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Abstract In this paper, an SIS epidemic model with age of vaccination is investigated.
Asymptotic smoothness of the semi-flow is proved. By analyzing the corresponding char-
acteristic equations, the local stability of a disease-free steady state and an endemic steady
state is discussed. It is shown that if the basic reproduction number is greater than unity,
the system is permanent. By constructing two Lyapunov functionals, it is proved that the
endemic steady state is globally asymptotically stable if the basic reproduction number is
greater than unity, and sufficient conditions are derived for the global asymptotic stability
of the disease-free steady state. Numerical simulations are given to illustrate the asymptotic
stabilities of the disease-free steady state and endemic state.

Keywords SIS epidemic model - Vaccine-age - Asymptotic smoothness - Uniform
persistence - Global stability

Introduction

Vaccination is a commonly used method for controlling disease, such as measles, polio,
diphtheria, tetanus, pertussis, tuberculosis, etc. Mathematical models including vaccination
may contribute to design effective vaccination policies for combating the spread of these
diseases in a population [1]. The study of vaccination, treatment and associated behavioral
changes related to disease transmission has been the subject of intense theoretical analysis.
There has been a large body of work on the plausible effects of vaccination programs in the
literature (see, for example [1-6] ).
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There is great variability in the structure of vaccination models, depending on the disease
and type of vaccine. One aspect of disease and vaccine that is very influential in the public
health impact of vaccines is the duration of immunity. Some vaccines confer permanent
immunity against infection such that the vaccinated individuals cannot be infected, while
others seem to provide temporary protection (see, for example, vaccines for pertussis [4]
and varicella [5]). Once a vaccine wanes from the body of the vaccinated person, the person
becomes susceptible to the disease again. Li and Ma [6] established an epidemic model
with vaccination strategies in which the vaccine was available for both the newborns and
susceptible individuals, and the immunity of the vaccinated individuals was temporary. They
considered the following model:

ds(t)
= (I =q@)A—uSt)—pSEt) = BSOI(@) +yI(t) +nu(),
dv(t)
T gA + pS() — (u+nv(),
dI(t)
T =BSOI(t) — (1 + ) (1), (1.1)

where S(¢), v(¢) and I (¢) denote the numbers of the susceptible, vaccinated and infectious
individuals at time ¢, respectively. The parameters p, g, A, B, y, n, 4 and p| are positive
constants. A is the birth rate of newborns, u is the per capita natural death rate, 11 is the
per capita natural and disease-induced death rate, f is the transmission rate coefficient of the
disease, y is the recovery rate coefficient of the infected individuals. g(0 < ¢ < 1) denotes
the fraction of the vaccinated newborns, and 1 — ¢ denotes that of the unvaccinated newborns.
The susceptible population is vaccinated at a constant rate p, and the vaccine wears off at a
constant rate 7.

Note that system (1.1) was formulated as a system of ODEs under the assumption that all
individuals within a class behave identically, regardless of how much time they have spent in
their class. However, the early infectivity experiments [7] reported in Francis together with
the measurements of HIV antigen and antibody titers have supported the possibility of an
early infectivity peak (a few weeks after exposure) and a late infectivity plateau (one year
or so before the onset of “full-blown” AIDS) [8]. Therefore, it is necessary to incorporate
the duration age into modeling. Since Hoppensteadt established an age-dependent epidemic
model in [9], the effects of the age factor on the epidemic models have been extensively
considered (see, for example [10-13]).

In this paper, motivated by the works of Li and Ma [6] and Li et al. [11], we introduce an
SIS model with age of vaccination, where the vaccine loses its protective properties with time
and eventually vaccinated individuals become susceptible again (For example, the present
HBYV vaccine, its immune protection cannot last long and provides no immunity to some
people). The model that we considered takes the form

dsS(t) e
T A—puSEt)—pS@)—BSOI®) +yI(1) +/0 n(a)v(a, t)da,
ov v _
m + Pyl (n+n(a)v(a, ),
dl(t)
T BSWI@) — (1 +y)(@), (1.2)

with boundary condition

v(0,1) = pS(1), (1.3)
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for ¢+ > 0 and initial condition
§(0) = 8o, v(a,0) =wvy(a), I(0)=1Iy, a=0. (1.4

Here, Sy, Iy € R and vo(a) € LL(O, o0), where L}r(O, o0) is the space of functions on
[0, 0o0) that are nonnegative and Lebesgue integrable. a is the vaccine-age which means the
time individuals spend in the vaccinated class, v(a, t) is the density of vaccinated individuals
with respect to the age of vaccination a at time ¢ and it is assumed that the newly vaccinated
individuals enter the vaccinated class v(a, t) with vaccine-age equal to zero. The vaccine
waning rate is 77(a) which is a bounded general function of vaccine-age a. Thus, the num-
ber of individuals moving from the vaccinated class into the susceptible class at time ¢ is
fooo n(a)v(a, t)da.

In the following, we list some assumptions on the key function n(a), which is supposed
to be biologically significant and allow the mathematical treatment of (1.2).

Assumption 1.1 For problem (1.2)—(1.4), we assume that

(1) na) e L }‘_(0, 00), with respective essential upper bounds 77 € (0, 00);
(ii) n(a) is Lipschitz continuous on R™ with coefficient M,;
(iii) There exists o € (0, u] such that n(a) > ug fora > 0.

Define the space of functions for problem (1.2)—(1.4) as
X =R" x L1 (0,00) x R*

with norm
oo
ICer, x2, x3) v = X1 +/ x2(s)ds + x3.
0

Then the initial condition (1.4) is taken to be included in X, i.e.
x0 = (S0, vo(-), lo) € X. (1.5)

By the standard theory of functional differential equations [14], it can be proved that system
(1.2) with initial condition (1.5) has a unique nonnegative solution. Therefore, we can obtain
a continuous semi-flow ® : R™ x X — X for system (1.2), which is

D(t, x0) = D, (x0) = (S(1), v(-, 1), [()), t=20,x0€ X
with
[®: (x|l = [1(SE), v(-, 1), [(D)]lx

=50)+ /‘00 v(s, t)ds + 1(1). (1.6)
0

The organization of this paper is as follows. “Asymptotic Smoothness” is devoted to proving
the asymptotic smoothness of the semi-flow generated by system (1.2). “Steady states and
local stability”, by analyzing the corresponding characteristic equations, we study the local
asymptotic stability of a disease-free steady state and an endemic steady state. In “Uniform
persistence”, we show that the system is uniformly persistent if the basic reproduction number
is greater than unity. In “Global stability of steady states”, we discuss the global stability
of the two steady states by constructing suitable Lyapunov functionals and using LaSalle’s
invariance principle, respectively. “Numerical simulation and discussion” is devoted to some
simulations and discussion on the model.
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Asymptotic Smoothness

In this section we study the asymptotic smoothness of the semi-flow generated by system
(1.2), which is necessary to obtain the global properties of the system.
Firstly we give the definition of asymptotic smoothness.

Definition 2.1 ([15]). A semi-flow ® (¢, xp) : RT x X — X is said to be asymptotically
smooth, if, for any nonempty, closed bounded set B C X" for which ® (¢, B) C B, there is a
compact set By C B such that By attracts B.

To verify the asymptotic smoothness of the semi-flow of system (1.2), we need the fol-
lowing result.

Lemma 2.1 ([15]). If the following two conditions hold, then the semi-flow ®(t,xg) =
o (t, x0) + @(t, x0) : RT x X — X is asymptotically smooth in X .

(i) There exists a continuous function u : RY x Rt — RT such that u(t,h) — 0 as
t — ooand ||¢p(t, xo)llx < u(t, h) if |xollx < h;
(ii) Fort > 0, ¢(t, xo) is completely continuous.

In our application, we divide the semi-flow & into the following two operators ¢ (t, xo),
e(t,x0) : RT x X — X,

¢(t7 xO) = (Oa Z(" t)5 0)» ‘P(L XO) = (S(t)s E(a t)a I(t))3
in which

0, t>a=>0; v(a,t), t>a=>0;

Z(“’t)ziv(a,o, a>t>0; Z(“’”==0, azr>0. D

Then, fort > 0, we have @ (¢, xo) = ¢ (¢, x0)+¢(t, x0). Inuse of Volterra formulation (Webb
[16] and Iannelli [17]), integrating the term v(a, t) of system (1.2) along the characteristic
line t —a = const. gives that

v(0,t —a)exp (— foa a(s)ds) =pS{t —a)p(a), t>a>0;
via, ) = vo(a —t) exp (— faa_t s(s)ds) = vg(a — t)ip(l;(i)t), a>t>0, 2.2)

where p(a) = exp (— [y e(s)ds), e(a) =  + n(a). Thus, by the definition of (2.1), we
have that

0, t>a>0;
z(a,t) = vola —1) p(a) Cas130: (2.3)
pla—t)
- _ ) pSt—-a)p(a), t>a=0;
Z(a,t) = i(), 0150 2.4)

In the following, we will prove that condition (i) of Lemma 2.1 holds true.

Lemma22 For h > 0, let u(t,h) = he~®+tH0)t Then lim;,oou(t,h) = 0 and
o, xp)llx < ult,h)if llxollx < h.
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Proof Clearly, lim;_, o, u(t, h) = 0. For xg € X, ||xo]|x < h, we have that

16t x0) ¢ = 0] +/0 2@, 0)lda + 0]

Y P,
_/; vo(a t)i( 5

Y p(t + 1)

—/0 vo(T ) (D)
00 t+71

=/ vo(T) exp (—/ 5(s)ds>‘dr
0 T

o0
< ety / lo(0)lde
0

e~ IO x| 1

da

dt

<
< ul(t, h).
The proof is complete. O

Define the state space for system (1.2) as follows:

o0
A
= {(S(t), v(, 1), 1) € X:0<S@F) +/ v(a,)da+1(1) < —
0 Vv
in which
= min{u, w1}
Lemma 2.3 For system (1.2), we have that
(1) R is positive invariant for ® : ®,(xg) € Q2 forVt > 0, xg € Q;
(i) @ is point dissipative and 2 attracts all points in X .
Proof Fort > 0, xo € 2, by Eq. (1.6), we have that
d dsi) d [* dl(t)
—||® = — 4+ — t)d —. 2.5
Sl = < +dt/0 v nda+ < 25)
Considering Eq. (2.2), we get that
i/‘ v(a, t)da = —/ pS(t—a),o(a)da—i——/ p(a)t) a
(a —
——/ S(7) (t—t)dt+—/ v (r)p(“”)dr
~dr )y poter r Jo ° p(T)
d
' d 00 d*P(I +1)
= pS(t)p(0) +/ pS(t)—p(t — 1)dt +f vo(r)lidr.
0 dl 0 )O(T)
Note that
dp(a)
p0) =1, CTd = —¢(a)p(a),
a
and hence we have that
d o0 o0
—/ v(a, t)yda = pS(t) —/ g(a)v(a, t)da. (2.6)
dt Jo 0
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Combining (2.5) and (2.6) gives that

© dl
*||q>z(x0)||)( —% + pS@t) — / e(a)v(a, H)da + %
0 t

=A—pS@) — pS) —BSOI() +yI(1) +/ n(@v(a, t)da
0
+ pS() —/0 e(@)v(a, t)yda + BSE)1 () — (n1 + y)I ()
=A—uS() — M/OO v(a,t)da — u11(t)
0

<A—[ (S(t) + /00 v(a, t)da + I(t))
0

=A — [P (x0) [l x-

It follows from the variation of constants formula that for r > 0,

A (A
@ (xo)llx < — — llxollx
f o

which implies ||®;(x0)]| € 2. Hence, 2 is positively invariant for ®. In addition, since
lim sup,_, o, [|P;(x0)|lx < A/ forVxp € X, ® is point dissipative and 2 attracts all points
in X. The proof is complete. O

The following result is immediate from Assumption 1.1 and Lemma 2.3.

Lemma 2.4 [fxg € X and ||xollx < M forsome M > A/, thenforallt > 0 the following
statements hold:

(i) 0< S, 1), fy° v(a, t)da < M;
(i) v(0, 1) < pM.

To satisfy the condition (ii) of Lemma 2.1, we need to prove that for any closed and
bounded set B C X, ¢(t, B) is compact. In light of Lemma 2.4, S(¢) and / (¢) remain in the
compact set [0, A/i] C [0, M], where M > A/ is a bound for B. Thus, it is only to show
that Z(a, t) remains in a compact subset of L! (0, 0o) independent of xo € 2. The following
results give a criterion for compactness in L +(O Q).

Lemma 2.5 ([18]). Let K C L?(0, 00) be closed and bounded where p > 1. Then K is
compact if the following conditions hold true.

() limy—o [5° | f(z 4+ h) — f(2)|Pdz = O uniformly for f € K;
(i1) limp_ o0 fhoo | f(2)|Pdz = O uniformly for f € K.

Lemma 2.6 Fort > 0, ¢(t, xq) is completely continuous.

Proof Note that
pla) < e~ (tno)a
It follows from (2.4) that
pM

Sl 00
/ |Z(aa [)|d(l g / pMe_(’H_MO)ada = —¢
h h

—(M+M0)h,
H+ Ko
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which implies that lim,— o [, 1Z(a, )|da = 0.
In order to verify condition (i), for t > 0, h € (0, t) sufficiently small, we have

[ee) t—h
/ |Z(a+h,t)—2(a,t)|da:/ |[pS(t —a—h)p(a+h) — pSt —a)p(a)|da
0 0

t
+ / |0 — pS(t —a)p(a)|da
t—h

t—h
<f pS(t —a—h)|p(a+h)— p(a)lda
0
t—h
+/ p(@)|pSt —a—h) — pS@t —a)lda
0

t
+ / pS(t —a)p(a)da. 2.7
t—h
Denote
t—h
A:/ p(a)|pS(t —a—h) — pS(t —a)l|da. (2.8)
0

Since 0 < p(a) < 1 and p(a) is a non-increasing function respect to a, it follows that

t—h t—h t—h
/ Ip(a+h)—p(a)|da=/ p(a)da—/ pla+h)da
0 0 0

t—h t
=f p(a)da —/ p(a)da
0 h

t—h t—h t
:/ p(a)da—/ p(a)da —/ pla)da
0 h t—h

h t
= / pla)da — / p(a)da < h. 2.9)
0 t—h
Combining (2.7)—(2.9) we get that
o
/ |Z(a+ h,t) —Z(a,t)|da < 2pMh + A.
0
From Lemma 2.4, we obtain that |dS/dt| is bounded by A + (u + p + y + )M + BM?,
which implies S(-) is Lipschitz on (0, co) with coefficient My, that is
|S(t —a —h) — S(t —a)| < Mh.

Hence, it follows from (2.8) that

pMh

t—h
A < f pMshe_(“O"'“)“da < .
0 Ho + 1

In conclusion, we have that

oo B pMsh
|Za+h,t) —z(a,t)|da < | 2pM + h,
0 Ho + 1

which converges to 0 as & — 0 and hence condition (i) is proved. Thus, Z(a, ) remains in a
compact subset Bz which leads to ¢(¢, B) € [0, M] x Bz x [0, M], which is compact in X.
Then ¢ (¢, x¢) is completely continuous. The proof is complete. O
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Combining Lemmas 2.1, 2.2 and 2.6, we obtain the following result on asymptotic smooth-
ness.

Theorem 2.1 The semi-flow ®(t, xq) of system (1.2) is asymptotically smooth.

Steady States and Local Stability
In this section, we investigate the local stability of a disease-free steady state and an endemic
steady state of system (1.2) by analyzing the corresponding characteristic equations, respec-
tively.

System (1.2) always has a disease-free steady state Ep(SY,v9(a), 0), where

0 A

_ 0 _ 0
=it pd—o U (@) = pS-pla),

in which 8 = fooo n(a)p(a)da. It is easy to see,

0= /OO n(a) exp (— /a uw+ r](s)ds) da

0 0

= /oo e Mn(a)exp (— /a n(s)ds) da
0 0

= / e Md <— exp (—/ n(s)ds))
0 0

=— |:e”‘“ exp (— /0 n(s)ds)] — u/ exp <—ua — /a r)(s)ds) da

0 0 0 0

1.

N

Define

AB 4 pO(u1 +v)
0= . 3.1
(m+p)ur+vy)
Ro is the average number of secondary transmissions of a single infectious individual in a
fully susceptible population, which is called the basic reproduction number of system (1.2).
It is easy to show that if Ry > 1, in addition to the disease-free steady state Ey, system (1.2)
has a unique endemic steady state E*(S*, v*(a), I*), where

mr+y (@) = pS*p(a). 1*=(“+p)(R°_l)s*.

S* =
B M1

Now firstly we study the local stability of the disease-free steady state Ep. Change the
variables as follows:

x1@®) =8t — 8%, xa, 1) =v,t)—02%a), x3(t)=1I1(@).
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Linearizing system (1.2) at Eq gives the following system

dxi (1) _ 0 >
TR () = px1(2) — BS"x3(1) + yx3(1) + A n(a)xz(a, t)da,
82+%——( + n(a))xa(a, 1)
o " aa | pTmaynid b
d
x;t(’) = BS%x3(1) — (11 + ¥)x3(0),
x2(0,1) = pxi (7). (3.2)
Let
x1() = xVeM, xa(a, 1) = xN@e, x3(r) = xdeM, (3.3)

in which x?, xg are constants and xg (a) is the function of a. Inserting (3.3) into (3.2), it

follows that
o0
x) = — px — pxi — BSOxY +yaf + / n(@)xd(a)da,
0
dxg(a)

0 + Axg(a) =—(u+ n(a))xg(a),

ax§ = pSOxY — (i + ),
2(0) = paf. (3.4)

If x30 # 0, it follows from the third equation of (3.4) that

_ (w+p) (1 +y)(Ro — 1)50.

A=pBS"—pu —
B wr—y 2

(3.5)

Therefore, there is a real root A < 0 if Ry < 1. Otherwise, A > 0 while R > 1. If xg =0,
integrating the second equation of (3.4) from O to a yields that

(@) = pxfe=C-tmwa=lg nds, (3.6)

Plugging (3.6) into the first equation of (3.4), we obtain the characteristic equation of system
(1.2) at the steady state Eq:

0 1
Atpu+p—p / n(aye” *Hwa=fyndsgq — . (3.7)
0
Denote
S a
K@) = f n(a)e *tma=Jy ns)ds g, (3.8)
0

Clearly, K(0) = 6. Assume that ReX > 0, then [C(A)| < 6 < 1. From Eq. (3.7), we obtain
that

Reir = Re(pK(X) —u —p) <O.

This is a contradiction. It means that all roots of (3.7) have negative real parts. Consequently,
the disease-free steady state Ey is locally asymptotically stable if Ryp < 1 and unstable if
Ro > 1.
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In the following we investigate the local stability of endemic steady state E*. Change
variables into

i) =8 —S*, ya. ) =vla, ) —via), y3)=1@)—1"

Linearizing system (1.2) at E*, we derive the following system

d o0
y;:t) = —py1(t) — py1(t)—=BI*y1(t) — BS*y3(t) + yy3(r) + fo n(a)ys(a, t)yda,
9 9
T2 22 = — (un(@)naan),
dy3(t) . N
FT BI"y1(t) + BS"y3(t) — (1 +y)y3(0),
200, 1) = pyi(2). (3.9)

Set
yi(t) = yle, ya(a, 1) = yd(@)eM, yi(r) = yJeM, (3.10)

where y?, yg are constants and yg (a) is the function of a. Substituting (3.10) into (3.9), it
follows that

o0
ay) = — ) — py) — BI*y) — BS*yY + yy) + fo n(@)y3(a)da,

dyd(a)

T+ (@) = — (i + n@)yda),

A = BI*y) + BS*Y) — (1 + ¥)yY,
¥9(0) = py!. (.11

Integrating the second equation of (3.11) from O to a gives that

¥(@) = pyfe” e linids, (3.12)
Plugging (3.12) into the first equation of (3.11), we deserve that
Y ==y = py} = BI*V] — BS*¥3 + )8 + pyTK ), (3.13)

where IC(A) is defined as (3.8). Combining the third equation of (3.11) and (3.13), we obtain
the characteristic equation of system (1.2) at E* as follows:

AMr+p+p—pKQ)+BIH+ Burl*=0. (3.14)
Assume that ReA > 0. Equation (3.14) can be changed into

_Bml*

A+u+p—pKki)+BIF = .

which implies

¥ Buil*
Re(A+p+p—pKA)+BI7) >0, Re - < 0.

This is a contradiction. It means all the roots of (3.14) have negative real parts. Therefore,
the endemic steady state E* of system (1.2) is locally asymptotically stable if Rg > 1.
In conclusion, we have the following result.

@ Springer



Differ Equ Dyn Syst (January 2022) 30(1):1-22 11

Theorem 3.1 If Ry < 1, the disease-free steady state Eo(S°, v0(a), 0) of system (1.2)
is locally asymptotically stable; if Ro > 1, Eg is unstable and the endemic steady state
E*(S*, v*(a), I'") exists and is locally asymptotically stable.

Uniform Persistence

In this section, we study the uniform persistence of system (1.2).
Define

X=R", Y={I@t)eX:1(t) >0},
Y=R"xLL(0,00) x ¥, 0¥ =2Xx\Y, V=XV

According to [19], we have the following result.

Lemma 4.1 The subsets )Y and 0) are both positively invariant under the semi-flow
{®()}i>0, namely, ®(t,Y) C Y and ®(t,0)) C 3 fort > 0.

Furthermore, the following lemma is required for the derivation of a persistence result.

Lemma 4.2 The disease-free steady state Ey is globally asymptotically stable for the semi-
flow {®(t)};>0 restricted to 0.

Proof Let (So, vo(+), Ip) € Y. Then Iy € 9 and it follows that

dl
% =pBSOI@) — (i + )t =),
1(0) = 0.

Since S(#) < A/t ast — oo, we have I (1) < i(z) where

di AB « .
20 = 2P0y — a4 i),
t L
1(0) = 0. “4.1)

It is easy to show that system (4.1) has a unique solution i (t) = 0, which indicates /() — 0
ast — oo.
Considering the following system

as@ _ A—nuS@) — pS@) +/ n(a)v(a, t)da,
dt 0
v Jv _
PP C R COLICAS

v(0,1) = pS(), S(0) =Sy, v(a,0)=rvo(a),
EO(SO, vo(a)) is an unique steady state. From (2.2), we have that

dS(t)
dt

t 00
=A-us@-ps@+p [ @3¢ - ap@da+ [ n@uwia-n-L0da
0 ! pla—1)
4.2)
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Note that

p(a)
{Ivo(a _t)ip(a 5

|1 < em WFHO g0,

which implies
lim vo(a — )29 —
100 pla—1)

Thus, given Ve > 0, there exists 7 > 0 such that for ¢t > T,

ds(t) !
T SA—uS@) —pSW+p | n@St —a)pla)da + ¢,
0
which yields
A
limsup S(7) < i
t—00 uw+p—pb

Since this holds for ¢ > 0 sufficiently small, letting ¢ — 0, we derive that

A
limsup S(f) < ————.
l—>oop u+p—po

On the other hand, it follows from (4.2) that

ds(t) !
a ZA—uSt)—pSt)+p | n@St —a)p(a)da,
which yields
A
liminf S(¢t) > ——.
1=00 w+p—pb
This, together with (4.3), follows that
lim S(¢) A
im =
1=00 mw+p—po

For a > 0, it follows from (2.2) that

lim v(a,t) = pS°p(a).
1—00

4.3)

Therefore, the disease-free steady state Ey is globally asymptotically stable in d). The proof

is complete.

[m}

By applying Theorem 3.7 in [20], we are now in a position to give the following theorem

about the uniform persistence.

Theorem 4.1 Suppose that Rg > 1. The semi-flow {®(t)};>0 is uniformly persistent
with respect to (), d)Y), that is, there exists a constant ¢ > 0 such that for x €
V. im0 |P(2, x)||x = €. Furthermore, there exists a compact global attractor A of

bounded setin).
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Proof It follows from Lemma 4.2 that Ey is globally asymptotically stable in 9. Thus, it
suffices to prove that

WS(E))NY =0,
in which
WS (Ey) ={xe): Jim ®(1, x) = Eo).

Assume that there exists y € ) such that lim;_, o, ® (¢, y) = Eo. So we can find a sequence
{yn} C Y such that

1
P, yu) — Eoll < -t 20
where
D, yp) = (S (@), va (-, 1), 1,(2)),  yn = (Sx(0), v, (-, 0), 1,,(0)).
Choose 1 > 0 large enough such that S® — 1/n > 0 and the following inequality holds
Ro—l—é>0. “4.4)
n
For this chosen n > 0, there exists 7 > 0 such that for ¢t > T, it follows

S°—1<S<s°+l 0< I,(0) < 4.5)
n n nv < fn ~ . .

I | =

Inserting (4.5) into the second equation of (1.2) and by using of comparison principle, we
get that

L(t) > 1),

where [ () is the solution of the following system

di N v
f>=mﬁ——ﬂm—uu+wum

t n

1(0) = 1,00). (4.6)

It is easy to know from (4.6) that
[(t) = I,(0)eRo=1=/mt, (4.7)

From (4.4) and (4.7), it follows that I (t) — ooast — oo which implies /,(¢) is unbounded.
This is contradictory to (4.5). Thus, WS(Ep)NY = ® holds. By [20], {®(#)};>0 is uniformly
persistent. Furthermore, we can conclude that there exists a compact set 4 C ) which is a
global attractor for {®(#)};>0 in ). The proof is complete. O

Global Stability of Steady States

In this section, we are concerned with the global stability of each of feasible steady states
of system (1.2). The technique of the proofs is to use suitable Lyapunov functionals and
LaSalle’s invariance principle.

@ Springer
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For convenience, let
gx)=x—1—Inx, x € (0,400).

Itis easy to show that g(x) > 0, g/(x) = 1—1/x forallx € (0, +00) and ming—y <400 g(x) =

g()=0.
w(a) = /OO n(s) exp <— /S s(r)dr> ds. (5.1)

Define
clearly, ifa > 0, w(a) > 0 and w(0) = 6. It follows that

dw(a)
da

= w(a)e(a) —n(a).

We first state and prove our result on the global stability of the disease-free steady state
Eo(S°, v°(a), 0).

Theorem 5.1 If Ro < 1 and AB + pOy > (u + p)y, the disease-free steady state
Eo(S°, v0%a), 0) of problem (1.2)—(1.4) is globally asymptotically stable.

Proof Let (S(t), v(a,t), I(t)) be any positive solution of system (1.2) with boundary con-
dition (1.3) and initial condition (1.4).
Define
L(t) = Li(1) + La(2),

where

Li(t) = $% (S(”> + (1 L) 1),

S0 ~ BSO
Ly(t) = /ooa)(a)vo(a)g (v(gz, 0) da.
0 v?(a)

Calculating the derivative of Lj(¢) along the solution of problem (1.2)—(1.4), and on substi-
tuting A = S + pS® — pS%9, it follows that

dL](t)_S0<1 _ ! ) A= uS@) = pS@) — BSOI (1) + 1t
T @%( uS@) —pS@) — BSMI1 () + yI1(1))
0 00
N (1_%>/0 n(a)v(a,,)dajL(l_%) [BSMI @) = (1 + )1 ()]
_ 0 (L = I ) (et p(80 = S0 - SO0 + v 1)
S0 S
+ (1 - SO) (/oo (@)v(a, t)da — 509>
so) \Jy TOTEDETE
+ (1= 5 ) (85010 = a4 )10 62
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0 0
(2 5 @> _ RIS — 8 + y1(0) (1 - S—)

S(1)
0 o v(a, 1) S%(a, 1) )
+/0 n(ayv (a)( @) —1- vo(a)g([)Jrs(z) da
+ <1 — ﬂLS) [BS()I (1) — (u1 + ) (1)]

SO S@0) SO s
_ 0fr_ o _ o0 _ 0 s
=w+p)S (2 S(1) SO > v <2 S(t) SO )

+ (1 ,350) (BS® — 1 — )1 (1)
0 v(a, 1) S%(a, 1)y S°
—1- — ) d
W ARCED ( Y@ O@so | so)
Denoting dv/da = v,, the derivative of L, (¢) along the solution of system (1.2) is as follows:

dL> (1) _ /oow(a)vo(a)gg (v(a,t))da
0 Jt

dt v0(a)
9] _ .0
:/ (@) v(a,t) —v’(a) %d
0 v(a,t) ot

= —/ w(a)(v(a,t) — vo(a)) (va(a, 2 +u+ n(a)) da. (5.3)
0 v(a, 1)

Since

d v(a,t) _ v(a,t) ve(a,t)
sat (i ) = (i 1) (S +e ) oy
inserting (5.4) into (5.3), we derive that

dLy(t) o el v(a, 1)
i =— /(; w(a)vo(a)—g (T(a)) da

= [—w(a)vo(a) (”(oa( t;)} g (vv(oa(a’))) (@@’ (@))da

- [“’(“)”0(“) (U(Oa( ?)] * ‘“<0>v°<0)g<vu((?(’ot>)>

© v(a,t) 0 da)(a) dv(a)
+/0 g(vo(a))[ @=L o }du

[ ()] ern (34 1-)

— [T @ (‘”))d 55
/0 (a)v(a)g(o() a. (5.5)
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Combining (5.2) and (5.5), it follows that

dL S0 S
dit) o (2 s ﬁ) N (1 v ) BSO — sy — 1)

S S0 VK
) SO S
_ [w(a)vo(a)g <l;(:(at))>L=oo + (1 + p)Ss° <2 O %)
o0 0 via, ) $%(a, 1) SO)
* /o n@vi@ ( D@ T W@so T so )
() S@) OO v, b
+ ot (55 10T ) = [ nont e (555 do

Y
=yI(t)(2—%—%>+(1—#>(ﬁ50—m—)/)I(f)

, s0 5
— [w(a)v%)g (‘;(f (;)) )L_w + (n+ p)s° (2 50 %)

o0 S%(a, 1) $%(a, 1)
0 —
+/0 n(@)v'(a) [1 Wa@sn " v°(a>S(t)]da

) It(z_ SO_S(t)) (1_ V) O I
=yIl{t) s s )" BSO P57 =m =l
v(a. 1) %) Sov(a, 1)
- [w(a)vo(a)g ( (@) )Lzoo B /0 n@v(a)g <W) da

0
+(M+p—p9)S0<2—S——&>.

(5.6)

Hence, Rp < 1 and AB + pOy > (u + p)y ensure L'(t) < O for all S,v,1 > 0.
Let M be the largest invariant subset of the set > = {(S(r), v(a, 1), [())|L'(t) = 0}.
We now claim that M = {Ep}. In fact, if Rg < 1, it follows from (5.6) that Y =
{((S@), v(a, ), I1)|S@) = S°, v(a, 1) = v%a), I(t) = 0}, which implies M = {Eo}.
When Rp = 0,3 = {(S(t), v(a, 1), [(1)|S() = $°, v(a, 1) = v°(a)} and I(r) = 0 from
the first equation of (1.2). Again, thereis M = {Ep}. Noting thatif Ry < 1, Eo(S°, v%a), 0)
is locally asymptotically stable. We see that it is globally stable. The proof is complete. O

We are now in a position to establish the global stability of the endemic steady state E*
of system (1.2).

Theorem 5.2 If Ry > 1, the endemic steady state E*(S*, v*(a), I'*) of problem (1.2)—(1.4)
is globally asymptotically stable.

Proof Let (S(t), v(a,t), I(t)) be any positive solution of problem (1.2)—(1.4). Define

U@) =Ui(1) + Ua(1),

@ Springer
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S(1) I(1)
Ui(1) = S*g ( 5 ) +k11*g( I )
o0 ot
Ur(1) = / w@v@g (221 da,
0 v*(a)
in which w(a) is defined as (5.1) and k; > O is a constant to be determined later.
Calculating the derivative of Uj (¢) along the positive solution of system (1.2), it follows
that
dUy(1)
dt

where

= <1 - SS(Z)> (A — uS@) — pS@t) — BSOI () + y1(t) +/0 n(@v(a, t)da)

s <1 X )) BSOI(1) — (w1 + Y)I(0)]

< ) < uS@) — pS) — BS)1(1) +)/1(t)+/0 n(a)v(a,t)da>

+ ki (1 T )> [BSMI(t) — BS*I(1)]

_ % _S(t)_ S* L * _ S*
S s <2 5* S(r))HﬁSI y”<1 S(t))

+ BS*I(1) (1 - Q) + 1(:)( S )
5% S(t)

. /oo n@)v* (@) <v(a,l) - S*v(a, 1) n S* )da
0

*(a) vi(@)S@)  S@)
+ ki BS*I(t) (ﬁ—1>+k BS*I* (1— s > (5.7)
1 1 5o .
Choose ki > 0 satisfying
kipS* = pS* —y = 1. (5.3)
We derive from (5.7) and (5.8) that
dU(r) . S@) §*
ar mE S (2_ 5 _S(z)>
+kiBS*I (2 50 5 )+y1(t) <2 0 S*)
o0 N v(a,t) L S*v(a,t) S*
+/0 n(a)v*(a) ( @) 1 @S0 + SO))da. (5.9
Similar to (5.4) and (5.5), we have that
dUx(r) B N v(a,t) wn [(S@) S(z)
ar = [w(a)v (“)g<v*<a) )]a:mﬂ’s 9( 5 5* )
© v(a,r)
—/ n(a)v*(a)g( )da. (5.10)
0 v*(a)
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Consequently, we obtain from (5.9) and (5.10) that

dau@ . S S@) S* S
o =kips'I (2— S0 5 )—I—yl(t) (2— S0 s )

0 . S*l}(ll, t) S*v(a, t)

+ /0 n(a)v*(a) (1 T vra@)S() +ln v*(a)S(f)> da
st S(f))

O A

+ (u+p— po)S* (2 - (5.11)

Hence, if Ry > 1, U’(¢r) < Oforall S, v, I > 0. Itis readily seen from (5.11) that U'(z) = 0
if and only if S(r) = S*, v(a, ) = v*(a). Furthermore, from the first equation of (1.2) it
follows that I (¢) = I'**. Noting that if Ry > 1, the endemic steady state E™* is locally stable,
we see that it is globally asymptotically stable by using LaSalle’s invariance principle. The
proof is complete. O

Numerical Simulation and Discussion

In this paper, we have proposed an SIS epidemic model with age of vaccination. In order to
reflect the dependence of immune protection on the duration since individuals are vaccinated,
we assume that the vaccinated population is structured by the vaccine-age, and the vaccine
waning rate depends on the vaccine-age. We have calculated the basic reproduction number
Ro to show that if Rg > 1, the disease can invade into the susceptible individuals and the
unique endemic steady state is globally asymptotically stable, whereas if Ro < 1, sufficient
conditions are obtained for the global stabilities of the disease-free steady state. In the fol-
lowing, to verify the theoretical results obtained, we perform some numerical simulations on
the model (1.2)—(1.4).

Discretize the derivative in a with a forward difference and the derivative in ¢ with a
backward difference, and the integral with a right-endpoint rule sum. Since both age and
time progress simultaneously, we discretize the age and time with same step At = 0.02. The
numerical method is given by the following difference scheme:

AAL + 8"+ yI" At + AtSE ot A
1+ uAt + pAt + BInAt
n
n+1 Yk
Vk+1 )
14+ pnAt + ni At
bt _ OIS I
L+ (1 +y)AL’
S0 =5(00), v)=v(a,0), 1°=1(0), (6.1)

S}’L+l —

)

wheren =0,...,.N—1,k=0,...,K — 1, N = 10000, K = 5000. It can be shown
that the solutions of the difference scheme (6.1) converge to the solution of the continuous
problem (1.2).

In model (6.1), welet A = 3, © = 0.06, u; = 0.1, y = 0.2, and

0.04, a > 10;

n(@) = {0, a e (0,10). 62)
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Fig.1 Ro=0.7628 < 1, AB+ pfy > (u—+ p)y. The disease-free steady state EO(SO, vo(a), 0) is globally
stable, and the susceptible and vaccinated population converge to $9=30,190) = pSOp(a), respectively.
The total number of vaccinated population V (t) converges to v0 =28.8973

The initial values are
S(0) = 30, v(a, 0) = 6937 1(0) = 5. 6.3)

Example 1 We choose § = 0.01, p = 0.1 in system (1.2). By (3.1), we get Ry = 0.7628.
There is a disease-free steady state Eo(S°, v0(a), 0), where S° = 30, v2(a) = pS%p(a).
Furthermore, A + pfy = 0.0344, (u + p)y = 0.0320, then the sufficient condition
AB+pOy > (u+ p)y holds. By Theorem 4.1, E is globally stable. It is easy to compute that
the total number of vaccinated population V (¢) converges to V0= f(;l v (a)da = 28.8973.
Fig. 1 shows that the steady state E( is globally asymptotically stable which is consistent
with Theorem 4.1.

Note that in Figs. Ic, 2c and 3c, there is a “shock” in the solution at t = a, which follows
from the boundary condition. Since in model (6.1), v,’(‘ (k > n) can be calculated from initial
condition v,? and the second equation only, while the calculation of v} (k < n) still needs the
boundary condition (1.3) and the first equation. Therefore, a “shock” is caused in the solution
of v} att = a.

Example 2 In system (1.2), choose parameters 8 = 0.015, p = 0.1. Then we get the repro-
duction number R = 1.0753. In addition to the disease-free steady state, there is an unique
endemic steady state E*(S*, v*(a), I*), where S* = 20, v*(a) = pS*p(a), I'* = 2.4098.
The total number of vaccinated population V (r) converges to V* = f(;l v¥*(a)da = 25.9315.

@ Springer



20 Differ Equ Dyn Syst (January 2022) 30(1):1-22

30 7
(a) 65/ \ (b)
28 6
% 55
5
& 24 £ 45
4
2 35
20 3
25
18 2
0 50 100 150 200 0 50 100 150 200
t t
45 27
c a=5 d
4 ( ) a=25 26 ( )
35 a=50
25
3
~ 25 — 24
< >
> 2 23
1.5
22
1
05 z
0 20
0 50 100 150 200 0 50 100 150 200

t t

Fig.2 R = 1.0753 > 1. The endemic steady state E*(S*, v*(a), I*) is globally stable, and the susceptible
and vaccinated population converge to $* = 20, v*(a) = pS*p(a), I* = 2.4098, respectively. The total
number of vaccinated population V (¢) converges to V* = 25.9315

By Theorem 5.2, the endemic steady state E* is globally asymptotically stable which is
indicated in Fig. 2.

In any epidemiological model, the sensitivity of the results to the parameters’ values are
very important in planning the control strategies. In order to see how the waning rate n(a)
affect the spread and control of the disease, we give the following example.

Example 3 In system (1.2), let 8 = 0.015, p = 0.1. The waning rate n(a) changes to the
following

@~ 003 a>10;
MYI=v0, a €(0,10).

Then we have Ry = 1.0523,8* = 20,v*(a) = pS*p(a),I* = 1.6741,V* =
f(;' v*(a)da = 27.1543. Figure 3 shows that the endemic steady state E™* is globally asymp-
totically stable.

Comparing Figs. 2 and 3, the value of /* decreases from 2.4098 to 1.6741 along with the
value of n(a) decreasing from 0.04 to 0.03. This indicates that the small value of waning
rate 7 (a) benefits the disease control which can be achieved by re-vaccination. Hence, for
the practical prevention purpose, our analysis suggests that reducing the waning rate by
re-vaccination will be effective to control the disease.
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Fig.3 R = 1.0523 > 1. The endemic steady state E*(S*, v*(a), I*) is globally stable, and the susceptible
and vaccinated population converge to S* = 20, v*(a) = pS*p(a), I = 1.6741, respectively. The total
number of vaccinated population V (r) converges to V* = 27.1543
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