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Abstract
We report a tree fractal growth of ferrite nanoparticles prepared by Citrate-Gel Auto-Combustion method. We compared
the growth pattern of CuFe2O4, Cr2FeO4, CdFe2O4, MgFe2O4, and Li2Fe3O5. The ferrite 3D growth was found to follow
Family-Vicsek fractal growth in which the next added particle is looking for the best 3D orientation to minimize its surface
free energy. The nanoparticles position in the sites of the growing tree forms a pattern that depends on the temperature,
particle size, the orientation of the first seed particle and the particle to particle interaction forces. The results showed that
the fractal arrangement is more preferred in the thermal growth of nanoparticles.
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1 Introduction

Particle dynamics expressed in Self-assembly [1, 2], aggre-
gation phenomena [3] are accompanied by a characteristic
geometrical pattern that can be described as a fractal [4–
6]. These patterns are sensitive to the crystal structure of
the nanoparticles, preparation method, and the interaction
forces between the nanoparticles that form their aggrega-
tion pattern [3]. The concept of fractals has been introduced
for the first time by Mandelbrot [7], since that time it has
been used to interpret diverse of phenomena on the basis
of geometry even though the interaction may not be geo-
metrical in nature [8, 9]. A crucial parameter known as
the fractal dimension is a non-integer number Df, that is
used to describe the structural and the dynamical properties.
The fractal dimension represents the scaling of the den-
sity as a function of volume. Recent experimental reports
showed that fractal patterns can be formed by controlling
the dynamics of particle aggregation from a drop casted
colloidal solution [1, 8–10]. To understand the dynamics
of particles aggregation several trials have been made to
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investigate the fractal pattern formation and its dependence
on the growth temperature, substrate roughness, deposi-
tion rate, impurities and inter-particle interaction energies
[9–12]. However, the kinetics of the nanoparticles aggre-
gation still not well understood. The heat generated by the
exothermic reaction of the auto-combustion method is one
reason for the induced fractal growth in the ferrite tree
[11]. The schematic diagram of that reaction is depicted
in ref [13]. The high formation temperature in the sol-gel
method can reach 600 to 1350 oC, which allows parti-
cle migration during the aggregation process [14–16]. The
auto-combustion technique has been applied successfully to
fabricate different types of ferrites, such as Ni, Zn, Co, Cu,
Li, Mg, Cd, Mn and their combinations as well [13, 17–25].
However the geometry of the growing ferrite tree depends
on the kinetics of the inter-particles interaction forces that
define the favored sites for the layer by layer growth. The
growth is then can be explained on the basis of the diffusion
limited aggregation model proposed by Witten and Sander
[26].

In this work, we report a fractal growth of ferrite
nanoparticles tree prepared by sol-gel auto-combustion
technique. We compared the fractal dimension of five
different types of ferrite trees, and correlated the obtained
results to the dopant cation size and the crystal lattice size.
We discussed the relation of the formed pattern and the
interparticle interaction forces that affect the layer by layer
growth according to the diffusion limited growth model.
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We also showed that parameters such as the fractal
dimension, crystal size and the residual strain of the ferrite
crystal structure are correlated.

2 Experimental

CuFe2O4, Cr2FeO4, CdFe2O4,MgFe2O4 and Li2Fe3O5

ferrite nanoparticles were synthesized by the citrate-gel
auto-combustion technique using the source materials ferric
nitrate (Fe(No3)3.9H2O), copper nitrate (Cu(NO3)2.3H2O),
lithium nitrate (Li NO3.3H2O), cadmium nitrate
(Cd(NO3)2.4H2O), chromium nitrate (Cr(NO3)3.9H2O),
magnesium nitrate (Mg(NO3)2.6H2O). The metal nitrates
were dissolved in 100 ml of distilled water and stirred
for 15 min, and then citric acid was added in a ratio of
1:1 to metal nitrates solution. Ammonia droplets of 33%
concentration were added to adjust the pH of the mixture
to 7. The solution was continuously stirred at 130 ◦C and
then was transferred into xerogel. The dried gel burns in
self-propagating combustion to form the ferrite nanostruc-
ture. Ferrite preparation using Sol-Gel method induces an
anionic redox reaction of xerogel using exothermic self-
sustaining reaction. The reaction causes a rapid release of
gasses with a great mass loss leading to ferrite nanopowder
formation. The nanopowder grows in a tree like a shape
that has clear fractal geometry. The structural properties of
the ferrite powder were investigated by X-ray diffraction
(XRD; Proker D8) with CuKα radiation of wavelength
1.5481 Åat room temperature. The fractal dimensions were
calculated using the box counting method [27, 28]. High-
quality images of the ferrite tree are taken and converted
to monochromatic contours in order to calculate the fractal
dimension using box counting method [29].

3 Results and Discussion

Figure 1 shows a schematic diagram of the spinel ferrite
crystal structure of general formula AB2O4. Spinel ferrite
is known to have two interstitial sites, octahedral and
tetrahedral sites in which cations occupy the sites according
to their valence and ionic radii. The structure can be
described as a cubic closed packed arrangement of oxygen
atoms in which 32 ions form a unit cell. The structure
contains 64 tetrahedral sites and 32 octahedral sites. Only
8 tetrahedral sites and 16 octahedral sites are occupied by
divalent or trivalent ions. The arrangement takes place to
keep the unit cell electrically neutral. Structurally, there are
three types of ferrites [15]. The general formula of spinel
ferrite AB2O4 can be represented: (A1−δBδ) [B2−δAδ]O4,
where A, B represent a divalent and trivalent cations, δ

is the inverse degree, if δ = 0 then ferrite is described

Fig. 1 Structure of spinel ferrite, showing interstitial tetrahedral (green
balls), and octahedral sites (cyan balls), red balls represent the oxygen
cations

as normal ferrite, δ = 1 represent inverse ferrite, and
0<δ<1 represent mixed spinel ferrite [30–33]. In the
formation stage reagents are very important, the reagents
can effectively chelate the metal ions with different size
and prevent selective precipitation of the metal ions and
stabilize the homogeneity among precipitation, also prevent
the release of toxic gasses [11]. Reagents differ in the
amount of the released gasses, toxicity, and the reduction
power in the reaction. Accordingly, the reaction conditions
play an important role in the final product purity and
homogeneity and the charge transfer in the ferrite structure.
All these parameters affect the final growth geometry that
can be represented by the fractal structure. The effect of
the reagent on the spinel structure has been widely studied
[11, 34–38]. It was reported that the heat generated by using
glycine, urea and citric acid was -3.24 kcal/g, -2.981 kcal/g
and -2.76 kcal/g, respectively [39]. Another factor is the
oxygen balance which is an important factor of balancing
the reaction to produce single phase ferrite. In principle,
the number of valances in the salt should be balanced
with the total valance in the reagent. If the reagents have
oxygen deficiency then the heat released and gasses will be
decreased, and the reaction takes a long time to take place.
Moreover lower crystallinity and secondary phases can be
also formed [15].

Figure 2 shows the X-ray diffraction patterns of
CuFe2O4, Cr2FeO4, CdFe2O4, MgFe2O4 and LiFe2O4

ferrites prepared by using citric acid as a reagent. The results
show that the prepared ferrites have one crystalline phase.
The position of the diffraction peaks indicates the formation
of the cubic spinel structure [40]. The data of CuFe2O4,
Cr2FeO4, CdFe2O4, and MgFe2O4 were indexed according
to JCPDS card No. 77-0010 in which the ferrites showed
a preferred orientation along (311) direction. CuFe2O4
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Fig. 2 X-ray diffraction of different ferrites of Mg, Li, Cd, Cr and Cu
ferrites

and MgFe2O4 are formed with a single phase, whereas
the CdFe2O4 shows the existence of secondary phases,
additional three peaks located at 32.91, 38.31 and 55.15◦
are found. These peaks arise from the presence of CdO
which is indexed according to the standard card No. 75-
0592. Cr2FeO4 sample contains also a secondary phase
due to the presence of diffraction peaks at 24.15, 33.45
and 40.83◦. These peaks are attributed to the presence of
Fe2O3 as indexed according to the standard card No.89-
8104. Besides, the diffraction peaks of LiFe2O4 showed a
preferred orientation along (400) direction. The data were
indexed to the cubic structure according to the standard
card No. 41-0971 without secondary phases. The lattice
parameter a, of the ferrites is determined from the well-
known equation for the cubic system:

a = d
(
h2 + k2 + l2

)1/2
(1)

Where d is the interplanar spacing and h, k, l is the Miller
indices.

Fig. 3 Lattice parameter of different ferrites

Figure 3 shows the calculated lattice parameter for the
studied ferrites. It is noted that the smallest lattice parameter
is assigned to Cr2FeO4x in which ionic radii of Cr3+ has the
smallest value 0.615 Å [35], whereas the largest ionic radii
for Cd+2 (0.95 Å) [35] corresponds to the largest lattice
parameter of CdFe2O4. Generally, the data of all ferrites
reveal broadening in the diffraction peaks, the difference
in doping affects also the optical, magnetic and electric
properties [41–44]. Figure 4a-e shows the fractal pattern of
the grown ferrites, in which different aggregation pattern
depending on the type of doping cation is generated. To
estimate the crystallite size and microstrain, we applied
Williamson–Hall model:

β = Kλ

D cos θ
+ 4ε tan δ (2)

Fig. 4 a-e: Image of as prepared ferrites showing the fractal patterns:
a Cd-ferrite, b Cr-ferrite c Cu-ferrite, d Li-ferrite and e Mg-ferrite
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Fig. 5 Williamson–Hall plots of
different ferrites
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Where β is the full-width half maximum of the diffraction
peaks at 2θ, K is a dimensionless constant taken as 0.9,
and λ is the wavelength of the X-ray used, D is the
crystalline size and ε is the microstrain. Figure 5 shows the
relation between (βcosθ/λ) and (sinθ/λ) for the prepared
ferrites. Accordingly, the crystalline size and microstrain is
determined from the intercept and slope, respectively.

To understand the factors affecting the growth of the
fractal pattern of different ferrites, consider a 3D nucleation
growth of particles that evolve in time, in a layer by layer
growth mode. In each layer, particles are added according to
the conditions favored for lowering the surface free energy
and the residual strain. Initially, all the sites are empty
and the next layer evolution starts after occupying all the
sites of the first layer. The next particle orientation and
position are placed according to the interaction energy of
the particle with its neighbors. This interaction energy Ei

is responsible for developing the final fractal pattern. The
images in Fig. 5a-e show that the Williamson–Hall plot
of the differently mixed ferrites. It can be concluded that
the sum of all the interaction energies of the 3D grown
pattern defines the ordination and porosity of the generated
strcture.

The calculated crystalline size assigned to the fractal
dimension for the investigated types of ferrites is shown in
Fig. 6a. in which the oxidation state is the ruling factor in
the graph [45]. Figure 6b depics the increase of the residual
strain as the ionic radii of cations increases providing
that the corresponding fractal dimension also increases and
saturate at around 2.88. The higher the fractal dimension,
the higher the closed package and less porosity of the
product. It is possible theoretically to engineer the porosity
of the ferrite for sensing application by tuning the kinetics

of thermal growth and controlling the it’s fractal dimension,
which is taken here as a measure for sample porosity.

Accordingly, the fractal dimension is found to increase
with increasing the ionic radii of the cations. On the
contrary, the crystalline size is found to decrease with
increasing the ionic radii of cations, resulting in larger
fractal dimension. The lowest fractal dimension as shown in
Fig. 6 is Li ferrite with higher porosity and crystalline size
of 35 nm while Cu ferrite has a fractal dimension of 2.5
and crystalline size of 15 nm. The data can be understood
on the basis of the particle interaction energy. The particle
interaction energy is known to be temperature dependent,
it defines the probability of a particle to stay in certain
position. The interaction energy eventually determines the
fractal dimension of the ferrite’s formed pattern. The
probability, P = exp(−β�E), where �E is the difference
in energy between the lowest ground energy of the particle
and the actual state at the occupied position. Where the
condition of �E > 0 is always satisfied, and the energy is
measured in the values of J/kB, where kB is the Boltzmann
constant, and J is the measure for orientation of the particle
at site i with respect to its neighbor at site j. If particles are
oriented in the same direction, then energy is zero, if not
then energy is J. where Ei = F(J,ij). In that sense, the growth
function W of a length L and time evolution t can be defined
as W(L.t) α tβ, where β defines the growth exponent of the
3D structure. At saturation, when all sites are occupied the
function turns to be W ∝ Lα , where α is the roughness
exponent. This exponent is expressed asz = α

β , where z is
the dynamical exponent related to the growth over timet ,
t = LZ according to the Family-Vicsek scaling relation
[3, 36, 46]. Hence, the relaxation of the particles, as they
are evolving in a 3D structure, is following the pattern
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Fig. 6 a Fractal dimension
versus crystalline size for
different ferrites. b Fractal
dimension versus residual strain
for different ferrites

that provides the minimum free energy. The lowest energy
state provides less residual strain in the 3D structure, which
corresponds to Li ferrite or bigger crystalline size. Hence, it
can be concluded that the low value of fractal dimension for
ferrites correspond to the low value of the residual strain, as
it appears from the results of Williamson–Hall plot versus
fractal dimension in Fig. 5.

4 Conclusion

We reported fractal pattern generation by the thermally
induced growth of ferrite nanoparticles. Five types of
ferrites namely CuFe2O4, Cr2FeO4, CdFe2O4, MgFe2O4,

and Li2Fe3O5, were prepared by thermally induced citrate-
gel auto-combustion technique. The fractal growth could
be explained in terms of diffusion limited aggregation for

the irreversible growth of nanoparticles. The crystal size,
microstrain and fractal dimension of the prepared ferrites
showed that there is a correlation between the growth
phenomena and the fractal dimension. The results showed
an increase in the microstrain with increasing the fractal
dimension, where the lowest fractal dimension corresponds
to the largest ionic radii. The results explain that Li-ferrite
has lowest fractal dimension and highest porosity, and a
bigger crystal size of around 35 nm. Cu-ferrite showed the
lowest crystallite size of around 13 nm with higher residual
strain, while Cd-ferrite has the highest residual strain. It
can be concluded that the small residual strain is related
to the lowest surface energy since the particles tend to
locate themselves in the position that decreases the surface
energy to maximize stabilization. It is also noted that the
porosity of the ferrites decreases with increasing the fractal
dimension.
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