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Abstract In this paper, we establish the sufficient Karush-Kuhn-Tucker (KKT)
optimality conditions for the set-valued fractional programming problem (FP) via
contingent epiderivative under p-cone convexity. We also study the duality results of
parametric (PD), Mond-Weir (MWD), Wolfe (WD) and mixed (MD) types for the
problem (FP).
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1 Introduction

In the past few years, the set-valued optimization theory has attracted the attention
of many researchers towards this expanding branch of optimization. Many optimiza-
tion problems in mathematical economics, optimal control, differential inclusions,
image processing, viability theory and many more are set-valued optimization prob-
lems (SVOP) that involve set-valued maps as objective functions and constraints.
Various types of differentiability notions of set-valued maps have been introduced
in (SVOP). The notion of contingent epiderivative of set-valued maps, introduced
by Jahn and Rauh [8], has a significant role to establish optimality conditions of
(SVOP). The notion of cone convexity of set-valued maps, introduced by Borwein
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[6], also plays a vital role in this case. An important class of (SVOP) is set-valued
fractional programming problems. In 1997, Bhatia and Mehra [4] introduced the
notion of cone preinvexity for set-valued maps and obtained the Lagrangian duality
results for the set-valued fractional programming problems. Later, they [5] proved
the duality results for Geoffrion efficient solutions of the set-valued fractional pro-
gramming problems under cone convexity assumptions. In 2013, Gadhi and Jawhar
[7] established the necessary optimality conditions of the set-valued fractional pro-
gramming problems without any convex separation approach. Many authors like
Kaul and Lyall [9], Bhatia and Garg [3], Suneja and Gupta [11], Suneja and Lalitha
[12] and Lee and Ho [10] established the optimality conditions and proved the dual-
ity theorems for vector-valued fractional programming problems under generalized
convexity assumptions.

This paper is organized as follows. In Section 2, we recall some definitions and
preliminary concepts of the set-valued optimization theory. In Section 3, we establish
the sufficient optimality conditions for weak efficiency of the set-valued fractional
programming problems under generalized cone convexity assumptions. We also
establish the duality results of various types.

2 Definitions and preliminaries

Let Y be a real normed space and K be a nonempty subset of Y. Then K is called a
coneif Ay € K, forall y € K and A > 0. Furthzr, the cone K is called pointed if
K N (—K) = {0y}, solid if int(K) # @, closed if K = K and convex if

AK + (1 —AM)K C K,VAe]0,1],

where int(K) and K denote the interior and closure of K, respectively and Oy is the
zero element of Y.
The positive orthant R” of R"™, defined by

RY ={y=01 . ym) €R" 1 y; 20,Vi =1,....,m},

is a solid pointed closed convex cone of R™.
Various types of minimal points can be defined with respect to a solid pointed
convex cone in a normed space.

Definition 2.1 Let B be a nonempty subset of a normed space Y, K be a solid pointed
convex cone in ¥ and y’ € B. Then,

(i) y’is anideal minimal pointof Bif yY —y € —K, forall y € B.
(ii) y’ is a minimal point of B if there isno y € B \ {y’} such that y — y' € K.
(iii)  y’is a weakly minimal point of B if there isno y € B such that y—y’ € int(K).

The contingent epiderivative of set-valued map is defined with the help of
contingent cone. Aubin [1, 2] introduced the contingent cone in normed spaces.
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Definition 2.2 [1, 2] Let B be a nonempty subset of a normed space Y and y’ € B.
Then, the contingent cone to B at y’, denoted by T'(B, y’), is defined as:
y € T(B, y') if there exist sequences {},} in R, with A,, — 07 and {y,} in ¥, with
yp — ¥, such that
Y 4+ Ay, € B,Vn e N,
or, there exist sequences {t,} in R, with 7, > 0 and {y}} in B, with y;, — ', such that

th(y, =)=y, asn — oo.

Let X and Y be real normed spaces, 2 be the set of all subsets of ¥ and K be a
solid pointed convex cone in Y. Let F : X — 2Y be a set-valued map from X to ¥
ie., F(x) CY,forallx € X.

The effective domain, graph and epigraph of the set-valued map F are defined by:

dom(F) = {x € X : F(x) # 9},

gr(F) ={(x,y) e X xY :ye Fx)}
and
epi(F) ={(x,y)e X xY:ye F(x)+ K}.
In 1997, Jahn and Rauh [8] introduced the notion of contingent epiderivative of
set-valued maps.

Definition 2.3 [8] Let F : X — 2Y be a set-valued map and (x, y’) € gr(F). Then
the single-valued map D4 F(x’,y") : X — Y is called the contingent epiderivative
of Fat (x,y') if

epi (D1 F(x', y)) =T (epi(F), (+', y")) -
Jahn and Rauh [8] also showed that when f : X — R is a real-valued map, being
continuous at the point x’ € X and f is convex, then
Dy f (x', F&)) @) = f'(x)w), Vu € X,

where f’(x’)(u) is the directional derivative of f at x’ in the direction .
Borwein [6] introduced cone convexity of set-valued maps. Later, Jahn and Rauh
[8] characterized cone convex set-valued maps in terms of contingent epiderivative.

Definition 2.4 [6] Let A be a nonempty convex subset of X. A set-valued map F :
X — 2Y with A C dom(F), is called K-convex on A if Vx|, xp € A and A € [0, 1],

AF(xp) + A = MF(x2) € FGux + (1 - Mx2) + K.

It is clear that if the set-valued map F : X — 2Y is K-convex on A, then epi(F) is
a convex subset of X x Y.

Lemma 2.1 [8] Let F : X — 2Y be K-convex on a nonempty convex subset A of
X. Let x' € Aand y' € F(x'). Assume that F is contingent epiderivable at (x', y').
Then, for all x € A,

F(x)—y CDyF',y)(x —x)+ K.
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Let X be a real normed space and A be a nonempty subset of X. Let F : X — 2F",
G:X—>2%andH: X — 2Rk be set-valued maps, with

A C dom(F) Ndom(G) Ndom(H).
Throughout the paper, denote
Ogn = (0, ...,0) e R™

and
Ign = (1,...,1) € R™.

Let F = (F1,F, ..., Fyn),G = (G1,Gy,...,Gy) and H =
where the set-valued maps F; : X — R G : X — 2R
Hj: X — 2%, j=1,2,.. k, are defined by:

dom(F;) = dom(F), dom(G;) = dom(G) and dom(H;) = dom(H),

(Hy, Ha, ..., Hy),
=1,2,...,m and

xe€A y=0Q1Y2mdn) € FX) &=y € F;(x),Vi=1,2,...,m,
72=(21,22, ., Zm) EG(x) & z; € G;(x),Vi=1,2,....m

and
w = (wy, w2, ..., W) € Hx) <= w; € H;j(x),Vj=1,2,.. k.

Assume that F;(x) € Ry and G;(x) Cint(R}),Vi =1,2,...,mand x € A.
Let A/ = (A}, A, A € R
Define £ € R and 1’z € R™ by:

zz(& » y_m>
z 21227 zm

Mz =Mz Mzas e Ayzm).

For x € A, define the subset gg ; of R™ by:

FO [y (22 ) s G =
G(x)_{ —( s >.y,eE(x),z,eGl(x),z—l,Z,...,m}.

21’22 2m
Consider the set-valued fractional programming problem:

inimize FO) — (A®) Bx B
e 6w T (Glu)’ Galry Gm(x>)

subject to, H(x) N (—Rﬁ) # 0.
The feasible set of the problem (FP) is

S:{xeA:H(xm(—R’;);éw}.

and

Z

(FP)

Definition 2.5 A point (x/, %) e X xR" withx' € S,y € F(x')and 7’ € G(x'),
is called a minimizer of the problem (FP) if there exist nox € S,y € F(x) and
z € G(x) such that

/
% L e —R7\ {Opn).
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Definition 2.6 A point (x/, ;—) € X x R™, withx’ € S,y € F(x')and 7' € G(x'),
is called a weak minimizer of the problem (FP) if there existnox € S,y € F(x) and
z € G(x) such that

y vy
Z — ? € —1nt(R$).

Consider the parametric problem (F P;/) associated with the set-valued fractional
programming problem (FP):

minimize ~ F(z) — N'G(z)
z€A (FP)\/)
subject to, H(z) N (—R) #£ 0.

Definition 2.7 A point (x’,y" — V7)) € X x R™, with x’ € S,y € F(x’) and
7 € G(x), is called a minimizer of the problem (F P;;), if there exist no x € S,
y € F(x) and z € G(x) such that

(y—4'2) = () = 1'2) € =R\ {Opn}.
Definition 2.8 A point (x’,y" — A'7) € X x R™, with x’ € S,y € F(x') and
7/ € G(x'), is called a weak minimizer of the problem (F Py;), if there exist no x € S,
y € F(x) and z € G(x) such that
(y—=A2) = (' = AN7) e —int(RY).

Gadhi and Jawhar [7] proved the relation between the solutions of the problems
(FP) and (F Pj/) in the following theorem.

Lemma 2.2 [7] A point (x’, z—,/) € X x R™ is a weak minimizer of the problem (FP)

. . ’ . e ’_ y/
if and only if (x', Orm) is a weak minimizer of the problem (F Py:), where 1" = =.

Lemma 2.3 [13] Let x1, xo € R" and A € [0, 1].
Then,

IAx1 + (1 = 2)xa)l® = Allxg I + (1= Dllx2l> = A0 = 2 lxg — x2 1%

3 Main results

We introduce the notion of p-cone convexity of set-valued maps. For p = 0, we have
the usual notion of cone convexity of set-valued maps.

Definition 3.1 Let X, Y be real normed spaces, A be a nonempty convex subset of X,

K be a solid pointed convex cone in Y, e € int(K) and F : X — 2Y be a set-valued
map, with A € dom(F).
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Then F is called p-K-convex with respect to e on A if there exists p € R such that

AF(x1) 4 (1 = MF(x2) € FGuxp + (1= Mx2) + pa(l = Mllx1 — x2l%e + K,
Vx1,x3 € Aand VA € [0, 1].

In the following theorem, we characterize p-cone convexity for contingent
epiderivable set-valued maps.

Theorem 3.1 Let A be a nonempty convex subset of X, e € int(K) and F : X — 2Y
be p-K-convex with respect to e on A. Let x' € A and y' € F(x'). Assume that F is
contingent epiderivable at (x', y').

Then,

F(x)—y S DyF(x',y)x —x') + pllx — x'|Pe + K, Vx € A.

Proof Letx € Aandy € F(x).
As F is p-K-convex with respect to e on A,
AF(xX) 4+ (1 =MF@E) C F(xX' 4+ A(x —x") + pA(1 = 1)|Ix — x'||%e + K,
Vi e [0, 1].

Let {1, } be a sequence in R such that A, € (0, 1) and A,, — 0, as n — oo.
Consider two sequences {x,} in X and {y,} in Y, defined by:

Xp=x +x,(x —x))
and
Yo =y + (1= 1)y = pha(l = Ap)llx — x| %e.
Therefore,
yn € F(xp) + K.

It is clear that
Xy —x'

Xn = X',y — Y, — x —x', whenn — oo

n

and
Yn — y/
An
Therefore,
x=x',y—y —plx—=x'IPe)eT (epi(F), (x, y)) = epi (D1 F(x', ).

Consequently,

=y—y —p(l=a)llx —x'|?e = y =y — plx — x'||%, whenn — oo.

y—y —pllx —x'IPe € DyF(x', y)(x —x') + K,

which is true for all y € F(x).
Therefore,

F(x) =y S D4F(, y)(x = x) + pllx — ¥ Pe + K.
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We also establish a relation between the notions of cone convexity and p-cone
convexity of set-valued maps, when X = R".

Theorem 3.2 Let A be a nonempty convex subset of R", e € int(K) and F : R" —
2Y be a set-valued map, with A C dom(F). Then F : R" — 2Y s ,o-K;-convex with
respect to e on A if and only if there exists a K-convex set-valued map F : R" — 2Y
on A, such that -

F(x) = F(x) + pllx|e, Vx € dom(F). 3.D

Proof Suppose that there exists a K-convex set-valued map F :R" — 2Y on A such
that Eq. 3.1 holds.

We show that F : R" — 2% is p-K-convex with respect to e on A, i.e., for all
x1,xp € Aand A € [0, 1],

AF(x1) + (1 = W F(x2) € FOx1 + (1 = M)x2) + pA(l = W) |x1 — x2]*e + K.
Let y; € F(x1) and y; € F(x3).
Then,
yi =21+ plxil’e
and
y2 =22+ pllxale.
for some 7] € F(x1) and 22 € F(x2).
As F : R" — 2 is K-convex on A, we have
AF(x1) 4+ (1 — W F(x2) € Fuxy + (1 — A)xa) + K.
Therefore, -
A1+ =Mz e F(ax1 + (1 —Mxp) + K.
Again, from Lemma 2.3, we have
1At + (1= Dx2l? = Allxi I 4+ (1= D lx2 ) = A1 — W) [lxg — x2 1%
Hence,
Azy + pllx %) + (1 — M) (z2 + pllx2]%e)
€ F(lxy + (1 — M)x2) + pllaxs + (1 — Mxzl?e + pA(l — A)l|lx; — x2)%e + K.
It follows that
M+ (1= Nyz € FOxy+ (1= Dx2) + pa(l = Dlx; — x2f%e + K.

Therefore, F : R* — 2Y ig p-K-convex with respect to e on A.

Conversely, let F : R" — 2~Y be p-K-convex with respect to e on A.
Consider the set-valued map F : R* — 2V defined by

F(x) =Fx)— ,0||x||2e, Vx € dom(F). 3.2)

To show that F is K-convex on A, let x,x, €A, 7| € f(x{) and z), € F (x5)-

Then,
Zy =¥ = plixlPe

and

/ / /2
2y =y, — pllxsll7e,
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for some y| € F (x]) and y; € F (x}).
Therefore,
WY+ (L= 1)y € F (Ax] + (1= 2)xp) + pr(1 = x| — x3) e + K.

Hence,

A+ (1= zh

= A (v} — pllx]lI?e) + (1 — 1) (¥, — pllxylI%e)

€ F (Ax] 4+ (1 = x5) — p (AIx{ 12 4+ (A = DIIx5 1) e + pA(1 — Vllx] — xb|%e + K

= F (Ax] + (1 = M)x}) — p |Ax] + (1 = 1)x}]* e + K (From Lemma 2.3)

= F (A + (1= 2)xb) + K.

Consequently, F is a K-convex set-valued map on A. O

When p = 0, p-cone convex set-valued map becomes cone convex. We construct
an example of p-cone convex set-valued map, which is not cone convex.

Example 3.1 Consider the set-valued map F : [-1,1] C R — 2 defined by:

F() = {(x =22, % =2 :x >0}, if0<t <1,
T {(x =22, x—22) 1 x <0}, if —1<t<0O.

Lettj =—1,p =1and A = %
So, At1 + (1 — A, =0.
Therefore,

F(itp + (1 = M) + R =RY.
It is clear that
(=2, -2) € F(t1) N F(rp) but, (=2, -2) ¢ RY.
So,
AM=2,-2)+ (1 =2)(=2,-2) =(=2,-2) ¢ F(rt; + (1 — V1) + R}

Hence, F is not Ri-convex on[—1,1].
Assume that p = —2.
Then the set-valued map F : [-1,1] C R — ZRZ, defined by Eq. 3.2, is given by

~  {x,x®) x>0} if0<t <1,
F(t)_{{(x,x):x§0}, if —1<t<o0.

We can easily prove that Fis Ri-convex on[—1,1].
Hence, F is (—2)—Ri-convex with respectto e = (1, 1) on [—1, 1].

3.1 Optimality conditions
We establish the sufficient optimality conditions for the problem (FP), assuming that

the objective and constraint set-valued maps are p-cone convex as well as contingent
epiderivable.
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Theorem 3.3 (Sufficient optimality conditions) Let A be a nonempty convex subset
of X, x' be an element of the feasible set S of the problem (FP), y' € F(x'), 7/ €
G, M = ?—,/ andw' € H(x") N (—=L). Assume that F is p1-R'} -convex with respect
to Igm, —X'G is pr-R-convex with respect to 1gm and H is pg-Rﬁ-convex with
respect to 1gk, on A. Let F be contingent epiderivable at (x', y'), —A'G be contingent
epiderivable at (x', —)\'7') and H be contingent epiderivable at (x', w’). Suppose
that there exists (y*, z*) € R x Rﬁ, with y* # Ogm, and

(p1 4 p2) (¥*, Irm) + p2(z%, 1ge) > 0, (3.3)
such that
(% Dy FO ) = 2) 4 Dp(=W O =2 =) 5y
+(z*, DyH(x', w')(x — x)) = 0, Vx € 4, '
y/ _ )»/Z/ =0 (3.5)
and
(z*,w') = 0. (3.6)
Then (x/, ;—,/) is a weak minimizer of the problem (FP).
Proof We prove the theorem by the method of contradiction.
Let (x’, z—,/) be not a weak minimzer of the problem (FP).
Then there exist x € S, y € F(x) and z € G(x) such that
y Y
-_— < —
z 7
As y' — )7/ =0, we have
Yo,
z
So,
y—Az<0.
Hence,
(y*,y —A'z) <0, since O # y* € R
Again, as y' — 1’7/ = 0, we have
(y*.y' =17y =0.
Since x € §, there exists an element w € H(x) N (—le_).
Therefore,
(z*,w) <0.
So,
(5, w—w) <0, as (", w') =0.
Hence,
Oy =AMz =0 =)+ w—w) <0. (3.7
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As F is p1-R’-convex with respect to 1gm, —A'G is p2-R’!-convex with respect to
1r» and H is ,03-R”j_-convex with respect to 1z«, on A, we have

F(x)—y € DyF(xX, y)(x —x') + pillx — x'||*1gm + R,
(=X G)(x) + 1z € Dy (=VG)(x', =12 (x —x') + pallx — '[P 1gm + R

and
H(x)—w € DyHX , w)(x —x) + p3llx — X P 1 + Ri.
Hence,
y—y € DyF(, y)(x —x) + pillx — x'||*1gn + RY,
Nz 4+ N7 € Dp(—NG) (X, —NZ)(x — ') + pallx — x'[P1gm + R
and

w—w' € DyHE, w)(x —x') + p3llx — x| *1ge +RE.
Hence, from Eqgs. 3.3 and 3.4, we have
Oy =A=' =V + T w—w) =0,

which contradicts Eq. 3.7.
Consequently, (x’, y') is a weak minimizer of the problem (FP). O

We can also prove the following theorem by the above approach.

Theorem 3.4 (Sufficient optimality conditions) Let A be a nonempty convex subset
of X, x’ be an element of the feasible set S of the problem (FP), y' € F(x'), 7/ € G(x')
andw’ € H(x")N(=L). Assume that 7' F is p1-R"} -convex with respect to 1gm, —y'G
is p2-R-convex with respect to 1gm and H is pg-Rﬁ -convex with respect to 1y, on
A. Suppose that there exists (y*, z*) € R} x Ri, with y* # Ogm, and Egs. 3.3 and
3.6 are satisfied, with

(y*, Dy @ F)(x', ') (x = x") + Dy (=Y G (&, —y'2) (x — X))
+(z*, DyH(', w')(x —x")) = 0, Vx € A. (3.8)

Then (x’, i—,/) is a weak minimizer of the problem (FP).

Now, we formulate the duals of parametric (PD), Mond-Weir (MWD), Wolfe
(WD) and mixed (MD) types for the problem (FP) and study the corresponding dual-
ity theorems. We give the proofs of the duality theorems of parametric (PD) and
Mond-Weir (MWD) types. We state the duality theorems of Wolfe (WD) and mixed
(MD) types whose proofs are very similar to the former ones, hence omitted.
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3.2 Parametric type dual

We consider the parametric type dual (PD) associated the problem (FP).
maximize A’,
subject to,
(y, D4 F(x', y)(x —x') + D4 (=M G)(x", =12 ) (x — x))
+(z*, DyH', w)(x —x")) > 0,Vx € A, (PD)
yi =Mz, =0,Vi=1,..m,

X' €Ay eF(),7eGW), N eig weHW,

y e R ¥ e R, (z*, w') > Oand (y*, 1gn) = L.

A point (x', y', z/, M, w’, y*, z*) satisfying all the constraints of the problem (PD) is
called a feasible point of (PD).

Definition 3.2 A feasible point (x’,y’,z/, A/, w’, y*,z*) of the problem (PD)
is called a weak maximizer of (PD) if there exists no feasible point
(x,y.2, A, w, y§, z}) of (PD) such that

A —A eint(RY).

Theorem 3.5 (Weak Duality) Let A be a nonempty convex subset of X, X be an ele-
ment of the feasible set S of the problem (FP) and (x', y', 7', X', y*, z*) be a feasible
point of the problem (PD). Assume that F is p1-R’} -convex with respect to 1gm, —A'G
is p2-R%-convex with respect to 1gm and H is ,03-le|_ -convex with respect to 1y, on
A, such that

(p1 + p2) + p3 (%, 1) = 0. (3.9)

Then,
F(x)

G(x)

— A CR"\ —int (RY}).

Proof We prove the theorem by the method of contradiction.
Suppose that for some y € F(X) and 7 € G(x),

y .
== A e —int (RY).
Therefore, _
z <.
Z
Hence, _
Zowvi=1,.m.
Zi
So,
yi — )‘-;Zl < 0’ Vi = 1, e, M.
Therefore,

(y*, 3 —1'z) <0, since Opm # y* € R
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Again, from the constraints of (PD),
yi—Mz;>0,Vi=1,..m.
Therefore,
"y =) =0
Again, since X € S, we have
HE) N (—R’;) £ 0.

— — k
We choose w € H(¥) N (—RY).

So,

(z*, w) <0.
Again, from the constraints of (PD), we have

(z*,w) = 0.
So,

<Z*7w - w’) = (Z*vw) - (Z*a w’) E O
Hence,
Oy =Nz =0 =V + & w—-w) <0. (3.10)

As F is p1-R’}-convex with respect to 1gm, —A'G is p2-R’}-convex with respect
to 1gm and H is pg-ler-convex with respect to 1k, on A, we have

F(X)—y € DyF(X,y)& —x') + p1|¥ — x||*1pn + RY,
(=VG)@) + M7 € Dy (NG, =V )X — X)) + p2| X — x'||* 1R + RY
and
HE) —w € DyHE , w)& —x') + p3lIX — x| *1ge +RE
Hence,
y—y € DyF(x',y)(& —x') + p1 ¥ — x'|*1gn + R,
—NZ+ N7 € Dy(=NG)(x, =N X — x) + pallX — x| 1gm + RT
and
W—w € DyHE, w)& —x') + p3lI%¥ — x| "1 + RE.
Hence, from the constraints of (PD) and Eq. 3.9, we have
Oy =AZ=0 =V + (& w—w) =0,
which contradicts Eq. 3.10.
Therefore,

ISTER

— A ¢ —int(RY).
Since y € F(x) is arbitrary, we have
F(x)
G(x)

— X CR™\ —int (RY).
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Theorem 3.6 (Strong Duality) Let (x/, i—,/) be a weak minimizer of the prob-
lem (FP) and w' € H(x') N (—Rl_‘,_). Assume that for some (y*,z*) € R x
R{‘P with (y*,1gm) = 1 and ) € R™, Egs. 3.4, 3.5 and 3.6 are satisfied at
Oy, 2 N, vy, 2%). Then (X', y', 2/, M, y*, z*) is a feasible solution of the problem
(PD). Further, if the weak duality Theorem 3.5 between (FP) and (PD) holds, then
'y, 2, N, y*, z%) is a weak maximizer of (PD).

Proof As the Egs. 3.4, 3.5 and 3.6 are satisfied at (x/, y', 2/, A/, y*, z*), we have
(y*v DTF()C/, y/)(x - x/) + DT(_)"/G)(-X/r _}‘«/Z/)(-x - x/)>
+(z*, DyH(x', w)(x — x')) = 0,Vx € A,
y/ — N7 =0
and
(z*,w') =0.
Hence (x, ¥/, 7/, X, y*, z*) is a feasible solution of (PD).
Suppose that the weak duality Theorem 3.5 between (FP) and (PD) holds and
', y', 7, A, y*, z¥) is not a weak maximizer of (PD).
Then there exits a feasible point (x, y, z, A, y{, z}) of (PD) such that
A —1 eint(RTY).
Asy — N7 =0,
y/
: m
A— > € int (RY) .
which contradicts the weak duality Theorem 3.5 between (FP) and (PD).
Consequently, (x’, y’, z/, A, y*, z*) is a weak maximizer of (PD). O

Theorem 3.7 (Converse Duality) Let A be a nonempty convex subset of X and
', ¥, 2, A, y*, z%) be a feasible point of the problem (PD), where .| = i—,/ Assume
that F is p; -Rﬁ-convex with respect to 1gm, —)'G is pz-Rﬁ—convex with respect to
1grm and H is ,03-Rli-convex with respect to 1gk, on A, satisfying Eq. 3.9. If x' is an
element of the feasible set S of the problem (FP), then (x’ , ?—:) is a weak minimizer
of the problem (FP).

Proof We prove the theorem by the method of contradiction.

Suppose (x/ , z—,,) is not a weak minimzer of the problem (FP).

Therefore there exist x € S, y € F(x) and z € G(x) such that

y y
<
z 7
As )\ = i—:,we have
24 < ).
Z
So,
y—XNz<0
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Hence,

m

(y*,y —2'z) <0, since Opm # y* € R
Again, from the constraints of (PD),
yi—AMzi>0,Vi=1,..,m.
Therefore,
.y =AZ) =0
Since x € §, there exists an element

we Hx)N (—Ri) .

Therefore,
(Z*,w) <0
We have
(", w—w) <0, as (z*, w) = 0.
Hence,

Vy—=Az—=0 =N+ w—w) <0. (3.11)
As F is p1-R%-convex with respect to 1gm, —AG is p2-R!-convex with respect to
1r» and H is p3-R’i-convex with respect to 1zk, on A, we have
F(x) =y € DyF(', y)(x —x') + pillx — x| 1pn + R,
(—=VG)(x) + Nz € Dy (=N G)(x', =N2)(x — x') + pallx — x| 1gm + R

and
H(x) —w' € DyHE, w)(x —x') + p3llx — x/||*1pe + RE.
Hence,
y—y € DyF(x', y)(x —x') + pillx — x'[*1gn + R,
Nz + 17 € Dy(=NG)( =) (x = x') + pallx — 2P Lge + RY
and

w—w € DyHE , w)(x —x') + p3llx — x| *1pe +RE.
Hence, from the constraints of (PD) and Eq. 3.9, we have
Oy =A=' =N+ w—w) =0,

which contradicts Eq. 3.11.

Consequently, (x’ , i—:) is a weak minimizer of the problem (FP). O
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3.3 Mond-Weir type dual

We consider the Mond-Weir type dual (MWD) associated the problem (FP).

!
maximize %,

subject to,
(y*, Dy(ZF)(x', y'2)(x = x") + D4 (=y'G)(x', —=y'2) (x — x’))
+(z*, DyH(xX', w')(x — x)) = 0, Vx € A,
(z", w') >0,
xXeA Yy eFux),7eGX), y eR}, z*e R’; and (y*, 1gm) = 1.
(MWD)

A point (x',y’, 7/, w’, y*, z*) which satisfies all the constraints of the problem
(MWD) is called a feasible point of (MWD).

Definition 3.3 A feasible point (x',y’,z/, w’, y*, z*) of the problem (MWD)
is called a weak maximizer of (MWD) if there exists no feasible point
(x,y,z,w, y{, z}) of (MWD) such that

y oy .
z—? Elnt(RT_).

Theorem 3.8 (Weak Duality) Let A be a nonempty convex subset of X, X be an
element of the feasible set S of the problem (FP) and (x',y’,7',w’, y*, z*) be a
feasible point of the problem (MWD). Assume that 7' F is p1-R'}-convex with respect
to Igm, —y'G is p2-R7-convex with respect to 1gm, and H is ,03-le_-c0nvex with
respect to 1k, on A, satisfying Eq. 3.9.
Then,
F v /
O Y cpm Zine (&Y.
Gx) 7

Proof We prove the theorem by the method of contradiction.
Suppose that for some y € F(X) and 7 € G(x),

/

y oy .
% — ? € —Int (Rﬁ) .
Therefore,
y Y
=< —.
z 7
So,
y7 —y'7 < 0.
Hence,

(y*, 32 —'7) <0, since Opn # y* € R}
AsXx € S, we have

HE N (-RY) #9.
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— - k
We choose w € H(x) N (—RY).

So,

(z*, w) <0.
Again, from the constraints of (MWD), we have

(z*,w) = 0.
So,

<Z*vw - w/> = (Z*vw) - (Z*a w/> S 0
Hence,
.y =y + (& w—w) <0. (3.12)

As Z'F is p1-R}-convex with respect to 1gm, —y'G is p2-R}-convex with respect to
1rm and H is p3 -Rﬁ_-convex with respect to 1k, on A, we have
JF®E) —y'7 € DyF, y)&—x) + p1|X — x'|[*1gn + R,
(—Y'G)@) +y'7 S Dy (—y G, =y )& —x) + pa| ¥ — x/[[*1gm + RY

and
HE) —w € DyHE, w)@ —x') + p3l|IF — x'|*1pe + RE.
Hence,
v —y'7 € Dy(@ F)(X, y'Z) & = x') + pillX — x'|* 1 + R,
2747 € Dy(=Y G)(x', =YX — x') + pal X — ¥/ |IP1gn + RY
and

W—w' € DyHE, w)® —x) + p3lI¥ — 2/ [P 1 + RE.
Hence, from the constraints of (MWD) and Eq. 3.9, we have
0y =YD+ w—w') >0,

which contradicts Eq. 3.12.

Therefore,
li

- i— ¢ —int (R").

ISTRR

Since y € F(X) is arbitrary, we have
Fx) Y

G~ 7 SR\ -in(RY).

O

o/

Theorem 3.9 (Strong Duality) Let (x’, %) be a weak minimizer of the prob-
lem (FP) and w' € H(x') N (—le_). Assume that for some (y*,z*) € R x
RE, with (y*, 1gm) = 1, Egs. 3.6 and 3.8 are satisfied at (x',y', 7/, w', y*, z%).
Then (x',y’, 7, w',y*,z*) is a feasible solution of the problem (MWD). Fur-
ther, if the weak duality Theorem 3.8 between (FP) and (MWD) holds, then
', y', 7w, y*, z%) is a weak maximizer of (MWD).

@ Springer



OPSEARCH (Jan-Mar 2016) 53(1):157-177 173

Proof As Egs. 3.6 and 3.8 are satisfied at (x', y’, 7/, w’, y*, z*), we have
(y*. Dy @ F)(x, y'2)(x = x') + Dy (=Y G)(x', —y'2) (x — x'))
+(z*, DyH(X, w)(x —x')) = 0,Vx € A,
and
(z*,w') = 0.
So, (x', ¥/, 7/, w’, y*, z*) is a feasible solution of (MWD).
Suppose that the weak duality Theorem 3.8 between (FP) and (MWD) holds and
', y', 7, w', y*, z*) is not a weak maximizer of (MWD).
Then there exists a feasible point (x, y, z, w, y{, z}) of (MWD) such that

/!

Y Y

- )
77z

which contradicts the weak duality Theorem 3.8 between (FP) and (MWD).
Consequently, (x’, y’, z/, A/, y*, z*) is a weak maximizer of (MWD). O

Theorem 3.10 (Converse Duality) Let A be a nonempty convex subset of X and
x',y, 7/, w', y*, z*) be a feasible point of the problem (MWD). Assume that 7' F is
p1-R-convex with respect to 1gm, —y'G is p2-R'}-convex with respect to Igm and
H is ,03—le_—c0nvex with respect to 1k, on A, satisfying Eq. 3.9. If x" is an element
of the feasible set S of the problem (FP), then (x’ , ;—,/) is a weak minimizer of the
problem (FP).

Proof We prove the theorem by the method of contradiction.
Suppose (x’ , i—,,) is not a weak minimzer of the problem (FP).
Therefore there exist x € S, y € F(x) and z € G(x) such that

/

y_r
z 7
So,
vz’ —y'z < 0.
Therefore,

I I .
(y*, y7' = ¥'z) <0, since Opm # y* € R}
Again, since x € S, we have

H@) N (-RY) #9.

k
We choose w € H(x) N (—RY).

So,

(%, w) <0.
From the constraints of (WD), we have

(z",w’) = 0.
So,

(ZF,w—w) = (% w) — (" w) <0.
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Hence,
O yd =y + (@ w—w) <0. (3.13)
As 7' F is p1-R’-convex with respect to 1gm, — y'Gis p2-R}-convex with respect to
1rm and H is pg-Rﬁ-convex with respect to 1z«, on A, we have
ZF(x) = y'7 € DyF(x', y)(x — x) + pillx — x'[|*1gn + R,
(—=y'G)(x) +¥'Z € Dy (=Y G)(x/, —y'2)(x — x') + pallx — x'||*1gm + R
and
H(x)—w € DyHE, w)(x —x') + p3llx — x| *1ge +RE
Hence,
yZ' —y'7 € Dy F)(x', y'2)(x — x) + pillx — x| P 1gm + R,
—Z24 Y7 € Dy(=y'G)(x, —y'Z)(x —x') + pallx — x'[P1gm + RY
and
w—w' € DyHE, w)(x —x') + p3llx — x| *1ge +RE.
So, from the constraints of (WD) and Eq. 3.9, we have
vl =Y+ w—-w') 20,
which contradicts Eq. 3.13.
Therefore (x/ , y,/

z_) is a weak minimizer of (FP). O

3.4 Wolfe type dual

We consider the Wolfe type dual (WD) associated the problem (FP).

Y+ w) Igm
e —

maximize . ,

subject to,
(%, Dy F)@', ') (x = x') + Dp (=¥ G) &', =y'2) (x — )
+(z*, DyH(xX', w')(x — x)) = 0, Vx € A,
x'€A,y e F(x)), 7 € G(x'), y* e R, z* € Rk and (y*, 1gm) = 1.
(WD)
A point (x/, y', 7/, w’, y*, z*) which satisfies all the constraints of the problem (WD)
is called a feasible point of (WD).

Definition 3.4 A feasible point (x', y', z/, w’, y*, z*) of the problem (WD) is called
a weak maximizer of (WD) if there exists no feasible point (x, y, z, w, yi‘, z’f) of
(WD) such that
y+ @ wilpe Y+ (2", w)Ign
Z 7

€ int (Rﬁ) .

Theorem 3.11 (Weak Duality) Let A be a nonempty convex subset of X, X be an
element of the feasible set S of the problem (FP) and (x',Vy',7/,w’, y*, z*) be a
feasible point of the problem (WD). Assume that 7' F is p1-R"! -convex with respect to
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1gn, —y'G is p2-R’} -convex with respect to 1gm and H is p3—Rﬁ—c0nvex with respect
to 1k, on A, satisfying Eq. 3.9.
Then,
Fx) Y+ w)lgn
G(x) 7

CR™\ —int (RY).

Theorem 3.12 (Strong Duality) Let (x’, i—',/) be a weak minimizer of the problem
(FP) and w' € H(x') N (—R’i). Assume that for some (y*,z*) € RT x ]R’jr,
with (y*,1gm) = 1, Egs. 3.6 and 3.8 are satisfied at (x',y',7', w’, y*, z*). Then
', y', 7, w', y*, z%) is a feasible solution of the problem (WD). Further; if the weak
duality Theorem 3.11 between (FP) and (WD) holds, then (x',y', 7/, w', y*,z*) is a
weak maximizer of (WD).

Theorem 3.13 (Converse Duality) Let A be a nonempty convex subset of X,
', y', 7, w', y*, z*) be a feasible point of the problem (WD) and (z*, w') > 0.
Assume that 7'F is p -Rf’f_-convex with respect to 1gm, —y'G is pz—Rﬂ-convex with
respect to 1gm and H is p3-Rﬁ-c0nvex with respect to 1k, on A, satisfying Eq. 3.9.

If X is an element of the feasible set S of the problem (FP), then (x', if,/) is a weak
minimizer of the problem (FP).

3.5 Mixed type dual

We consider the mixed type dual (MD) associated the problem (FP).

Y+, w ) Igm

maximize 7 ,

subject to,

(y*, Dy @ P, YN (& = x') + Dyp(=y' G) (W, =y'2) (x — X))

+(z*, DyH(, w)(x —x')) = 0,Vx € A,

(", w') >0,

x'eA,y e F(x)), 7 € G('), y* € R, z* € Rk and (y*, 1gm) = 1.

(MD)

A point (x', y’, Z/, w’, y*, z*) satisfying all the constraints of the problem (MD) is
called a feasible point of (MD).

Definition 3.5 A feasible point (x’, y’, 2/, w’, y*, z*) of the problem (MD) is called
a weak maximizer of (MD) if there exists no feasible point (x, y, z, w, y{, z}) of
(MD) such that

Y+ (ef wilgn y o+ (2% w) e
z 4

€ int (Rﬁ) .

Theorem 3.14 (Weak Duality) Let A be a nonempty convex subset of X, X be an
element of the feasible set S of the problem (FP) and (x',Vy',7/,w’, y*, z*) be a
feasible point of the problem (MD). Assume that 7' F is py — R’} -convex with respect
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to Igm, —y'G is py — R} -convex with respect to 1gm and H is ,03—R]jr—convex with
respect to 1k, on A, satisfying Eq. 3.9.
Then,
Fx) Y+ w)lgn
G(X) Z/

C R™\ —int (Rﬁ) .

Theorem 3.15 (Strong Duality) Let (x’ , ﬁ—:) be a weak minimizer of the problem

(FP) and w' € H(x') N (=RX). Assume that for some (y*,z*) € R? x RE,
with (y*,1gm) = 1, Egs. 3.6 and 3.8 are satisfied at (x',y',7 , w’, y*, z*). Then
', y', 7, w', y*, z%) is a feasible solution of the problem (MD). Further; if the weak
duality Theorem 3.14 between (FP) and (MD) holds, then (x',y', 7/, w', y*,z*) is a
weak maximizer of (MD).

Theorem 3.16 (Converse Duality) Let A be a nonempty convex subset of X and
', y', 7, w', y*, z¥) be a feasible point of the problem (MD). Assume that 7' F is p1-
R’ -convex with respect to 1gm, —y'G is p2-R'{-convex with respect to 1gm and H is
pg-R’i-convex with respect to 1gk, on A, satisfying Eq. 3.9. If x' is an element of the

feasible set S of the problem (FP), then (x’ , i—,/) is a weak minimizer of the problem
(FP).

4 Concluding remarks

In this paper, we establish the sufficient KKT conditions for the set-valued fractional
programming problem (FP) via the contingent epiderivative. We assume generalized
cone convexity assumptions on the objective and constraint set-valued maps. We also
introduce the duals of parametric (PD), Mond-Weir (MWD), Wolfe (WD) and mixed
(MD) types and prove the corresponding weak, strong and converse duality theorems
under cone convexity assumptions.
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