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Abstract

In planar piecewise differential systems it is known that when the discontinuity curve is
a straight line and both differential systems are linear centers, these piecewise differen-
tial systems have no limit cycles but if they are separated by other types of discontinuity
curves, such as parabolas, then they have limit cycles. All these results are in the plane
and although the qualitative theory of planar piecewise differential systems has been the
subject of many research, this is not the case for piecewise differential systems in higher
dimensions. In this paper, we study the maximum number of limit cycles of discontinuous
piecewise differential systems in R separated by a paraboloid (elliptic or hyperbolic), and
formed by what we call two linear differential centers. We prove that these systems can
have at most one limit cycle and that this upper bound is reached. We also provide systems
of these types without periodic solutions and with a continuum of periodic solutions.

Keywords Discontinuous piecewise linear systems - Limit cycles - First integrals

Introduction and Statement of the Main Result

The study of piecewise linear differential systems goes back to Andronov et al. [1] and
still continues to receive attention from researchers. These last years a renewed interest
has appeared in the mathematical community for understanding the dynamical richness of
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these piecewise linear differential systems because they are widely used to model processes
appearing in electronics, mechanics, economy, etc., see for instance the books of di Ber-
nardo et al. [5], Simpson [18], the survey of Makarenkov and Lamb [14] and the hundreds
of references quoted in these works.

In the qualitative theory of dynamical systems the existence of periodic orbits and
more precisely of limit cycles is very important because when they exist, they enable us
to understand the dynamical behavior of differential systems. Moreover many real world
phenomena are related to their existence, see for instance the Van der Pol oscillator [19, 20],
among many others. In order to understand the dynamical behavior of the discontinuous
piecewise differential systems it is also important to know if they have crossing periodic
orbits and crossing limit cycles. In discontinuous piecewise differential systems a crossing
periodic orbit is a periodic orbit that intersects the discontinuity manifold in a finite
number of crossing points and a crossing limit cycle is a crossing periodic orbit that is
isolated in the set of all periodic orbits of the system.

In the last years, the study of the existence and maximum number of limit cycles of
planar piecewise differential systems has been a subject of intense research. Most of the
studies developed in this direction were done considering piecewise linear differential
systems with only two zones and separated by a straight line and only a few of them were
done taking into account more zones or considering discontinuity curves with different
shapes than a straight line.

In the case of planar piecewise differential systems separated by a straight line, the
following interesting question emerged: discontinuous piecewise linear differential systems
with only centers can create limit cycles? In 2018 Llibre and Teixeira answered this
question by proving that these piecewise differential systems have no limit cycles, see [11].

In this regard, recently in [2, 4, 7, 8, 13] some authors studied the existence and the
maximum number of limit cycles for discontinuous piecewise differential systems formed
by differential centers that have either two or more zones, and they are separated either
straight line or conics (reducible or irreducible) and they proved that these systems
have limit cycles. In particular, in [13] the authors proved that discontinuous piecewise
differential systems separated by a parabola and formed by two linear differential centers
have at most 3 limit cycles and that this upper bound is reached. From these works, it is
apparent that the shape of the discontinuity curve plays an important role in the number of
limit cycles that a discontinuous piecewise differential system can have.

In this way, a natural question arises, namely, to consider discontinuous piecewise
differential systems in R3, since although the qualitative theory of planar piecewise
differential systems has been a subject of many research this is not the case for piecewise
differential systems in higher dimensions. Most of the existing results are related to very
specific families of systems (see for instance [12], where the authors characterized the
families of periodic orbits of two discontinuous piecewise differential systems in R? where
the discontinuity surface is a plane).

Our objective is to study the existence and the maximum number of crossing limit cycles
for discontinuous piecewise differential systems in R* formed by two linear differential
systems which we will call linear centers in R* and separated by a paraboloid ( elliptic or
hyperbolic). Without loss of generality, we can consider that an elliptic paraboloid is of the
form

Pr={X.Y,2)eR’: Z=X*+Y*}.

And a hyperbolic paraboloid is of the form
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Py={X.Y.2)eR’ : Z=X*-Y*}.
We observe that indeed P, and Py, divide the space R? in two regions, namely

Ry ={X.Y.2)eR} : Z-X*-Y* > 0};
R, ={(X.Y,.2)eR® : Z-X*-Y* <0},

and

R, ={X.V.2)eR* : Z-X*+Y*>0};
R, ={X.Y.2)eR® : Z-X*+Y* <0},

respectively.

We recall that a center of a differential system in the plane R? is an equilibrium
point p having a neighborhood U such that U \ {p} is filled of periodic orbits. A global
center is a center p such that R?\ {p} is filled with periodic orbits. The notion of a center
appeared already in the works of Poincaré [15-17] in 1881 and Dulac [6] in 1908.

In R3 there are no centers in the sense that there are no equilibrium points p having a
neighborhood U such that U \ {p} is filled of periodic orbits, see for instance [3]. In the
following, we introduce the notion of the linear center in R? that we shall use.

One of the differential systems in R? with more periodic orbits is

X=-y, y=x, =0 (1)
This differential system has two linearly independent first integrals, namely
Hi(xy,2=x"+y, Hxy2d=z

Moreover system (1) has a global center at the equilibrium point (0,0, z;,)) of each plane
Z =z, So all its orbits are periodic except the points of the z- axis which are equilibrium
points. We denote this differential system as a linear center in R>.

The aim of this paper is to study the maximum number of crossing limit cycles that
the discontinuous piecewise differential systems formed by two linear centers (after
applying an affine change of variables) and separated by the paraboloid either Py or Py
can have. Moreover, we also want to show that this maximum is reached.

Our main result is as follows.

Theorem 1 Consider discontinuous piecewise linear differential systems in R formed by
two linear centers (after applying an affine change of variables) and separated by a parab-
oloid ( elliptic or hyperbolic). The following statements hold:

@) The maximum number of limit cycles in both cases is one.

(@i  Inboth cases there are systems without crossing periodic orbits.

(@ii) In both cases there are systems with a continuum of crossing periodic orbits. See
Fig. 1 for the case of the elliptic paraboloid and Fig. 2 for the case of the hyperbolic
paraboloid.

(iv) In both cases there are systems with one crossing limit cycle. See Fig. 3 for the case
of the elliptic paraboloid and Fig. 4 for the case of the hyperbolic paraboloid.
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Fig. 1 The three crossing periodic orbits %, i = 1,2, 3 of the discontinuous piecewise differential system
formed by the linear systems (26) and (27)

Theorem 1 is proved in Sect. 3.

Preliminaries

The linear differential systems considered in each piece ’Rl,Ré, R}q and Ri, are linear
differential centers (1) after applying a general affine transformation. More precisely, we
shall use the next result.

Lemma 1 Doing a rescaling of the independent variable after the affine change of vari-
ables given by

x=aX+a,Y+a3Z+a,, y=bX+b,Y+b;Z+b, and z=c X+c,Y +c3Z+¢y,
where a;,b;,c; € R fori =1,2,3,4 and
((lzb?) - a3b2)cl + (a3b1 - a1b3)02 + (albz - (lzbl)C3 56 0,

system (1) becomes
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Fig.2 The three crossing periodic orbits §', i = 1,2,3 of the discontinuous piecewise differential system
formed by the linear systems (29) and (30)

X =((ayas + byb3)c, — (ayay + byby)c3)X + ((ayas + bybs)c, — (a5 + b3)c3)Y
+ (a3 + b3)ey — (ayaz + bybs)c)Z + (azay + byby)e, — (ayay, + byby)cs,

Y =(—(a,a3 + b b3)c; + (a? + bf)c3)X + (=(aya3 + byb3)cy + (aya, + b by)cs)Y
+ (=(a3 + b3)ey + (aya3 + byb3)c3)Z — (azay + bsby)e, + (aya, + byby)cs,

Z =((a,a, + byby)c; — (a} + b})cy)X + (@5 + b3)ey — (aya, + byby)cy)Y
+ ((aya5 + byby)c; — (aya5 + bybs)cy)Z + (aya, + byby)ey — (ayay + byby)c,.

Moreover, two linearly independent first integrals of the differential system (2) are

FI(X,Y,Z) = (a;X + a,Y + a5Z + ay)* + (b, X + b,Y + byZ + b,)?,

3
F, X, Y, Z)=c X+ c,Y +c3Z +¢y. 3

In general, studying crossing periodic orbits of discontinuous piecewise differential
systems is a very difficult problem. And a useful tool that allows studying these
periodic orbits is to verify if the differential systems that compose the piecewise
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Fig.3 One crossing limit cycle intersecting P

differential system are completely integrable. We recall that a differential system in R3
is completely integrable if it has two first integrals linearly independent because then
we can describe an orbit that passes through a given point p as the intersection of all
level surfaces to which the point p belongs. It is known that linear differential systems
are always completely integrable.

Therefore in order to study crossing periodic orbits of a piecewise differential system
in R3 formed by two linear differential systems, which intersect the discontinuity
surface in the points p, and p,, these points must belong to the intersection of the

same level surfaces to both differential systems, this is, they must satisfy the following
closing equations

Fl(po) = F]@]),
Fz(Po) = Fz(P1)a (4)
Gl(Po) = Gl(Pl),
G,(py) = Gy(py),

where F;(x,,X,,x3) and G;(x;, x,,x;) fori = 1,2, are the linearly independent first integrals
of the systems that compose the discontinuous piecewise differential system. This tool has
been used in the papers [9, 10]. We use the same technique in the proof of Theorem 1.
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Fig.4 One crossing limit cycle intersecting Py

Proof of Theorem 1

Proof of statement (i) We have two cases, first when the discontinuity surface is an ellip-
tic paraboloid (Py) and second when the discontinuity surface is a hyperbolic paraboloid
(Py). Here we only provide all the details of the proof of statement (i) considering that the
discontinuity surface is Py, because the proof considering the paraboloid P is completely
analogous.

By Lemma 1, we consider the discontinuous piecewise differential systems such that
in the region RL_ is considered the linear differential center (2), which has the two linearly
independent first integrals (3) and in the region ’Ré we consider the linear differential
center

X =((aya3 + B1B5)v, — (a0 + B1B)v3)X + (a3 + B2 B3)y, — (053 + ﬂzz)h)y
+ (@5 + A1, — (@05 + Bof)r3)Z + (@34 + 372 — (aray + BrBy)7s,

Y =(—(ayas + B B)y1 + (af + BDy3)X + (—(aa; + BoB3)yy + (@ 0y + B By)r3)Y
+ (=03 + Bry + (a5 + By B3)73)Z — (azay + B3 B)yy + (@ 0y + By B3,

Z =((a,00 + By By, — (a7 + D)X + (@5 + By, — (@0 + B, By)1)Y
+ (a3 + o 3)y — (ay03 + B1B3)12)Z + (aqay + BBy — (yay + B1By)Ys.

®)

Where a;, §;, 7, € Rfori =1,2,3,4 and
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(5 — a3 Br)yy + (a3 8 — a1 B3)y, + (a1 By — @y 1)y # 0.

This system has the two linearly independent first integrals

G\(X,Y,2) = (X + Y + azZ + a))* + (B X + B,Y + B3 Z + B,)°,
GXY. D=y X+1nY+rZ+y,
In order to have a crossing periodic orbit that intersects the discontinuity surface Py in two

points p, = (X, Yy, Zy) and p, = (X,,Y,,Z,), using (4) we obtain that these points must
satisfy the following equivalent system

e : (ay + a1 Xy + a, Yy + asZy)* + (by + b Xy + by Yy + b3Z)?
—(a, + a; X, + ay Yy + a3 Z,)* — (by + b X, + byY, + b3 Z,)? =0,
e : Xy — X+ Yy =Y +c3Zy—c3Z, =0,
ey ! Xoo; + Yo, + Zgay + a,)* + (XoBy + Yoy + ZoBs + By)?
— Xy, + Yy + Zyas + 0 — (X, By + Yy By + Zy s + By)* = O, (6)
ey ! Xon —Xin+ Yo, —Yin+Zyrs —Zjy; =0,

Zy—X; - Y, =0,
Z,-X;-Y; =0.

We study two cases: ¢33 # 0 and ¢33 = 0.
Case 1: c3y5 # 0. Setting E| = y;e, — c;e4, We obtain
E, = (c371) — e 13)(X; = Xp) = (372 = ¢ay3) (Y} = Yp). (N

We have two subcases: c;y; —c¢;73 =0, 0rc37; —cyy3 # 0.
Subcase 1.1: ¢y, —c1y3 = 0.

We have E| = (c3¥, — ¢,¥3)(Yy — Y;) = 0. We have two subcases: ¢y, — c,y3 # 0, or
C37y — Cry3 = 0.
Subcase 1.1.1: c37, — ¢,73 # 0. From E; we obtain that
Y, =Y, (8)

Then equations e, e; and e, in system (6) reduce to

ey 1(Xy — X))(2a,a, +2b,b, + (@} + 2asa, + b} + 2b3b,)Xy + 2(a,a; + b b3)X;
+ (a3 + b)X, + (@ + 2aza, + b} + 2b3b,)X, + 2(ayas + byby)XX,
+ (] + bDXX,| + 2(ajas + biby)X; + (a5 + b)XX; + (a3b3)X;
+ 2(a,a, + b1b,)Yy + 2asa; + byb3) XYy + 2(asa3 + byb3)X Yy + 2(a,a,
+b,b3)Yy + 2(a; + b)X, Y, +2(a3 + )X, V),
e3 1(Xo — X)) ((Xg + X)a? + 2Ya oy + 2(X2 + XoX; + X7 + YD)ay a3
+2(X + X)Yoa; + Xja5 + XX 05 + XoXia5 + X a5 +2X, Y7 o3
+2X, Y202 + 2ay04 + 2(Xy + XDazay + (X + X)Pp + 2YoB1 B, + 2X2 P, B;
+2(XX, + X+ Y)B, s + 2X,YoBoBs + 2X, Yo By s + X; B + X0 X, B3
+ X X762 + X353 + 2X, Y3 B3 + 2X, Yo B; + 2P, By + 2Xo BBy + 2X, B3 B,).
ey Xy — X))y +Xor3 + X,73).
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We observe that we can consider X, # X, because if X, = X, from (8), we would have that
Py = p;» and consequently we would not have limit cycles. From equation e, we get

— Xo73

X =—.
1 s Q)

Now we introduce X into ¢, and e; and we obtain

e - ((ag + b%)yf) + 2(a a3 + b1b3)y12y3 — (a? + 2a3a, + b% + 2b3b,)y, y32 + 2(a,ay
+b1by)y; + 213 Xor (a3, — b3y, + ‘11‘1373 +b b373) +2Yo(—ayasy 73
— bybsy 2 + ajayyd + bybyyd) + 2y2X2(—aly, — bly, + ayazy; + by bsys)

+ 2y2Y2( agyl —biri+aazy; +b b3y3)
e3 . — ((01 + ﬂ_gz)}’?) + 2(0510’3 + b ﬁ3)71273 - (0‘12 + 20304 + ﬂlz + 23847, 732
+ 20”1"‘4 + ﬁ1ﬂ4)Y3 + 27173X0( @y = P3ri + 0‘1“3}’3 + b1B3r3)
+2Yy(— 0’20537/1?/3 b Bs7 7’3 + 051“27’3 + ﬂlﬂ273) + 272X2( “§Y1 - ,53271
+ 0’10‘37’3 + ﬁ1ﬂ373) + 272Y2( a\ 14T ﬁ371 + 0‘1‘137’3 + ﬂ1ﬂ3732)-
(10)
Analyzing equation e, we have two subcases: y; (—agyl - bgyl + ajasy; + bybsyy;) # 0, or
r(=ajy; = by, + ayasys + bybyys) = 0
Subcase 1.1.1.1: y\(=ajy, — by, + a,a3y; + by byy;) # 0. From equation e, we can iso-
late the variable X, and we get
. 1
0 4(—a§y1 - bgyl +a,asy; + b bsys)
+ \/( - 2(a§ + bg)yf;@ + 2a,a3y, y32 + 2b,byy, y32)2 - 4(—2a§y1y32 - 2b§y1y32
+ 2(a,a; + b1b3)y§)(—(a§ + b%)}/f + 2(a;a5 + b1b3)y12y3 - (af + 2a3a,)y, y32
+ (=b] = 2b3b, — 2a,a3Y — 2b,b3 Y, — 2a3Yy — 2b3Y )y 73 + 2(a,a,

<2(a§ +0Y)yirs — 2(aas + biby)yyv;

+2b,by + 2a,a,Y + 2b,b, Y, + 2a,a5Y 2 +2b,byY )y?))).

‘We observe that

71

X3+Xa = ——. (1)
73

Consider X;. From (9) we have X| = (—y; — X 73)/75 and from equation e in (10), we
obtain
Yy =((r3((a] + b))y, — 2a a4 + byby)ys) + 2azay + bsby)y v (a5 + B3y
— (o105 + 1 By)v3) + (@yry + O3y ((oy a5 + B By)yi — (af + 2050, + B
+ 20,8175 + 2( 0 + ﬂ1ﬂ4)73) + (aya; + b1b3)(—((a§ + ﬂ32)7/13) + (af
+ 2034 + BT + 28381175 — 2Aayay + B18)73))/ (2rs((@5y, + biyy — aza,rs
= bsbiy3)ayazyy + BrBsry — ayayys — BiBoyvs) + ((@yay + b1 by)ys — azayy,
— b3byy (@5 + By — (@5 + B B3)r3))).

Using this and also (8), we have that
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XYy, 25, X Yy . Z)) (12)

is a solution of system (6).
Now if we consider X, by (9) we have X" = (=, — X y3)/7; and by equation e; we get

Yo , which satisfies that

Yy =Y.
Moreover by (9) and (11) we have that

XIF:-——X+_X‘ and X‘=—ﬁ—X5=Xg~
73 V3

From the above conditions and by (8), the second solution is given by

XY ZE XY ZH = (X)

07070771270 ZX

1° 0’ 0° 09 )

That is, the second solution provides the same periodic orbit than the solution (12). There-
fore in this case we have proved that it is possible to have at most one limit cycle intersect-
ing the paraboloid Py in two different points p, and p,.

Subcase 1.1.1.2: yl(—agyl - b§y1 +aasy; + bybsyy;) = 0. We have
three subcases: =0 and —2aly, — 2b%y, + 2a,a37; + 2b,byy; # 0,
or y#0 and —2aly; —2b%y, +2aja3y3+2bb3y; =0, or  y; =0 and
—2a§y1 - 2b§y1 + 2a,a3y; +2b,byy; = 0.

Subcase 1.1.1.2.1: y; =0 and —agy, - bgyl +ajazy; + b byy; # 0. When y; =0, from
e; in (10) we obtain

\/—a1a4 -bby—aja,Yy—bb,Y, — a1a3Y§ - b1b3Y02
+

X =+
Va,az + b b,

If we consider X, from (9) and e; we obtain X| and Y, respectively. Similarly to Subcase
1.1.1.1, if we consider XO+ we get X and Y0+. But then we have that

X=X, X, =X/, and Y, =Y.

So we only have one solution of system (6) and therefore at most one limit cycle.

Subcase 1.1.1.2.2: y; # 0 and —agyl - bgyl +ajazy; +bbyy; = 0. If ag + b§ # 0, from
—agyl — bgyl +a,asy; + b byy; = 0 we get
(ala3 + b1b3)y3

"= 2 2
az + b3

Substituting into equation e, we get

) 7;(03[91 —a,b3) ((a1a3 + bbs)(a,b; — azb))

“ @b + 2(ayhy — azbs) + 2ashy — a2b3)YO).
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If a;b; — a;b; = 0 we have that e; = 0 and equation e; = 0 has two unknowns X, and ¥,,.
Then if there are solutions for this equation, we would have a continuum of solutions that
would generate a continuum of crossing periodic solutions, and so we would not have limit
cycles.

If a;b; — a;b, # 0 and a3b, — a,b; = 0 then equation e; = 0 only provides conditions
for the parameters a;, b; for i = 1, 3,4, and moreover to solve system (6) it is equivalent to
solve equation e; = 0 which has two unknowns X, and ¥|,. As before, we cannot have limit
cycles.

If a,b; — a;b; # 0 and a3b, — a,b; # 0, then we have

_(@yas +bybsy)ashy — aybs) + 2abs — azb,) (a3 + b))
2(azb, — aybs)(al + b3)

0

Substituting Y, into equation e; we obtain X7 Similarly to the above case, if we consider
X, using (9) we obtain X and then we have the solution (X, Yy, Z ,X;, Yy, Z]).
Considering X we get X, but we have that

X, = Xl+, X = Xg.

Then the second solution provides the same periodic orbit as the first one. Therefore in
this case we only have one solution for system (6), and hence at most one limit cycle
intersecting the paraboloid Py in two points.

If a2 + b2 = 0, equation e, in (10) becomes

ey 1 2r3(ayay + bby)Yy + v3(2rs(ayay + byby) — (at + b)yy).

If aja, + bb, = 0, equation e; = 0 provides conditions for the parameters a,, ay, b;, by,
71, 73> and similarly to the above case, equation e; = 0 has two unknowns X, and ¥ and as
before, we cannot have limit cycles.

Considering that a,a, + b,b, # 0, from e, we get

a%yl + bfy1 —2a,a,y; —2b,b,y;s
2(ayay + bby)ys

0=

Substituting it in equation e; we obtain X(;—’, and similarly to the above cases, the two
possible solutions generate the same periodic orbit, and so we have at most one limit cycle.

Subcase 1.1.1.2.3: y; =0 and —agyl - bgyl + a,a3y; + byb3y; = 0. This condition is
equivalent to y; = 0 and

aya; +bbs = 0. (13)

From (13) we obtain that when a; # 0 then a; = —b,b;/a;. In this case equation e,
becomes

21717/;
e :

<(a3b4 = a3by) + (ashy = ayby)Y, ).
as

If b, =0 then e; = 0 and as in the above case, equation e; = 0 has two unknowns X,, and
Y,, and if there are solutions for this equation, we would have a continuum of crossing
periodic orbits and so we do not have limit cycles.
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If b, # 0 and asb, — a;b; = 0, equation e, = 0 provides conditions for the parameters
as,ay, by and by, and again e; = 0 has two unknowns X;, and Y;,, and so we cannot have
limit cycles.

If b, #0 and a3, —azb;#0 then from equation e, we get
Yy = (a4bs — asb,)/(asb, — a;b;). In this case, substituting it in equation e; we obtain X7,
and as in the above cases the two possible solutions generate only one periodic orbit and
then we have at most one limit cycle.

When a; = 0, from the condition (13) we obtain three possibilities, namely either b, = 0
and b; #0, or b; #0 and b; =0, or b; = 0 = b;. In all cases, we obtain the expression
for Y, by equation e, in (10) and substituting it in equation e; we obtain Xoi. These points
satisfy Xg =X; and X = X1+, that is, the two possible solutions (X(f, YO,ZOi,XI—', YO,ZI—')
generate the same periodic orbit. Therefore we can have at most one crossing limit cycle.

Subcase 1.1.2: c3y, — c,y3 = 0. In this case, we have that equations e, and e, in (6)
satisfy,

this is, system (6) reduces to system which has three polynomial equations and four
unknowns X, X;,Y,,Y,, if there are solutions for this system, then it would have a
continuum of solutions that produce a continuum of crossing periodic solutions, then we
cannot have crossing limit cycles.

Subcase 1.2: c3y, — c,y3 # 0. From (7) we get

_ (er = )X = (e312 = )Y — ¥)
Y1~ 6113 .

Xo (14)
Substituting this expression of X|, into system (6), we obtain that equations e;,e; and ey,
have as common factor Y| — ¥;), and we observed that this factor can be eliminated because
if ¥, =Y, by (14) we would have that p, = p,, and consequently we would not have limit
cycles.

The expression for equation e, is

eg 1 — (1 —r)esyy — ¢173) + 2X (37, — cava)(esyy — ¢v3) + Yo(—cg(yf + 7/22)
+2c3(c17y + 7)) — (Cf + C§)732) =Y ((c3(ry = 12) + (c; — cr3)es(ry +712)
—(c; + 2)r3)).
15)
Then we have two subcases, either c37, — c,73 = 0, or c37, — ¢,73 # 0.
Subcase 1.2.1: c3y, — c,v;3 = 0. We obtain that ¢, = ¢37,/y;. Moreover by (14), we get
that

Xy =X,. (16)

And from (15) we obtain
7

Substituting these expressions into equations e; and e;, we have
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e = (ag + bg)yg - 2(ayaz + b2b3)y22y3 + (ag + 2aza, + bg + 2b3b4)y2y32 - 2ayay
+ b2b4)y33 +2y,73Y, ((ag + b%)}/Z — (aya3 + bybs)ys) + 2;/32X1 (ayazy,
+b,byy, —ajayys — bibyys) + 2;/32Xf((a§ + l7§)y2 — (ayaz + bybs)ys)
+ 2y32Y12((a§ + bg)y2 — (ayaz + byb3)y3),
e3 = (a3 + )y, — 25 + Brf3)y3vs + (@) + 20304 + B + 2387275
= 2oy + ﬁ2ﬂ4)733 + 27573 Y]((“% + ﬂ32)72 —(0a3 + Br53)r3) + 2732X1
(@375 + B1 P37y — ayyy3 = B1Brys) + 2732X%((05§ + 532)7’2 — (a0
+ $B5)r3) + 2}’32Y12((0’§ + ﬁ32)72 — (a3 + B2 B3)r3)-
(18)
By equation e; we can have two subcases: (ag + bg)y2 — (ayaz + byb3)y; =0, or
(ag + bg)yz — (ayaz + bybs)y; # 0.
Subcase 1.2.1.1: (ag + bg)y2 — (aya3 + bybs)y; = 0. If we consider ag + bg #0, by
(a3 + b3y, — (ayas + bybs)y; = 0, we obtain

_ (aza3 + b2b3)y3

72 2 2
a; + b3

19)
Hence from e, we get

X, =

2(azb, — a,bs)(a3b, — a2b3)y32
B @+ b '
Now we introduce X, into e; and we obtain two options for ¥}, namely ¥ and ¥;, which
satisfy
Gy + b,ybs

Yr+v =
1 1 2, 12
a3+b3

(20)

Then we have two real solutions, namely S* = (X7, Y(;—’, Zoi,XI—“, Yli, ZI—'), but from (16), we
have that X(;L = Xli. Moreover from equation (17) we obtain two options for Y, this is,
+ L N
Wp=-r- @1
3
Then by equations (19), (20) and (21), we have that

Y2 aaz +byby v,

Yr=-Yyt-Z2=y 4 —— > _ 2=V,
0 1 7 1 a§+b§ Y3 1
a,a; + b,b
Y0—=—Y1——Q=Y1++%—y—2=yl+.
Y3 a3+b3 V3

Then the solution
S = (X, Yy, Zy Xy Y7 Z)) =(Xg, Yy Zg Xo YT Z))
— + 7+ + 7+
=(Xo. Y} ZF. X0, Vi, ZD),
generates the same periodic orbit than the solution S*. Therefore we have proved that it is

possible to have at most one real solution of system (6) and so at most one limit cycle that
intersects the paraboloid P in two points.
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If ag + b% =0, we can find the expression for X; from equation e, and substituting
in equation e; we get two options for ¥}, namely Y;". Moreover these points satisfy that
Y} + Y, = —y,/r; and similarly to the above case, we obtain that Y = ¥, and ¥; = ¥
and so the two possible solutions S* = (X7, Y(;—', Z(')—*,X;—', Y li, Z;—') generate the same periodic
orbit. In short, we can have at most one limit cycle.

Subcase 1.2.1.2: (ag + bg)y2 — (ayaz + bybs3)ys # 0. By equation e, in (18) we obtain

+ -1

= (7272((@ + BDr = (@ya; + babyyry)
' 2p2(@ + b))y, — (aya5 + byby)ys) S

+ /(= 73(@ + D)y, = (a3 + byb3)y3)(a5 + bY)y; = 3(apas + byby)Y3 73
+2(a2 + b3 + 2a2X7 + 2as(a, + a,X,) + 2b5(by + X, (by + b3 X))y,7?

— 4(ay(ay + X, (@) + asX))) + by(by + X, (by + ;X)) )

Moreover we observe that

n

P4y =-
73

(22)

Then we have two reals solution, namely S* = (X7, Y7, Z5, X{", Y1, Z)"). Substituting Y" in
equation e; in (18) we get expressions for X;". From (17) we have Y;; = =Y — v, /y;. More

precisely from (17) and (22) we have that

== Z=v
73
Y0‘=—Y1‘—Q=Y1+.
V3
Then for conditions above and by (16) the solution

S™ =X, Yy, 25, X0, Y7, Z7) = (X, Y, ZF, X, Yy, Z;)), generates the same periodic orbit

than the solution S*. Therefore we only have one real solution of system (6), and so at most
one limit cycle.
Subcase 1.2.2: c3y, — ¢,y3 # 0. From equation e, in (15) we get
_ 1
' 2oy —erer, — s
+ (e = cr3)es(ry +712) — (¢ + ¢)ys) + Yo(ci(yf + 722) = 2¢5(c11y
+er)ys + (€] +)r3)).

) ((eary = c17)(esry = c173) + Yi(es(ry = 72)

Then substituting this expression into equations e, and e;, they become

ey thy+k (Yo +Y) + k() + YD) +ksY,Y,,
e3 iy +m(Yy+Y) +m(Yy + YD) +n3Y Y.

Where the expressions of the coefficients k; fori = 0, 1,2, 3 are
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ky =(c371 = €173 (@3(Ca7y = 172) + B3(Cary = 172) + 2(c37; — ¢ar3)(=a1a5(ca,
—c1r)(esry — €1v3) — byby(cyyy — €17)(e3yy — €173) — 2(apa, + byby)(c3y,
— c173)(€372 = a73) + 2a1a4(c37, = €273)% + 2b1by(c37, — €a73)” = aj(eyy
— 1 1)(=C372 + ¢373) = b(Cay) — C172)(—C312 + o13)) — a3(Cayy — €172)
(ay(cary = eira)(esyy = € 113) + (=372 + Ca73)Bajcayy = 3aicyyy + 4aycsy,
—4ayc573)) = by(cayy — €17)(by(cryy — eir)(esyy — €173) + (=372 + €273)
(Bbicyyy —3biciy, +4bycsy, — 4bycy73))),
ky ==2(csr, = 01V3)2(_a§(6271 —anen —ars) - b§(62h —an)en
—¢113) — az(cyry — ¢112)(2ay(csr — ¢173)(C37 — €373) — ax(e5(yy — 72)
+ (=c; + c)r3)(es(yy + 7)) — (€] + ¢)rs)) — (c37, — 0273)(0%(0371 —c173)
(37 —ar3) + b%(c3y1 —c173)(C370 — Cy73) — (a§ + bg)(%ﬁ —c173)(¢c372
—¢313) = biby(c3y1 — 37y — €113 + Cay3)(e3(ry +72) — (¢ + €2)y3) — ayay(cs
(r1 = 72) + (=c; + c)r3)(cs(vy + 72) — (€1 + ¢2)13)) — by(cayy — €172)(2by
(c371 = c113)(Cc372 = €a13) — by(cs(vy — 7o) + (=¢; + c2)r3)(e3(yy +712)
= (¢ + )3,
(202 4 2 24 2\,2\2(,2
ky =(c5(ry +75) = 2c3(cryy + eapa)yvs + (] + ) (a5(cryy — ¢172) + as(—ayesy,
+ajc3yy +ay0173 = a16373) + by(bycyyy — bycsyy — byey vy +bicsyy + bycyys
—bi6,13)),
ky =2(c3(y) — v2) + (—¢y + c)y3)(e3(yy +12) — (¢ + 6'2)7’3)(05(712 + 7/22) = 2¢5(e11y
+ 1)y + (c% + cg)yg)(ag(czyl —C17p) + az(—aycsy; +a ey, +asc v
—ay¢13) + b3(b3cyyy — bycsyy — bycyyy + bicsyy + bycyys — bi6yys).
The expressions of #; fori = 0, 1, 2, 3 are equals, only interchanging a; by «; and b, by p,; for
j=12,34
We know that if (Y, ¥;) is a solution of the system e; =0, e; = 0, the point Y, must
be a root of the resultant of e, and e; with respect to the variable Y;. We denote such
a resultant as R(Y,)). Moreover the point ¥, must be a root of the resultant of e¢; and e,
with respect to the variable Y,,, which we denote it as R(Y,). In this case, it is possible to
verify that by interchanging the variable Y, by Y;, the expressions of the resultants R(Y,,)
and R(Y)) are the same. Moreover in this case the resultants are polynomials of degree
2. Then we would have at most two reals solutions Y|, Y, for system e; = 0 = e;, and
consequently two real solutions §' = (X, Y{,Z},X},Y;,Z}) for system (6). But we can
observe that if (X, Y, Zy, X, Y;,Z,) is a solution of system (6) then (X, Y,,Z,,X,, Y, Z,)
is also a solution, and this last solution generates the same periodic orbit than the first one.
Therefore we can conclude that system (6) has at most one real solution and consequently
the discontinuous piecewise differential system formed by the linear differential systems
(2) and (5) has at most one limit cycle.
We do not give the explicit expressions of the polynomials R(Y,)) and R(Y,) because their
expressions are huge. These resultants can be computed immediately using an algebraic
manipulator, such as Mathematica or Maple.

Case 2: c3y; = 0. We have three subcases: ¢; =y3 =0, 0rc; =0and y; #0, or c; #0
andy; =0.
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Subcase 2.1: ¢; = y; = 0. Equation e, in system (6) becomes
e 1 ci(Xg = Xp) + (Y = Yy). (23)

then we have two subcases ¢, # 0, or ¢, = 0.
Subcase 2.1.1: ¢, # 0. From (23), we get

Xy = X)) +¢,Y,

(&)

1= 24

Then equation e, in system (6) reduces to

Xo — X)(ear —¢172)
Cy '

64:

First, we assume that ¢,y; — ¢y, # 0. Then from e, we get X, = X, and from (24) we get
Y, = Y,. So we have that p, = p, and we do not have limit cycles.

Second we consider that c¢,y, — ¢y, =0, that is, y, = c,¥,/c,. Then ¢, =0, and
equation e, becomes

ey 1(ay+a,Xo + a Yo+ as(X + YD) + (by + by Xy + b Yy + by(X; + Y3))?
(X, — X)) (c;(Xy — X)) + 6, Y)P \\2
(o= )
<C](X()_X1) +Y0)+b3<X%+ (CI(XO_X12)+CZYO)2))2.
Cy C2

- <a4+a1X1+a2 +YO)+a3(Xf+

C

- <b4 +b,X, + b,

Moreover, the expression for equation e, are the same, changing (a,, a,, as, ay, by, by, bs, by)
by (&}, ay, a3, ay, fy, B>, B3, Bs). This means that we must solve system e; = 0 = e;, which
has two polynomial equations and three unknowns X, X, Y. Hence, if there are solutions
for this system, then it would have a continuum of solutions that produce a continuum of
crossing periodic solutions and therefore we cannot have crossing limit cycles.

Subcase 2.1.2: ¢, = 0. Equation (23) becomes

ey 1 /Xy — X))

First, we consider that ¢; # 0. Then we have that X, = X, and equation ¢, in system (6)
reduces to

ey, =7,(Yy = Y)).
We observe that we can consider Y, # Y|, because if Y, = ¥, we have that p, = p, and we
do not have limit cycles. Hence y, = 0 and equation
e, 1(ay+a,Xo+ a, Yo+ as(Xg + Y2 + (by + b, Xo + b, Yy + by(X; + Y5))
—(ay + a Xox + ay Y, + ay(X5 + Y1) = (by + b, X + by Y, + by(Xg + Y])) .
Moreover the expression for equation e; is the same changing a; by «; and b; by f,,
respectively, for i = 1,2,3,4. Then similar arguments used for Subcase 2.1.1 show that if

system e; = 0 = e; has real solutions then it has a continuum of solutions and therefore we
do not have limit cycles.
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Second, if we consider ¢, =0, then we have ¢, =0=c¢;. In this case, we
obtain that the linear differential system (2) considered in the region R}E, becomes
X=0, Y=0, Z=0andsowe cannot have limit cycles.

Subcase 2.2: c; = 0 and y; # 0. Equation e, in system (6) reduces to equation (23). Then
we have two subcases ¢, # 0, or ¢, = 0.

Subcase 2.2.1: ¢, # 0. From equation e,, we obtain the expression for Y, given in (24).
Then equation e, in system (6) becomes

. Xy — X])(C%(X] = Xp)ys + C%(}/l + X + X))r3) — c162(r2 + 2Yy73))
ey - .5

=3

We can consider X, # X, because if X, = X,, from equation (24), we get Y, = Y, and then
Py = p; implying that we cannot have limit cycles. So, considering X, # X, in e, (25), we
get

—Cgh +C16)y + C%XO}/S - C§X0Y3 + 2ci6, Y73

X, =
(A + Dy,

Substituting ¥, and X in equations e, and e; of system (6), we have

1 ( 2, 2 3 C1y3 2 Cy 2 )

e =————(4(2 + Ay (X _ Oy sy ——Yx)—z,w

! (A +cD)Py? O TR0, T0 TR0 T0T0 170
C - C

+20,X2 + A3 Xo Y, — 20Xy — 2 Ay, - (ean = ar) /16),

73 73 73

1 ( 2, 2 (3 Cly3 |, v2 ¢ 2) 2

e, =— | 6,(ci + ¢ X ——Y' +YX,— —Y,X7)—26,Y,

S A N g Yo ok 1) =20

(coy) — 6172)56>,

+26,X7 + 8; XY, — 354x0 - 355 Yy —
73 73 73

and the expressions of the coefficients 4, fori =0, 1,2,3,4,5, 6 are
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Ag=— 4(a§ + b%)cz(czyl —¢172) +4cy(—ayazc; — bybsey + ajascy + bybsycy)ys,
A =(a§ + b%)(3c§ + ci)(czy1 - 6172)2 - (a2a3cl(—3cﬁ + cg) + b2b3cl(c§ - 3cf)
+ (@03 + byb3)cy (53 + eyt — ¢11)Ys3 + 2¢16,(=((@ya, + byby)c})
+(a] — a3 + b = by)eicy + (@105 + by by)cy)r3
Jy == (a3 + b3)(c] +33)(car) — 172)P) + (@ya5 + bybs)ey(c] — 3¢3) + ayase, (¢}
+ 5c§) + h2b3c1(c% + 5c‘§))(—c2yl + 17273 + 2¢ic(=((ayay + blbz)cf) + (a%
- a% + bf - b%)clcz + (aya, + blbz)cg)yg,
A3 =(8(a§ + bg)clcz(czy1 - 01)/2)2 - 4(a1a3cl(cf - 303) + b,b3c,(cf - 302) —(aya,
+ byb3)cy (=3¢ + D)(—cyry + e 1)rs + Mey — ¢)(ey + ¢)(agay + byby)ct
+ (a3 —aj = by + by)eje, — (10, + biby)R)rs,
Ay =2(a§ + b%)cz(czyl —en)® + (aya; + hlb3)cf +4(aya; + bybs)c ¢, —3(a a;
+ blb3)c§)(c2yl —c112)%; + (@yay + b1b2)cf - (af - 2a§ —2aza, + b? - 2(17%
+ b3b4))cfc2 - 3(a,a, + b]bz)c,cg + (af + 2a3a4 + bf + 2b3b4)c§)(c2y, - c,yz)y32
= 2¢y(=ayayc; — bybycy + ajayc, + blb4cz)(c% + cg)yg,
As =23 + b3)e (—cyry + €11,)” + r3(4(a a3 + bybs)e ¢, — 3(ayaz + byby)ct + (ayas
+byb3)E2) ey — €1 72)* + (A3 + 2asa, + b2 + 2b3b,)c — 3(ayay + byby)cPe,
+ (Zaf - a% + 2aza4 + ZbT - b% + 2b3b4)clc§ + (a,a, + blbz)cg)(clyz - czyl)y32
—2¢i(ayayc; + bybycy — (aya, + b1b4)cz)(cf + c%)yg,
de =(@ + DD(cary — 172)° + 2(apas¢, + bybsey — (ayas + byby)cy)eary — ¢17,)*
73 + (@3 + 2asa, + b2 + 2b3b,)c? — 2(aya, + byby)eyc, + (@ + 2aza, + b2
+ 2[)3[)4)0%)(6271 - clyz)y32 + 2(ayayc) + bybyc; — (aja, + b1b4)cz)(c% + L‘%))/;.
Moreover the expressions of §; for i =0, 1,2,3,4,5,6 are equal, only interchanging a; by
a; and b; by f;, respectively, for j =1,2,3,4. We know that if (X, ) is a solution of the
system e; = 0, e; = 0, the point X, must be a root of the resultant of e, and e; with respect
to the variable Y|,, that we denote it by R(X,)). Moreover the point Y, must be a root of the
resultant of e, and e; with respect to the variable X;,, which we denote by R(Y}). In this

case, it is possible to verify that R(Y,)) = R(X,) = 0. Therefore we cannot have limit cycles.
Subcase 2.2.2: ¢, = 0. Equation e, given in (23) reduces to

e, =Xy — X)).
First if we consider that ¢; # 0, then X, = X, and equation e, in (6) becomes
ey =y =Y+ X+ Yr3).

We observe that we can consider Y|, # Y}, because if Y, = Y, we obtain that p, = p; and we
cannot have limit cycles. Then from e,, we get ¥, = —(y, — Y,73)/73, and substituting them
in equations e; and e; we obtain two polynomials of degree 4 whose resultants are zero.
Therefore we cannot have limit cycles.

Second, we consider that ¢; = 0. But then since ¢, = ¢; = 0, we obtain that the linear
differential system (2) considered in the region RIIZ becomes X =0, Y =0, Z=0,and
so we cannot have limit cycles.

Subcase 2.3: c; # 0 and y; = 0. The proof in this case is analogous to the Subcase 2.2

O
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Proof of statement (ii) If the discontinuity surface is Py it is sufficient to consider the dis-
continuous piecewise linear differential system formed by a linear differential center (1)
in the region RIE and an arbitrary linear differential center (5) in the region ’R%. We have
that this discontinuous piecewise differential system has no crossing periodic orbits. If the
discontinuity surface is Py we consider the linear differential systems (2) and (5) in R},
and Rz, respectively, considering ¢; = 0 = 3, ¢; # 0, and ¢, — ¢,¥, # 0, as in the proof
of Subcase 2.1.1 in a statement (i). In this case, we obtain that the unique real solution
for system (4) is (X, Yy, Zy, Xy, Yo, Zy) for Xy, Yy, Z, € R, which do not generates crossing
periodic orbits.

Proof of statement (iii) First, we provide a discontinuous piecewise differential system that
has a continuum of crossing periodic orbits when the discontinuity surface is Pg. For this
we consider in the region R}? the linear differential system

: 15 : X . X
X=-2(=1+2Y+47), Y=-—, Z==,
8 (-1+2¥+42) 20 10 (26)
and in the region Ré the linear differential system
% = 319(15Y+16(Z—15))’ Y=2X, Z=—&X. 27
19200 4 4

Considering Zy = X3 + Y7 and Z; = X7 + Y? we get that system (6) is equivalent to

e : %(Xg — X3)(—49 + 100X7 + 100X7 + 100Y; +200Y?),

eyt —Xg+ X7 —2Y, - Y5 +2Y, + Y],

29(Xg — X7)(210 + 8X; + 8X} + 15Y, + 1617) (28)
1800 '

e; .
e, 1 (X2 —XD).

We observe that the points p,; = (£X, ¥, Zy) for X, ¥y, Z, € R are solutions of system
(28). Therefore, the discontinuous piecewise linear differential system formed by the
differential systems (26) and (27) has a continuum of crossing periodic solutions, which
intersect the paraboloid Py at the two points p, and p,. See the three crossing periodic
solutions ' = f), pil) for i = 1,2,3, of this continuum of crossing periodic solutions in
Fig. 1, where

6 7 193 6 7 193

73) = (3161005 10 100

Now we consider that the discontinuity surface is Py and we provide a discontinuous
piecewise differential system that has a continuum of crossing periodic orbits. In the region
’R[li we consider the linear differential system

. 15 .
X=——(-142Y+4Z Y=—X, Z=—,
8( +2Y +42), 0 10 29)

and in the region R%, the linear differential system

@ Springer



Differential Equations and Dynamical Systems

_ 1073(15Y + 16(Z — 15)), v = —gX g _8_7X (30)
38400 8 4

Considering Zy = X2 — Y2 and Z; = X? — Y? we get that system (4) is equivalent to

1 1 55X = X)(=49 -+ 100X; + 100X} + 1007, = 2001,

eyt —Xg+ X7 —2Y, +2Y, + Y - Y],

29(X3 — X7)(210 + 8X7 + 8X] + 15Y, — 16Y7) 31)
1800 '

e !
-0 - X0

ey " 5

We observe that the points pg; = (£X,, Yy, Z,) for X, ¥y, Zy € R are solutions of system
(31). Then, the discontinuous piecewise linear differential system formed by the differential
systems (29) and (30) has a continuum of crossing periodic solutions, which intersect
the paraboloid P at the two points py and p,. See the three crossing periodic solutions

= (pf), pil) fori = 1,2, 3, of this continuum of crossing periodic solutions in Fig. 2, where

1 _ 13 13 2 (6 7 19 6 7 19
s=(t33123) =G5 30w )
g=(L2B 19 D)
5710720 5°10°20/°

Proof of statement (iv) We provide two examples of discontinuous piecewise differential
systems separated by either P or Py and which have one crossing limit cycle. With these
examples we can conclude that the upper bound found is reached.

First, we provide a discontinuous piecewise differential system whose discontinuity
surface is P and that has one crossing limit cycle. In the region Rzlz we consider the linear
differential system

5( —77131 4+ 74/146892247)X — 16(1040 + 5385Y + 18182)
1200

14400 ((307751207 25325v/146892247)X — 16(74045 — 5/ 146892247
+ 15(=9748 + v/ 146892247)Y + 9(—62959 + 5V 146892247)2)),
Z= ! ((154454086 —12715v146892247)X — 40(14185 — v/ 146892247

28800

+3(=10825 + V/146892247)Y + 9(—12713 + \/146892247)2)),

and in the region Ri the linear differential system

@ Springer



Differential Equations and Dynamical Systems

( 984749 + 16764/291071)X — 16(—=9790 + 17066Y + 17485Z)

8000
Y= 32000 ((2953428 53274/291071)X — 16(5990 — 10V/ 291071 + (=7996

+ 14v/291071)Y + (—8660 + 15V 291071)Z)>,

1
128000

+ (—880634 + 15124/291071)Y + (—952765 + 1620V 291071)2)).

((319954973 —576992v/291071)X — 16(656710 — 1080v/291071

With these linear differential systems, system (6) has only one real solution which generates
one limit cycle that intersects the paraboloid Py in two different points p, = (X,, ¥y, Z,)
and p; = (X,,Y,,Z,), namely

(1L 117) ana gy = (- 12130
Po = 216 P = .

See this crossing limit cycle in Fig. 3.
Now we provide a discontinuous piecewise differential system whose discontinuity

surface is Py and that has one crossing limit cycle. We consider in the region ’R,l_, the linear
differential system

5( 67051 + 74/112701463)X — 16(1040 + 5385Y + 18182)
1200

14400 ((239166023 22445v/112701463)X — 16(66845 — 5/ 112701463
+ 15(—8308 + V/112701463)Y + 9(=55759 + 5V 112701463)2)),
Z= ! ((120085894 — 11275y 112701463)X — 40(12745 — v 112701463

28800

+ 3(—9385 + V112701463)Y + 9(—-11273 + 112701463)2)),

and in the region R%[ the linear differential system

_(=783629 + 16761/166911)X — 16(=9790 + 17066Y + 17485Z)
B 8000 ’

32000(11(170468 397v/166911)X + 32(3158 — 7/166911)Y
—80(958 — 21/166911 + (~1372 + 3@)2)),

—128000<(203299613 4733124/ 16691 1)X — 16(527110 — 10801/ 166911

+(—699194 + 15124/166911)Y + (—758365 + 1620V 166911)2)).

With these linear differential systems, system (4) has only one real solution which
generates one crossing limit cycle that intersects the paraboloid Py, in two different points
Po = (Xo, Yo, Zp) and p; = (X,, Y}, Z,), namely
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C(1113) g py = (212122
Po=\"%16 Pr=\"16"2 256/

See this crossing limit cycle in Fig. 4.
This completes the proof of Theorem 1.

Conclusions

In Theorem 1 we have solved the extension of the 16th Hilbert problem to the discontinuous
piecewise linear differential systems formed by linear centers and separated by a paraboloid
(elliptic or hyperbolic) restricted to the crossing limit cycles which intersect the quadric in
two points. We recall that this problem was studied intensively in the plane but this is not
the case for piecewise differential systems in higher dimensions.
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