OPSEARCH (2022) 59:1489-1501
https://doi.org/10.1007/512597-022-00596-y

THEORETICAL ARTICLE

®

Check for
updates

Periodic inventory management when demand
stochastically depends on shelf-stock

Mohammad Saffari’

Accepted: 16 June 2022 / Published online: 19 July 2022
© The Author(s), under exclusive licence to Operational Research Society of India 2022

Abstract

Marketing researches reveal that displayed inventory and allocated shelf space affect
the demand of some retail items. We study periodic inventory policy when demand
is uncertain and its probability distribution function depends on inventory level and
period length. Profit function including sale revenue, holding, shortage, and order-
ing costs is presented. To capture real world situation we propose natural properties
for demand probability distribution. Considering those properties well fitted demand
distributions are presented. Finally optimal policy is explored via numerical exam-
ples. Numerical study reveals that optimal value of decision variables is not mono-
tonic with respect to demand sensitivity to the inventory.

Keywords Inventory - Retailing - Inventory-dependent-demand - Stochastic
demand - (R, T) policy

1 Introduction

In traditional Inventory models it is usually assumed that demand is an exoge-
nous variable and is not influenced by inventory level. However, as many markets
observed, demand is related to the displayed inventory or shelf space (see Saha and
Nielsen [1] for more details). Inventory models with stock or inventory depend-
ent demand have found much attention in recent decades [2]. Inventory-dependent
demand is experienced when a large amount of inventory motivates customers to
buy, such as fashion or novelty items. Empirical evidences of the effect of inventory
on demand are provided by Wolfe [3], Achabal, McIntyre and Smith [4], Koschat
[5] and Pak et al. [6]. Balakrishnan et al. [7] mentioned a variety of reasons that
inventory might stimulate demand.

In some cases, high inventory in stock or displayed, send the message that it is popular.
Shelf space could have a similar effect on demand. More displayed inventory and shelf
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space could also increase visibility. Negative correlation between demand and inventory
has been observed for some special cases. Such a phenomenon occurs when it signals scar-
city and popularity. Obviously in this case shelf space still has a positive effect.

Stimulating effect will result in the Retailer’s tendency to stock and display more
inventories. It should maintain an optimal balance between holding costs and profit
from additional demand and sales.

We will study a periodic review inventory system with stochastic and inventory-
dependent demand. As an example that fits a real world condition, consider a retailer
selling cosmetic or fashion products. For such products displayed inventory not only
assure availability but also stimulate demand. Facing uncertain demand, retailer
should decide how often and how much to replenish. Therefore inventory policy is
determined by the period length and initial inventory position. Demand probability
distribution function in each period depends on both decision variables: period length
and initial inventory. To our knowledge this paper is the first to consider those issues
together. In pervious periodic review models with stochastic inventory dependent
demand [8, 9], period length is fixed and not a decision variable. We specify two nat-
ural properties of inventory-dependent demand distributions. Stimulation and satura-
tion conditions imply that the expected demand during a period increases with inven-
tory level at a decreasing rate. Well fitted time-dependent probability distributions are
proposed and demonstrated to hold stimulation and saturation conditions.

In the next section we review the related literature. Section 3 presents assumption,
notations and mathematical formulation. In Sect. 4 we analyze demand distribution
function properties and some well fitted distributions are suggested. Section 5 pro-
vides numerical studies. Finally conclusions and summary are presented in Sect. 6.

2 Literature review
2.1 Deterministic models

Many authors have attended the stimulating effect of inventory on sale. Most of them
examined a deterministic inventory model. Probably earliest contribution to inventory-
dependent demand is Whitin [10]. Wolfe [3], made observations indicated dependency
between inventory or shelf space with sale of fashion products. Literature of determinis-
tic models can be categorized into two main streams. In first category demand is a func-
tion of initial inventory level and in second, demand is a function of instantaneous inven-
tory level. The first models are consistent with shelf space demand dependency. Gupta
and Vart [11], Mandal and Phaujdar [12], Baker and Urban [13], Goh [14], and Liao
et al. [15] are some of the models in which demand rate depends on initial stock level.

Among deterministic models instantaneous inventory-dependent demand models
are more frequent. The common approach is determining the inventory level over
time by solving the differential equations generated from demand function. Depend-
ing on the demand function solving those differential equations could be compli-
cated. 16, 17 studied deterministic models with demand dependence to the instanta-
neous inventory. Balakrishnan et al. [7] developed an EOQ model in which demand
rate increases with inventory.
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Baron et al. [18] solved the joint inventory optimization and shelf space alloca-
tion when demand depends on both instantaneous inventory and shelf space. Smith
and Agrawal [19] suggested a multi store inventory model when demand is price
and inventory dependent. They determined optimal pricing policy and inventory
allocation and showed that store consolidation can be beneficial. Boada-Collado and
Martinez-de-Albéniz [20] studied the impact of inventory on demand in a fashion
store. They considered a log form for demand function and characterized optimal
inventory policy for their model. Zhang et al. [21] proposed a price and inventory
dependent demand model and determined the optimal inventory and pricing strat-
egy for non-instantaneous deteriorating items. In a very recent paper Pando et al.
[22] considered similar property for the demand function. They obtained the optimal
price and inventory policy.

2.2 Stochastic models

However deterministic models are much more common in the area, recently some
researches focused on models deal with stochastic demand. An early contribution is
Gerchak and Wang [23]. They presented a multiplicative random demand function
containing a deterministic part that is increasing in initial inventory and an inde-
pendent random variable. A price/inventory-dependent demand newsvendor model
was considered by Dana and Petruzzi [24]. Balakrishnan et al. [25] proposed a gen-
eral stochastic demand modeling framework to capture real world situation. They
used that framework to study the joint inventory and pricing optimal policy for the
classical newsvendor problem. Stavrulaki [26] used the same framework to capture
the demand’s dependency on inventory. She studied properties of the optimal policy
for two substitutable products. Yang and Zhang [9] and more recently Xue et al. [8]
proposed negative relationship between stochastic demand and displayed inventory
for periodic review inventory models. Akkas [27] formulated a shelf space selec-
tion problem as a Markov chain model and approximately computed the optimum
shelf space. A queueing system with inventory was considered by Hanukov et al.
[28] when demand depends on stock level. They derived closed-form expression for
steady state probabilities. As a recent paper, Hiibner et al. [29] optimized allocated
shelf space when shelf space (initial inventory level) attracts customers.

3 Model description and analysis

Consider a retailer facing uncertain demand and system follows well known (R,
T) inventory policy. It should decide about the length of replenishment periods
(T) and maximum inventory position (R) at the beginning of the periods. The
total arrived demand during each period is stochastic and obviously its distribu-
tion depends on the length of period. It also depends on initial stock level. We
assume that maximum inventory is hold in the beginning of the period (zero lead
time) and there is no backroom inventory. Therefore throughout the paper the ini-
tial stock is equivalent to shelf space.
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3.1 Notations and assumptions

The following notations are used throughout the paper:

C Unit purchase cost

H Per unit holding cost per unit time

A Fixed ordering cost

P Unit selling price

S Per unit shortage cost

R Initial inventory level (decision variable)
T Period length (decision variable)

i Discount rate of sale price

f&x,R,T) Probability density function of demand at given R during a period with
length of T

F(x,R,T) Cumulative distribution function of demand at given R during a period
with length of T

uR,T) Expected value of demand during a period with length of 7 and initial
inventory R

Balakrishnan et al. [25] proposed natural properties of the demand distribution
when inventory increases demand. We propose assumptions with similar concept
to capture the effect of initial inventory on demand distribution function and pro-
vide a modeling framework for demand probability distribution.

Assumption 1 (promotional effect) As inventory stimulates demand, the expected
demand p(R, T) increases with the initial inventory R or du(R,T)/dR > 0.

Assumption 2 (saturation condition) Promotional effect of inventory gradually
decreases as the inventory increases °u(R, T) / OR™ < 0.

Regardless of the total demand in a period and its probability distribution, we
assume that demand rate during the cycle is constant (see Fig. 1). Therefore, if
demand exceeds the inventory in a period (x> R), the average 1nvent0ry W111 be
% and if demand is less than R in a period, the average inventory will be &=
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3.2 Model 1: Constant sale price

Assume sale price of goods does not change over time. This assumption is rel-
evant to the cases wherein the inventory has no expiration date and does not lose
its value. Without loss of generality it can be assumed that the purchase cost of
unsold products at the end of period is refunded. Hence the expected purchasing
cost of a period is:

R
CR-C / (R — x)f (x, R, T)dx
0

We next represent the expected profit function per unit time with inventory depend-
ent demand.

) R )
E(Z)=% P R/f(x,R, T)dx+/xf(x,R, T)dx —S/(x—R)f(x,R, T)dx
R 0 R
R )
2
—H T/<2R2_x)f(x,R,T)dx+/ <%>f(x,R,T)dx
0 R

R
-C R—/(R—x)f(x,R,T)dx —A
0

ey
The first term is the expected sales revenue, the second term is the expected
shortage cost and third term is the expected holding cost, per unit time.
Differentiating the profit function applying Leibnitz rule, the first order opti-
mality conditions respect to R yield:

Fig. 1 Computing the average
on-hand inventory

Demand
Inventory

D1

D2

R/D1 T Time
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F(R)(C—HT—S—P):C—S—P+R<HT2_H

) f(R,R, T)

+ R(HT — C)/af(xRT) —R(P+ )/af(XRT)

R co

HT of(x,R, T) of(x,R, T)
_p_=2L ) )
+<C > )/x R dx+S/x R dx
0 R

2
+H/E_Bf(x,R,T)derH/R_.af(x,R,T)dx
X OR 2x OR

@)

Proposition 1 Equation (2) provides necessary condition for optimal choice of ini-
tial stock level of Model 1.

3.3 Model 2: Time dependent sale price

In the case of price reduction we assume the sale price at time ¢ after the start of
the period is Pe~. This formula does not incorporate holding cost and it is con-
sidered separately. Demand rate during the period is assumed to be constant and
is equal to x/T in which x is the whole demand amount (random variable) of the
period. Hence expected sale is (see Fig. 1):

TR

R( T ' o Ix '
/ /P’“” " (x,R,T)dx+/ / Pre™ ilroe R Tydx
0 0 R 0
R [
=i£T /x(l — e TYf(x, R, T)dx+/x<1 —e_¥>f(x,R, T)dx
0 R

Like Model 1 we assume transferred stock to next period is refunded at the end of
current period. Although in the beginning of the next period, the sale price is Pe~
instead of P. Therefore we approximately subtract that difference from unit purchase
saving. Hence r(T) = C — (P — Pe~'T) is refunded at the end of the period per each
unsold product. For Model 2 the expected profit function is:
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R [
E(Z):% % /x(l e T)f(x R, T)dx+/x<1 —e-¥)f(x,R, T)dx
R
R 0
2
T/ 2R x f(x,R, T)dx+/ <12ix>f(x,R, T)dx 3)
0 R

-S / (x — R)f(x, R, T)dx—CR + r(T) / (R — X)f (x, R, T)dx —

Differentiating the profit function of Model 2, we can now conclude the first order
optimality conditions respect to R:

oo R

‘ ; R.T
F(R)(Ce™™ = 5) +£ / g(x,R,T)dx=C—S—RCe™ T / 9f(x, R, T) -
iT 9R
R 0
R [so]
P pmy) [ YERT) AR T)
+<Ce iT(l ¢ ))/x oR dx+S [ x R dx )
0 R
sk [ LR,
oR
R

In which g(x, R, T) = iTe”~ f(t, R, T) + x(l _ oz ) YR

Proposition 2 Equation (4) provides necessary condition for optimal choice of ini-
tial stock level of Model 1.

Ignoring the stimulation effect the optimality condition will be simplified to:

FR)(Ce™ —xz) +p / ¢ f, R, T)dx=C—x 5)

R

4 Demand distribution functions

Demand probability distribution has an important role on inventory management.
Mostly, it is assumed that demand is formed of (large number of) individual cus-
tomers. This assumption will result in continuous distributions and in many cases
Normal distribution is fitting well [30]. We propose the following normal density
function for 7, as the length of period and initial inventory level of R:
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— 2
fy @ R.T) = _w>

1
P < 20ofRNIT
6 BRIV 22T 0

In which f(R) is an increasing and concave function of R. Note that the mean
demand is equal to y,f(R)T and stimulation and saturation conditions hold for the
above distribution.

In some cases Gamma distribution gives closer fit to the demand data. It takes
non-negative values and according to the amount of the parameters it varies from
memoryless distribution to the normal distribution. Describing the demand over a
period of time, it is quite rational to set the shape parameter equal to the period
length. We consider the following Gamma distribution that maintains demand stim-
ulation and saturation conditions:

x%T=1 exp(—x/ByB(R))
(BoPR)STT (ay T)

(6)

Jc&, R, T) =

, T>>0 @)

Since demand cannot be negative, applying normal distribution is not appropriate
(e.g.u < 20). In such situations we propose normal distribution which is truncated
at zero:

-1

0
SinG R, T) = fy(e, R, T) - |1 — /fN(x,R, T)dx (8)

where fy(x, R, T) is the normal density function presented in (6).

Proposition 3 Saturation and stimulation conditions hold for the above truncated
normal distribution.

Proof Let x be a random variable with PDF given in Eq. (8). From truncated normal
properties the expected value of x is:

fz(a,)

uyR.T) + oy (R.T) - — @
VA

In which: f,(.) and F,(.) are PDF and CDF of standard normal distribution

respectively and qd = W®D _ mVT hence: pu;y(R,T) = K - f(R).
on(R.T) o

0 /
In which K = y,T + 0,\/T - Lo
'z
always greater than zero, therefore stimulation and saturation conditions hold for
proposed truncated normal distribution.

Note that K does not depend on R and is
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5 Numerical studies

In this section a set of numerical examples are conducted to test the effect of demand
inventory dependency and demand distribution functions on optimal policy and
profit function. For each example we explore the optimal decision variables (inven-
tory position at the beginning of each period and period length) via integral and
fminsearch functions in MATLAB. Throughout the section we assume f(R) = 311;:2
in which if a,b,c,d > 0, ad > bc.

Per unit purchase cost is C=6, fixed ordering cost A=100, discount rate is
i=0.01, holding cost of per unit on hand inventory per unit time is H=0.2, per unit
Sale price is P=10, per unit shortage costis S=10 and yy, = oy = ay = f, = L.

We set a=40, ¢c=1 and b=10*d which determine the demand distribution
dependency on the initial stock level i.e.f(R). Therefore in all examples with Normal
or Gamma distribution, the average demand varies from /0 to 40 T due to the value
of R. Obviously bigger b and d will cause less demand sensitivity to the stock level.

Table 1 presents the optimal revenue and optimal inventory policy for different
values of d when demand follows Normal or Gamm distribution. In our examples d
varies from 50 to M (big number) and consequently b varies from 500 to 10 M. We
set d= 150 for most demand sensitivity to stock level.

In general inventory models, optimal inventory is expected to be increasing with
demand rate. Figure 2 shows a different pattern, in which R * is not monotone with
respect to d. Similarly 7% is not monotone in d although commonly it is expected to
be decreasing with demand. Note that not only demand (stochastically) but also the
demand dependency decrease as b and d increase. When demand has high sensitiv-
ity to the inventory, increase in d will lead to more initial stock in order to main-
tain the demand rate. However for low demand sensitivity, that strategy loses its
effectiveness. Such a situation occurs for d > 1000 when R * decreases rapidly and
T* decreases to be aligned with lower demand. Normal and Gamma demand dis-
tribution functions are very similar especially for higher 7"s (consequently higher

Table 1 Optimal policy and

revenue function of model 1 for No. d Gamma Normal

different values of d T* R * E*(Z) T* R * E*(Z)
1 50 6.34 310 774 6.65 322 78.6
2 100 7.56 327 683 7.62 332 69.7
3 200 949 342 554 9.29 341 56.6
4 500 12.53 314 352 12.13 311 35.9
5 1000 1285 226  23.1 1245 223 236
6 4000 11.15 136 14.8 10.78 136 15.1
7 20k 10.80 121 13.1 10.45 121 13.3
8 M 10.72 118 12.7 10.40 118 12.9
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Fig.2 Optimal inventory policy
as a function of d for Model

1 when demand has Gamma
distribution

50 100 200 500 1000 4000 20k M
d

shape parameter of Gamma distribution) as a result of Gamma-Normal distribution
relationship.

Optimal revenue and optimal inventory policy of Model 2 is presented in Table 2.
Similar results can be inferred: as demand sensitivity to inventory decreases optimal
policy orders more to maintain demand rate. However for low demand sensitivity
to the inventory maintaining the demand rate by raising inventory does not worth
because of holding costs. In Model 2 less R x/T * prevents large amount of dis-
counted products at the end of each period. It can also be inferred form Table 2 that
optimal period length is less as the discount cost of each remained item at the end of
period depends on its length.

Table 3 provides optimal revenue and optimal inventory policy of Model 1 and
Model 2 when demand follows truncated normal distribution. Note that the same
Normal distribution (Tables 1, 2) is truncated at zero hence its expected value is
more and its variance is less than the underlying Normal distribution. Obviously it
will result in shorter optimal length and better objective function.

Table2 Optimal policy and

revenue function of Model 2 for No. d Gamma Normal

different values of d T* R * E*(2Z) T* R % E*(Z2)
1 50 543 246 60.4 570 259 61.2
2 100 6.43 253 51.1 6.48 260 522
3 200 7.94 251 38.6 7.74 253 39.6
4 500 9.81 203 21.46 9.43 203 22.0
5 1000 9.82 146 13.5 9.45 146 13.8
6 4000 9.43 106 8.5 9.12 107 8.6
7 20k 9.37 98 74 9.06 99 7.50
8 M 9.36 96 7.2 9.06 97 7.2
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Table 3 Optimal policy and

revenue function for truncated
normal distribution demand for T* R * E*2Z) T R * E*(2)
different values of d

No. d Model 1 Model 2

1 50 502 269 816 397 208  66.2
2 100 6.65 303 710 533 229 545
3 200 887 329 570 7.13 237 404
4 500 12.01 308 359 9.14 197 221
5 1000 12.29 222 236 9.16 142 139
6 4000  10.57 134 15.1 8.81 104 8.76
7 20k 10.29 119 13.4 876 97 7.62
8 M 10.15 116 13.0 875 95 7.35

6 Summary and conclusion

To our knowledge this article is the first in literature that examines (R, T) periodic
inventory policy under stochastic and inventory dependent demand. In this paper
we study inventory policy when demand is uncertain and its probability distribu-
tion depends on both decision variables (period length and initial inventory). Some
assumptions are made to capture key features of uncertain inventory-dependent
demand. Considering those assumptions general forms of well fitted distributions to
the demand (Gamma, Normal and Truncated Normal) are proposed. Finally optimal
inventory policy that maximizes the expected profit function is explored for numeri-
cal examples. The key result is the behavior of optimal policy due to demand dis-
tribution changes. Numerical study reveals that demand sensitivity to the inventory
plays an important role in optimal policy. It is also illustrated that optimal initial
inventory and period lengths is not monotonic in demand sensitivity to the inventory.
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