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Abstract
This paper studies the multi-deteriorating item discrete supply chain to realize con-
siderable savings by aggregating the replenishment. The present integrated replen-
ishment policy has already been widely applied in a variety of industries. This study 
deals with an integrated multi-deteriorating item replenishment problem with pres-
ervation effort and discrete demand rate and discrete order quantity. Most existing 
studies about preservation effort focused on a single-item replenishment policy. 
However, integrated replenishment has been extensively applied in many industries 
to take advantage of economies of scale in preservation. Since it is difficult to solve 
this problem directly, the necessary and sufficient conditions with these properties 
are derived; a solution procedure and an algorithm using heuristic approach are 
developed to obtain the optimal solutions. Numerical examples, comparative analy-
sis and sensitivity analyses are also provided and tested to elucidate the multi-deteri-
orating item discrete supply chain model with preservation efforts. The results reveal 
that the extensions of the model provide a wider and reasonable situation in practice, 
so that the annual channel profit can be maximized.
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1 Introduction

The company will be probably proud to create a truly efficient leanness company 
of operations, revamped the processes, reducing overhead and cutting out redun-
dant activities. It should enhance the equality of the products and services, rid-
ding the organization of mistakes and miscommunication and should break down 
the walls between the units, getting people to work together and share infor-
mation. Maximum high-tech companies have taken more aggressive approach 
to restructuring work in cross-company processes. It means reshaping the eco-
nomics of supply chain for their product using a host of unrelated information 
systems. For achieving this, it is required to hold cumbersome set of process 
together, at a great cost.

In multi-echelon supply chain, the company setup is to share information 
among all the supply chain participants by which the performance of the sup-
ply chain can be dramatically enhanced. The suppliers get benefits from this 
new relationship as well so, the simplicity and security of dealing with one large 
customer may be attracted rather than a host of small ones. Nowadays, all the 
companies persistently aimed at greater speed and cost effectiveness the popular 
grails of supply chain management. Companies’ quests changed with the indus-
trial cycle. When business was booming, executives concentrated on maximizing 
speed, and when economy headed south, firms desperately tried to maximize the 
profit. So, supply chain efficiency is necessary to optimize the supply chain’s per-
formance when they maximize their interests. Only agile, adaptable, and aligned 
supply chains provide companies with sustainable competitive advantage. Today, 
the industrial environment has become more competitive in the rapidly develop-
ing global market. A “Win–Win” supply chain management system should be sig-
nificant no matter whether the position is on the supply side or buy side. There-
fore, integrated supply chain model is introduced to deal with inventory problems 
in supportive activities between suppliers and retailers.

2  Review of literature

In the real world, procurement and inventory control are truly large scale prob-
lems, often involving more than hundreds of items. In a multi-item distribution 
channel, considerable savings can be realized during the replenishment by coor-
dinating the ordering of several different items. Multi-echelon multi-item replen-
ishment strategies are already widely applied in the real world, for example, the 
supplying of parts for computers and for automotive assembly Hahm and Yano 
[17, 18] or refrigerated goods to supermarkets Hammer [19] and Lu [31]. In these 
industries, a supplier normally produces different products for a single customer 
and ships to the customer simultaneously in a single truck. In the grocery supply 
industry or a fast moving consumer goods industry different types of refrigerated 
goods (General Mills yogurt, Derived Milk products etc.) can be shipped in the 
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same truck to the same supermarket or retail store Hammer [19], Goyal [15], Kao 
[23], Graves [16], Ben-Khedher and Yano [3], Van Eijis [42], Rempala [36], Chen 
and Chen [6, 7], Tsao and Sheen [40], Bhattacharya [4], Chen and Chen [8, 9], 
Elmaghraby and Keskinocak [12], Viswanathan [43–45], Lee and Whang [28], 
Lee [29], Marn and Rosiello [32], Frohlich and Westbrook [13], Fung and Ma 
[14], Joneja [22], Kaspi and Rosenblatt [24] and Lee and Yao [26] have devel-
oped models and algorithms for solving multi-item replenishment problems for 
different constraints. Miranda and Garrido [33], Shinn [37], Sucky [38], Taylor 
[39] developed integrated models and Hsu et al. [21] developed the single item 
model with preservation technology for deteriorating items. Multi-echelon coor-
dination is frequently applied in current business practice it is an essential com-
ponent in supply chain model. Hence the multi-echelon multi-deteriorated item 
supply chain is the focus of the present study.

The coordination among channel members is important for enhancing a chan-
nel’s competitiveness. It has been investigated that a company can increase its mar-
ket share by aligning itself with its channel partners Narayanan and Raman [34]. 
However, companies in the same channel often do not act in ways that maximize the 
channel profit, so the whole supply chain performs inadequately. A company often 
thinks that whatever policy which maximizes its own profit and it will also maxi-
mize the channel profit Lee [27]. Recently Khouja [25] framed an integrated three-
stage supply chain with multiple vendors and buyers. Hsu and Wee [20] discussed 
horizontal suppliers’ coordination issue under uncertain deliveries. Chen and Chen 
[7] discussed the effects of joint replenishment and channel coordination for man-
aging multiple deteriorating items. Li and Wang [30] briefed a complete literature 
review of supply chain system coordination. Prasad et  al. [35] proposed and vali-
dated a model on decentralized production–distribution planning in multi-echelon 
supply chain network using intelligent agents. Banu and Mondal [2] considered an 
integrated inventory model that deals with one manufacturer and one retailer. The 
manufacturer provides warranty period for the finished product to ensure product 
reliability. The objective of this study is to analyze the effect of the credit period 
offered by the manufacturer which is functionally depended on warranty period of 
the product. The objective is to maximize the integrated model by optimizing prod-
uct warranty, customers’ credit period and cycle length.

The present study will be devoted to the issue of channel coordination of multi-
items as a coordination mechanism. The goal of this paper is to develop a procedure 
to find the retail price, annual replenishment frequency and preservation effort factor 
that maximizes the annual profit consisting of setup costs, inventory holding cost, 
and preservation effort cost for both the perspective of the individual like retailer, 
manufacturer and the perspective of the channel.

The remainder of this paper as follows. In Sect. 2, the assumptions and notations 
used in this study are described. In Sect. 3 the mathematical models both for decen-
tralized policy and centralized policy are developed, under decentralized policy two 
different policies are developed like non cooperative replenishment with individual 
items and with joint items respectively and under centralized policy two another pol-
icies are developed like cooperative replenishment with individual items and with 
joint items respectively. A discussion of the mathematical properties of the models 
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and a solution procedure with algorithm are given in Sect. 4. Finally, a numerical 
analysis is presented with some comparative analysis and sensitivity analyses with 
testing have been performed in Sect. 5. Conclusions are drawn in Sect. 6. The major 
assumptions used in the above reviewed research articles are summarized in Table 1. 
Figure 1 depicts the environment of the multi-item integrated discrete supply chain 
with preservation efforts. 

3  Assumptions and notations

Table 2 describes the summary of notations in detail.
The mathematical model is developed under the following assumptions:
This paper deals with a multi-echelon supply chain, consisting of one supplier, 

one manufacturer and one buyer (retailer), who stocks and sells multiple (k) items 
for the end customers. These multi-deteriorated items have short life-times and are 
subject to linear decaying with preservation efforts per unit time. The inventory level 
of the raw materials and finished products are always greater than the demand rate. 
The demand rate for each item is assumed to be linear price-dependent function over 
the selling period. The supplier adopts a lot-for-lot strategy. It means the quantity 
ordered by the supplier equals the demand quantity placed by the retailer.

1. The demand for item i is represented by a linear decreasing function of the retail 
price.

2. The deterioration rates of the raw materials and finished items are linear decreas-
ing function of preservation efforts.

3. The supplier provides a credit period t to the retailer; a capital opportunity cost 
due to the period incurs. On the other hand, the retailer gains a capital opportunity 
benefit due to this period.

4. The preservation effort cost under policy j , PrEj

�
�i,Di

�
=
∑k

i=1
b
�
�i
�2
Di

�
pj,i

�
 

where, 𝜏i > 0 , b is a constant and �i is a preservation effort factor.

4  Mathematical model

In this section, the model is formulated from the perspectives of the retailer and sup-
plier and channel.

4.1  The decentralized policy

In the decentralized production and replenishment decision-making policy, each 
individual within the supply chain aims at optimizing its own profit function with 
preservation effort effects, and without consideration being given to its counterpart’s 
reaction or resulting profit. The retailer makes a replenishment decision based on 
an EOQ policy that includes inventory-holding cost, major and minor setup costs 
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and preservation effort cost. The major setup cost may represent a fixed transpor-
tation cost, regardless of its composition, and the minor setup cost may represent 
item-specific warehousing, material handling, and order processing costs, for each 
specific deteriorated item included in the order. The individual replenishment policy 
(policy I), and then the joint replenishment policy (policy II) are presented for the 
multi-item problem.

4.1.1  Policy‑I: Non‑cooperative replenishment for individual items

Under the individual replenishment of deteriorated multi-item, the decision problem 
facing the retailer with preservation effort effects is to determine the retail price, 
replenishment cycle and preservation effort for each individual deteriorated item. 
The change in inventory level for each item is due to the combined effects and pres-
ervation effort effects of deterioration over the replenishment cycle, and the model 
can be framed by the following differential equation.

After solving Eq. (1) and using the boundary condition the value of Ir,i(t) is:

Purchasing Cost (PC):

where, cr,i is the per unit purchasing cost of item i of the retailer and 
Ir,i(0) is the initial inventory level of item i or the inventory level at the beginning of 
the replenishment cycle and it is also equivalent to the ordering quantity.

(1)

dIr,i(t)

dt
= −Ir,i(t)�i − Di, 0 ≤ t ≤ TI,i

dIr,i(t)

dt
+ Ir,i(t)�i = −Di, 0 ≤ t ≤ TI,i

Ir,i(t) =
−Di

�i
+

Die
TI,i�i

�ie
t�i

⇒ Ir,i(t) =
Di

�i

[
e�i(TI,i−t) − 1

]
, for 0 ≤ t ≤ TI,i

PC =

k∑
i=1

cr,i × Ir,i(0)

Fig. 1  Environment of the multi-deteriorated item and multi-echelon discrete supply chain with preserva-
tion efforts
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Table 2  Summary of notations

System

k The number of finished items considered
i The index of finished items, i = 1, 2,…… .k

j The index of the decision policies, j ∈ [I, II, III, IV]

�j Total profit per unit time under policy j
Manufacturer

RawMaterial

amr,i The ordering cost of raw material for finished item i  per lot
hmr,i The inventory holding cost of raw material for finished item i
cmr,i The purchase cost of raw material for finished item i  per unit, i.e. the selling price 

charged by the outlet vendor
Imr,i(t) Inventory level of raw material for finished item i  at time t

Finished Item

Am The major setup cost per lot
am,i The minor setup cost for adding finished item i  into the production schedule
hm,i The inventory holding cost of finished item i
�i The production rate of finished item i
ui The usage rate of raw material for finished item i
�m,i The deterioration rate of raw material for finished item i  , 

𝜃m,i = 𝛼2i − 𝛽2i𝜏i where, 𝛼2i > 0, 𝛽2i > 0 and 𝜏i > 0 , b is a constant and �i is a preserva-
tion effort factor

tm,i The manufacturer’s starting production time for item i  over each retailer’s replenishment 
cycle

Im,i(t) Inventory level of finished item i  of manufacturer at time t
Qf ,i The manufacturer’s order quantity for item i
�j,m Total profit per unit time under policy j
Retailer

Ar The major setup cost per order
ar,i The minor setup cost for adding finished item i  into the order
hr,i The inventory holding cost of finished item i
cr,i The purchase cost of finished item i  per unit, i.e. the selling price charged by the manu-

facturer
Di

(
pj,i

)
The demand rate of finished item i  under policy j in the marketplace, which is a function 

of retail price pj,i , Di

(
pj,i

)
= Di = 𝛼i − 𝛽ipj,i, where 𝛼i > 0, 𝛽i > 0, pj.i ≤

𝛼i
/
𝛽i

�i The deterioration rate of finished item i  facing both the retailer and the manufacturer, 
𝜃i = 𝛼1i − 𝛽1i𝜏i where, 𝛼1i > 0, 𝛽1i > 0 and 𝜏i > 0 , b is a constant and �i is a preserva-
tion effort factor

Tj,i The individual replenishment cycle of the finished item i  under policy j , j ∈ [I, III ], 
which is a decision variable

Tj The common replenishment cycle of all the finished items under policy j , j ∈ [II, IV  ], 
which is a decision variable

Ir,i(t) Inventory level of finished item i  of retailer at time t
pj,i The retail price of finished item i  under policy j, j ∈ [I, II, III, IV] , which is a decision 

variable
PrEj

(
�i,Di

)
The preservation effort cost under policy j , PrEj

�
�i,Di

�
=
∑k

i=1
b
�
�i
�2
Di

�
pj,i

�
 , where 

𝜏i > 0 , b is a constant and �i is a preservation effort factor, Tsao and Sheen [41]
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We have, Ir,i(t) =
Di

�i

[
e�i(TI,i−t) − 1

]
, for 0 ≤ t ≤ TI,i , putting t = 0 in Ir,i(t) it can be 

obtained:

So the total purchasing cost of all items is:

Holding Cost (HC):

where, hr,i is the per unit inventory holding cost of item i and Ir,i(t) is the inventory 
level of item i at timet.

So, the total inventory holding cost of all items is:

Major Setup Cost (MaSC):

Minor Setup Cost (MSC):

Preservation Effort Cost (PrEC):

Ir,i(0) =
Di

�i

[
e�i(TI,i − 1

]
.

PC =

k∑
i=1

cr,i × Ir,i(0) ⇒ PC =

k∑
i=1

cr,iDi

�i

[
e�iTI,i − 1

]

HC =

k∑
i=1

hr,i ×
TI,i

∫
0

Ir,i(t)dt

HC =

k∑
i=1

hr,i ×
TI,i

∫
0

Ir,i(t)dt =

k∑
i=1

hr,i ×
TI,i

∫
0

Di

�i

[
e�i(TI,i−t) − 1

]
dt.

HC =

k∑
i=1

hr,iDi

�iTI,i

[
e�iTI,i − 1

�i
− TI,i

]

MaSC =

k∑
i=1

Ar

TI,i

MSC =

k∑
i=1

ar,i

TI,i

Table 2  (continued)

Qr,i The retailer’s order quantity for item i
�j,r Total profit per unit time under policy j
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Sales Revenue (SR):

The exponential term e�iTI,i can be approximated by using the Taylor series 
expansion, e�iTI,i = 1 + �iTI,i +

(�iTI,i)
2

2!
+

(�iTI,i)
3

3!
+⋯ , for a reasonable deteriora-

tion rate of a perishable product like diary items, medicinal product and agricul-
tural items whose lifetime is commonly less than 1 month then the third or higher 
order terms of the Taylor series expansion can be neglected. So the total purchas-
ing cost of all items, PC and the total inventory holding cost, HC is given by:

The retailer’s profit function per unit time; �I,r is given by:

4.1.1.1 Optimization The retailer determines the retail price for each item, indi-
vidual replenishment cycle of each finished item and preservation effort factor of 
each item, so as to maximize his profit. We utilize the following propositions to 
discuss the condition for an optimal solution from the individual non-cooperative 
policy.

Proposition 1 The retailer’s profit function per unit time; �I,r is concave in pI,i.

Proof The optimal property of the profit function strongly depends on the value of 
the parameters and the demand function. The concavity property of an optimization 
is differentiating with respect to the decision parameter, equating to zero and putting 
the value of the parameter in the second order differentiation then test for optimality 
i.e. negative for maximization.

PrEC =

k∑
i=1

b
(
�i
)2
Di

(
pj,i

)
TI,i

SR =

k∑
i=1

pI,iDi

PC =

k∑
i=1

cr,iDi +
cr,iDi�iTI,i

2
and HC =

k∑
i=1

hr,iDiTI,i

2

(2)

�I,r = Sales Revenue − PurchasingCost − InventoryHoldingCost

−Major SetupCost − Minor SetupCost − Preservation Effort Cost

⇒ �I,r = SR − PC − HC −MaSC −MSC − PrEC

�I,r =

k∑
i=1

[
pI,iDi −

{
cr,iDi +

cr,i�iDiTI,i

2

}
−

hr,iDiTI,i

2
−

Ar

TI,i
−

ar,i

TI,i
−

b
(
�i
)2
Di

(
pj,i

)
TI,i

]

⇒ �I,r =

k∑
i=1

[(
pI,i − cr,i

)
Di −

(
Ar + ar,i

)
TI,i

−

(
hr,i + cr,i�i

)
DiTI,i

2
−

b
(
�i
)2
Di

(
pj,i

)
TI,i

]
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Hence, the second order derivative of �I,r should be negative for concavity 
property.

It implies that the retailer’s total profit per unit time is concave  □

Proposition 2 The retailer’s profit function per unit time; �I,r is concave in TI,i.

Proof The optimal property of the profit function strongly depends on the value of 
the parameters and time. The concavity property of an optimization is differentiating 
with respect to the decision parameter, equating to zero and putting the value of the 
parameter in the second order differentiation then test for optimality i.e. negative for 
maximization.

The optimal value of TI,i(T∗
I,i
) is obtained and the second order derivative of �I,r 

should be negative for concavity property.

Hence, the retailer’s total profit per unit time is concave. □

Proposition 3 The retailer’s profit function per unit time; �I,r is concave in �i.

Proof The optimal property of the profit function strongly depends on the value of 
the parameters and the preservation effort. The concavity property of an optimization 

��I,r

�pI,i
= Di −

(
pI,i − cr,i

)
�i +

TI,i�i

2

(
hr,i + cr,i�i

)
+

b
(
�i
)2

TI,i

��I,r

�pI,i
= 0 ⇒

TI,i�i

2

(
hr,i + cr,i�i

)
+

b
(
�i
)2

TI,i
+ Di =

(
pI,i − cr,i

)
�i,

p∗
I,i
=

1

2

[
�� + cr,i +

TI,i

2

(
hr,i + cr,i�i

)
+

b
(
�i
)2

TI,i

]
.

𝜕2𝜋I,r

𝜕p2
I,i

= −
[
2𝛽i

]
< 0.

��
I,r

�T
I,i

=
A
r
+ a

r,i + b
(
�
i

)2
T
2

I,i

−
D

i

2

(
h
r,i + c

r,i�i
)
and

��
I,r

�T
I,i

= 0 ⇒ T
∗

I,i

=

√√√√√2

(
A
r
+ a

r,i + b
(
�
i

)2
D

i

)

D
i
(h

r,i + c
r,i�i)

𝜕2𝜋I,r

𝜕T2

I,i

= −

⎡⎢⎢⎢⎣

2

�
Ar + ar,i + b

�
𝜏i
�2
Di

�

T3

I,i

⎤⎥⎥⎥⎦
< 0.
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is differentiating with respect to the decision parameter, equating to zero and putting 
the value of the parameter in the second order differentiation then test for optimality 
i.e. negative for maximization.

The optimal value of �i(�∗i ) is obtained and the second order derivative of �I,r 
should be negative for concavity property.

Hence, the retailer’s total profit per unit time is concave.
The upstream manufacturer has adopted a make –to-order policy, i.e. a lot-for-lot 

production policy, the production is the same quantity as demanded by the down-
stream player of supply chain i.e. retailer. Here for each production run, a major 
setup cost is incurred due to such factors as changeover costs, and a minor setup cost 
was incurred for each additional item being produced in the line. For the manufac-
turer the preservation effort cost was not required for market demand but he incurred 
additional inventory holding and ordering costs for the raw materials required to 
produce the finished goods.

Finished product:

The profit function per unit time of the manufacturer can be obtained by a proce-
dure similar to the one developed for the retailer, can be expressed as follows:

��I,r

��i
=

�1iDiTI,icr,i

2
−

2b�iDi

TI,i
and

��I,r

��i
= 0 ⇒ �∗

i
=

�1icr,iT
2

I,i

4b

𝜕2𝜋I,r

𝜕𝜏2
i

= −

[
2bDi

TI,i

]
< 0.

(3)

dImr,i(t)

dt
= −Imr,i(t)�m,i − �iui, tm,i ≤ t ≤ TI,i

dImr,i(t)

dt
+ Imr,i(t)�m,i = −�iui, tm,i ≤ t ≤ TI,i

Imr,i(t) =
−�iui

�m,i
+

�iuie
TI,i�m,i

�m,ie
t�m,i

⇒ Imr,i(t) =
�iui

�m,i

[
e�m,i(TI,i−t) − 1

]
, for tm,i ≤ t ≤ TI,i

(4)

dIm,i(t)

dt
= �i − Im,i(t)�i, tm,i ≤ t ≤ TI,i

dIm,i(t)

dt
+ Im,i(t)�i = �i, tm,i ≤ t ≤ TI,i

Im,i(t) =
�i

�i
−

�ie
tm,i�i

�ie
t�i

⇒ Im,i(t) =
�i

�i

[
1 − e�i(tm,i−t)

]
, for tm,i ≤ t ≤ TI,i
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Summing up the Eqs. (2) and (5) yield the profit model for the supply chain under 
policy I:

 □

4.1.2  Policy‑II: Non‑cooperative replenishment for joint items

Under the joint replenishment policy, the retailer determines a common replenishment 
cycle T∗

II
 for the simultaneous replenishment of all multi-items, the retail price p∗

II,i
 for 

each item and the preservation effort factor �∗
i
 for each item with an aim at maximizing 

its profit. In this policy, the revenue and the associated costs considered by the retailer 
are similar to the individual replenishment, except for the number of major replenish-
ment setups that are reduced to one over the cycle. The total profit per unit time of the 
retailer �II,r is

4.1.2.1 Optimization The retailer determines the retail price for each item, common 
replenishment cycle of each finished item and publicity effort factor of each item, so as 
to maximize his profit. We utilize the following propositions to discuss the condition for 
an optimal solution from the joint non-cooperative policy.

Proposition 1 The retailer’s profit function per unit time; �II,r is concave in pII,i.

(5)

�I,m = Sales Revenue − PurchasingCost − InventoryHoldingCost

−Major SetupCost −Minor SetupCost

⇒ �I,m = SR − PC − HC −MaSC −MSC

�I,m =

k∑
i=1

[
cr,iDi −

{
cmr,i�iui +

cmr,i�m,i�iuiTI,i

2

}
−

(hm,i + hmr,iui)DiTI,i

2
−

(Am + am,i + amr,i)

TI,i

]

⇒ �I,m =

k∑
i=1

[
cr,iDi − cmr,i�iui −

{
cmr,i�m,i�iui + (hm,i + hmr,iui)Di

2

}
TI,i −

(Am + am,i + amr,i)

TI,i

]

(6)�I = �I,r + �I,m

(7)

�II,r =
[
Sales Revenue − PurchasingCost − InventoryHoldingCost

−Minor SetupCost − Preservation Effort Cost
]

−Major SetupCost ⇒ �II,r = [SR − PC − HC −MSC − PrEC] −MaSC

�II,r =

k∑
i=1

[
pII,iDi −

{
cr,iDi +

cr,i�iDiTII

2

}
−

hr,iDiTII

2
−

ar,i

TII
−

b
(
�i
)2
Di

TII

]
−

Ar

TII

⇒ �II,r =

k∑
i=1

[(
pII,i − cr,i

)
Di −

ar,i

TII
−

(
hr,i + cr,i�i

)
DiTII

2
−

b
(
�i
)2
Di

TII

]
−

Ar

TII
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Proof The optimal property of the profit function strongly depends on the value of 
the parameters and the demand function. The concavity property of an optimization 
is differentiating with respect to the decision parameter, equating to zero and putting 
the value of the parameter in the second order differentiation then test for optimality 
i.e. negative for maximization.

The second order derivative of �II,r should be negative for concavity property.

The retailer’s total profit per unit time is concave.  □

Proposition 2 The retailer’s profit function per unit time; �II,r is concave in TII.

Proof The optimal property of the profit function strongly depends on the value of 
the parameters and the time. The concavity property of an optimization is differen-
tiating with respect to the decision parameter, equating to zero and putting the value 
of the parameter in the second order differentiation then test for optimality i.e. nega-
tive for maximization.

The optimal value of TII(T∗
II
) is obtained and the second order derivative of �II,r 

should be negative for concavity property.

Hence, the retailer’s total profit per unit time is concave.  □

Proposition 3 The retailer’s profit function per unit time; �II,r is concave in �i.

��II,r

�pII,i
=

[
Di −

(
pII,i − cr,i

)
�i +

TII�i

2

(
hr,i + cr,i�i

)
+

b
(
�i
)2
�i

TII

]

��II,r

�pII,i
= 0 ⇒ p∗

II,i
=

1

2

[
�� + cr,i +

TII

2

(
hr,i + cr,i�i

)
+

b
(
�i
)2

TII

]
.

𝜕2𝜋II,r

𝜕p2
II,i

= −2𝛽 < 0.

��II,r

�TII
=

k�
i=1

�
ar,i + bDi

�
�i
�2

T2

II

−
Di

2

�
hr,i + cr,i�i

��
+

Ar

T2

II

and

��II,r

�TII
= 0 ⇒ T∗

II
=

�����
�
2
∑k

i=1

�
ar,i + bDi

�
�i
�2��

+ Ar

∑k

i=1
Di(hr,i + cr,i�i)

.

𝜕2𝜋II,r

𝜕T2

II

= −

⎡⎢⎢⎢⎣

k�
i=1

⎡⎢⎢⎢⎣

2

�
ar,i + bDi

�
𝜏i
�2�

T3

II

⎤⎥⎥⎥⎦
+

2Ar

T3

II

⎤⎥⎥⎥⎦
< 0.
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Proof The optimal property of the profit function strongly depends on the value of 
the parameters and the preservation effort. The concavity property of an optimiza-
tion is differentiating with respect to the decision parameter, equating to zero and 
putting the value of the parameter in the second order differentiation then test for 
optimality i.e. negative for maximization.

The optimal value of �i(�∗i ) is obtained and the second order derivative of �II,r 
should be negative for concavity property.

Hence, the retailer’s total profit per unit time is concave.
Accordingly, the total profits per unit time for the manufacturer and for the sys-

tem are

and Summing up the Eqs.  (7) and (8) yield the profit model for the supply chain 
under policy I:

  □

4.2  The centralized policy

In contrast to the decentralized decision process, the centralized policy simultane-
ously determines the retail price, the replenishment cycle and preservation effort by 
considering the total profit incurred by the retailer and the manufacturer, so that the 
system is maximized. The individual replenishment policy (policy III) and then the 
joint replenishment policy (policy IV) are framed for the problem.

4.2.1  Policy‑III: Cooperative replenishment for individual items

In this policy, the retail price, replenishment cycle and preservation effort for each 
item are determined jointly by the individuals in supply chain. The system profit of 
policy III is:

��II,r

��i
=

[
�1,icr,iDiTII

2
−

2bDi�i

TII

]
and

��II,r

��i
= 0 ⇒ �∗

i
=

�1,icr,iT
2

II

4b

𝜕2𝜋II,r

𝜕𝜏2
i

= −
2bDi

TII
< 0.

(8)

�II,m =
[
Sales Revenue − PurchasingCost − InventoryHoldingCost

−Minor SetupCost
]
−Major SetupCost ⇒ �II,m

= [SR − PC − HC −MSC] −MaSC

�II,m =

k∑
i=1

[
cr,iDi�i −

(
am,i + amr,i

)
TII

− cmr,iui�i −
{
cmr,i�m,iui�i +

(
hm,i + hmr,iui

)
Di�i

}TII
2

]
−

Am

TII

(9)�II = �II,r + �II,m
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Proposition 1 The system profit function per unit time; �III is concave in pIII,i.

Proof The optimal property of the profit function strongly depends on the value of 
the parameters and the demand function. The concavity property of an optimization 
is differentiating with respect to the decision parameter, equating to zero and putting 
the value of the parameter in the second order differentiation then test for optimality 
i.e. negative for maximization.

So, the optimal value of pIII,i(p∗III,i) is obtained and the second order derivative of 
�III should be negative for concavity property.

Hence the system profit per unit time is concave in pIII,i .  □

Proposition 2 The system profit function per unit time; �III is concave in TIII,i.

Proof The optimal property of the profit function strongly depends on the value 
of the parameters and the time. The concavity property of an optimization is 

(10)

�III = �I,r + �I,m =

[
k∑

i=1

[(
pIII,i − cr,i

)
Di −

(Ar + ar,i)

TIII,i
−

(
hr,i + cr,i�i

)
2

DiTIII,i −
b
(
�i
)2
Di

TIII,i

]]

+

[
k∑

i=1

[(
cr,iDi

)
−

(Am + am,i + amr,i)

TIII,i
− cmr,iui�i −

[
cmr,iui�i�m,i +

(
hm,i + hmr,iui

)
Di

]TIII,i
2

]]

�III = �I,r + �I,m =

k∑
i=1

[(
pIII,iDi

)
−

(Ar + Am + ar,i + am,i + amr,i)

TIII,i
− cmr,iui�i

−

[[
cmr,iui�i�m,i +

(
hr,i + cr,i�i + hm,i + hmr,iui

)
Di

]TIII,i
2

+
b
(
�i
)2
Di

TIII,i

]]

��III

�pIII,i
= Di − pIII,i�i −

TIII,i�i

2

(
hr,i + cr,i�i + hm,i + hmr,iui

)
−

b�2
i
�i

TIII,i

��III

�pIII,i
= 0 ⇒ pIII,i�i +

TIII,i

2

(
hr,i + cr,i�i + hm,i + hmr,iui

)
�i +

b�2
i
�i

TIII,i
= Di and

p∗
III,i

=
1

2

[
��i +

TIII,i

2

(
hr,i + cr,i�i + hm,i + hmr,iui

)
−

b�2
i

TIII,i

]

𝜕2𝜋III

𝜕p2
III,i

= −
[
2𝛽i

]
< 0.
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differentiating with respect to the decision parameter, equating to zero and putting 
the value of the parameter in the second order differentiation then test for optimality 
i.e. negative for maximization.

The optimal value of TIII,i(T∗
III,i

) is obtained and the second order derivative of �III 
should be negative for concavity property.

Hence, the system profit per unit time is concave in TIII,i .  □

Proposition 3 The system profit function per unit time; �III is concave in �i.

Proof The optimal property of the profit function strongly depends on the value of 
the parameters and the preservation effort. The concavity property of an optimiza-
tion is differentiating with respect to the decision parameter, equating to zero and 
putting the value of the parameter in the second order differentiation then test for 
optimality i.e. negative for maximization.

The optimal value of �i(�∗i ) is obtained and the second order derivative of �III 
should be negative for concavity property.

Hence, the system profit per unit time; �III is concave in �i .  □

��
III

�T
III,i

=
(a

r,i + a
m,i + a

mr,i + A
r
+ A

m
+ b�2

i
D

i
)

T
2

III,i

−
1

2

[
D

i

(
h
r,i + c

r,i�i + h
m,i + h

mr,iui

)
+ c

mr,iui�i
�
m,i

]

��
III

�T
III,i

= 0 ⇒

(a
r,i + a

m,i + a
mr,i + A

r
+ A

m
+ b�2

i
D

i

T
2

III,i

=
1

2

[
D

i

(
h
r,i + c

r,i�i + h
m,i + h

mr,iui

)
+ c

mr,iui�i
�
m,i

]

⇒ T
∗

III,i
=

√√√√ 2
[
a
r,i + a

m,i + a
mr,i + A

r
+ A

m
+ b�2

i
D

i

]
[
D

i

(
h
r,i + c

r,i�i + h
m,i + h

mr,iui

)
+ c

mr,iui�i
�
m,i

]

𝜕2𝜋III

𝜕T2

III,i

= −

[
2
(
Ar + Am + ar,i + am,i + amr,i + b𝜏2

i
Di

)

T3

III,i

]
< 0.

��III

��i
=

�2,iTIII,icmr,iui�i

2
+

�1,iTIII,icr,iDi

2
−

2b�iDi

TIII,i
and

��III

��i
= 0 ⇒ �∗

i
=

T2

III,i

4bDi

[
�1,icr,iDi + �2,icmr,iui�i

]
.

𝜕2𝜋III

𝜕𝜏2
i

= −

[
2bDi

TIII,i

]
< 0.
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4.2.2  Policy‑IV: Cooperative replenishment for joint items

If both cooperation and joint replenishment are employed, the decision facing 
the retailer and the manufacturer is to jointly determine a common replenishment 
cycle, the retail price for each item and the preservation effort for each item. The 
system profit per unit time is:

After simplifying:

Proposition 1 The system profit function per unit time; �IV is concave in pIV ,i.

Proof The optimal property of the profit function strongly depends on the value of 
the parameters and the demand function. The concavity property of an optimization 
is differentiating with respect to the decision parameter, equating to zero and putting 
the value of the parameter in the second order differentiation then test for optimality 
i.e. negative for maximization.

So, the optimal value of pIV ,i(p∗IV ,i) is obtained and the second order derivative of 
�IV should be negative for concavity property.

�IV = �II,r + �II,m

=

[
k∑

i=1

[(
pIV ,i − cr,i

)
Di −

ar,i

TIV
−

(
hr,i + cr,i�i

)
2

DiTIV −
b
(
�i
)2
Di

TIV

]
−

Ar

TIV

]

+

[
k∑

i=1

[(
cr,iDi

)
−

(am,i + amr,i)

TIV
− cmr,iui�i

−
[
cmr,iui�i�m,i +

(
hm,i + hmr,iui

)
Di

]TIV
2

]
−

Am

TIV

]

(11)

�IV = �II,r + �II,m

=

k∑
i=1

[(
pIV ,iDi

)
−

(ar,i + am,i + amr,i)

TIV
− cmr,iui�i

−

[[
cmr,iui�i�m,i +

(
hr,i + cr,i�i + hm,i + hmr,iui

)
Di

]TIV
2

+
b
(
�i
)2
Di

TIV

]
−

(
Ar + Am

)
TIV

]

��IV

�pIV ,i
=

k∑
i=1

[
Di − pIV ,i�i +

TIV�i

2

(
hr,i + cr,i�i + hm,i + hmr,iui

)
+

b
(
�i
)2
�i

TIV

]

��IV

�pIV ,i
= 0 ⇒ p∗

IV ,i
=

1

2

k∑
i=1

[
�i�i +

TIV

2

(
hr,i + cr,i�i + hm,i + hmr,iui

)
+

b
(
�i
)2

TIV

]
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Hence, the system profit per unit time is concave in pIV ,i . □

Proposition 2 The system profit function per unit time; �IV is concave in TIV.

Proof The optimal property of the profit function strongly depends on the value of 
the parameters and the time. The concavity property of an optimization is differen-
tiating with respect to the decision parameter, equating to zero and putting the value 
of the parameter in the second order differentiation then test for optimality i.e. nega-
tive for maximization.

The optimal value of TIV (T∗
IV
) is obtained and the second order derivative of �IV 

should be negative for concavity property.

Hence, the system profit per unit time is concave in TIV . □

Proposition 3 The system profit function per unit time; �IV is concave in �i.

Proof The optimal property of the profit function strongly depends on the value of 
the parameters and the preservation effort. The concavity property of an optimiza-
tion is differentiating with respect to the decision parameter, equating to zero and 
putting the value of the parameter in the second order differentiation then test for 
optimality i.e. negative for maximization.

𝜕2𝜋IV

𝜕p2
IV ,i

= −

k∑
i=1

2𝛽i < 0.

��
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=
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h
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�
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+ c

mr,iui�i
�
m,i

� .

𝜕2𝜋IV

𝜕T2

IV

= −2

⎡⎢⎢⎢⎣

(Ar + Am)

T3

IV

+

k�
i=1
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�
ar,i + am,i + amr,i + b

�
𝜏i
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�

T3

IV

⎤⎥⎥⎥⎦

⎤⎥⎥⎥⎦
< 0.

��IV

��i
=

�2,iTIV ,icmr,iui�i
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+

�1,iTIV ,icr,iDi

2
−

2b�iDi

TIV ,i

��IV

��i
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=
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IV ,i

4bDi
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�1,icr,iDi + �2,icmr,iui�i
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The optimal value of �i(�∗i ) is obtained and the second order derivative of �IV 
should be negative for concave property.

Hence, the system profit per unit time; �IV is concave in �i .  □

𝜕2𝜋IV

𝜕𝜏2
i

= −

[
2bDi

TIV ,i

]
< 0.

Table 3  Algorithm of integrated supply chain models

Policy I and Policy II
Step 1. Determine the local maximum points solving for d�Ir

dpIi
=

d�Ir

d�i
=

d�Ir

dTIi
= 0  and 

d�IIr

dpIIi
=

d�IIr

d�i
=

d�IIr

dTII
= 0 . Verify that d

2𝜋Ir

dp2
Ii

< 0,
d2𝜋Ir

d𝜏i
< 0 and

d2𝜋Ir

dT2

Ii

< 0 and 
d2𝜋IIr

dp2
IIi

< 0,
d2𝜋IIr

d𝜏i
< 0 and

d2𝜋IIr

dT2

II

< 0 for satisfying the concavity property of 

theory of calculus.
Step 2. �∗

Ir

(
p∗
Ii
, �∗

i
,T∗

I,i

)
 and �∗

IIr

(
p∗
IIi
, �∗

i
,T∗

II

)
 associated with the local maximum points, 

which give the highest values of �Ir and �IIr respectively. By putting all the 
optimal values in Eq. (5) to obtain the value of �Im.

Step 3. Determine Q∗
r
,Q∗

f
,D∗, �∗, �∗

m
 for i = 1, 2,… kitems . Where, 

Q∗
r
= �iuiTIi

[
1 +

�∗
mi
TIi

2

]
 and Q∗

f
= D∗TIi

[
1 +

�∗
i
TIi

2

]
 and Q∗

r
= �iuiTII

[
1 +

�∗
mi
TII

2

]
 

and Q∗
f
= D∗TII

[
1 +

�∗
i
TII

2

]
 for policy I and Policy II respectively.

Step 4. Adjust Q∗
r
,Q∗

f
,D∗ to get the nearest integer values or discrete values for 

i = 1, 2,… k items of policy I and policy II respectively.
Step 5. Obtain �∗

I
= �∗

Ir
+ �∗

Im
 and �∗

II
= �∗

IIr
+ �∗

IIm
 respectively.

Policy III and Policy IV
Step 1. Determine the local maximum points solving the Eqs. (10) and (11) 

for d�III
dpIIIi

=
d�III

d�i
=

d�III

dTIIIi
= 0 and d�IV

dpIVi
=

d�IV

d�i
=

d�IV

dTIV
= 0 . Verify that 

d2𝜋III

dp2
IIIi

< 0,
d2𝜋III

d𝜏i
< 0 and

d2𝜋III

dT2

IIIi

< 0 and d
2𝜋IV

dp2
IVi

< 0,
d2𝜋IV

d𝜏i
< 0 and

d2𝜋IV

dT2

IV

< 0 for 

satisfying the concavity property of theory of calculus.
Step 2. Obtain�∗

III

(
p∗
IIIi
, �∗

i
,T∗

III,i

)
 and �∗

IV

(
p∗
IVi
, �∗

i
,T∗

IV

)
 associated with the local maxi-

mum points, which give the highest values of �III and �IV respectively.
Step 3. Determine Q∗

r
,Q∗

f
,D∗, �∗, �∗

m
 for i = 1, 2,… kitems . Where, 

Q∗
r
= �iuiTIIIi

[
1 +

�∗
mi
TIIIi

2

]
 and Q∗

f
= D∗TIIIi

[
1 +

�∗
i
TIIIi

2

]
 and 

Q∗
r
= �iuiTIV

[
1 +

�∗
mi
TIV

2

]
 and Q∗

f
= D∗TIV

[
1 +

�∗
i
TIV

2

]
 for policy III and Policy 

IV respectively.
Step 4. Adjust Q∗

r
,Q∗

f
,D∗ to get the nearest integer values or discrete values for 

i = 1, 2,… kitems of policy III and policy IV respectively.
Step 5. Obtain �∗

III
= �∗

IIIr
+ �∗

IIIm
 and �∗

IV
= �∗

IVr
+ �∗

IVm
 respectively.
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Box 1  Four replenishment policies of the integrated supply chain models

Policy
Individual Joint

Policy Uncooperative I II
Cooperative III IV

Table 4  Numerical data for the example

Item 1 2 3

Retailer
Demand parameters (�i, �i) [350, 2.0] [500, 2.5] [450, 3.0]
Deterioration parameters (�1i, �1i) [0.07, 0.005] [0.08, 0.006] [0.09, 0.007]
Preservation effort parameter (b ) 0.1 0.1 0.1
Major setup cost ( Ar) 250 250 250
Minor setup cost ( ar,i) 45 60 40
Holding cost of finished item ( hr,i) 5.2 5.1 4.8
Purchase cost of finished item ( cr,i) 47 45 40
Manufacturer
Production rate ( �i) 250 350 300
Deterioration parameters (�2i, �2i) [0.02, 0.003] [0.01, 0.002] [0.005, 0.001]
Usage rate of the raw material ( ui) 0.3 0.2 0.25
Major setup cost ( Am) 450 450 450
Minor setup cost ( am,i) 65 80 55
Ordering cost of raw material ( amr,i) 35 50 30
Holding cost of finished item ( hm,i) 3.8 3.5 2.6
Holding cost of raw material ( hmr,i) 1.8 1.7 1.2
Purchase cost of raw material ( cmr,i) 20 18 16

Fig. 2  2-D plot of retail price and demand function of product 1, 2 and 3 respectively
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5  Algorithm

Table 3 shows the solution procedure of the four integrated supply chain models.

6  Numerical analysis

The multi-echelon supply chain profit models can be applied in solving multi-
item problems using the arbitrary number of items, to illustrate the effect of the 
models three items are taken into consideration in the supply chain. The four dif-
ferent policies with preservation effort effects and without preservation effort 
effects incorporated with the proposed mixed integer heuristic approach are 
implemented on a personal computer using Lingo 14.0.

In this section, some managerial insight by considering the following interest-
ing issues:

• The supplier’s and retailer’s profit (attained from the individual and channel 
perspectives) are compared and the mixed integer channel coordination are 
shown.

• The impact of preservation efforts for deteriorating items under four different 
policies is shown.

We consider ten different items that need to be replenished jointly, namely items 
1-3. Using the data of Table 4 the model is illustrated. Figure 2 shows 2-Dimension 
plot of retail price and demand function of product 1, 2 and 3 respectively. Figure 3 
shows 3-Dimension mesh plot of retail price, preservation effort and preservation 
effort cost of product 1, 2 and 3 respectively. Figure 4 shows the three dimensional 
mesh plotting of price, replenishment time and total profit of product 1, 2 and 3 for 
policy I, II, III and IV respectively. Table 5 shows the optimal values of different 

Fig. 3  3-D Mesh plot of retail price, preservation effort and preservation effort cost of product 1, 2 and 3 
respectively
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Fig. 4  Three dimensional mesh plotting of: price, replenishment time and Total Profit of product 1, 2 and 
3 for policy I, II, III and IV respectively
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Table 5  Numerical results of the four supply chain models

Channel co-
ordination

Joint replenishment

No Yes

No Policy I Policy II
Iteration – 140 Iteration – 133
p∗
I,1

= 112.58,T∗
I,1

= 0.75, �∗
1
= 0.09 p∗

II,1
= 111.93,T∗

II
= 0.44, �∗

1
= 0.04

p∗
I,2

= 123.83,T∗
I,2

= 0.61, �∗
2
= 0.09 p∗

II,2
= 123.46, �∗

2
= 0.04

p∗
I,3

= 96.38,T∗
I,3

= 0.66, �∗
3
= 0.11 p∗

II,3
= 95.92, �∗

3
= 0.05

�∗
1
= 0.07 , �∗

m,1
= 0.02 �∗

1
= 0.07 , �∗

m,1
= 0.02

�∗
2
= 0.08 , �∗

m,2
= 0.01 �∗

2
= 0.08 , �∗

m,2
= 0.01

�∗
3
= 0.09 , �∗

m,3
= 0.05 �∗

3
= 0.09 , �∗

m,3
= 0.05

Q∗
r,1

= 56.49,Q∗
f ,1

= 95.76 Q∗
r,1

= 33.10,Q∗
f ,1

= 56.28

Q∗
r,2

= 43.04,Q∗
f ,2

= 119.59 Q∗
r,2

= 30.83,Q∗
f ,2

= 85.57

Q∗
r,3

= 49.34,Q∗
f ,3

= 108.75 Q∗
r,3

= 32.99,Q∗
f ,3

= 72.70

D∗
1
= 124.83 D∗

1
= 126.14

D∗
2
= 190.42 D∗

2
= 191.36

D∗
3
= 160.87 D∗

3
= 162.23

PrEC = 0.45 PrEC = 0.09

�∗
I,r

= 29579.97 �∗
II,r

= 30477.26

�∗
I,m

= 13817.88 �∗
II,m

= 14932.52

�∗
I
= 43397.84 �∗

II
= 45409.78

Yes Policy III Policy IV

Iteration-113 Iteration – 103
p∗
III,1

= 90.31,T∗
III,1

= 0.88, �∗
1
= 0.16 p∗

IV ,1
= 89.59,T∗

IV
= 0.65, �∗

1
= 0.09

p∗
III,2

= 102.39,T∗
III,2

= 0.76, �∗
2
= 0.15 p∗

IV ,2
= 102.05, �∗

2
= 0.09

p∗
III,3

= 77.31,T∗
III,3

= 0.82, �∗
1
= 0.16 p∗

IV ,3
= 76.84, �∗

3
= 0.10

�∗
1
= 0.07 , �∗

m,1
= 0.02 �∗

1
= 0.07 , �∗

m,1
= 0.02

�∗
2
= 0.08 , �∗

m,2
= 0.01 �∗

2
= 0.08 , �∗

m,2
= 0.01

�∗
3
= 0.09, �∗

m,3
= 0.01 �∗

3
= 0.09 , �∗

m,3
= 0.01

Q∗
r,1

= 66.41,Q∗
f ,1

= 153.23 Q∗
r,1

= 49.36,Q∗
f ,1

= 114.23

Q∗
r,2

= 53.61,Q∗
f ,2

= 191.81 Q∗
r,2

= 45.92,Q∗
f ,2

= 164.28

Q∗
r,3

= 61.59,Q∗
f ,3

= 185.26 Q∗
r,3

= 49.12,Q∗
f ,3

= 147.69

D∗
1
= 169.37 D∗

1
= 170.81

D∗
2
= 244.03 D∗

2
= 244.88

D∗
3
= 218.07 D∗

3
= 219.47

PrEC = 1.49 PrEC = 0.62

�∗
III,r

= 26193.71 �∗
IV ,r

= 26192.26

�∗
III,m

= 20706.03 �∗
IV ,m

= 21922.78

�∗
III

= 46899.73 �∗
IV

= 48115.04
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models and comparative analysis of different models with different cases are shown 
in Table 6.

6.1  Interpretation

From the Table  6 for the channel perspective point of view, it is observed that 
from all the policies the profit of cooperative model with joint items (policy IV) 

Fig. 5  Profit of the players with four policies in different scenario

Fig. 6  Total profit with four policies in different scenario
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Table 8  Sensitivity analysis report of Table 7

S sensitive, MS moderately sensitive, HS highly sensitive, IS insensitive

Parameters T∗
IV ,i

p∗
IV ,i

�∗
i

�i �m,i Qr,i Qf ,i D∗
i

PrEC �∗
IV ,r

�∗
IV ,m

�∗
IV

b IS IS S IS IS IS IS IS S IS IS IS
�1i S IS S S IS S S S S S S S
�1i IS IS MS IS IS IS IS IS S S S S
�2i IS IS MS IS IS IS IS IS S IS S S
�2i IS IS IS IS IS IS IS IS S IS IS IS
�i S HS MS IS IS HS HS HS S HS HS HS
�i IS HS S IS IS S S S S HS S HS
Ar S S MS IS IS HS HS S S S S HS
ar,i S IS S IS IS S S S S S S S
hr,i S S S IS IS HS IS S HS HS S HS
cr,i S S MS IS IS HS IS S HS HS HS S
�i IS IS S S S HS IS IS S S HS HS
ui IS IS S IS IS HS HS IS IS S HS HS
Am S S MS IS IS HS HS S HS S HS HS
am,i S S S IS IS HS HS IS S S HS HS
amr,i S IS S IS IS HS HS IS S S S S
hm,i S S MS IS IS HS HS S S S HS HS
hmr,i IS IS MS IS IS S S IS S S S S
cmr,i IS IS MS IS IS IS IS IS S IS S HS

Fig. 7  Changes in common replenishment cycle T with variations in supply chain parameters
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Fig. 8  Changes in preservation effort cost with variations in supply chain parameters

Fig. 9  Changes in total profit per unit time under policy IV with variations in supply chain parameters
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has a maximum value whereas the profit of cooperative model with individual 
item (policy III) has the minimum value. Similarly, for the preservative effort 
point of view it is investigated that policy IV has a maximum value whereas pol-
icy III has a minimum value. So, it is concluded that channel perspective annual 
profit for joint items with preservative effort is maximum than any other annual 
profit of channel for multi-item and multi-echelon supply chain model but the 
channel perspective model of cooperative replenishment for joint items with 
mixed integer and preservation effort is 48114.94 which is very much approach-
ing to the profit of policy IV model i.e. 48115.04. Figure 5 shows the profits of 
the players like retailers and manufacturers with four different policies like I, 
II, III and IV under the cases like with preservation efforts, without preserva-
tion efforts, mixed integer of demand rate and order quantity and preservation 
efforts, mixed integer of demand rate and preservation efforts and mixed integer 
of demand rate and without preservation efforts. It is observed that the retailer 
as an individual player has more profit as compared to manufacturer. This sug-
gests that the retailer will like be the leading player of the business connections 
of supply chain. To increase manufacturer profit, the strategy of profit sharing for 
deteriorated items will be profitable to both the players which results the better 
profit of the integrated supply chain. Figure 6 shows the profits of the four differ-
ent policies like I, II, III and IV with different cases like with preservation efforts, 
without preservation efforts, mixed integer of demand rate and order quantity and 

Table 9  Analysis of Variance (ANOVA)

Tests of between-subjects effects

Dependent variable: TP

Source Sum of squares Degrees 
of free-
dom

Mean square F Sig.

Am Sum of squares due to  Am effects 2787.359 4 696.840 104145.815 0.000
Ar Sum of squares due to AR effects 25083.691 4 6270.923 937217.576 0.000
Error Sum of squares due to errors 0.107 16 0.007 – –
Total Total sum of squares 27871.157 24 – – –

Table 10  Effect of A
m
 and A

r
 

on system annual profit per unit 
time with preservation effort

Am\Ar 260 265 270 275 280

460 48054.23 48031.62 48009.11 47986.69 47964.38
465 48046.68 48024.10 48001.62 47979.24 47956.96
470 48039.15 48016.60 47994.15 47971.80 47949.55
475 48031.62 48009.11 47986.69 47964.38 47942.16
480 48024.10 48001.62 47979.24 47956.96 47934.77
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preservation efforts, mixed integer of demand rate and preservation efforts and 
mixed integer of demand rate and without preservation efforts. It is observed that 
the policy IV has maximum profit as compared to other three policies except the 
third case. It suggests that cooperative policy for joint deteriorating items gives 
more profit in discrete demand rate supply chain.

6.2  Sensitivity analysis

It is interesting to investigate the influence of the significant parameters,
b, �1i, �1i, �2i, �2i, �i, �i,Ar, ar,i, hr,i, cr,i,�i, ui,Am, am,i, amr,i, hm,i, hmr,i and cmr,i on 

policy IV profit model. The computational results of Table 7 are summarized in 
Table 8. Figure 7 shows the changes in common replenishment cycle T with var-
iations in supply chain parameters and it is observed that the common replenish-
ment cycle T is highly sensitive to the parameters �2i,Ar, hr,i and amr,i . Figure 8 
shows the changes in preservation effort cost with variations in supply chain 
parameters and it is observed that the preservation effort cost is highly sensitive 
to the parameters b, �1i, �1i, �i, hr,i, cr,i,Am and hm,i . Figure 9 shows the changes in 
total profit per unit time under policy IV with variations in supply chain parame-
ters and it is observed that the total profit per unit time under policy IV is highly 
sensitive to the parameters �1i and �1i.

Table 11  Analysis of variance (ANOVA)

Tests of between-subjects effects

Dependent variable: TP

Source Sum of squares Degrees 
of free-
dom

Mean square F Sig.

Am Sum of squares due to  Am effects 2797.223 4 699.306 105851.158 0.000
Ar Sum of squares due to AR effects 25172.012 4 6293.003 952547.190 0.000
Error Sum of squares due to errors 0.106 16 0.007 – –
Total Total sum of squares 27969.341 24 – – –

Table 12  Effect of A
m
 and A

r
 

on system annual profit per unit 
time without preservation effort

Am\Ar 260 265 270 275 280

460 48051.29 48028.64 48006.09 47983.64 47961.28
465 48043.73 48021.11 47998.59 47976.17 47953.85
470 48036.18 48013.60 47991.11 47968.72 47946.43
475 48028.64 48006.09 47983.64 47961.28 47939.02
480 48021.11 47998.59 47976.17 47953.85 47931.62
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6.3  Sensitivity analysis through ANOVA testing

The sensitivity of the system profit per unit time with publicity effort with respect 
to the important parameters like Am and Ar has been presented using the Analysis 
of Variance (ANOVA) method. The main conclusions drawn from the sensitivity 
analysis are as follows:

H01 ∶ Null Hypothesis: the optimal joint replenishment profit with preserva-
tion effort under co-operative policy is insignificant for different values of 
Am and Ar.
H11 ∶ Alternative Hypothesis: the optimal joint replenishment profit with preser-
vation effort under co-operative policy is differs significantly for different values 
of Am and Ar.

The ANOVA in Table 9 is constructed for the data values of Table 10, it is seen 
that the p-values of F0.05;5,25 and F0.05;5,25 (i.e. F-distribution at 5% level), are less 
than 0.05 respectively. So, the null hypothesis is rejected. Hence the system profit 
per unit time with preservation effort is significantly differ for different values of 
Am and Ar. 

The sensitivity of the system profit per unit time without preservation effort with 
respect to the important parameters like Am and Ar has been presented using the 
Analysis of Variance (ANOVA) method. The main conclusions drawn from the sen-
sitivity analysis are as follows:

H01 ∶ Null Hypothesis: the optimal joint replenishment profit without pres-
ervation effort under co-operative policy is insignificant for different values of 
Am and Ar.
H11 ∶ Alternative Hypothesis: the optimal joint replenishment profit without pres-
ervation effort under co-operative policy is differs significantly for different val-
ues of Am and Ar.

The ANOVA in Table 11 is constructed for the data values of Table 12, it is seen 
that the p-values of F0.05;5,25 and F0.05;5,25 (i.e. F-distribution at 5% level), are less 
than 0.05 respectively. So, the null hypothesis is rejected. Hence the system profit 
per unit time with preservation effort is significantly differ for different values of 
Am and Ar.

7  Conclusion

This study considers four profit optimization models, with discrete demand rate, dis-
crete order quantity and preservation efforts for economies of scale, on the individ-
ual and joint items. We explore the preservation efforts benefits the retailer’s coop-
erative replenishment with joint items model but for the channel perspective model 
preservation efforts play economies of scale where discrete (integer) demand rates 
benefit the retailers for multi-item integrated mixed integer supply chain model. 



328 OPSEARCH (2021) 58:276–329

1 3

Numerical analysis is conducted to clarify managerial insights about the impact of 
preservation efforts, mixed integer modeling on the decisions and profits of both 
the parties. From sensitivity analysis it is tested that the system profit per unit time 
with and without preservation efforts is significant for different values of Am and Ar . 
The major parameters, �i, �i, Ar, hr,i, �i, ui, Am, am,i, hm,i and cmr,i on cooperative 
replenishment for joint items model are highly sensitive for channel profit so for 
choosing the values of these parameters at managerial level is a very crucial deci-
sion for optimizing profit. This work can be extended in several ways like deteriora-
tion, backlogging, forward financing, partially forward financing, two components 
demand etc. for further research work.
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