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Abstract In this paper we consider a single server queueing-inventory system having
capacity to store § items which have a common-life time (CLT), exponentially dis-
tributed with parameter y. On realization of CLT a replenishment order is placed so
as to bring the inventory level back to S, the lead time of which follows exponential
distribution with parameter f. Items remaining are discarded on realization of CLT.
Customers waiting in the system stay back on realization of common life time.
Reservation of items and cancellation of sold items before its expiry time is per-
mitted. Cancellation takes place according to an exponentially distributed inter-
occurrence time with parameter i when there are (S — i) items in the inventory. In
this paper we assume that the time required to cancel the reservation is negligible.
Customers arrive according to a Poisson process of rate 4 and service time follows
exponential distribution with parameter p. The main assumption that no customer
joins the system when inventory level is zero leads to a product form solution of the
system state distribution. Several system performance measures are obtained.
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1 Introduction

It is common to purchase an item in the inventory and later cancel (return) it. We shall
refer purchase of an item from inventory as reservation (for example, reservation of a
seat in bus/train/flight for a future journey). Sometimes the purchased item may be
returned. We call this as cancellation (for example, canceling a reserved seat). Each
item on hand may have an expiry date which in some cases is common to all. Several
examples can be cited: batch of medicines that were manufactured together have a
common expiry date; once a bus/train/flight departs the vacant seats have no use,
those could not board the transport system before departure miss it. In this paper we
study a queueing inventory process consisting of S items which have expiry time,
called common life time where reservation of items and cancellation of sold items
within the expiry time is allowed. The common life time (CLT) of items is
exponentially distributed with parameter y, on realization of which the remaining
items are discarded, but the waiting customers stay back in the system. Cancellation
and reservation are permitted as long as common life time is not realized. Inter-
cancellation time follows exponential distribution with parameter depending on the
number of items in reservation list at that moment. Time required to cancel a
reservation is assumed to be negligible. Demands for the item form a Poisson
process of rate 4; one unit of item is supplied to a customer at the end of the service.
The service time follows exponential distribution with parameter u.

Queueing-inventory models (inventory with positive service time) is introduced by
Sigman and Simchi-Levy [11]. It was followed by several researchers. A survey of work
in this area is given in Krishnamoorthy et al. [4]. Among these certain significant
contributions in stochastic decomposition could be found (see Schwarz et al. [9], Saffari
et al. [8], Krishnamoorthy and Viswanath [5]). A new class of stochastic network that
exhibit a product form steady state distribution was investigated by Schwarz et al. [10].
The stochastic networks developed there are integrated models for networks of service
stations and inventories. They assume that though the server with attached inventory
does not accept new customer when the inventory is depleted, lost sales are not lost to
the system. A necessary and sufficient condition for a product form steady state
distribution of joint queueing environment process which has applications in inventory
theory is given by Krenzler and Daduna [2]. A product form steady state distribution for
queueing inventory process where service system and random environment interact in
both directions is derived in Krenzler and Daduna [1]. Discrete time (s, S) inventory
model in which the stored items have a random common life time with a discrete phase
type distribution where demands arrive in batches following a discrete phase type
renewal process is considered by Lian et al. [6]

Queueing inventory with reservation, cancellation, common life time and retrial
is introduced by Krishnamoorthy et al. [3]. They assumed that a customer on arrival
to an idle server with at least one item in inventory is immediately taken for service
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or else he joins the buffer of varying size depending on the number of items in the
inventory. If there is no item in the inventory the arriving customer first queue up in
a finite waiting space of capacity K. When it overflows an arrival goes to an orbit of
infinite capacity with probability p or is lost forever with probability 1 — p. From
the orbit he retries for service. However, they fail to produce a product form
solution. For the model discussed in the present paper we do away with the buffer,
waiting space and orbit; instead a single queue is considered. This is at the expense
of loss of some crucial information - the finite waiting list is gone and is replaced by
the number in the waiting room at any time. Nevertheless, under the crucial
assumption that no customer joins the system when inventory level is zero, we
establish the stochastic decomposition property of the system state.

The rest of the paper is arranged as follows. Mathematical formulation is taken
up in Sect. 2. Section 3 provides the steady state analysis of the model. Some
important performance measures are derived in this section. Numerical examples
and optimization problems are discussed in Sect. 4.

Some notations and abbreviations used in the sequel:

e (*: Inventory level on common life time realization but before the
replenishment.

e = Column vector of 1’s of appropriate order.

CTMC : Continuous Time Markov Chain.

LIOBD : Level Independent Quasi-Birth and Death Process.

CLT : Common Life Time

2 Mathematical formulation

We consider a single server queueing-inventory system consisting of a homoge-
neous item having a CLT. The time duration from the epoch at which we start with
maximum inventory level S at a replenishment epoch, to the moment when the CLT
is realized is called a cycle. The CLT of items is exponentially distributed with
parameter . On realization of CLT customers waiting in the system stay back in the
system. When CLT is reached a replenishment order is placed, which is realized on
completion of a positive lead time that is exponentially distributed with parameter f.
Reservation of items and cancellation of sold items before the CLT realization is
permitted. Cancellation takes place according to an exponentially distributed inter-
occurrence time with parameter i0, when (S — i) items present in the inventory.
Through cancellation of purchased item, inventory gets added to the existing one;
nevertheless, inventory level will not go above S (the sum of items in sold list and
those in store equal to S). The customers arrive according to a Poisson process of
rate A. Each customer requires a single homogeneous item, having a random
duration of service time which follows an exponential distribution with parameter p.
No customer joins the system when inventory level is zero.

The above system is modelled as a continuous time Markov chain I' =
{(N(t),I(t)),t >0} with state space {(n,0"),n>0}{(n,i),n>0,0<i<S}
where N(f) = Number of customers at time ¢ and I(f) = Number of items in the
inventory at that time. The transitions in the Markov Chain are
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e Transitions due to arrival:
(n,i) — (n+1,i) at therate Lforn > 0,1 <i< S
e Transitions due to service completions:
(n,i) > (n—1,i—1)attherate uforn > 1,1 <i<§
e Transitions due to common life time realization:
(n, i) — (n,0%) at the rate y forn > 0,0 <i < §
e First transition that is counted after CLT is realized (which is due to
replenishment):
(n,0") — (n, S) at the rate § forn > 0
e Transition due to cancellation:
(n,i) — (n,i+ 1) attherate (S—i)fforn>0,0<i<S—1

The infinitesimal generator of I" with entries governed as described above is

[ B A
Ay A A
Q= Ay A Ao

Ay A Ag

where B contains transitions within level 0; A¢ represents transitions from n to n + 1
for n >0, A| represents transitions within n for n > 1 and A, represents transitions
from n to n — 1 for n > 1. All these are square matrices of order S + 2.

0 1 2 S—-1 § o
0 bs SO o'
1 bs—1 (S—1)0 v
B_ 2 bs—2 (S—2)6 5
51 by [
S ' bg 7
0" g -p
0 1 2 s-1 S o
0 bs SO 2
1 as—q (S - 1)€ Y
Ay = 2 as—2 (S — 2)6 . “'/
5 -1 ‘ a 0 A
s Yo
0* 6 =B
0 0
A w0
Ag = Ay =
A w0
0 00

with bg = —(y+86),b; = —(A+i0+y),a; = —(A+u+i0+7y) for 0<i<S— 1.
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2.1 Stability condition

To establish the stability condition, we consider the Markov chain {I(¢),t >0},
where I(¢) is as defined earlier with state space given by {0,1,2,...5,0"}. Let ¢ =

(dgs D1, -- -, Ps, ) be the steady-state probability vector of this Markov chain. Its
infinitesimal generator is A = (A9 +A; + Ay) =

0 1 2 S—-1 S 0*
0 bs S0 ~
1 mwobsy (S—1)0 v
2 H Vs s (§—2)¢ v
S—1 I 4 0 v
S I by v
0" g s

with bg = —(y + 80),b; = —(u+i0+y) for 0 <i < S— 1.
Then ¢ satisfies the equations
PA=0, ¢e=1. (1)

The components of ¢ are obtained as

Vdy i=0
where
1 i=0
v+ S0 i1
u

V, = (+p+S—=(3—-1)0)Vig —(S—=(i=2)0)V,, h<i<s

U

S
=Y Vi i=0"

b=

The unknown probability ¢, can be found from the normalizing condition ¢e =1
as

P —1
¢y = (Z Vi+ VS) . (2)
i=0

The LIQBD description of the model indicates that the queueing-inventory system is
stable (see Neuts [7]) if and only if the left drift exceeds that of right drift. That is,

PAoe < pAse (3)

which on simplification gives the stability condition as
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A< 4)
This leads to
Lemma 2.1 The process I'= {(N(t),1(z)),t >0} is stable if and only if 1< p.

3 Steady-state analysis

For finding the steady state vector of the process I', we first consider an inventory
system with negligible service time and no backlog of demands. The corresponding
Markov chain may be defined as = {I(?), t > 0} where I(t) has the same definition
as described in Sect. 2. Its infinitesimal generator is given by

0 1 2 S-1 S 0
0 bg 0 Y
1 X bs_1 (S—1)8 v
o 2 b§,2 (s - 2)0 | 5
5 -1 A by 0 A
S A by v
0" g s
Let n = (mo, 1, 72, . - ., s, T4) be the steady state vector of the process . Thenn
satisfies the equations
aH =0, =me=1. (5)

Then the components of @ can be obtained as

Usmg i=0"
where
1 i=0
v+ S0
> i=1
A
U=q @+A+S—-(G- 1))9)[;,;1 —(§—(i—-2)0)U;i_, r<i<s
Al L s
BZ:’:OU" i=0

The unknown probability 7y can be found from the normalizing condition we = 1
as

s -1
Ty = (Z Ui + US) . (6)
i=0
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Assuming that (4) is satisfied, we compute the steady state probability of the
original system. Let x denote the steady-state probability vector of this system. Then

xQ =0, xe = 1. (7)

Partitioning x as X = (xg,X1,X2,...) where x; = (xi(0),xi(1), ...xi(S), x;(0*)), for
i >0.Then by (7) we get

xoB + X1A; = 0, (8)

XiAg + Xir1A1 + Xi2A2 = 0;  1>0. 9)

We produce a solution of the form
A
xi—K(—> w, i>0 (10)
U
where K is a constant to be determined. With these x; substituted in xQ = 0 we get

xoB + x1A; = Kn (B i fA2> — KnH =0,
u

i+1 /L } i+1
XiAg + Xj11A1 + Xj12A2 = K<’u> 4 <B + /.LAZ) = K</J) nH = 0.

Thus we can see that (10) satisfy the Egs. (8) and (9). Now applying the normalizing

condition xe = 1 we get
A g
k(1 (2)+ (2) 4] =1
M u

Hence under the condition A<y we have K = 1 — ﬁ

Thus under the condition that 1<y, the steady state probability vector of the
process I with generator matrix Q is given by x = (xg, X1, X2, . . .), Where

”

i
xi:K(ﬁ> m i>0 (11)
u
where

K=1-2, (12)
U
and conversely. Thus, the system state distribution under the stability condition is
the product of marginal distributions of the number of customers in an M/ M/ 1
system and the number of items in the inventory.
Now we look at a few of the system characteristics that throw light on the
performance of the system.
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3.1 Performance measures

A
1. Expected number of customers in the system, E¢c = 7
=
. . . s .
2. Expected number of item in the inventory, E; = Zi: i
s
3. Expected cancellation rate, Ecg = Z(S —)0m;
i=0
ZiS:o(S —i)0m;

4. Expected number of cancellation, Ecy =
Y
. s
5. Expected inventory purchase rate by customers, Epg = A Ziﬂ s

Expected number of inventory purchased by customers in a cycle,

)\, S i
Epy = 72121 i
7. Expected loss rate of customers, E; = Amy
Probability that all items are in sold list before CLT realization, Pvacant =
9. Probability that all items are in the system before CLT realization, Pfull = ng

*®

3.2 Expected sojourn time in zero inventory level in a cycle
before realization of CLT

This is the expected time during which the system stays with no inventory. We
derive this for a finite capacity system. For that consider the Markov Chain
{(N(t),1(r)),t > 0}. The state space is {(n,0),0 <n<K}|J{A} where {A} denotes
the absorbing state of the Markov chain which is realization of CLT or cancellation
and K is the maximum number of customers accommodated in the system. Its
infinitesimal generator is of the form

T 71°
H, =
0 O
where T =
0 1 2 e K-1 K A
0 (S0 +7) 50+~
1 —(S6+7) 56+
2 —(S0+) S0+~
K1 —(S0+7) ESH;”/g
K —(S0+7) (S0+7
A 0 0 0 0
Thus expected sojourn time in zero inventory level, E(; = —oxT 'e where

ax = (x0(0),x1(0),...,xx(0)). Expected number of visits =£2m. Thus the

expected sojourn time in zero inventory level in a cycle = %m (—oxT 'e).
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3.3 Expected sojourn time in maximum inventory level S in a cycle
before realization of CLT

This is the expected time system stays with maximum inventory. Here also
derivation is done in case of finite number of customers. For that consider the
Markov Chain {(N(z),I(t)),t>0}. The state space is {(n,S),0<n<K}|J{A},
where {A} denotes the absorbing state of the Markov chain which represents
realization of CLT or service completion. Its infinitesimal generator is of the form

T
Hy =
0 O
where
0 1 2 K—1 K A
0 —(A+p+7) A wA47)
1 —(A+pu+7) A w4)
7o 2 —Atpt+y) A w+)
1= . .
K—1 —A+p+7) (n+7)
K A tp+r) (t7)
A 0 0 0 0
Thus the expected sojourn time in maximum inventory level, E% = —axT| le
where ox = (x0(S),x1(S),...,xk(S)) and expected number of visits to S = %ns_l.

Thus, expected sojourn time in maximum inventory level in a cycle
- —~1q) 0
= (—OCKTI e);ns,l.

4 Numerical illustration

In this section we provide numerical illustration of the system performance with
variation in values of underlying parameters.

4.1 Effect of 1 on various performance measures

Table 1 indicates that increase in A value makes increase in expected number of
customers in the system, expected loss rate, expected purchase rate, expected
cancellation rate. As /4 increases there is a decrease in the expected number of items
in the inventory. Also, as Z increases probability that all items are in the sold list
prior to realization of CLT increases and probability that all items are in the system
just prior to realization of CLT decreases. These are all natural consequences as
arrival rate increases.
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Table 1 Effect of A: fix § =20,0=3,u=15,9y=0.1,=2

A EC E[ EL ECR EpR Pvacant Pfull

9 1.4992 16.2817 1.3246 x 107° 8.2979 8.5697 1.4717 x 1077 0.0602
10 1.9946 15.9726 6.1139 x 10~° 9.2258 9.5154 6.1139 x 1077 0.0459
11 2.7185 15.6629 2.1047 x 1073 10.1563 10.4442 1.9133 x 107° 0.0355
12 3.8342 15.3587 5.5471 x 1073 11.0717 11.3313 4.6226 x 107° 0.0280
13 5.6433 15.0756 1.1340 x 10~ 11.9242 12.1367 8.7234 x 107° 0.0229

Table 2 Effect of : §=20,0=3,2=11,7=0.1,=2

u Ec E; E; Ecr Epr Pvacant Pfull

12 7.7781 15.7020 8.3553 x 107> 10.0471 10.1282 7.5957 x 107° 0.0380
13 4.9860 15.6684 6.0072 x 107> 10.1447 10.3136 5.4611 x 107° 0.0364
14 3.5499 15.6618 3.7134 x 1073 10.1616 10.4034 3.3759 x 107° 0.0357
15 2.7185 15.6629 2.1047 x 1073 10.1563 10.4442 1.9133 x 10 0.0355
16 2.1905 15.6665 1.1363 x 1073 10.1490 10.4622 1.0330 x 10=® 0.0354
17 1.8302 15.6665 5.9801 x 107° 10.1440 10.4700 5.4364 x 1077 0.0353

4.1.1 Effect of the service rate [i

Table 2 indicates that increase in u value decreases the expected number of
customers and expected loss rate of customers in the system. As service rate
increases it is natural that loss rate of customers and expected number of customers
in the system decreases. As u increases expected number of items in the inventory
shows a decreasing tendency first and then it increases. This could be attributed to
the increase in cancellation of purchased items. Expected purchase rate increases,
which is on expected lines. However expected cancellation rate increases first and
then decreases as u value increases. The initial increase in cancellation rate is due to
large number of purchases taking place consequent to increasing value of y;
however with further increase in value of g, the traffic intensity decreases and so the
number of actual purchase decreases, which in turn results in the decrease of the rate
of cancellations. Probability for all items in sold list prior to CLT realization
decreases and probability for all items in system also decreases.

4.1.2 Effect of common life time parameter y

In Table 3, there are few surprises. These are in the behaviour of E;, Ecg and Epg
with increase in value of ). Increase in 7 means the CLT realization is faster. We
observe that as y increases there is a decrease in expected number of items in the
inventory, expected loss rate of customers. Shorter the CLT, lesser will be the
purchase rate, so cancellation rate also decreases. Also, we observe that as CLT
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Table 3 Effect of y: $=20,0=3,A=11,u=13,=2

Y EC E[ EL ECR EPR Pvacant Pfull

0.1 4.9860 15.6684 6.0072 x 1073 10.1447 10.3136 5.4611 x 107° 0.0364
0.2 4.9865 15.0569 5.6983 x 1073 9.3877 9.8460 5.1803 x 107° 0.0449
0.3 4.9871 14.4928 5.4177 x 1073 8.7134 9.4188 4.9251 x 107° 0.0524
0.4 4.9875 13.9706 5.1615 x 1073 8.1101 9.0272 4.6923 x 107° 0.0590
0.5 4.9880 13.4857 4.9268 x 1073 7.5680 8.6669 4.4789 x 107° 0.0648
0.6 4.9884 13.0342 4.7109 x 1073 7.0791 8.3342 4.2827 x 107° 0.0699

Table 4 Effect of 0: S =20,7=0.1,A=11,u=13,=2

0 Ec E; Er Ecg Epr Pvacant Pfull

1 4.9854 9.7793 0.0278 9.2706 10.2863 0.0025 0.0099
2 4.9859 14.0978 1.5007 x 10~* 9.9043 10.3136 1.3643 x 1073 0.0153
3 4.9860 15.6684 6.0072 x 1073 10.1447 10.3136 5.4611 x 107 0.0364
4 4.9860 16.4797 3.4360 x 107> 10.2809 10.3137 3.1236 x 107 0.0726
5 4.9860 16.9753 2.3040 x 107> 10.3736 10.3137 2.0946 x 107° 0.1165
6 4.9860 17.3093 1.7012 x 107> 10.4440 10.3137 1.5466 x 107° 0.1624

realization decreases probability that all items are in sold list just prior to CLT
realization decreases and probability that all items are in system prior to CLT
realization increases.

4.1.3 Effect of cancellation rate 0

Table 4, shows that as cancellation rate increases expected number of customers in
the system initially show a slight increase and then it remains constant. Expected
number of items in the inventory and expected cancellation rate show an upward
trend, which is a consequence of increasing value of 6. Expected purchase rate
increases first and then remains constant and expected loss rate of customers
decrease with respect to increase in 0. Also, we observe that as cancellation rate
increases probability that all items are in sold list just prior to CLT realization
decreases and probability that all items are in system just prior to CLT realization
increases.This tendency is a consequence of higher cancellation rate for the same
CLT parameter value.

4.1.4 Effect of replenishment rate f
From Table 5, we observe that as replenishment rate increases expected number of
customers in the system show a slight decreasing tendency and expected loss rate of

customers increase. There is an increase in expected number of items in the
inventory, expected cancellation rate, expected purchase rate. Also, we observe that
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Table 5 Effect of f: $=20,0=3,2=11,u=13,7=0.1

B Ec E; Ep Ecr Epg Pvacant Pfull

1 4.9865 14.9579 5.720 x 1073 9.6846 9.8460 5.2001 x 107° 0.0347
4.9860 15.6684 6.0072 x 1073 10.1447 10.3136 54611 x 107° 0.0364
4.9858 15.9205 6.1094 x 1073 10.3079 10.4796 5.5540 x 107° 0.0370
4.9857 16.0496 6.1618 x 1073 10.3915 10.5646 5.6017 x 107° 0.0373
4.9856 16.1281 6.1937 x 1073 10.4423 10.6162 5.6306 x 107° 0.0374
4.9856 16.1808 6.2151 x 1073 10.4764 10.6509 5.6501 x 107¢ 0.0376

AN AW

as replenishment rate increases probability that all items are in sold list just prior to
CLT realization and probability that all items are in system just prior to CLT
realization increases.

4.2 Optimization problem

Based on the above performance measures we construct a cost function to check the
maximality of profit function.
We define a revenue function as RF as

RF = C1Epg + CzECR — hE; — hCEC

=Ty C1AZU+C22 —l@U—h,ZlU — he }i

1=1

where

e () =revenue to the system due to per unit purchase of item in the inventory
e (, =revenue to the system due to per unit cancellation of inventory purchased
e J; = holding cost per unit time per item in the inventory

e ¢ = holding cost of customer per unit per unit time

In order to study the variation in different parameters on profit function we first
fix the costs C; = $150, C, = $50, h; = $20, hc = $5.

4.2.1 Effect of variation in S, y and 60 on RF

Table 6 shows that the change in revenue function with respect to S and 0 (see
Fig. 1). The revenue function increases first with 6 and then keep going down. It
may be noted that cancellation to some extent prior to common life realization
results in higher profit to the system since there is a cancellation penalty imposed on
the customer. As common life time realization decreases profit becomes less. This is
due to lower cancellation rate. Table 7 shows that the change in revenue function
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Table 6 Effect of S and 6.

Fix 1=11,u=13,7y=0.1,=2

Sl0— 1 1.5 2 2.5 3 3.5 4
10 1511.2 1789.9 1882.4 1904.6 1906.8 1904.3 1901.2
11 1602 18354 1890.2 1895.8 1892.1 1887.6 1883.7
12 1677 1859.5 1885.2 1881.5 1875.2 1869.9 1865.8
13 1735.7 1867.3 1873.1 1864.7 1857.4 1851.9 1847.8
14 1778.6 1863.9 1857.5 1847.1 1839.4 1833.9 1829.8
15 1806.7 1853.5 1840.4 1829.1 1821.4 1815.8 1811.7
16 1882 1839.1 1822.6 1811.1 1803.3 1797.8 1793.7
Table 7 Effect of y and S. Fix A=11,u=13,=2,0=2
Sly— 0.1 0.15 0.2 0.25 0.3 0.35 04
10 1882.4 1828.1 1776.7 1728 1681.6 1637.6 1595.6
11 1890.2 1834.5 1781.7 1731.7 1684.2 1639.2 1596.4
12 1885.2 1828.5 1775.5 1725 1677.1 1631.7 1588.6
13 1873.1 1816.6 1763.2 1712.7 1664.8 1619.4 1576.3
14 1857.5 1801.2 1748 1697.7 1650 1604.8 1561.8
15 1840.4 1784.4 1731.5 1681.4 1634.1 1589.1 1546.5
16 1822.6 1767 1714.4 1664.7 1617.7 1573.1 1530.7
:a:b'lessi Efﬁeﬁ‘ﬂoielgi"; I 1;”‘ 10— 1 1.5 2 2.5 3
1806.7 1747.2 1691.3 1638.8 1589.4
1853.5 1793.3 1736.7 1683.5 1633.3
1840.4 1784.4 1731.5 1681.4 1634.1
1829.1 1776 1725.7 1677.9 1632.6
1821.4 1770.2 1721.6 1675.4 1631.4
1815.8 1766.0 1718.7 1673.6 1630.7
1811.7 1763 1716.6 1672.4 1630.3

with respect to S and y (see Fig. 2) keeping rate of cancellation a constant. Table 8
shows the change in revenue function with respect to y and 0 (Fig. 3).

5 Conclusion

We analyzed an inventory system with reservation and CLT for inventory.
Purchased items could be returned before expiry of CLT. The CLT of items is
exponentially distributed. On realization of CLT customers waiting in the system

@ Springer



OPSEARCH (2017) 54:336-350 349

2000 "
1900 "

1800

RF

17004 -

1600~

Fig. 1 Effect of S and 0

1900
1850
1800
1750

1700

RF

1650

1600

1550

Fig. 2 Effect of S and y

stay back. When CLT is reached a replenishment order is placed, lead time of
which follows exponential distribution. No new arrival joins when inventory level
is zero. This leads to a product form solution. Under stability condition we
computed the long run system state distribution. These are in turn used for
computing several system performance measures. Expected sojourn time in
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1900
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maximum inventory level and zero inventory level in a cycle are derived. An
optimization of a revenue function is also done numerically.

We propose to examine whether a product form solution exist for a queueing-
inventory system with finite capacity.
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