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Abstract This paper recovers cubic–quartic optical soli-

tons for perturbed Lakshmanan–Porsezian–Daniel model.

This is for both with and without polarization. The sine-

Gordon equation approach is the scheme adopted to

retrieve the soliton solutions. A full spectrum of soliton

solutions have emerged.
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Introduction

The most fundamental feature that sustains soliton forma-

tion and its stability is the existence of a delicate balance

between chromatic dispersion (CD) and self-phase modu-

lation (SPM). Once this balance is compromised, solitons

fail to exist. Therefore, it is imperative to maintain the

perfect harmony between the two key elements, CD and

SPM. Occasionally, it may so happen that CD runs low. In

such a situation, a new form of technology has been pro-

posed. When CD was replaced by fourth-order dispersion

(4OD), pure-quartic solitons were studied. However, for

such solitons there is a limitation. No analytical closed-

form soliton solution was available unless it is a stationary

soliton. To overcome such shortcomings, cubic–quartic

(CQ) solitons were proposed where, in addition to 4OD,

third-order dispersion (3OD) effect was included. An

abundance of results from CQ solitons have emerged and

successfully floated across telecommunications industry, at

least theoretically. Subsequently, the concept of CQ soli-

tons, during such a crisis situation, was applied to a variety

of other models that describe successful soliton transmis-

sion through optical fibers across trans-continental

distances.

One of the models that describe soliton transmission

through a variety of waveguides is perturbed Lakshmanan–

Porsezian–Daniel (LPD) model, where the perturbation

terms are all of Hamiltonian type [1–25]. This model first

appeared during 1988 in the context of Heisenberg spin

chain [18]. Later, it gained popularity in soliton studies and

has been extensively studied in various contexts using a

wide variety of mathematical methodologies. These

include rogue waves, Darboux transform, collective vari-

ables, Adomian decomposition, semi-inverse variational

principle, Jacobi’s elliptic function expansion, exponential
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function expansion, trial equation approach, method of

undetermined coefficients, Riccati equation approach and

so on. The model was successfully studied in both contexts,

namely polarization-preserving fibers as well as birefrin-

gent fibers. Today’s paper will be addressing CQ solitons

with perturbed LPD model, in both such forms of fibers, for

the very first time. Sine-Gordon equation approach will be

the integration scheme that is adopted here. This will reveal

a spectrum of soliton solutions in both such fibers that are

exhibited along with their respective existence criteria. The

algorithm is illustrated and the extensive details of the

mathematical phenomenon follow through.

Optical solitons

The retrieval of soliton solutions will be split into two

subsections that deal with polarization-free fibers and when

pulse polarization occurs. In both of the subsections, sine-

Gordon equation approach will be employed to recover a

wide spectrum of solitons. The details are exhibited in the

next subsections.

Polarization-preserving fibers

The LPD equation in polarization-preserving fibers is:

iut þ iauxxx þ buxxxx þ c uj j2u ¼ a uxð Þ2u�

þ b uxj j2uþ c uj j2uxx þ ku2u�xx

þ d uj j4u
ð1Þ

where x and t that, respectively, stand for the spatial and

temporal variables are independent variables. Linear tem-

poral evolution is stood for the first term and i ¼
ffiffiffiffiffiffiffi

�1
p

. The

complex valued function u x; tð Þ represents optical solitons

in polarization-preserving fibers. a gives the coefficient of

3OD, while b is the coefficient of 4OD. Next, c stands for

the coefficient of SPM and d corresponds to two-photon

absorption. Lastly, a, b, c and k are the coefficients of the

nonlinear dispersion terms.

In presence of perturbation terms, the LPD equation for

polarization-preserving fibers is:

iut þ iauxxx þ buxxxx þ c uj j2u
¼ a uxð Þ2u� þ b uxj j2u
þ c uj j2uxx þ ku2u�xx þ d uj j4u

þ i f uj j2mu
� �

x
þl uj j2m

� �

x
u

h

þq uj j2mux
i

ð2Þ

where f represents the self-steepening term, while l and q
are, respectively, the coefficients of the higher-order

dispersion and nonlinear dispersion effects. Finally, full

nonlinearity parameter is indicated by m.

To obtain the soliton solution, we set

uðx; tÞ ¼ UðnÞeiu; n ¼ x� vt; uðx; tÞ ¼ �jxþ xt þ h0

ð3Þ

where the speed is denoted by v, while the frequency, wave

number and phase center are stood for by j; x and h0,

respectively. Also, the soliton amplitude and its phase

component are, respectively, represented by UðnÞ and

uðx; tÞ.
Plugging Eq. (3) into Eq. (2) yields the real equation

bU ivð Þ þ 3aj� 6bj2
� �

U00 � kþ cð ÞU2U00

� aþ bð Þ U0ð Þ2
U þ cþ aj2 þ cj2 þ kj2 � bj2

� �

U3

þ bj4 � aj3 � x
� �

U

� dU5 � jfþ jqð ÞU2mþ1 ¼ 0

ð4Þ

and the imaginary equation

a� 4bjð ÞU000 þ 4bj3 � 3aj2 � v
� �

U0

þ 2j cþ a� kð ÞU0U2

� qþ fþ 2mlþ 2mfð ÞU0U2m ¼ 0:

ð5Þ

Equations (4) and (5) are reduced to

bU ivð Þ þ 6bj2U00 � 3bj4 þ x
� �

U

þ c� 4cj2 þ 2jlþ 2jf
� �

U3

� dU5 ¼ 0

ð6Þ

with

m ¼ 1; ð7Þ

a ¼ 4bj; ð8Þ

a ¼ �2c; ð9Þ

q ¼ �2l� 3f; ð10Þ

k ¼ �c; ð11Þ

b ¼ 2c; ð12Þ

v ¼ �8bj3: ð13Þ

Equation (6) can be integrated in order to designate the

soliton profile, while Eq. (13) yields the soliton speed and

Eqs. (7)–(12) gives the constraints.

The sine-Gordon equation method admits that the

solution form of Eq. (6) is:
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U nð Þ ¼
X

N

i¼1

cosi�1ðV nð ÞÞ½Bi sinðV nð ÞÞ

þ Ai cosðV nð ÞÞ� þ A0

ð14Þ

where Ai and Bi ð0� i�NÞ are constants, N represents the

balance number and VðnÞ ensures

V 0 nð Þ ¼ sin V nð Þð Þ ð15Þ

with

sin V nð Þð Þ ¼ sech nð Þ or sin V nð Þð Þ ¼ i csh nð Þ;
cos V nð Þð Þ ¼ tanh nð Þ; or cos V nð Þð Þ ¼ coth nð Þ:

ð16Þ

By virtue of the balancing principle applied in Eq. (6),

Eq. (14) becomes

U nð Þ ¼ B1 sinðV nð ÞÞ þ A1 cosðV nð ÞÞ þ A0: ð17Þ

Putting Eq. (17) with Eq. (15) into Eq. (6) leads to

Case-1

d ¼ 3 4cj2 � c� 2jl� 2jfð Þ2

2b 3j2 � 10ð Þ2
; x

¼ �b 3j4 þ 12j2 � 16
� �

; A0 ¼ 0;

A1 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

� 4b 3j2 � 10ð Þ
c� 4cj2 þ 2j lþ fð Þ

s

; B1 ¼ 0:

ð18Þ

Plugging Eq. (18) with Eq. (16) into Eq. (17) leads to the

dark soliton

uðx; tÞ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

� 4b 3j2 � 10ð Þ
c� 4cj2 þ 2j lþ fð Þ

s

tanh xþ 8bj3t
� �

ei �jx�b 3j4þ12j2�16ð Þtþh0ð Þ
ð19Þ

and the singular soliton

uðx; tÞ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

� 4b 3j2 � 10ð Þ
c� 4cj2 þ 2j lþ fð Þ

s

coth xþ 8bj3t
� �

ei �jx�b 3j4þ12j2�16ð Þtþh0ð Þ:

ð20Þ

These solitons are valid for

b 3j2 � 10
� �

c� 4cj2 þ 2j lþ fð Þ
� �

\0:
ð21Þ

Case-2

d ¼ 3 4cj2 � c� 2jl� 2jfð Þ2

2b 3j2 þ 5ð Þ2
; x

¼ �b 3j4 � 6j2 � 1
� �

; A0 ¼ 0;

A1 ¼ 0; B1 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4b 3j2 þ 5ð Þ
c� 4cj2 þ 2j lþ fð Þ

s

:

ð22Þ

Inserting Eq. (22) with Eq. (16) into Eq. (17) causes to the

bright soliton

uðx; tÞ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4b 3j2 þ 5ð Þ
c� 4cj2 þ 2j lþ fð Þ

s

sech xþ 8bj3t
� �

ei �jx�b 3j4�6j2�1ð Þtþh0ð Þ
ð23Þ

and the singular soliton

uðx; tÞ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

� 4b 3j2 þ 5ð Þ
c� 4cj2 þ 2j lþ fð Þ

s

csch xþ 8bj3t
� �

ei �jx�b 3j4�6j2�1ð Þtþh0ð Þ:

ð24Þ

The bright soliton will exist provided the following con-

straint condition remains valid:

b 3j2 þ 5
� �

c� 4cj2 þ 2j lþ fð Þ
� �

[ 0: ð25Þ

while the singular soliton will exist provided the condition

(26) holds:

b 3j2 þ 5
� �

c� 4cj2 þ 2j lþ fð Þ
� �

\0: ð26Þ

Case-3

d ¼ 6 4cj2 � c� 2jl� 2jfð Þ2

b 6j2 � 5ð Þ2
; x

¼ �b 3j4 þ 3j2 � 1
� �

; A0 ¼ 0;

A1 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

� b 6j2 � 5ð Þ
2 c� 4cj2 þ 2j lþ fð Þð Þ

s

; B1

¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b 6j2 � 5ð Þ
2 c� 4cj2 þ 2j lþ fð Þð Þ

s

:

ð27Þ

Inserting Eq. (27) with Eq. (16) into Eq. (17) yields the

combo singular soliton
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uðx; tÞ

¼
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

� b 6j2 � 5ð Þ
2 c� 4cj2 þ 2j lþ fð Þð Þ

s

coth xþ 8bj3tð Þ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

� b 6j2 � 5ð Þ
2 c� 4cj2 þ 2j lþ fð Þð Þ

s

csch xþ 8bj3tð Þ

8

>

>

>

>

>

<

>

>

>

>

>

:

9

>

>

>

>

>

=

>

>

>

>

>

;

ei �jx�b 3j4þ3j2�1ð Þtþh0ð Þ:
ð28Þ

The combo singular soliton is valid for

b 6j2 � 5
� �

c� 4cj2 þ 2j lþ fð Þ
� �

\0: ð29Þ

Birefringent fibers

The coupled system derived from the equation (2) for

birefringent fibers without four-wave mixing is:

iqt þ ia1qxxx þ b1qxxxx þ c1 qj j2þd1 rj j2
� �

q

¼ a1 qxð Þ2þb1 rxð Þ2
n o

q�

þ c1 qxj j2þk1 rxj j2
� �

qþ d1 qj j2þf1 rj j2
� �

qxx

þ l1q
2 þ q1r

2
� �

q�xx

þ f1 qj j4þg1 qj j2 rj j2þh1 rj j4
� �

q

þ i g1 qj j2q
� �

x
þ#1 rj j2r

� �

x

h

þ h1 qj j2
� �

x
þ�1 rj j2

� �

x

n o

q

þ s1 qj j2þr1 rj j2
� �

qx

i

;

ð30Þ

irt þ ia2rxxx þ b2rxxxx þ c2 rj j2þd2 qj j2
� �

r

¼ a2 rxð Þ2þb2 qxð Þ2
n o

r�

þ c2 rxj j2þk2 qxj j2
� �

r þ d2 rj j2þf2 qj j2
� �

rxx

þ l2r
2 þ q2q

2
� �

r�xx

þ f2 rj j4þg2 rj j2 qj j2þh2 qj j4
� �

r

þ i g2 rj j2r
� �

x
þ#2 qj j2q

� �

x

h

þ h2 rj j2
� �

x
þ�2 qj j2

� �

x

n o

r

þ s2 rj j2þr2 qj j2
� �

rx

i

ð31Þ

where the complex valued functions q x; tð Þ and r(x, t)

account for optical solitons in birefringent fibers. For

l ¼ 1; 2, al are the coefficients of 3OD, while bl represent

the coefficients of 4OD. Then, cl and fl stands for the

coefficients of SPM, while dl, gl and hl account for the

coefficients of cross-phase modulation. Lastly, al, bl, cl, kl,

dl, fl, ll, ql, gl, #l, hl, el, sl and rl are the coefficients of the

nonlinear dispersion terms.

To look for soliton solution to the governing model, the

solution hypothesis picked is:

qðx; tÞ ¼ U1ðnÞeiu; rðx; tÞ ¼ U2ðnÞeiu; n

¼ x� vt; uðx; tÞ ¼ �jxþ xt þ h0:
ð32Þ

Inserting Eq. (32) into Eqs. (30) and (31) yields the real

equation

blU
ivð Þ
l þ 3jal � 6j2bl

� �

U00
l

� ql þ flð ÞU2
~l
U00

l

� dl þ llð ÞU2
l U

00
l

� al þ clð Þ U0
l

� �2
Ul

� bl þ klð ÞUl U0
~l

� �2

þ j2bl � j2kl
�

þj2fl þ j2ql þ dl � jrl
�

UlU
2
~l

þ j4bl � j3al � x
� �

Ul

þ cl þ j2dl þ j2al þ j2ll
�

�j2cl � jgl � jsl
�

U3
l � j#lU

3
~l
� hlUlU

4
~l

� glU
3
l U

2
~l
� flU

5
l ¼ 0

ð33Þ

and the imaginary equation

al � 4jblð ÞU000
l þ 4j3bl � 3j2al � v

� �

U0
l

þ 2jfl � 2jql � rlð ÞU0
lU

2
~l

þ 2jal þ 2jdl � 2jll � 3gl � sl � 2hlð ÞU0
lU

2
l

þ 2jbl � 2�lð ÞUlU
0
~l
U~l � 3#lU

0
~l
U2

~l
¼ 0

ð34Þ

where l ¼ 1; 2 and ~l ¼ 3 � l: Eqs. (33) and (34) reduce to

blU
ivð Þ
l þ 6j2blU

00
l � 3j4bl þ x

� �

Ul

þ dl þ cl � 4 dl þ flð Þj2
�

þ2j �l þ hl þ gl þ #lð ÞÞU3
l

� hl þ gl þ flð ÞU5
l ¼ 0

ð35Þ

with

U~l ¼ Ul; ð36Þ

al ¼ 4jbl; ð37Þ

al ¼ �bl � 2dl � 2fl

þ sl þ rl þ 2�l þ 2hl þ 3gl þ 3#l

2j
;

ð38Þ

cl ¼ �kl þ 2dl þ 2fl

� sl þ rl þ 2�l þ 2hl þ 3gl þ 3#l

2j
;

ð39Þ

ll ¼ �ql � dl � fl; ð40Þ
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v ¼ �8j3bl: ð41Þ

Utilizing the balancing principle in Eq. (35), Eq. (14)

changes to

Ul nð Þ ¼ B1 sinðVl nð ÞÞ
þ A1 cosðVl nð ÞÞ þ A0:

ð42Þ

Substituting Eq. (42) with Eq. (15) into Eq. (35) leads to

Case-1

x ¼ �bl 3j4 þ 12j2 � 16
� �

; A0 ¼ 0; B1 ¼ 0;

A1 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

� 4bl 3j2 � 10ð Þ
cl þ dl � 4j2 dl þ flð Þ þ 2j �l þ gl þ hl þ #lð Þ

s

;

fl ¼ � 1

2bl 3j2 � 10ð Þ2
ð�3cl

2 � 3dl
2 � 12j2#l

2 � 6cldl

� 48j4dl
2 � 48j4fl

2 � 12j2�l
2

� 12j2gl
2 � 12j2hl

2 þ 200blgl þ 200blhl þ 18j4blgl

þ 18j4blhl � 120j2blgl � 120j2blhl

� 12j cl#l � 12jdl�l � 12jdlgl � 12jdlhl � 12jdl#l

� 96j4dlfl þ 48j3dl�l þ 48j3dlgl

þ 48j3dlhl þ 48j3dl#l þ 48j3�lfl

þ 48j3glfl þ 48j3hlfl þ 48j3fl#l þ 24j2cldl þ 24j2clfl

þ 24j2dldl þ 24j2dlfl � 24j2�lgl � 24j2�lhl

� 24j2�l#l � 24j2glhl

� 24j2gl#l � 24j2hl#l

� 12jcl�l � 12jclgl � 12jclhlÞ:
ð43Þ

Plugging Eq. (43) with Eq. (16) into Eq. (42) leads to the

dark solitons

qðx; tÞ

¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

� 4b1 3j2 � 10ð Þ
c1 þ d1 � 4j2 d1 þ f1ð Þ þ 2j �1 þ g1 þ h1 þ #1ð Þ

s

tanh xþ 8b1j
3t

� �

ei �jx�b1 3j4þ12j2�16ð Þtþh0ð Þ;
ð44Þ

rðx; tÞ

¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

� 4b2 3j2 � 10ð Þ
c2 þ d2 � 4j2 d2 þ f2ð Þ þ 2j �2 þ g2 þ h2 þ #2ð Þ

s

tanh xþ 8b2j
3t

� �

ei �jx�b2 3j4þ12j2�16ð Þtþh0ð Þ

ð45Þ

and the singular solitons

qðx;tÞ

¼�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

� 4b1 3j2�10ð Þ
c1þd1�4j2 d1þf1ð Þþ2j �1þg1þh1þ#1ð Þ

s

coth xþ8b1j
3t

� �

ei �jx�b1 3j4þ12j2�16ð Þtþh0ð Þ;
ð46Þ

rðx; tÞ

¼�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

� 4b2 3j2�10ð Þ
c2þd2�4j2 d2þf2ð Þþ2j �2þg2þh2þ#2ð Þ

s

tanh xþ8b2j
3t

� �

ei �jx�b2 3j4þ12j2�16ð Þtþh0ð Þ:
ð47Þ

These solitons are valid for

bl 3j2 � 10
� �

cl þ dl � 4j2 dl þ flð Þ þ 2j �l þ gl þ hl þ #lð Þ
� �

\0:

ð48Þ

Case-2

x ¼ �bl 3j4 � 6j2 � 1
� �

; A0 ¼ 0; A1 ¼ 0;

B1 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4bl 3j2 þ 5ð Þ
cl þ dl � 4j2 dl þ flð Þ þ 2j �l þ gl þ hl þ #lð Þ

s

;

fl ¼ � 1

2bl 3 j2 þ 5ð Þ2
ð�3cl

2 � 3dl
2 � 12j2#l

2 � 6cldl

� 48j4dl
2 � 48j4fl

2 � 12j2�l
2

� 12j2gl
2 � 12j2hl

2 þ 50blgl þ 50blhl þ 18j4blgl

þ 18j4blhl þ 60j2blgl þ 60j2blhl

� 12jcl#l � 12jdl�l � 12jdlgl � 12jdlhl � 12jdl#l

� 96j4dlfl þ 48j3dl�l þ 48j3dlgl

þ 48j3dlhl þ 48j3dl#l þ 48j3�lfl

þ 48j3glfl þ 48j3hlfl þ 48j3fl#l þ 24j2cldl

þ 24j2clfl þ 24j2dldl þ 24j2dlfl � 24j2�lgl

� 24j2�lhl � 24j2�l#l � 24j2glhl

� 24j2gl#l � 24j2hl#l

� 12jcl�l � 12jclgl � 12jclhlÞ:
ð49Þ

Inserting Eq. (49) with Eq. (16) into Eq. (42) causes to the

bright solitons

qðx; tÞ

¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4b1 3j2 þ 5ð Þ
c1 þ d1 � 4j2 d1 þ f1ð Þ þ 2j �1 þ g1 þ h1 þ #1ð Þ

s

sech xþ 8b1j
3t

� �

ei �jx�b1 3j4�6j2�1ð Þtþh0ð Þ;
ð50Þ

326 J Opt (June 2021) 50(2):322–329

123



rðx; tÞ

¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4b2 3j2 þ 5ð Þ
c2 þ d2 � 4j2 d2 þ f2ð Þ þ 2j �2 þ g2 þ h2 þ #2ð Þ

s

sech xþ 8b2j
3t

� �

ei �jx�b2 3j4�6j2�1ð Þtþh0ð Þ

ð51Þ

and the singular solitons

qðx; tÞ

¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

� 4b1 3j2 þ 5ð Þ
c1 þ d1 � 4j2 d1 þ f1ð Þ þ 2j �1 þ g1 þ h1 þ #1ð Þ

s

csch xþ 8b1j
3t

� �

ei �jx�b1 3j4�6j2�1ð Þtþh0ð Þ;
ð52Þ

rðx; tÞ

¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

� 4b2 3j2 þ 5ð Þ
c2 þ d2 � 4j2 d2 þ f2ð Þ þ 2j �2 þ g2 þ h2 þ #2ð Þ

s

csch xþ 8b2j
3t

� �

ei �jx�b2 3j4�6j2�1ð Þtþh0ð Þ:
ð53Þ

The bright solitons are valid for

bl cl þ dl � 4j2 dl þ flð Þ þ 2j �l þ gl þ hl þ #lð Þ
� �

[ 0
ð54Þ

while the singular solitons are valid for

bl cl þ dl � 4j2 dl þ flð Þ þ 2j �l þ gl þ hl þ #lð Þ
� �

\0:
ð55Þ

Case-3

x¼�bl 3j4þ3j2�1
� �

; A0 ¼0;

A1 ¼�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

� bl 6j2�5ð Þ
2 clþdl�4j2 dlþflð Þþ2j �lþglþhlþ#lð Þð Þ

s

;

B1 ¼�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

bl 6j2�5ð Þ
2 clþdl�4j2 dlþflð Þþ2j �lþglþhlþ#lð Þð Þ

s

;

fl¼� 1

bl 6j2�5ð Þ2
ð�6cl

2�6dl
2�24j2#l

2�12cldl

�96j4dl
2�96j4fl

2�24j2�l
2

�24j2gl
2�24j2hl

2þ25blglþ25blhlþ36j4blgl

þ36j4blhl�60j2blgl�60j2blhl

�24jcl#l�24jdl�l�24jdlgl�24jdlhl�24jdl#l

�192j4dlflþ96j3dl�lþ96j3dlgl

þ96j3dlhlþ96j3dl#lþ96j3�lfl

þ96j3glflþ96j3hlflþ96j3fl#lþ48j2cldl

þ48j2clflþ48j2dldlþ48j2dlfl�48j2�lgl

�48j2�lhl�48j2�l#l�48j2glhl

�48j2gl#l�48j2hl#l

�24jcl�l�24jclgl�24jclhlÞ:
ð56Þ

Substituting Eq. (56) with Eq. (16) into Eq. (42) yields the

combo singular solitons

qðx; tÞ ¼
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

� b1 6j2 � 5ð Þ
2 c1 þ d1 � 4j2 d1 þ f1ð Þ þ 2j �1 þ g1 þ h1 þ #1ð Þð Þ

s

coth xþ 8b1j3tð Þ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

� b1 6j2 � 5ð Þ
2 c1 þ d1 � 4j2 d1 þ f1ð Þ þ 2j �1 þ g1 þ h1 þ #1ð Þð Þ

s

csch xþ 8b1j3tð Þ

8

>

>

>

>

>

<

>

>

>

>

>

:

9

>

>

>

>

>

=

>

>

>

>

>

;

ei �jx�b1 3j4þ3j2�1ð Þtþh0ð Þ;

ð57Þ

rðx; tÞ ¼
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

� b2 6j2 � 5ð Þ
2 c2 þ d2 � 4j2 d2 þ f2ð Þ þ 2j �2 þ g2 þ h2 þ #2ð Þð Þ

s

coth xþ 8b2j3tð Þ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

� b2 6j2 � 5ð Þ
2 c2 þ d2 � 4j2 d2 þ f2ð Þ þ 2j �2 þ g2 þ h2 þ #2ð Þð Þ

s

csch xþ 8b2j3tð Þ

8

>

>

>

>

>

<

>

>

>

>

>

:

9

>

>

>

>

>

=

>

>

>

>

>

;

ei �jx�b2 3j4þ3j2�1ð Þtþh0ð Þ:

ð58Þ
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The combo singular solitons are valid for

bl 6j2 � 5
� �

cl þ dl � 4j2 dl þ flð Þ þ 2j �l þ gl þ hl þ #lð Þ
� �

\0:

ð59Þ

Conclusions

This paper secures CQ solitons with perturbed LPD model

for both polarization-preserving fibers and birefringent

fibers. The sine-Gordon equation approach has made this

retrieval of the complete spectrum of soliton solutions

possible. The results thus form a new list in the data bank

of nonlinear evolution equations and its soliton solutions.

The list opens up a floodgate of opportunities with CQ

solitons for LPD model. This would include locating the

conservation laws and identifying the respective conser-

vative quantities. One would also need to address the

perturbation theory to form the adiabatic dynamics of

soliton perturbation. Next, CQ solitons with Bragg gratings

in presence of dispersive reflectivity for LPD model is a

possibility. Additional integration methods, such as semi-

inverse variational principle or Lie symmetry, would give a

new perspectives to the model. A further extension is to

address such dynamics with DWDM topology would be

absolutely necessary. The results of such studies would

gradually and sequentially be reported.
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