critical value ( (V∕G)act > 𝜉cri ). A crystal 
will be V-dominant if the actual V/G value is greater than 
the critical value ( (V∕G)act > 𝜉cri ), whereas if the actual V/G 
value is less than the critical value ( (V∕G)act < 𝜉cri ), it will 
be I-dominant [7]. If the actual V/G ratio approaches the 
critical value of V/G ratio ( (V∕G)act → �cri ), it can effec-
tively reduce the occurrence of defects during silicon single 
crystal growth. Nevertheless, it is very difficult to detect the 
S-L interface in the actual production process of Czochralski 
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silicon single crystal. Therefore, if it is possible to predict 
the shape of the S-L interface and the thermal stress on the 
interface through calculation, this will be an important basis 
for the process optimization and thermal zone optimization 
design [14–22] of low-defect single crystal silicon.

To accurately predict the shape of the S-L interface, it is 
necessary to perform 3D coupling calculations [23] for the 
heat transfer, melt convection, and argon flow in the sin-
gle crystal silicon growth furnace [11, 24]. Phil-Ouk Nam 
et al. used a three-dimensional numerical model to analyze 
the flow model inside a large single-crystal silicon furnace 
[25, 26]. Omidreza Asadi Noghabi and others indepen-
dently carried out finite element numerical analysis and 
experimental research on the S-L interface during single-
crystal silicon growth and found that temperature gradient, 
crystal phase, rotation, and crucible rotation influence the 
formation of W-shaped S-L interfaces [27–29]. Ran Teng 
et al. employed finite element numerical calculation meth-
ods in a two-dimensional model to analyze and conclude 
that reducing the crystallization rate leads to a flattening 
of the S-L interface [30]. Lijun Liu et al. employed a three-
dimensional numerical model to predict the shape of the 
S-L interface [31]. The S-L interface has been studied 
through finite element numerical calculations (2D or 3D 
models) or experiments by many scholars, but these stud-
ies lack consideration of the continuous change of pulling 
speed, the relationship between S-L interface shape and 
thermal stress.

The purpose of this work is to find out the correspond-
ing relationship between the shape of the S-L interface and 
the thermal stress when the pulling speed changes continu-
ously during the growth of Cz-Si by numerical calculation, 
and to find a process and an effective method to avoid the 
concentration of thermal stress during the growth of single 
crystal silicon.

2  Model Constructions

2.1  Computational Control Equation

The melt flow and the heat transfer are governed by:

– The energy equation:

where T is the temperature field, �, c, k and kT stand for 
the specific mass, specific heat, thermal conductivity and 
additional thermal conductivity of the medium, and W is 
the heat supply per unit volume.

(1)�c
(

�T

�t
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– The continuity equation:

– The momentum equation

where v and B are respectively the velocity field and the 
magnetic field, p,�,�T , �T , g and J stand for the pressure, 
the dynamic viscosity, the additional dynamic viscosity, 
the volumetric expansion coefficient, the gravity and the 
current density. In particular, for this study J × B = 0.

  The boundary conditions:
– Along the S-L interface:

– Along the melt/crystal solidification front and the melt/
crucible walls, the melt should stick to the corresponding 
solid boundary and no slip boundary conditions are thus 
applied.

– Along the melt-gas interface (the so called meniscus):

where Tm is the crystal melting temperature (Usually take 
1685 K), n is the unit outgoing normal from the melt, vg 
is the growth speed, ΔH is the latent heat of fusion per 
unit mass, �⃗n is the normal vector to the boundary, � is 
the meniscus surface tension, �n is the capillary normal 
stress, �t is the meridional thermocapillary force, � is 
the meniscus surface curvature, Pa is the gas pressure, 
�T is the surface tension coefficient, s is the curvilinear 
abscissa along the meniscus, fw is the viscous shear stress 
due to the gas velocity gradients, s⃗ is the tangent vector 
of the meniscus, � is the symmetric viscous stress ten-
sor, and � is the gas dynamic viscous. Equation (7) is 
used to determine the shape of the meniscus. Notice that 
the melt convection below the meniscus has a negligible 
effect on its shape due to the low capillary and Weber 
numbers characteristic of silicon melt flow. Therefore 
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the meniscus shape calculation can be decoupled from 
the equations governing melt convection.

For the choice of flow model, we use the mixing-length 
(M-L) turbulent model in FEMAG software. The additional 
viscosity and conductivity are given by:

where d
_
 is the average rate of strain tensor, lm is the mixing 

length, PrA is the additional Prandtl number,  d is the dis-
tance to the flow boundary, C is an empirical constant, Δ is 
the Laplace operator. For the wall-bounded flow observed 
in crystal growth, it can be found experimentally that C 
equals the von Karman constant, or C=k = 0.41.

The above flow model equations have the following two 
shortcomings:

(1) The mixing length estimation gets poorer in the core of 
the melt.

(2) It does not take the boundary layer thickness into 
account.

Therefore different variants of the mixing length model 
is proposed [32, 33]. Enhanced equations governing the dis-
tance to the boundary are proposed as follows:

The boundary conditions for these two equations are 
detailed below for d and �:

– Along the melt/crucible and melt/crystal interfaces, the 
boundary conditions for d and � are [34]:

Where C and Pc may be selected as constants.
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– Along the melt/axis the boundary conditions for d and � 
are:

– Along the melt-free surface:

For mirror condition:

For wall condition:

where n is the normal to the corresponding boundary and 
β = 0.

It should be noted that the mixing length boundary layer 
thickness can be described by combining these two constants 
as follows:

Where � is the dynamic viscosity, � is the specific mass and 
fD is the rotation frequency in Hertz.

2.2  Model Description and Mesh Generation

Based on the furnace type currently being used by single-
crystal silicon production enterprises, we developed a 
numerical calculation model based on a ratio of 1:1. As part 
of the numerical simulation software, we used the special 
numerical simulation software FEMAG for single-crystal 
silicon growth, which includes heat transfer, gas flow, 
and melt convection modules as well as von Mises stress, 
excess stress fields, and solidification interface shape into 
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the calculation. Figure 1 shows the global calculation grid 
and structure of the Czochralski method single-crystal sili-
con growth furnace. A three-dimensional model was cre-
ated using the F3 module of the FEMAG software. Figure 2 
shows the grid division, crystal temperature distribution, and 
melt flow field distribution.

The physical properties of solid silicon, liquid silicon and 
argon are shown in Table 1. The experimental part of our 
study was carried out in a production factory. To ensure the 
numerical model is as consistent as possible with the experi-
ment, we have set the material properties of each structure 
entirely in accordance with the industrial production proper-
ties as shown in Table 2 [11, 24, 35, 36].

3  Results and Discussion

3.1  Effect of Pulling Speed on the Shape of Solid–
Liquid Interface

The accuracy of the numerical model has been validated in 
previous research [37]. Based on the actual production pro-
cess conditions, we set the crystal rotation at 8 rpm and cru-
cible rotation at -8 rpm for the numerical model calculations. 

The calculation variable is pulling speed, with a range from 
0.4 mm/min to 2.2 mm/min and an increment of 0.2 mm/
min. During the growth of Cz-Si, the diameter circle of the 
rod on the S-L interface has the lowest static thermal field 
temperature due to the cooling effects of the water cool-
ing screen, and at the same time, this circle represents the 
junction between argon, solid silicon, and liquid silicon. 
Therefore, the points on this circle are also referred to as 
triple points. In numerical calculations, the temperature of 
the triple point should always be the melting point of silicon 
(1685 K) regardless of the dynamic thermal field prevail-
ing during the growth of single-crystal silicon. As shown in 
Figs. 3 and 4, the shape of the S-L interface at different crys-
tal pulling speeds is depicted in both 2D and 3D diagrams.

2D S-L interfaces are m-shaped when the crystal pull-
ing speed is between 0.2 mm/min and 1.2 mm/min in the 
isodiametric growth stage, and as the crystal pulling speed 
increases, m gradually becomes flat. When the crystal pull-
ing speed is between 1.4 mm/min and 2.2 mm/min, the 

Fig. 1  Single crystal silicon furnace model calculation grid (left) and 
structure layout (right)

Fig. 2  The 3D modeling of silicon rods and silicon melt regions
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S-L interface is n-shaped, and as the crystal pulling speed 
increases, n becomes more rounded. To ascertain the altera-
tion from an m-shaped to n-shaped S-L interface, we con-
ducted simulations to refine the pulling speed within the 
range of 1.2 mm/min—1.4 mm/min. The results of the 

calculation are presented in Fig. 5. Group one calculated the 
shape of the solid–liquid interface at pulling speeds between 
1.22 mm/min-1.38 mm/min (Fig. 5 (a)) and group two cal-
culated the shape at pulling speeds between 1.382 mm/min-
1.398 mm/min (Fig. 5(b)). When the pulling speed gradually 

Table 1  Physical properties of silicon and argon

Material Model construct Variable Value Units

Liquid silicon Silicon melt Density 2420 kg/m3

Specific heat 1000 J/(kg·K)
Heat conductivity 64 W/(m·K)
Emissivity 0.33 1
Latent heat 1805 kJ/kg
Thermal expansion coefficient 1.41 ×  10–4 1/K
Dynamic viscosity 7 ×  10–4 kg/(m·s)
Diffusion coefficient for oxygen in 

silicon melt
5 ×  10–8 m2/s

Surface tension 0.874 N/m
Surface tension coefficient -2.8 ×  10–4 N/(m·K)

Silicon crystal Crystal Melting temperature 1685 K
Density 2284.86 kg/m3

Specific heat 1084.66 J/(kg·K)
Heat conductivity 98.89–0.0943 × T + 2.89 ×  10–5 × T2 W/(m·K)
Emissivity 0.7 1
Thermal expansion coefficient 5.2 ×  10–6 1/K
Young’s modulus 1.56 ×  1011 Pa
Poisson’s ratio 0.25 1

Argon Argon gas chamber Specific heat 521 J/(kg·K)
Heat conductivity 0.0018 + 5.8854 ×  10–5 × T-2.2487 ×  10–8 

×  T2 + 4.9213 ×  10–12 ×  T3
W/(m·K)

Dynamic viscosity 6.97 ×  10–5 kg/(m·s)
Gas constant 8314 J/(K·mol)

Table 2  The physical properties of each component of single crystal silicon furnace

Component name (Material) 
Physical parameter
(Units)

Heat conductivity Specific heat Density Emissivity
W/m*K J/kg*K kg/m3 1

Main heater pure graphite 100 2100 1750 0.7
Auxiliary heater
Crucible holder graphite 140 710 1700 0.7
Graphite enclosures
Guiding cylinder Carbon–carbon composite material 8 1800 1400 0.75
Heat insulation cylinder Carbon–carbon composite material 10 1800 1750 0.75
Graphite crucible Carbon–carbon composite material 40 1800 1400 0.75
Quartz crucible quartz 1.4 2200 2530 0.5
Water-cooling screen 316L stainless steel 16.2 500 7990 0.45
Insulator Carbon fiber 0.18 450 180 0.8
Furnace shell 304 stainless steel 16.3 500 7930 0.14
Pulling rod Tungsten 174 130 19,250 0.3
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Fig. 3  3D shape of S-L interface at different pulling speeds
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increases, the interface of a small area in the center of the 
S-L interface gradually becomes flat and close to —-shaped, 
and the whole interface is almost -shaped. During our 
velocity refinement calculation, we did not observe the 
emergence of the n-shaped S-L interface. However, based 
on the central local area's enlargement in Fig. 5(b), we can 
deduce that the m-shaped transition to the n-shaped S-L 
interface is probably a mutation, leading to the interface flip-
ping, rather than a gradual and continuous process. Hence, 
the influence of the crystal pulling speed on the shape of S-L 

interfaces can be summed up as follows: the S-L interface 
changes from m-shape to -shape and then to n-shape as 
the crystal pulling speed increases.

Figure 6 shows the cross-sectional temperature distribu-
tion of the triple point. When the S-L interface is m-shaped 
and the crystal pulling speed is less than 0.8 mm/min, the 
maximum supercooling point appears at the bottom of the 
single-crystal silicon rod. Across a wide range of tempera-
tures, the shape of the S-L interface is well correlated with 
the temperature. Suppose that the center of the single-crystal 

Fig. 4  2D shape of S-L interface under different pulling speeds

Fig. 5  2D shape of S-L interface under different pulling speeds (Some intermediate values of 1.2 mm / min-1.4 mm / min)
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silicon rod is the center of the circle, and the radius of the 
single-crystal silicon rod is R. When the solid–liquid inter-
face is n-shaped, the temperature at R on the three-phase 
point cross section is the lowest, and the temperature at 
about 2

3
R is the highest. A thorough comparison of Figs. 4 

and 6 reveals that the alteration of pulling speed triggers 
modifications both in the rate at which heat is dissipated 
per unit time in single crystal silicon rods (i.e. the thermal 
field), and in the rate and direction of molten material flow 
(i.e. the flow field). Hence, alterations in the shape of the 
S-L interface stem from the dual influence of the heat and 
flow fields during the production of single-crystal silicon.

As well, the S-L interface area was extracted from the 3D 
shape, and the area changed at different casting speeds as 
shown in Fig. 7. As the shape of the S-L interface changes 

from m-shaped to -shaped, the area of the S-L interface 
decreases slowly until it reaches the cross-sectional area of 
a single-crystal silicon rod of equal diameter; as the shape 
of the S-L interface changes from -shaped to n-shaped, 
the area of the S-L interface gradually decreases increase, 
and the amplitude of change is much greater than when it 
changes from m-shaped to -shaped. There may be a cer-
tain reference value in this result for the study of impurity 
diffusion during the growth of single-crystal silicon.

3.2  Effect of Solid–Liquid Interface Shape on Stress

Dislocations are generally the result of thermal shear stress 
generated during the crystallization process, and these ther-
mal shear stresses exceed the critical shear stress, causing 
plastic deformation of the crystal. A crystal exhibits anisot-
ropy, with differing densities of the atomic arrangement and 
interatomic spacing in different directions leading to vari-
ations in both the amount of heat absorbed and the rate of 
heat transfer, thus resulting in distinct thermal conductivity 
coefficients and thermal expansion coefficients in various 
directions of the crystal. Single-crystal silicon belongs to a 
class of materials that possess the inherent characteristics of 
a crystal. The von Mises criterion, introduced by Hans von 
Mises in 1913, is a yield criterion. The von Mises criterion is 
frequently employed in elastoplastic mechanics as a criterion 
for evaluating material fatigue and failure. The von Mises 
yield criterion is stated as follows: Under certain deforma-
tion conditions, when the equivalent stress at a point within 
a loaded body reaches a certain value, that point begins to 
enter a plastic state. The von Mises stress criterion is utilized 
to represent the level of thermal stress and provides an esti-
mation of the level of total shear stress in a crystal. A crystal 
region with a high probability of dislocation generation can 

Fig. 6  Temperature distribution of triple point cross-section at different pulling speeds

Fig. 7  Variation of S-L interface area at different pulling speeds
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Fig. 8  S
VM

 distribution of ingots near the S-L interface under different pulling speeds
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be evaluated by evaluating the ratio of the von Mises stress 
to the critical shear stress, which is referred to as an excess 
stress field.

3.2.1  Effect of Solid–Liquid Interface Shape on von Mises 
Stress

In 1980, Jordan et al. first applied the critical resolved shear 
stress (CRSS) model to the growth of single crystal materi-
als using the CZ method [38–43]. The following criteria are 
used to judge polycrystalline materials:

where �VM is the von Mises stress, � is material dependent, 
and �CRSS is the critical shear stress. The critical shear stress 
takes into account the atomic interaction in the crystal, so 
it is related to the material and heat. A common expression 
of this parameter is:

where T is the absolute temperature, the constants a and 
b are related to the material, a = 4406.08、b = −4.58 for 
silicon。Particularly, when silicon is close to its melting 
point, σCRSS = 1.85MPa.

Von Mises stress is expressed as follows:

(29)�VM ≤ ��CRSS

(30)�CRSS = 0.1 × 10

(

a

T
−b

)

(31)

�VM =

√

1

2

[

(

�I − �II
)2

+
(

�II − �III
)2

+
(

�I − �III
)2
]

where �I、�II and �III stand for the first, second, and third 
principal stresses, respectively.

As shown in Fig. 8, the Von Mises stress distribution on 
the ingot near the S-L interface is affected at different speeds 
of crystal pulling. When the S-L interface is m-shaped, the 
minimum von Mises stress at the S-L interface appears at the 
center of the single-crystal silicon rod and the three-phase 
point. When the S-L interface is n-shaped, the von Mises 
stress value on the S-L interface is larger, and the maximum 
value appears at the three-phase point. When the S-L inter-
face approaches -shape, the von Mises stress distribution 
on the S-L interface is the most uniform.

As shown in Fig. 9, the temperature gradient changes at 
the S-L interface at different crystal pulling rates. When the 
S-L interface is m-shaped, the temperature gradient at the 

Fig. 9  Temperature gradient at each point on the solidification interface

Fig. 10  The V / G value of S-L interface at different pulling rates
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Fig. 11  S
rcs

 distribution near the S-L interface under different pulling speeds
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centre of the single-crystal bar is small and the temperature 
gradient at the edges is large. The opposite is true when the 
S-L interface is n-shaped. The larger temperature gradient in 
the axial direction facilitates the increase in the axial growth 
rate of single-crystal silicon.

According to the V/G theory, the center defect type of the 
single-crystal silicon rod grown at the m-shaped S-L inter-
face is I-dominant, and the edge defect type is V-dominant; 
when the S-L interface is n-shaped, the opposite is true. The 
range of �cri values in the literature varies slightly and is 
basically in the range of 0.12—0.22  mm2/(min·K) [44, 9, 45, 
46]. As shown in Fig. 10, when the shape of the S-L inter-
face changes from m-shaped to n-shaped, most of the V/G 
values at the S-L interface are within �cri . When the depth of 
the n-shaped S-L interface exceeds 10 mm, the V/G values at 
the S-L interface near the surface of the single-crystal silicon 
rod increase sharply. When the S-L interface is n-shaped, 
the V/G values at the S-L interface are all greater than 0.2 
 mm2/(min·K), which means that single-crystal silicon point 
defects are dominated by V-dominant, which is favorable for 
the growth of PV single-crystal silicon [17]. Ideally, when 
the S-L interface is infinitely close to the -shaped, the 
radial temperature gradient of the single-crystalline silicon 
is most uniform and the defects in the grown single-crystal 
silicon rods are minimal. However, the structure of the ther-
mal field dictates that the S-L interface cannot be -shape 
and, in terms of V/G, an n-shaped S-L interface with a depth 
of 10–20 mm is most favorable for the growth of single-
crystal silicon.

3.2.2  Evaluation of Dislocation by Solid–Liquid Interface 
Shape

As a qualitative criterion for preventing single crystals from 
entering plasticity, the ratio of the von Mises stress to the 
critical partial shear stress (excess stress field) was used. The 
excessive stress field range of 1 ~ 10 should be satisfied for 
no dislocation in single-crystal silicon.

As shown in Fig. 11, the distribution of excess stress field 
near the S-L interface at different crystal pulling speeds is 
shown. When the S-L interface is m-shaped, the excess 
stress field on the S-L interface decreases as pulling speed 
increases and the excess stress field near the S-L interface is 
less than 10; when the S-L interface approaches -shape, 
the upper excess stress field on the S-L interface is the small-
est; when the S-L interface is n-shaped, the excess stress 
field on the S-L interface increases with pulling speed, and 
the maximum excess stress field exceeds 10.

As shown in Fig. 12, the bandwidth of the stress field on 
the S-L interface at different crystal pulling rates is depicted. 
Whenever the S-L interface is m-shaped, the excess stress 
field distribution bandwidth decreases, and the excess stress 
field distribution on the S-L interface is uniform; when the 
S-L interface approaches -shape, the excess stress field 
distribution bandwidth is the lowest rate for all three S-L 

(32)
�VM
�CRSS

≤ 1 ∼ 10

Fig. 12  Bandwidth diagram 
of excess stress field on S-L 
interface under different crystal 
pulling speeds
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interface shapes, and the excess stress field distribution 
on the S-L interface is also most uniform; when the S-L 
interface is n-shaped, with an increase in pulling speed, the 
excess stress field distribution bandwidth increases.

4  Conclusion

In this study, we numerically simulated the relationship 
between the S-L interface shape and the thermal stress dur-
ing the continuous change of the pulling speed. The results 
of the study show that:

(1) At the equal-diameter growth stage, as the crystal 
pulling speed increases, the shape of the S-L inter-
face changes from the m-shape to the -shape and 
then to the n-shape, while the area of the S-L interface 
decreases and then increases.

(2) The von Mises stress on the S-L interface is homog-
enized as the S-L interface approaches the cross-sec-
tional area of the single-crystal silicon rod at the equal 
diameter stage. The triple point of Von Mises stress 
concentration appears with increasing crystal pulling 
speed.

(3) When the S-L interface changes from m-shape to 
-shape, the excess stress field decreases and its value 
is less than 10. When the shape of the SL interface 
changes from -shape to n-shape, the excess stress 
field increases, and its value is greater than 10.

(4) It is observed that excessive stress is large during the 
growth process of Cz-Si when pulling speed is high, 
and small when pulling speed is low. The fluctuating 
pulling speed assists in the release of stress during the 
crystal growth process and enhances the quality of the 
crystal. Single-crystal silicon is most conducive to 
growth at a S-L interface with a depth of 10–20 mm 
when the V/G value is slightly greater than 0.22.
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