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Abstract This paper studies highly dispersive bright and
dark optical solitons from a numerical perspective by
variational iteration method. This is a very efficient algo-
rithm that has gained popularity to numerically address
model equations from a range of physical phenomena
including photonics sciences. The current paper studies
highly dispersive optical soliton solutions that are consid-
ered with quadratic—cubic nonlinear form of refractive
index, modeled by the nonlinear Schrodinger’s equation.
The novelty of this approach is that it recovers bright and
dark soliton solutions to the model numerically, and the
error of approximation has also been presented. The
algorithm displays the solutions with an impressive error
measure.
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Introduction

Optical solitons have left a lasting impression in the field of
telecommunications. There are a variety of concepts that
stem from soliton studies that are currently studied. A few
of them are dispersion-managed solitons, Bragg gratings,
pure—cubic solitons, pure—quartic solitons, cubic—quartic
solitons, highly dispersive (HD) solitons, quasi-linear pul-
ses and several others. One of the concepts that have been
recently proposed and have gained a lot of attention is HD
solitons. This kind of solitons has been extensively studied
with a variety of forms of nonlinear refractive index
[1-12]. This study has also been extended to the case of
birefringent fibers [13-24]. The conservation laws have
been reported for HD solitons. Moreover, perturbed HD
soliton solutions have been studied by the semi-inverse
variational principle [25, 26]. The current paper will
address HD optical solitons by the aid of variational iter-
ation method (VIM). The governing equation is the non-
linear Schrodingers equation with intermodal dispersion
(IMD), chromatic dispersion (CD), third-order dispersion
(30D), fourth-order dispersion (40D), fifth-order disper-
sion (50D) and sixth-order dispersion (60D). The law of
nonlinear refractive index is quadratic—cubic (QC) type.
The numerical scheme is exhibited in the subsequent sec-
tion along with an impressive error measure which exposes
the efficiency and accuracy of the numerical scheme. Both
bright and dark soliton solutions are studied today.
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Table 1 Coefficients of Eq. (1)

for bright highly dispersive Cases a a as as as ag by b, K 0o N | Max Error |

solitons B-1 1.50 —-0.01 0.05 0.35 023 160 -085 051 030 -1.80 12 3.0x 1077
B-2 1.10 0.30 0.09 0.80 025 190 —-190 033 0.64 —-192 14 4.0x10?°
B-3 1.25 -0.10 0.12 -0.20 0.05 2.10 1.15 0.62 010 -235 16 2.0x 10710

Model description

The nonlinear Schrodinger’s equation (NLSE) for highly
dispersive optical solitons in polarization-preserving fibers
with the quadratic—cubic law is given by [4, 11, 27-29]:

iqt + iaqu + arqxx + ia3CIxxx + A4qGrnxx + iaquxxxx

(1)
+ a6Gxxxxex + (bl |CI| + b2|q|2)q =0,

where ¢ = ¢(x, ) is a complex-valued function of x (space)
and ¢ (time). In Eq. (1), the first term stands for linear
temporal evolution with i = \/—_1 . The next six terms are
dispersion terms that make the solitons highly dispersive.
These are given by the coefficients of a; for 1 <k<6
which are IMD, CD, 30D, 40D, 50D and 60D, respec-
tively. Finally, the constants b; and b, are coefficients of
the quadratic and cubic terms, respectively.

It must be noted that the model equ. (1) produces sub-
stantial radiation that will shed the energy of the soliton as
it propagates down the fiber. However, soliton radiation is
not considered in this paper. These can be studied by the
aid of “variational principle” or “beyond all-order
asymptotics” or by the implementing the “theory of
unfoldings,” and they can be independently addressed in a
different research publication. Another aspect that has been
excluded from this study is the issue of collision-induced
timing jitter of intra-channel collision that can be con-
trolled by quasi-particle theory. Today’s paper stays
focused on the core of the soliton in a polarization-pre-
serving fiber.

Summary of variational iteration method (VIM)

The variational iteration method transforms the differential
equation to a recurrence sequence of functions, and the
limit of the sequence, if exists, is considered as the solution
of the differential equation. Consider the following non-
linear partial differential equation:

{ Lw(x,t) + Rw(x, 1) + Nw(x, 1) = h(x, 1),

w(x,0) = wo(x). @

where L = %, R and N are linear and nonlinear operators,
respectively, and A(x, ) is an inhomogeneous term (or
source). The variational iteration method admits the use of
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the correction functional for Eq. (2) which can be written
as

Wit (x, 1) =wy(x, 1) + /Otl(gy) (Lw,,(x, &)

+ R (x, &) + Noi (x, &) (3)
— h(x,&))dé, n>0.

where A(¢) is a general Lagrange multiplier, which can be
identified optimally via the variational theory [30-33] and
W, is considered as a restricted variation, i.e., ow, = 0.

According to the variational iteration method, the terms
of a sequence {w,} are constructed such that this sequence
converges to the exact solution. The successive approxi-
mations w,.1, n>0, of the solution w will be readily
obtained by suitable choice of trial function wy. Conse-
quently, the solution is given as

nlLrEc wa(x, 1) = w(x, ). (4)

The VIM was proved by many to be very effective and can
be used in a direct manner without any need to lineariza-
tion of the nonlinear terms that may change the physical
feature of the problem. As we have said before, we will use
the VIM to determine bright and dark optical solitons for
the NLSE with the quadratic—cubic law (1) for a variety of
given initial conditions.

Implementation of the proposed method
to the model (1)

Substituting g(x,t) = u(x,?) + iv(x,t), where u(x, f) and
v(x, ) are real functions of x and ¢, in Eq. (1), results in the
following coupled system of partial differential equations

)
{ U+ ajity + a3V + @t + Ve + Gt + A Vi + VB3 (1 +V2) + bV + 2] =0,

Vi + @, — GGt + @3V — Gl + AV — Gt — UlD3 (U2 +v?) + bV + 7 =0,
(5)
with the following initial conditions
u(x, 0) =f(x), V(xﬂ 0) = g(x)‘ (6)

According to Eq. (3), the variational iteration algorithm for
the problem (5) with the following initial conditions (6) has
the form
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nrt) = )+ [ 2(6) (i

+ a1y + A2Vixx + A3Upxxx

+ A4Vprxnx T AsUnxxoe T A6 Vinorono

¥ [BGEE +2) + b}y a2+ V2] ) dr,

: )
) =)+ [ 220 (o

2.A 2.~ 2.A
+ alvnx - azunxx + a3 Vixxx

2.~ 2.~ 2 A
- a4unxxxx + asvnxxxxx - a6unxxxxxx

— 0[PR8 + V2) + b}l + 2] ) dr,

where 4;(t) and Ay(t) are general Lagrange multipliers.
Moreover,

Up, Unxy, Uy oo Bnoos Unooco . Bncccoo
and
Vns Vars Vi Vmows  Vawos Ve Voo
denote restricted variations, i.e.
512” :5’/2nx = 5’/inxx = 5"2nxxx
:5’/211xxxx = 512nxxxxx = 5’/2nxxxxxx =0
and
5‘311 :5‘;nx = (s‘;nxx = 5‘;nxxx
:5ﬁnxxxx = 5‘;nxxxxx = 5VAnxxxxxx =0.

Making the above correction functionals stationary, we
obtain the following stationary conditions:

1+ ;“,1 (‘[’-)“r:t =0,
1+ ;“/Z(T)‘T:t =0,

)°/1 (T) |r:t =0,

)“/2(T)|r:t = 07 (8)

Therefore, the Lagrange multipliers can be identified as
A1(7) = Ax(r) = —1. Substituting this value of the
Lagrangian multiplier into functional Eq. (7) gives the
iterative formulas

t
1~
Unt1 (x7 t) = Mn(X, t) - / (unr + alny
0
1s 1 -
+ Ay Vi + A3lpaxx
1 I 1
+ A4V T AsUnroox T Qg Vi
A 1.2 ~2
+ Vn [bZ(Mn + vn)
1 ~2 ~2
+ bl \/ u, + VI‘J )d’!,', (9)
t
2.4 2
Va1 (2, 1) = vu(x, 1) — / (vm + AV — Aty
0

2.~
+ A3Vnxxx

2 A 2.5 2 A
- a4unxxxx + aSanxxxx - asunxxxxxx

— iy [B3(a2 + V2) + b3 il + 2] ) dr,
where n>0 and uo(x,7) = u(x,0), vo(x,) = v(x,0). The
VIM solutions u(x, ) and v(x, t) can be expressed as
lim u,(x,7) = u(x,t) and  lim v,(x,1) = v(x,1),

(10)

where u,, and v, will be determined recursively.
Application to bright highly dispersive solitions

We first consider the nonlinear Schrodinger Eq. (1) with
the initial condition

u(x,0) :(ocl + B sech(x) + ylsech3(x))ei<_""‘+9°) (11)
v(x,0) = (cxz + B,sech(x) 4 y,sech’ (x))ei(_“"+0°>. (12)

Here we will use the initial condition as derived in [13] and
%, B; and y; are constants related to system coefficients (5)
for every j = 1,2.

The correction functionals for (5) are given as in Eq. (9).
Consequently, we obtain the successive approximations as
follows:
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up(x, 1) = (al + Bysech(x) + 7y, sech’ (x))ei(’“"Jrgﬂ)?
vo(x, 1) = (Otz + B,sech(x)

+ y,sech? (x)) et

t
1~
wlet) = uo(er) — [ (uoc-+ ali
0
14 1A
+ a5 V0xx + A3 U0xxx
14 1A
+ A Voxer T A5Uoxce

+ aé‘%xxxxxx
Vo[BG + ¥3) + b/ + ¥3] ) dr,
t
vi(x, 1) = vo(x,1) — / (vof + a%ﬁ()x
0

2 A 2~
— QyUxx + A3V0xxx

2 A 2. 2
— A4 UQxxxx + As5V0oxxxxx — AgU0xxxxxx

~ ~2 2
o [b3 (i + Vp)
~2 ~2 t ~
+b%\/u0 + vo])dr, up(x, 1) = uy(x,1) — fo (ulr + ajiiy,
+a;‘;1xx + a;’ilxxx
a ~ ~ ~ ~2 ~2
+a};V1xxxx + aéulxxxxx + aélexxxxx + Vv [b%(ul + Vl)

+bl /i + ﬁ%])dr, va(x,t) = vi(x, ) — j(; (vlf + a2vy,

2. 2.4 2. 2.4 2.4
—a5U xx + azV1xxx — Agllxxxx +a5v1xxxxx — AgU]xxxxxx

b3yt + 7] ) dr,
un(x,1) — [ (um + altin,

+a Vpeer + Al + g Vneco
N )dr, Vo1 (%, 1)
Va(x, 1) — f(; (Vm' + a3V

2. 25 2. 2 2.
—ajyUpxx + a3vnxxx — Ay Upxxxx + ajvnxxxxx - aéunxxxxxx

i, [BGE +V2) -+ B+ 2] ).

Application to dark highly dispersive solitions

—iiy [D3 (a7 +77) Uni1 (%, 1)
+a Ve + @t

+V, [bL (42 + V72

We first consider the nonlinear Schrodinger Eq. (1) with
the initial condition

(13)

(14)

u(xa O) = (OC] + ﬂltanh(x) + Vltanh3 (X)) ei(fxerGo)

v(x,0) = (062 + p,tanh(x) + p,tanh® (x)) pi(—Rr+00)

Here we will use the initial condition as derived in [13] and
o, ﬂj and 7; are constants related to system coefficients (5)
for every j = 1,2.

The correction functionals for (5) are given as in
Egs. ((9)). Consequently, we obtain the
approximations as follows:

uo(x, 1) = (ocl + Bytanh(x)

+7,tanh’ (x)) el mrxtto)

successive

vo(,1) = (o2 + Bytanh(x)
+7,tanh’ (x)) el mrxtto)
12
uy (x,1) = uo(x,1) —/0 (um +aliio,

1~ 1~
+a2VOxx +a3’40xxx

1~ 1~ 1~
+ a4 V0xxxx +a 5 UOxxxxx + A6 V0Oxxxxxx
0 (B3 +73) + b i3 + 3] ) e,
t
2 A
vi(x,1) =vo(x,1) —/ (V0¢+611V0x
0

2 A 2 A
— Ay Uxx + A3 V0xxx

2 A 2~ 2 A
— A4 U0xxxx + A5V0xoox — AeU0xxxxxx
~ 2(.~2 2 2 ~2 2
—1ip [bz(u0+v0) —i—bl\/uo—&—vo])dr,
t
1~
up (x,1) = uy (x,1) —/ (u11+alu1x
0
1~ 1~ 1~ 1A 1~
T+ a)Vixx + A3 UL T A4 Vi + A5 oo + gV oo
~ 172 2 1 ~2 2
+ v [bz(ul +V7) + b/ Uy +v1])dr,
t
2 A
V2(x7t) =V (x7t) 7/ (Vlr +avix
0
2 A 2 A 2 A
— AyUxx +a3vl)ocx — A4 U xxxx
2.4 2.4
+a5lexxxx — AU xxxox

i [B( 4+ 5) + By i 4] ),

EMnJrl(x7 t) = un(xat) - f(; (unr +a%l'inx

Table 2 Coefficients of Eq. (1)

for dark highly dispersive Cases a a as a as ag by 123 K 0o N | Max Error |

solitons D1 120 069 015 025 080 —008 045 155 014 220 12 1.5x 1077
D2 180 —0.09 052 038 —0.75 065 025 1.04 202 334 14 30x10~°
D3 210 010 —044 090 056 —125 012 035 050 1.80 16 4.0x 10~
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Error

(a) (®) (c)

Fig. 1 Numerically computed bright highly dispersive soliton (a), corresponding density plot (b) and absolute error (c¢) for case B-1

Error

(a) (b)

(@) (b) ©

Fig. 3 Numerically computed bright highly dispersive soliton (a), corresponding density plot (b) and absolute error (c) for case B-3

1 A 1 A 1 A 1 A~ 1 ~ f
_ 25
0y Vixx + A3lUnxxx Ay Vnxoor T Q5Unxcocy + Qg Vi = vn(x’ l‘) — fO (Vm: +aiVnx
~ 17,72 2 1. /2 2 ~ ~ ~ ~ ~
+Vn [bz (I/tn +Vﬂ) + bl l/tn + Vn] ) dT’ Vn+1 (X, t) _a%unxx + a%vnxxx - aiunxxxx + agvnxxxxx - a%unxxxm
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Error

() (®) ©

Error

(@) () ()

Fig. 5 Numerically computed dark highly dispersive soliton (a), corresponding density plot (b) and absolute error (c) for case D-2

Error

©

Fig. 6 Numerically computed dark highly dispersive soliton (a), corresponding density plot (b) and absolute error (c) for case D-3

i, [b% (ﬁﬁ +‘?i) . /uAﬁ +‘?i]) dr. The appr(?ach 1ntroduc.ed aboye will illustrated through
examples in the following section.
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Numerical experiments and graphical results

In this section, we consider some different cases for the
nonlinear Schrodinger equation with the quadratic—cubic
law given in (1) to illustrate the application of the VIM
scheme we presented in the above section. The numerical
solutions will be obtained, and the results will be graphi-
cally illustrated. In all these examples, software MATHE-
MATICA version 11 has been used for calculations and
graphs.

Bright highly dispersive solitons

The result and the profile of two cases are graphically
illustrated in Table 1 and in Figs. 1, 2, and 3.

Dark highly dispersive solitons

The result and the profile of two cases are graphically
illustrated in Table 2 and in Figs. 4, 5, and 6.

Conclusions

This paper studied HD optical solitons by VIM where the
nonlinear refractive index is of QC type. The adopted
numerical scheme displayed surface plots and the error
graphs that are of the order of 10~°. The error measure
stands impressively small. The results of this manuscript
are therefore strongly encouraging to look at HD solitons
that appear with additional forms of refractive index. Later,
HD solitons will be addressed in birefringent fibers for a
variety of nonlinear refractive index. These results are
currently awaited and will be disseminated across a variety
of journals. In future, several additional models that
describe soliton dynamics will also be addressed numeri-
cally. These include Kudryashovs equation, Chen-Lee—Liu
equation, Kaup-Newell equation, Gerdjikov—Ivanov
equation, Lakshmanan—Porsezian—Daniel model and sev-
eral others. These are all in the bucket list for now.
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