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Abstract An error in an algorithm, in Jahanshahloo et al. (Asia Pacific Journal of
Operational Research 21(1):127-139, 2004), to generate efficient solutions to a 0-1
multi objective linear programming problems is detected and a modified algorithm is
suggested. Further, an erroneous conclusion in the proof of the theorem, which states
that at least one optimal solution among the optimal solutions of an individual 0-1
linear program is an efficient solution, is also corrected.
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1 Introduction

A 0-1 multi-objective linear programming problem(0-1 MOLP) is defined as:
Max{C1W, C,W,...,C, W}, subjectto AW <b, W €{0,1}" (1.1

where C; = (c¢i1,¢i2,...,¢Cin), I = 1,2,...,r, A is m X n matrix, W =

(wi, wa, ..., w,), acolumn vector and b is a m component vector. Let C be a matrix

whose rows are C;. Let X be the set all feasible solutions of the 0-1 MOLP i.e.,

X ={WIAW <b,w; €{0,1},j =1,2,...,n}
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Consider the example given in [1] and in [2]:

Max 3w; + 6wy + Swz — 2wy + 3ws
Max 6w; + 7wy + 4wz + 3wy — 8ws
Max Sw; — 3wy + 8wz — 4wy + 3ws
Subject to —2w1 + 3wy + 8wz — wyq + Sws < 13 (1.2)
6w + 2wy + 4wz + 4wy — 3ws < 15
4dwy — 2wy + 6wz — 2wy + ws < 11
w1, W2, W3, W4, W5 € {0, 1}

Simple calculations show that the example has one more efficient solution W5 =
(1,0, 1, 1, 1). The efficient solutions calculated using the algorithm in [1] are W]* =
(1,1,1,0,0), Wy = (1,0,1,0, 1), Wy = (1,1, 1,1, 1), Wy = (1,0,1,0,0). In
fact, the optimal solution of the first objective function is (1, 1, 1, 1, 1) with optimum
value 15 but in [1] the optimal solution is taken as (1, 1, 1, 0, 0).

Definition 1.1 W* € X is an efficient solution of the problem (1.1) if and only if
there does not exist a point point W € X, such that

(CIW, CoW, ..., C,W) = (CIW*, CuW*, ..., C,W¥)
and the inequality holds strictly for at least one index i.e., for any point W € X, either

(CIW, CoW, ..., C,W) < (CIW*, CuW*, ..., C,W¥) (1.3)
or there are indices i1, iy (i1 # i2),

CiyW>CyyW¥"and C;, W < C;, W* (1.4)

Remark 1.2 In case (1.4), we say that W and W* are not comparable with respect to
C and in case (1.3), we say W* dominates W with respect to C.

If W* is an efficient solution and fora W € X, CW = CW™ then we shall
consider W also an efficient solution.

Denote by P; the 0-1 linear program with i’ objective function (i"" row of C)
subject to X with the set of optimal solutions O;. Let O;4,. i, (i1 < iz < -+ < if)

be the set of all common optimal feasible solutions of P; , P;,, ..., P;,. Clearly,
1112 0y ﬂ Ok
k=i

There are 2" — 1 such sets. The following lemma is immediate.
Lemma 1.3 If O13..., is non-empty then O1..., is the set of all efficient solutions.
Remark 1.4 In view of above lemma, henceforth, we shall assume that Oy5..., = ¢.

) gives CwW: =

Remark 1.5 In the example (1.2), the vector W2 = (1,0, 1,
10 ) = (11,2, 16),

(9, 5, 12) which is not comparable with CW = (14, 17,
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CW; = (15,12,9) and CW; = (8,10, 13). Hence it is also an efficient solu-
tion. Hence the algorithm in [1] does not find all efficient solutions. The proposed
algorithm also finds this efficient solution.

2 Some basic results

The statement of the theorem 2.1 in [1]:

Theorem 2.1 If O; = [Wl*l, Wi, W;'Zl} be the set of optimal solutions of P;

then at least one vector in Oy is an efficient solution of the problem (1.1).
First, we prove the case |O;| = 1 which is also proved in [1].

Lemma 2.2 Suppose Opz..., = ¢. If |O;| = 1 then the vector in O; is an efficient
solution of the problem (1.1).

Proof Let O; = {W*}. Hence for any W € X — {W*},
C,’W < C,‘VW<
and for k # i,
CiW < CyW*or CyW > CyW*
If CxW < CyW* for all k # i, then W* dominates W with respect to C. If there is

k(£ i), such that Cx W > C; W* then W* and W are not comparable with respect to
C. In both cases, W* is an efficient solution of the problem (1.1). O]

While proving the theorem we must also consider a case whether O; N O; = ¢ for
each O;, |O;| = 1, other wise elements in these intersections are efficient solutions
by above lemma. The following statement is also proved in the proof of the theorem
2.1in [1].

Lemma 2.3 No vector in X — O; dominates vectors in O).

Proof Let W0 e X — O, and W, be such that

c;wo > CiW;,,i =1,2,...,r and there exists k, Ct W° > C; ;,.

Clearly k # [ as W;l is optimal. At i = [, we must have C; wo = ClW;l ie.,
W9 € O; which is not true. O

Corollary 2.4 [f the vector in X — Oy is not dominated by vectors in Oy then it is
non-comparable with vectors in Oy.

Proof Ati = I, we must have C; wo < ¢ W;l. Since the vector is not dominated

by vectors in O; there is k # [ such that Cy W% > Cy Wq*l. i.e., W9 and W;‘l are not
comparable. O
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Remark 2.5 For the case || > 1 the proof in [1] uses the relation < on vectors
which is a partial order and not a linear. The conclusion drawn: Yy, < Yy and Yy #
Yy is because of the assumption that the relation < is linear. It may happen that for

some vectors W*,, W*, ..., W* in Oy,
il irl il

* ko _ k
il — il _”._CWill

Hence the correction in the proof is required.

Proof [Theorem (2.1)] when |O;| > 1:
Define a mapping C : O; —> IR” such that W —— CW. Consider, the range of
the map

R(C) = {CW|W € O} .

Suppose
R(C) = {K17 KZa L} KZ}

We have K; # K foralli # j. Now, we define a directed graph on R(C) using the
partial ordering < on the vectors. We say there is a directed edge between K; to K ;
if and only if K; < K. Since all K;’s are distinct there are no directed cycles. (A
directed cycle means a few K;’s are equal.)

Therefore, a component of the graph of R(C) is a directed tree. Hence there is at
least one vertex, say K; with out-degree zero. Clearly, in view of the lemma (2.3),
inverse image of this K; contains efficient solutions as image of no vector in O;
dominates K;. ]

Remark 2.6 Note that above proof also works for |O;| = 1. Further we can also
define a directed graph(Hasse diagram [3]) on O; using the partial ordering < on the
vectors.

Remark 2.7 The observation in above corollary 2.4 is used in the proposed algorithm
to find efficient solutions. Consider Py as the 0-1 LP:

r
MaXZC,- W, subjectto AW <b, W e{0,1}" 2.1
i=1
It is proved in [1] (Theorem 2.3) that each optimal solution of the problem (2.1) is
an efficient solution for the problem (1.1). Thus, in view of corollary 2.4, in order
to find efficient solutions other than optimal solutions of Py and the unique optimal
solutions of P;, we must find non-comparable vectors with respect to these vectors.
Let G be the set of optimal feasible solutions of the problem (2.1). Let optimal
value of Py be z*. Put

Go = GoU (U,_,0;,) where |0;,| = 1. 2.2)

In [1], in the beginning of the algorithm, in order to find other efficient solutions
of the problem (1.1), not in Gy, it has been observed that following inequalities

CiWSCiW;-k i=1,2,...,r
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are not satisfied simultaneously. The conclusion deducted is that for each W;.k € Gy
there is k such that '

CyW > Ci Wj‘
But, if C;W = C; W;.“ forall i # k, we get
CiWECiW]’-" i=1,2,...,r
This is not expected as W]T" is an efficient solution. Therefore, we must ensure that
for each W]*.‘ € Gy there are t, i, t # i such that
CiW > CiW;‘ and C; W < C,WJTk

i.e., W would be non comparable with each vector in Gy.

3 The algorithm

We shall find efficient solutions of the problem (1.1) in X — Go when O13.., = ¢.
Suppose

Go = (W}, Wi, ..., W}

Obviously forany W € X — Gy

’
ZC,’W < Z>,<
i=1

As a first step we add a constraint in the problem (2.1),
r
> CGW <zF—e (3.1)
i=1

where € € (0, 1). We denote this new 0-1 LP by Po(¢). We take € such that optimal
feasible solutions of Py (¢) are not in Gq. To get a new vector non-comparable with
all vectors in Gy, in view of remark 2.7, we add following constraints to Py(€) to get
an extended version of Py, denoted by Pg (€).
C;iW > C,’W;-k — Ml‘,'j
CiW — MS,'j < C,‘W;k
tij+sij <1 (3.2)
hj+nj+---+t; <r—1
sijtsajttsy <r—1
s1j+s2j+--+s5 >0
wherei = 1,2,...,r,j =1,2,...,p, t;j,s; € {0,1} and M is a positive large
number.

We solve Pg (€) to get all optimal feasible solutions W*

erl,l:l,Z,...,p].Put

"o * * *
Of =Wyt Wiiae o Wi, )
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Let 13 be an optimum value of Pg (e). If Pg (e) is infeasible we stop. Otherwise, since
7 < z*, we modify the constraint (3.1) as

,
dCGW <zh—e 3.3)
i=1

where € € (0, 1). Choose ¢ such that optimal feasible solutions are not in G| =

Go U Oy . Denote the problem by Py (¢). To get Pf (¢) add constraints like Eq. 3.2 in

Pi(e) for j = p+1,..., p + p1. Let Of be the set of optimal solutions to Pf(e)
with optimum value zT. Write G, = G U (’);/ . In general, P,f (€) is

,
Max > GW,

i=1
subject to AW < b,

.
ZC,-W <z;_,—€
i=1

CiW > CiW; — M; (3.4)
CiW — Ms;; < C,~W}k
tij+sij <1
hj+nj+-+t; <r—1
sijts2it+tsy <r—1
s1j+s2j+--+s5 >0
where i = 1,2,...,r; j = LL2,...,p,p+1,....p+ p1,....0 + P1 + P2
+---+ prk—1 and wj, t;;, s;; € {0, 1}. Observe that
c<zi<zi <z <zp <t (3.5)
Put
Gr = Gr1 U O; (3.6)

Theorem 3.1 An optimum solution of Eq. 3.4 is an efficient solution of the problem
(1.1). In particular, an optimal solution of Eq. 3.4 is not comparable with vectors in
Gr_1.

Proof Let W* be an optimal solution of P,f (€). Let W;.‘ € Gy—y.Ifforalli, ;; =0
then

C;W* > C; Wj’." for all i

= er»:] CiW* > Zgzl Ciw;‘ =z} forsomer € {0,1,...,k—1}orz* (3.6)

which is not true, because Y ;_, C;W* < 741 < 75 < 7*. Hence there is i; such
that
lij = 1
= 8, = 0
= C,’IW* < CiIVV;-‘<
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Now, Since Zle sij > 0, there is ip such that s;,; = 1(= t;,; = 0). Clearly i1 # i3,
otherwise #;, j + s;,; > 1. Thus, for i1 # i>,

Ci| W* < Ci1 W]>k and C,‘z‘/Iﬂ< > Ci2 W]>k
i.e., W* is not comparable with vectors in G_1. O

Theorem 3.2 (Theorem 2.5 [1]) Each efficient solution of the problem (1.1) not in
Gy is an optimal solution ofP,f (e) for some k.

Proof Suppose algorithm stops at k = N i.e, Pﬁ (e) is infeasible. This means there
is no vector left in X — G y—; which is non-comparable with vectors in Gy_1. Let
W* be an efficient solution of the problem (1.1) notin Gpandletz = ) ;_, C; W*.

Since W* is an efficient solution, it is non-comparable with vectors in G y_1. If
7 < zj‘v_l then in view of Eq. 3.4, W* would satisfy constraints of Pﬁ (), but Pf, (€)
is infeasible. Therefore, z > z},_,. Suppose

7p <z<z_,forsomek=1,2...,N—1
Since W* is an efficient solution, it is not comparable with vectors in Gy i.e.,
constraints of P,f (e) are satisfied by W*. This implies z = z* and hence W*
e Gg. O

Remark 3.3 The constraints
hj+hj+---+t;<r—landsij+s;+---+s;<r—1

are redundant.
We have

tij +sij < 1
= > tij+sij) <r
Since 51 +s2; +- - -+s,; > O there is at least one s;; > 0, hence Zle sij > 1. Thus

r

’
Zlijfr—ZSijfr—l
i=1

i=1
If s;; = 1foralli,t; =0 forall i. We get
CiW > C;W; foralli 3.7

Note that Wj’.‘ e Gp. If W;.k € U7_,0; then W]’.“ € O for some k such that |Oy| = 1.

Clearly Eq. 3.7 is not true for i = k. Further, if W} € Gy — (Uj_,0;), then Eq. 3.7
implies

r r
i) > ZCiW > ZC;W}‘:szorsomet e€{0,1,...,k—1}orz*
i=1 i=1

which is not true in view of Eq. 3.5.

@ Springer



868 OPSEARCH (Oct-Dec 2015) 52(4):861-869

4 The example

Now, we consider the example (1.2) which originally from [2]. Note that, in this
example C; = (3,6,5,—-2,3), C2 = (6,7,4,3,-8), C3 = (5, -3,8, —4, 3). The
unique optimum solutions of P, P, Py are W) = (1,1, 1,1, 1), Wy = (1, 1, 1,0, 0),
W3* = (1,0, 1, 0, 1) respectively. In this case, Py is

Max 14w; + 10wy + 17w3 — 3w4 — 2ws
Subject to —2w1 + 3wy + 8wz — wyq + Sws < 13
4wy — 2wy + 6wz — 2wg + ws < 11
6w + 2wy + 4wz + 4wy — 3ws < 15

4.1

Further, also note that the optimum solution for Py is Wz* with optimum value 41.
Hence

Go = (W}, Wy, Wi}
To get Po(¢) we add following constraint in Py
14wy + 10wy + 17w3 — 3ws — 2ws <41 — € “4.2)
Then, to get Pg (e), we add following constraints

(C1W,CoW,C3W) > (15— Mt11,12 — Mtr1,9 — Mt31)
(C1W,CoW,C3W) > (14 — Mty1, 17 — Mty1, 10 — Mt3y)
(CLW,CoW,C3W) > (11 — Mty1,2 — M1y, 16 — Mt3q)
(CIW,CoW,C3W) < (154 Msy1, 12+ Msr1,9 4+ Ms3y)
(C1W,CoW,C3W) < (14 + M52, 17 + Msyo, 10 + Ms3p) 4.3)
(C1W, Co W, C3W) (11 4+ Ms13,2 + Msr3, 16 + Ms33)
tij + Sij 1
hj+nj+13;
S1j 52 + 835
S1j + 82 +835
wherei =1,2,3,j=1,2,3.

The unique optimum solution is Wj‘ = (1,0, 1,0,0) with optimum value 31.
Next, we modify the constraint (4.2) as

A

IANIATA

2
2
0

\

14w; + 10wy + 17wz — 3wg — 2ws < 31 — € 4.4)
and add the following constraints in Eq. 4.3 to get Pf (€)
(C1W, CoW,C3W) > (8 — Mt14,10 — Mtr4, 13 — M1t34)
(C1W, CoW, C3W) < (8+ Msy4, 10 + Msp4, 13 4+ Ms34)
tig+si4 <1 4.5)
Ha+tua+ta <2
S14 + 524 + 534 < 2
0

S14 + 8§24 + 534 >
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The unique optimum solution of P£ (¢) is Wi = (1,0, 1, 1, 1) with optimum value
26. now, we modify (4.4) as
14wy + 10wy + 17wz — 3w — 2ws < 26 — €
and add again following constraints in Eq. 4.5 to get Pg (e)
(C1W,CoW,C3W) > (9 — Mt1a,5 — Mtoa, 12 — Mt34)
(CIW,CoW,C3W) < (9+ Ms14,5 + Msza, 12 + Ms3a)
lis+sis < 1
f15+ s+t < 2
S5+ 525 + 535 < 2
0

Pf (e) is infeasible. Hence there are no efficient solutions left.

INIAIA A

\

S15 + 525 + 835
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