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Abstract  Parity-time (PT) symmetry and broken in micro-/
nanophotonic structures have been investigated extensively 
as they bring new opportunities to control the flow of light 
based on non-Hermitian optics. Previous studies have 
focused on the situations of PT-symmetry broken in loss-
loss or gain-loss coupling systems. Here, we theoretically 
predict the gain-gain and gain-lossless PT-broken from the 
phase diagram, where the boundaries between PT-symmetry 
and PT-broken can be clearly defined in the full-parameter 
space including gain, lossless and loss. For specific micro-/
nanophotonic structures, such as coupled waveguides, we 
give the transmission matrices of each phase space, which 
can be used for beam splitting. Taking coupled waveguides 
as example, we obtain periodic energy exchange in the PT-
symmetry phase and exponential gain or loss in the PT-bro-
ken phase, which are consistent with the phase diagram. The 
scenario giving a full view of PT-symmetry or broken, will 
not only deepen the understanding of fundamental physics, 

but also will promote the breakthrough of photonic applica-
tions like optical routers and beam splitters.

Keywords  PT-symmetry · Gain-gain coupling · Gain-
lossless coupling

Introduction

The investigation of parity-time (PT) symmetry extends the 
framework of quantum mechanics into complex domain and 
shows novel physical properties [1]. In 1998, Bender and 
Boettcher [2] first put forward that as long as that PT sym-
metry is satisfied, even non-Hermitian Hamiltonians can 
exhibit entirely real eigenvalue spectra. The most interesting 
effect related to this non-Hermitian Hamiltonian is the phase 
transition behavior arising from a spontaneous breakdown 
of PT symmetry [3–5]. In many fields of theoretical physics, 
PT symmetry is developed rapidly, such as quantum field 
theories [6], complex crystals [7, 8] and Lie algebras [9]. 
Recently, it has been recognized that PT symmetry can also 
be experimentally explored and ultimately used in optics [1, 
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10, 11]. When gain and loss are introduced into the optical 
systems, the appearance of exceptional points (EPs) greatly 
changes the response of the system: abrupt phase transitions 
occur, leading to a series of unique properties like non-recip-
rocal transmission [12–14], unidirectional invisibility [12, 
15, 16], loss-induced transparency [17] and chiral modes 
[18, 19].

In micro-/nanophotonic structures, early studies on PT 
symmetry began with two coupled waveguides with dielec-
tric constants of complex conjugate. In theory, researchers 
took the EP to divide PT-symmetry and PT-broken by solv-
ing coupled mode equations, which depends on the coupling 
coefficient and the gain/loss rates of the waveguides [15, 
20]. Considering the difficulty of preparing gain medium, 
loss-only micro-/nanowaveguide structures are usually used 
to construct an equivalent optical potential experimentally 
[17, 21, 22]. Moreover, going beyond two waveguides, PT 
symmetry can also be observed in whispering gallery micro-
resonators [23, 24]. In 2014, non-reciprocal light transmis-
sion was realized in the PT-broken phase in active-passive-
coupled microdisks [13]. With the reduction of resonances 
of two whispering gallery modes, spontaneous PT symmetry 
breaking occurs at fixed gain-to-loss ratio [13]. Utilizing the 
unique phase transition properties of EP formed by whisper-
ing gallery modes, loss-induced suppression and revival of 
Raman lasing [25], mode suppression [26] and single-mode 
lasing [26, 27] are observed in microresonators. In general, 
PT-symmetric potentials are studied with balanced gain and 
loss in optical setting [28, 29]. Making using of two lossy 
modes, passive PT symmetry is also demonstrated [17, 21]. 
Comparatively speaking, analyzing PT symmetry in gain-
gain [30] and gain-lossless [31] coupling systems get less 
attention. Although PT symmetry in micro-/nanophotonic 
structures has been studied a lot, some topics are still worth 
being investigated. There is no full-parameter space phase 
diagram containing loss, lossless and gain to describe PT-
symmetry and PT-broken, which is generally applicable to 
any coupled structures of two modes, rather than focusing on 
just one aspect. In particular it combines with beam splitting.

Beam splitting plays an important role in the fundamen-
tal researches and applications of optical physics, and its 
properties are generally described in the form of transmis-
sion matrices [32, 33]. Depending on the nature of the input 
and output light, beam splitting can be used in quantum and 
classical optics [34]. Among them, classical beam splitting 
can be used to design optical routers [35], logic gates [36, 
37] and other devices [38, 39], while quantum beam split-
ting is valuable in studying anti-bunching [40], squeezed 
states [41] and quantum entanglement [42, 43]. However, 
most of previous studies on beam splitting have focused on 
the Hermitian system [44]. Using PT symmetry or broken 
in non-Hermitian systems to manipulate light propagation 
has rarely been studied.

Here, we first drew the full-parameter space phase dia-
gram containing gain, lossless and loss. Two EP-lines divide 
the parameter space into two regions, called PT-symmetry 
and PT-broken. It can predict the phase of coupled systems. 
For coupled waveguides, we derived the transmission matri-
ces of each phase space and obtained the PT-broken condi-
tions, which can improve the flexibility of beam splitting 
design. Several specific cases, especially the gain-gain and 
gain-lossless coupled waveguides, were selected for numeri-
cal calculation. We observed periodic energy exchange in 
PT-symmetry phase and exponential gain or loss in PT-bro-
ken phase. The results are consistent with the predictions 
from the phase diagram. The above contents are expected 
to be applied to provide guidance for fundamental physics 
researches and promote the development of micro-/nano-
photonic applications.

PT phase diagram in full‑parameter space

Precisely manipulation of the transmission of light could 
dramatically facilitate the performance of optical devices. To 
develop on-chip devices, the combination of PT symmetry 
and micro-/nanophotonics holds great promise. In this part, 
we drew the PT phase diagram of coupled photonic struc-
tures in the full-parameter space including gain, lossless and 
loss. Using this phase diagram, we predicted the condition 
of PT-symmetry and PT-broken phase. In the next sections, 
we drove transmission matrices and did numerical calcula-
tions of coupled waveguides based on the PT phase diagram.

As shown in Fig. 1(a), two closely spaced general modes 
(represented by blue and red circles) in a coupled system 
exchange energy with coupling coefficient � and gain or loss 
rates �1 , �2 , respectively, where positive number ( 𝛾 > 0 ) for 
loss and negative number ( 𝛾 < 0 ) for gain. In general, the 
PT symmetry is studied with the same degree of gain and 
loss that �1 = �2 . Here we predict the PT-broken in the full-
parameter space including gain, lossless and loss. So the 
relationship between �1 and �2 is not restricted. Assuming 
that a1(�) and a2(�) represent the amplitude evolution of 
the two modes with variable � , respectively, where � means 
either propagating distance or evolution time. According to 
the coupled mode theory [45],

The effective Hamiltonian of the system is defined as

 The discussion is in the full-parameter space including gain, 
lossless and loss, so the Heff  does not require �1 and �2 to be 

(1)i
d

d�

(
a1(�)

a2(�)

)
= −

(
i�1 �

�∗ i�2

)(
a1(�)

a2(�)

)
.

(2)Heff = −

(
i�1 �

�∗ i�2

)
.



2241J Opt (December 2023) 52(4):2239–2247	

1 3

equal for the condition [PT ,H] = 0 . In combination with the 
above two differential equations in Eq. (1), one variable can 
be eliminated that

The eigenvalues of the exponential term in the general solu-
tions are [46]

According to the form of the second term 
√

(

�1 − �2
)2 − 4 ∣ � ∣2 , 

the photonic system can be divided into two regions: PT-
symmetry phase and PT-broken phase, where the non-Her-
mitian properties are quite the opposite. Varying the param-
eters � , �1 or �2 , two eigenvalues as well as eigenmodes will 
coincide at

which form EP-lines. The PT symmetry is defined to sat-
isfy the relation [PT ,H] = 0 , where the parity operator P is 
defined through the operations p̂ → −p̂ , x̂ → −x̂ , the time 
operator T leads to the reversal p̂ → −p̂ , x̂ → x̂ , î → −î , and 
H represents the Hamiltonian of the system. We focused 
on the PT phase diagram in full-parameter space including 
gain, lossless and loss, and combined it with the transmis-
sion matrices in each phase space for the design of beam 
splitting. In PT-broken phase, the form of transmission 
matrix is completely different from the usual case, which is 

(3)
d2a1(�)

d�2
+
(
�1 + �2

)da1(�)
d�

+
(
�1�2+ ∣ � ∣2

)
a1(�) = 0.

(4)�± =
1

2
i
(
�1 + �2

)
∓

1

2
i

√(
�1 − �2

)2
− 4 ∣ � ∣2.

(5)
�1

∣ � ∣
−

�2

∣ � ∣
= ±2,

expected to provide a new degree of freedom for the control 
of light [1].

We drew the PT phase diagram in the full-parameter 
space as Fig. 1(b). Taking the values of independent varia-
bles �1

∣�∣
 and �2

∣�∣
 as two coordinate axes, the whole space can 

be divided into four quadrants: the blue area for loss-loss 
coupling in the first quadrant, the red area for gain-gain cou-
pling in the third quadrant, and the grey area for gain-loss 
coupling in the second or the fourth quadrant. The sparse 
and dense shadow express PT-symmetry and PT-broken 
phase of corresponding areas. The central point indicates 
that neither mode has gain or loss, only energy exchange 
exists between modes, and the remaining positions on the 
axis represent a lossless mode coupled to a gain or loss 
mode. In previous studies of PT symmetry, the systems with 
coupled gain and loss modes attracted the most attention 
(grey area) [15, 20]. In recent years, two different loss modes 
or loss-lossless coupling systems have also been used to 
achieve PT-broken experimentally (blue area) [17, 21]. Thus 
the phase diagram we proposed can be used to predict 
whether these systems respect to PT-symmetry or not.

The two black oblique lines in Fig.  1(b) are 
�1

∣�∣
−

�2

∣�∣
= ±2 , corresponding to the degeneracy of the 

eigenvalues in Eq. (4), which are called EP-lines. In the 
region between two EP-lines in the phase diagram (sparse 
shadows of corresponding colors), the eigenvalues are 
complex, which means system supports oscillating modes, 
and eigenmodes satisfy PT-symmetry. Yet on the top left 
and bottom right areas of the EP-lines (dense shadows of 
corresponding colors), the system reaches PT-broken 

Fig. 1   a Generic system of two 
coupled modes. The blue ( a1 ) 
and red ( a2 ) circles represent 
two modes. � is the coupling 
coefficient, and �1 , �2 are the 
decay rates ( 𝛾1, 𝛾2 > 0 ) or gain 
rates ( 𝛾1, 𝛾2 < 0 ), respectively. b 
Two-dimensional phase 
diagram in parameter space 
(
�1

∣�∣
,
�2

∣�∣
) . The red, blue and grey 

areas are gain-gain, loss-loss 
and gain-loss coupling, 
respectively. Two EP-lines 
(black diagonal lines) divide the 
space into PT-symmetry phase 
and PT-broken phase. The real c 
and imaginary d parts of the 
eigenvalues � varying with �1

∣�∣
 

and �2
∣�∣

 . In PT-symmetry phase, 
�real separated and �imag 
degenerated. On the contrary, in 
PT-broken phase, �real 
degenerated and �imag separated 
(color figure online)
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phase, showing exponential gain or loss. For gain-gain 
coupling in the third quadrant, to reach PT-broken phase, 
the coupling coefficient and the gain rates have to satisfy 
the condition ∣ 𝛾1 − 𝛾2 ∣> 2 ∣ 𝜇 ∣ . While for gain-lossless 
coupling, �1(�2) = 0 , the PT-broken condition becomes 
𝛾2(𝛾1) > 2 ∣ 𝜇 ∣ . Different regions in the phase diagram cor-
respond to different forms of eigenvalues and mode evolu-
tion. Figure 1(c) and (d) shows the real and imaginary 
parts of the eigenvalues in two-dimensional parameters 
space ( �1

∣�∣
,
�2

∣�∣
) described by Eq. (4). Two black lines in each 

figure express EP-lines that �1
∣�∣

−
�2

∣�∣
= ±2 , which divide 

the plane into two distinct phase spaces, PT-symmetry (the 
area between EP-lines) and PT-broken (the area on either 
side of the line). On EP-lines, both real and imaginary 
parts of the eigenvalues coalesce. The regions where the 
real parts separate in Fig. 1(c) correspond to PT-symmetry 
phase of the system, while the regions where the real parts 
degenerate correspond to the PT-broken phase of the 
system.

If � = �real + i�imag , in the PT-symmetry phase, the term (
�1 − �2

)2
− 4 ∣ � ∣2 is negative and the eigenvalues can be 

expressed as

For the real part, two eigenvalues separate with opposite 
signs of each other, corresponding to the region between 
EP-lines in Fig. 1(c). For the imaginary part, two eigenval-
ues are degenerate and the values depend on the magnitude 
of �1

∣�∣
 , �2
∣�∣

 , corresponding to the inclined plane in the central 
of Fig. 1(d). Hence, in the PT-symmetry phase the evolution 
of the two eigenmodes is dominated by oscillation and 
accompanied by loss or gain.

On the other hand, in the PT-broken phase, the eigenval-
ues become purely imaginary numbers and are written as

The real part �real is identical to 0, corresponding to the 
plane of the edge in Fig. 1(c). The imaginary part �imag is 
separated and represented as a symmetrical surface on both 
sides of the EP-lines in Fig. 1(d). The symmetry of each 
mode is broken such that one of them enjoys amplification 
and the other one experiences attenuation. Numerical analy-
sis of eigenvalues is helpful for further understanding of 
their characteristics and lays a foundation for utilizing their 
unique mode evolution in different phase spaces.

(6)
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−
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�2
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�
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The investigation of mode dynamics in PT symmetry 
system will be of great benefit to the study of non-Her-
mitian Hamiltonian in the field of micro-/nanophotonics. 
The evolution characteristics of modes in different pho-
tonic systems are quite different. For example, in coupled 
waveguide system, PT-symmetry corresponds to oscilla-
tion modes, while PT-broken corresponds to exponential 
gain or decay modes [47, 48]. Not limited to the waveguide 
coupling structures mentioned above, a range of different 
photonics systems that are governed by the coupled mode 
equations can be described, for example, coupled opti-
cal cavities [23, 24, 49, 50], counter-propagating waves 
[51] and coupled orthogonal polarization states [52], etc. 
By means of the full-parameter space phase diagram we 
drew, PT-broken conditions of gain-gain and gain-lossless 
coupling systems can be predicted, which have not been 
studied.

Beam splitting and transmission matrices

In this section, we studied beam splitting properties in 
coupled waveguide structures based on PT symmetry and 
derived the transmission matrices and their approximate 
forms in different phase spaces of PT-symmetry, PT-broken 
and EP-lines. In previous studies, transmission matrices of 
PT-symmetry phase have been derived [53]. However, there 
is almost no study on the transmission matrices and beam 
splitting characteristics of PT-broken phase and EP-lines. 
With the introduction of gain and loss into the waveguides, 
these modes are fundamentally changed, especially in the 
PT-broken case. Therefore, the transmission matrices also 
have new regulatory degrees of freedom, which makes the 
design of on-chip devices more flexible.

Figure 2 shows the schematic of two coupled waveguides, 
where � expresses coupling coefficient, E1(x) and E2(x) are 
the evolution of electric field with transmission distance x. 
One of them is gain material with gain rate �1 , while the 

Fig. 2   Optical beam splitting in the two waveguides coupled sys-
tem. E1(x) and E2(x) are the electric field intensities, � is the coupling 
coefficient between two modes, �1 and �2 express the loss (positive 
number) and gain (negative number) rates of each waveguide
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other with loss rate �2 . For the sake of derivation, we 
assumed that the two modes experience the same degree of 
gain or decay, that is � ≡ −�1 = �2 . In this case, the average 
loss 1

2
(�1 + �2) goes to zero; then, the eigenvalues change to 

�± = ∓i
√
�2− ∣ � ∣2 [1]. Depending on whether the eigen-

values are purely imaginary or complex, the eigenmodes 
take the form of sinusoidal or exponential functions. We 
start with PT-symmetry phase, corresponding to the regions 
between two EP-lines in the phase diagram that 
∣

𝛾1

∣𝜇∣
−

𝛾2

∣𝜇∣
∣< 2  .  The  e igenva lues  a re  rea l  t ha t 

�± = ±
√
∣ � ∣2 −�2 . The electric field intensities within two 

waveguides at any transmission distance are

The effect of beam splitting on the modes can be expressed 
in the form of transmission matrix that

U(x) is transmission matrix. As the PT phase diagram is in 
the full-parameter space, the derivation of this section is 
universally applicable to all systems including loss, lossless 
and gain, not only loss is introduced. In PT-symmetry phase, 
substituting the electric field E1,2(0) and E1,2(x) satisfying 
Eq. (8) into Eq. (9), setting � =

√
∣ � ∣2 −�2 , we obtained 

the transmission matrix U(x) at the distance x,

It can be seen that the exponential terms are pure imaginary 
numbers, indicating two modes exchanging energy primar-
ily. Compared with the case without gain or loss, the oscilla-
tion periods are changed. Transmission matrices in PT-phase 
are consistent with previous studies [1].

When the gain and loss of the system continue to increase 
and exceed the coupling coefficient that beyond the EP-lines, 
phase transition will occur; thus, PT symmetry will be bro-
ken. This situation corresponds to the regions on either side 
of two EP-lines in the phase diagram, where ∣ 𝛾1

∣𝜇∣
−

𝛾2

∣𝜇∣
∣> 2 . 

The oscillating modes disappear and are replaced by expo-
nential gain or decay modes. We can get the intensities of 
the electric field at any position as follows,

(8)

⎧
⎪⎨⎪⎩
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i

√
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E2(x)

)
= U(x)
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UPT−symmetry
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�
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ei�x − e−i�x
)
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It can be seen that the exponents are real numbers, and each 
mode contains gain and loss terms. However, the difference 
in coefficient results in the different degree of gain and loss 
experienced by the two modes. Let � �

=
√
�2− ∣ � ∣2 , plug-

ging into the transport equation Eq. (9), one can get trans-
mission matrix U(x) that

For the beam splitting in PT-broken phase, the attenuation 
term is negligible compared to the exponential gain with 
sufficiently long distances. Assuming that the gain and loss 
coefficients � are sufficiently large compared with coupling 
coefficient � , the appointment 

√
�2− ∣ � ∣2 ≈ � is satisfied; 

the transmission matrix U(x) in this case can be approxi-
mated as

According to the transmission matrix of Eq. (13), no matter 
what the input state is, the light can always export from the 
gain end of the beam splitter, thus realizing the asymmet-
ric transmission. The condition is true for all parameters, 
such as previously studied gain-loss [20] and loss-lossless 
[22] coupling. Hence, it also applies to gain-gain and gain-
lossless coupling that not discussed in the literature. We will 
focus on these two cases in the next section.

Finally, the form of transmission matrix at EP-lines is 
given, which corresponds to the points on EP-lines where 
∣

�1

∣�∣
−

�2

∣�∣
∣= 2 . For the specific case, ∣ � ∣=∣ � ∣ , the eigen-

values will degenerate, i.e., �± = ∓i
√
�2− ∣ � ∣2 = 0 . A 

sudden phase transition occurs. The general solutions of 
the differential equation are

The transmission matrix U(x) at EP-lines can then be 
obtained that

After verification, it can be found that both PT-symmetry 
phase (Eq. 10) and PT-broken phase (Eq. 12) can degener-
ate to the form of Eq. (15) when ∣ � ∣±→∣ � ∣ , which verifies 
the self-consistency of this set of theories. According to the 
above findings, the transitivity T and reflectivity R of the 
optical beam splitter can be regulated more freely.

(12)

U
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So far, we have derived the transmission matrices of PT-
symmetry phase, PT-broken phase and EP-lines in general 
coupling system. The unique transmission matrices in PT-
broken phase can provide more flexible regulation of beam 
splitting, conducive to the design of optical devices.

Numerical results

We took coupled waveguides as an example for numeri-
cal calculation to verify PT-symmetry and broken phases. 
Depending on the dielectric constant of the material, indi-
vidual waveguide supports exponentially enhanced or eva-
nescent wave modes in propagation direction. When two 
adjacent waveguides are placed parallel, the modes will 
exchange energy with each other at a fixed frequency. Espe-
cially for gain-gain and gain-lossless coupling cases, the 
modes receive gain and exchange energy with each other as 
expected by phase diagram. When the gain coefficients dif-
fer greatly, most of the energy is concentrated in one mode 
with larger gain, showing the typical characteristics of PT-
broken phase.

With the help of MATLAB software, we solved the 
variation of the electric field strength with the transmis-
sion distance in different coupled waveguides, which based 
on coupled mode theory. Here we briefly describe the key 
steps of numerical calculation; the detail codes and anno-
tations are in the supplementary materials. (1) Setting the 
relevant parameters � , �1 and �2 . (2) Setting the step size 
and precision. (3) Setting the incident light of the coupling 
system. (4) Calculating the electric field intensities by the 

equations according to 𝛾 < 0 , � = 0 or 𝛾 > 0 . (5) Export-
ing the electric field intensities E1 and E2 at any position 
in the waveguide. It is worth noting that in finite element 
analysis and FDTD, the gain or loss is affected by given 
geometry and material; here, the gain/loss rates are settled 
directly in the code.

First, we investigated the gain-gain modes coupling. 
The mode evolution can be predicted by the phase diagram 
and exhibit the properties of PT-broken. This system can 
be used to improve the optical power of classical devices 
and the fidelity of devices. The gain-gain coupling is 
expressed as red area in Fig. 1(b) of the full-parameter 
space phase diagram and similarly exhibits very different 
properties in different phase spaces. Figure 3 shows the 
light intensities I1(x) , I2(x) in two waveguides evolving 
with the propagation distance x, the incident light are from 
channel 1 ((a) and (c)) and channel 2 ((b) and (d)), respec-
tively. The red and blue curves represent light intensity in 
the above and below waveguide. Here, the coupling coef-
ficient � is always kept at � = 1cm−1 . First in PT-symmetry 
phase, let both waveguides have the same degree of gain 
that �1 = �2 = −0.5cm−1 ,  satisfying the condition 
∣

𝛾1

∣𝜇∣
−

𝛾2

∣𝜇∣
∣< 2 . The results are shown in Fig. 3(a) and (b). 

It can be seen that the waveguides experience gain as they 
exchange energy with each other, and the field intensity in 
both channels is of the same order, fitting the characteris-
tics of PT-symmetry phase [10, 11]. While for the PT-
broken phase, let the upper waveguide goes through a 
higher gain rate ( �1 = −3cm−1 ) than the lower one 
( �2 = −0.5cm−1 ) and satisfy the PT-broken condition 

Fig. 3   Calculation results of 
gain-gain coupling. The main 
graph shows the light intensities 
in two waveguides vary with the 
distance. Red and blue curves 
for I1(x) and I2(x) , respectively. 
The subgraph is the coupled 
waveguide structure. The 
darker the cylinder, the greater 
the gain coefficient, and the 
arrows indicate the direction 
of input or output light. a and 
b for PT-symmetry phase with 
�1 = �2 = −0.5cm−1 . The two 
modes oscillate periodically 
along with gain. c and d for PT-
broken phase with �1 = −3cm−1 , 
�2 = −0.5cm−1 . Both modes 
increase exponentially and most 
of the energy is concentrated 
in the channel with higher gain 
(color figure online)
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∣
𝛾1

∣𝜇∣
−

𝛾2

∣𝜇∣
∣> 2 . From Fig. 3(c) and (d) we can see, regard-

less of which port the light comes in from, the field inten-
sity of the upper channel is about 3 times stronger than that 
of the lower channel at a certain distance, showing most 
of the energy is concentrated in the waveguide with higher 
gain, fitting the characteristics of PT-broken phase [10, 
11]. Therefore, the numerical results of gain-gain coupling 
are consistent with the theoretical expectation.

Then we focused on the gain-lossless modes coupling, 
corresponding to the negative half coordinate axis of the 
phase diagram. Let �1 = −0.5cm−1 , �2 = 0 and � = 1cm−1 , 
which satisfies the condition of PT-symmetry that 
∣

𝛾1

∣𝜇∣
−

𝛾2

∣𝜇∣
∣< 2 . Figure 4(a) and (b) shows the calculation 

results of light from the upper and lower waveguides, respec-
tively. The oscillatory transmission modes accompanying 
gain are found in both channels. The light of two output ends 
has similar intensity. Then, increase the gain coefficient and 
let �1 = −3cm−1 , satisfying the condition of PT-broken that 
∣

𝛾1

∣𝜇∣
−

𝛾2

∣𝜇∣
∣> 2 . When the light is incident from the gain 

waveguide (shown in Fig. 4(c)), the electric field strength of 
both channels increases exponentially. When the incident 
light is from the lossless channel (shown in Fig. 4(d)), they 
first go through a prominent energy exchange and then grow 
exponentially. From the results in subgraphs of Fig. 4(c) and 
(d), whether the light enters from the gain port or the lossless 
port, most of the energy is concentrated in the gain wave-
guide after coupling. The above characteristics also fit the 
predictions.

Finally, we calculated the loss-loss and gain-loss cou-
pling, which corresponds to the grey area in the phase 

diagram. The above two systems have been widely discussed 
in previous studies. For gain-loss coupling, both modes show 
the same degree of periodic oscillation in PT-symmetry 
phase, while in PT-broken phase, they become exponential 
growth modes and the gain waveguide dominates. For two 
loss modes, they exhibit periodic exchange of energy with 
losses in PT-symmetry phase and exponential in PT-broken 
phase. By comparing the two situations, the above conclu-
sions are not affected by the change of incident light, which 
are consistent with the results of previous studies [10, 11].

In experiment, nanowires with controllable gain have 
been achieved. For example, Ning group reported a novel 
erbium material that can grow high-quality single-crystal 
nanowires with a gain over 100dB/cm [54]. The introduction 
of gain leads to exponentially growing waves, while due to 
gain saturation, the intensity will not increase infinitely with 
the coupling distance for specific materials [55, 56].

In this part, we calculated the light intensity of coupled 
waveguides, involving all quadrants and coordinate axes of 
the PT phase diagram. It can be seen that the results are 
consistent with the theoretical analysis. In particular, we 
obtained the mode evolution in the gain-gain and gain-loss-
less coupling, which combines the unique modes of PT sym-
metry with higher power or higher fidelity of gain medium, 
thus expanding the design ideas of optical devices.

Conclusion

We have demonstrated the phase diagram of PT symmetry 
system in a full-parameter space containing gain, lossless 

Fig. 4   Calculation results of 
gain-lossless coupling. The 
main graph shows the light 
intensities in two waveguides 
vary with the distance. Red and 
blue curves for I1(x) and I2(x) , 
respectively. The subgraph 
is the coupled waveguide 
structure. Red cylinder for gain 
medium, and white cylinder for 
lossless material. The arrows 
indicate the direction of input 
or output light. a and b for PT-
symmetry phase with �1 = −0.5

cm−1 , �2 = 0 . The two modes 
oscillate periodically along with 
gain. c and d for PT-broken 
phase with �1 = −3cm−1 , �2 = 0 . 
Both modes increase exponen-
tially and most of the energy is 
concentrated in the gain channel 
(color figure online)
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and loss. The phase diagram has been divided into PT-sym-
metry and PT-broken phases by EP-lines, which can be used 
to predict the phase of coupled micro-/nanophotonic struc-
tures. Then, we have conducted numerical calculations with 
coupled waveguides as an example, paying special atten-
tion to gain-gain and gain-lossless coupling. We have also 
discussed the beam splitting in non-Hermitian systems and 
have deduced the transmission matrices in different phases. 
In PT-symmetry phase, oscillatory transport dominates, 
whereas PT-broken phase corresponds to exponential gain 
or decay modes. Therefore, the proposed PT symmetry pro-
vides a new manipulation degree of freedom for beam split-
ting. Investigating PT symmetry has grown exponentially 
in recent years and is still a bright future for new insights.

The PT phase diagram is unique and practical, which will 
have potential applications. Using PT phase diagram and 
transport matrices, we can control the light intensities at the 
output more freely, achieving an arbitrary spilt ratio of beam 
splitting. Furthermore, the introduction of gain medium can 
amplify the optical signal in this process, thus the functions 
of beam splitter and repeater can be combined to design 
multifunctional optical devices [57].

Emerging photonic technologies provides a wider play-
ground for studying non-Hermitian quantum mechanics, 
including phase transitions, conservation relations and spon-
taneous symmetry. Not limited to basic physics, joining PT 
symmetry with micro-/nanophotonics might also dramati-
cally improve the performance and robustness of on-chip 
devices.
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