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Abstract In this paper, fractional optimal control problem for two dimensional coupled
evolution system is investigated. The fractional time derivative is considered in Caputo sense.
Constraints on controls are imposed. First, the existence and uniqueness of the state for these
systems is proved. Then, the necessary and sufficient optimality conditions for the fractional
Dirichlet problems with the quadratic performance functional are derived. Finally we give
some examples to illustrate the applicability of our results.
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Introduction

This paper deals with fractional optimal control problems for coupled evolution equations
fractional dynamic systems. A fractional dynamic system (FDS) is a system whose dynamics
is described by fractional differential equations (FDEs), and a fractional optimal control
problem (FOCP) is an optimal control problem for a FDS. Evolution equations represent
an important class of linear problems and occur in the mathematical description of a large
variety of physical problems. The most recent method in the study of free boundary value
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problems arising in filtration, heat conduction and diffusion theory uses a reformulation of
these problems as evolution equations.

Integer order optimal control problems for evolution equations have been extensively
studied by many authors, for comprehensive treatment of this topic we refer to the classical
monograph by Lions [20]. Extensive treatment and various applications of the fractional cal-
culus are discussed in the works of Agrawal et al. [1,2], Ahmad and Ntouyas [3], Bahaa et al.
[6-9,12], Mophou [21,22], Debbouche and Nieto [14,15], Wang and Zhou [25], Tang and Ma
[24] etc. It has been demonstrated that fractional order differential equations (FODEs) mod-
els dynamic systems and processes more accurately than integer order differential equations
do, and fractional controllers perform better than integer order controllers.

In this paper, we consider optimal control problem for coupled evolution equations with
Caputo derivatives. The novelties of this contribution is we generalize the previous studies
in Agrawal et al. [1,2] and Mophou [21,22] for fractional coupled evolution systems which
can used to describe many physical, chemical, mathematical and biological models. The
existence and uniqueness of solutions for such equations are proved. Fractional optimal
control is characterized by the adjoint problem. By using this characterization, particular
properties of fractional optimal control are proved.

This paper is organized as follows. In “Preliminaries”, we introduce some basic definitions
and preliminary results. In “Coupled evolution system with Caputo derivatives”, we formulate
the fractional Dirichlet problem for evolution equations. In “Optimization theorem and the
fractional control problem”, we show that our fractional optimal control problem holds and
we give the optimality conditions for the optimal control. Some illustrate examples are stated.

Preliminaries
Many definitions have been given of a fractional derivative, which include Riemann—
Liouville, Griinwald-Letnikov, Weyl, Caputo, Marchaud, and Riesz fractional derivative.
We will formulate the problem in terms of the left and right Caputo fractional derivatives
which will be given later.

Letn € N* and Q2 be a bounded open subset of R" with a smooth boundary I" of class
C%. Foratime T > O,weset 0 =Qx 0, T)and X =T x (0, 7).
Definition 2.1 Let x : [a, b)] — R be a continuous function on [a, b] and @ > 0 be a real
number, and n = [«], where [«] denotes the smallest integer greater than or equal to «. The

left (left RLFI) and the right (right RLFI) Riemann—Liouville fractional integrals of order o
are defined by

1 t
WI%x (1) = —f (t — )* 'x(s)ds (left RLFI),
C(e) Ja
1 b
AP x() = —/ (s — ) 'x(s)ds (right RLFI),
(o) Jy
where
oo 1
INC)) :/ e du, J10x(t) = IPx(1) = x(1).
0
In the case of @ = 1, the fractional integral reduces to the classical integral.
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The left (left RLFD) and the right (right RLFD) Riemann-Liouville fractional derivatives
of order « are defined by

o - - _ n—a—1
«D¥x (1) = T —o) 3 / (t —s) x(s)ds (left RLFD)
_1 n
(DEx(t) = ﬁdﬂ / (s — )" “x(s)ds (right RLFD)

wherea € (n — 1,n),n € N.
Moreover, The left (left CFD) and the right (right CFD) Caputo fractional derivatives of
order « are defined by

C o _ 1 ft _ yn—a—1_()
sDx(t) = 71_‘(” “w ), (t—s) x"(s)ds (left CFD)

provided that the integral is defined.
CDa (=" n—oa—1 (n)
FDpx() = 7) ( —1) (s)ds (right CFD)

provided that the integral is defined.
The relation between the right RLFD and the right CFD is as follows:
n—1 X (k) ( b)

C na _ a _ _ \k—a)
CDYx(1) = ;D¢x(t) ;OF(k—aH)(b k=,

If x and x(i),i = 1,...,n — 1, vanish at t = qa, then ,Dfx(t) = aCDf‘x(t), and if they
vanish at t = b, then ; D x(t) = £ D¥x(1).
Further, it holds

§ DY ¢ = 0, where c is a constant,

and
Cpegn O7l"(n+l) forn € Ng andn < [«];
0™ mt"‘“, forn € Ng andn > [«],
where Ng =0, 1, 2, .... We recall that for @ € N the Caputo differential operator coincides

with the usual differential operator of integer order.

Lemma 2.1 LetT > 0,u € C"([0,T]),pe (m—1,m),m € Nandv € CY([0, TY). Then
fort € [0, T, the following properties hold

d -
«DPu(t) = Eal,l Pu@), m=1,

oD} oI v(@) = v(1);

m—1

t
ol oD u(®) = u(®) = Y u0);
k=0

s Cpp T P _
,E%L oDy u(t) = tl_l)r(1)1+ ol; u(t) =0.
Note also that when T = +oo, D2 f (1) is the Weyl fractional integral of order o of f.
0=t
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An important tool is the integration by parts formula for Caputo fractional derivatives,
which is stated in the following lemma.

Lemma 2.2 [1,2]. Let« € (0, 1), and x, y : [a, b] — R be two functions of class C'. Then
the following integration by parts formula holds:

b b
/ YOS Dix(dt = [ 1) *y)x (1)1} + / x(t) Dy y(t)dt.

Lemma 2.3 (Fractional Green’s formula [23]). Let 0 < « < 1. Then for any ¢ € C*(Q)
we have

T
/ /(SD;’y(x,t)+Ay(x,z))¢(x,t)dxdt=/ (x, T)§ 1" y(x, T)dx

/q)(x 01 y(x, 0+)dx—|—/ / —drdt
d

Q 3UA
// —¢dth+/ /y(x,t)(—ng‘(b(x,t)
an dva Q
+A P (x, t))dxdt.

where A is a given operator which is defined by (3.6) below and
d
= Zlaij 3;] cos(n,xj) onT,

cos(n, x;) is the i-th direction cosine of n,n being the normal at T" exterior to Q2.

We also introduce the space
W(O,T):={y:yeL*0,T; Hy(Q),  D¥y(t) € L*(0, T; H'(Q))}

in which a solution of a fractional differential systems is contained. The spaces considered
in this paper are assumed to be real.

Lemma24 Let 0 < a < 1, X be a Banach space and f € C([0, T], X). Then for all,
f, 1 €[0,T]

[ fLoe(0,1);%)

ol f (1) —o I7 f(2)lIx < T+

Ity — 1]*.

Remark 2.5 Since C([0,T1,X) C L®((0,7);X) c L2((0,T);X) because [0, T] is
a bounded subset of R , Lemma 2.4 holds for f € L2((O, T); X) and we have that
ol¥f €C([0,T1,X) C L*((0, T); X).

Coupled evolution system with Caputo derivatives
For y10, y20 € HO1 (Q)and f1, f» € L2(0, T; H~'()), letus consider the fractional problem

for coupled evolution system:
Find

y={1y2b e WO, T) xW(QO,T)
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such that
§ DEYI(t) + Ay (1) + yi1(1) — y2(t) = fi(), a.e.t €10, T, 3.1
§ DEya(t) + Ay (1) + y2(3) + y1(1) = fo(t), a.e.t €10, T, (3.2)
y1(x,0) =yo,1(x), x e, (3.3)
y2(x,0) = yo2(x), x €Q, (3.4)
yi(x,t) =0, yx,t)=0,xel,te(0,7), 3.5)

here OC D¢ y(t) is the Caputo fractional derivatives of y : [0, {] = H -1 (2), where 2 has the
same properties as in “Introduction”. The monotone operator A in the state equations (3.1),
(3.2) is a second order elliptic operator given by

n
a ay
Ay = — ”Z_I P (au (x)ax,) +ag(x)y. (3.6)
where a;;,i, j = 1,2, ..., n, be given function on £ with the properties

ap(x), a;j(x) € L°(Q) (with real values),

n
a(x) =B >0, > ajx)&E > BE +---+&), VEER,
i,j=1
almost everywhere on 2. The operator A4 € E(Hol (Q), H™! (Q)) satisfying for some w > 0,

and real «, the coercivity condition
(AY, Vg + k1Y) = @Iyl g ¥y € H () 3.7

Lemma3.1 Let fi,f» € L*Q) and yi,y» € L*((0,T); H(Q)) be such that

§DEy1(1), § D ya(t) € L2(Q) and § DE y1 (1)+Ay1 (1) +y1()—y2(t) = f1(1), §DEya(t)

+ Ay2(t) + y2(t) + y1(t) = f2(t). Then we have

() yils, 2|z exists and belongs L*>((0, T); H~'(I")),

(i) y1(0), y2(0) belongs to L*(2).

Proof Sincea;; € C 1 (Q)forl < i, Jj < n,wehave (i). On the other hand, in view of Lemma

24, 01 (§ D y1(1), oI (§ Dy (1)) € LA(Q) because § D yi(1), § D y2(t) € L*(Q).

Hence, y1(0), y2(0) exists and belongs to L2(Q) since OI;Y(SDf‘yl(t)) = y1(t) — y1(0),

oI (§ D y2 (1) = y2 (1) — y2(0) and y; (1), y2(t) € L*(). o
For the operator A in (3.6) we define the bilinear form as follows:

Definition 3.1 For each t €]0, T[, y = (y1, »2) and ¢ = (¢1, ¢2) we define a family of
bilinear forms 7 (t; y, ¢) on (Hg ()% by:

w(t;y, ¢) = (Ayl + Y1 — 2, ¢>1>

LX)

+(Ayz +y2+ 1, ¢z> .y, b€ (Hy (@)% (3.8)
LX)

Then Eq. (3.8) can be written as

w(t;y, ¢) = (A)’l + 1 —yz,¢>1> + (Ayz+yz+y1,¢z>
L2(Q) LX)
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n 3
= (‘ Z o < l/(x) >+ao(X)y1 +y1 — ¥y, ¢1(x))

ij=I

n
3 dy2
! <_ i}zzjl x (“"f (x)ax,)* a0(x)y2 +y2+y1, ¢2(X)>

LX)

L2(Q)
- 3 d
= [ Y g siwds+ [ aton s
052 O Xj Q
+/Z Ja 2005 - 0200dx + [ (s wd
Qi’jZIa,Jaxiyzx o 2 (x)dx anxyzx 2 (x)dx
+ /Q[yltﬁl + Y2¢2 — 21 + yi2ldx (3.9

Lemma 3.2 The bilinear form 7w (t; y, ¢) in (3.9) is coercive on (HO1 ()2 that is fory =
(1, 2) we have

(155, 9) = MY gy * >0 (3.10)

Proof It is well known that the ellipticity of .4 is sufficient for the coerciveness of 7 (¢; y, ¢)
on (HJ (2))?. Since we have

“ ] ]
ﬂ(t,y,qﬁ)=/szzlaijmyl(x)axj@(x)dx+/an(x)y1(x)¢1(x)dx

- B B]
+ / D iz @) —h(dx + / ao () y2(x) 2 (x)dx
Q.72 Xi X Q
+ /Q[yl¢1 + Y22 — Y21 + yih2ldx,
then we get

w(t;y,y) ngz aija%iyl(x)%jyl(x)dx+/an(x)y1(x)y1(X)dx

/ Z 505 yz(x)dx + [ anyayds
+ / [yiy1 + y2y2 — yay1 + y1y2ldx

> B Z aijll5— y1(x)||L2(Q) + Bl )2y + 111172
i,j=1

+ ﬂ Z alj” yz(x)||L2(Q) + /3||)’2(x)||Lz(Q) + ||)’2(x)||L2(Q)
i,j=1
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2 2

= MYy gy » = max(ur, 22) > 0.
[}

Also we assume that Yy, ¢ € (HO1 ()2 the function t — 7(r; v, @) is continuously
differentiable in ]0, 7'[ and the bilinear form 7 (¢; y, ¢) is symmetric,

ity ¢) =n(t;h,y)  Vy, b€ (Hy(2)> (.11

Then (3.1)—(3.5) constitute a fractional Dirichlet coupled problem. First by using the Lax—
Milgram lemma, we prove sufficient conditions for the existence of a unique solution of the
mixed initial-boundary value problem (3.1)—(3.5).

Lemma 3.3 [21,22] (Fractional Green’s formula for evolution systems). Let y = (y1, y2)

be the solution of system (3.1)—~(3.5). Then for any ¢ = (¢1, P2) € (C%°(0))? such that
d(x,T) = (¢1,$)(x, T) =0in Qand ¢ = (¢1, ¢p2) = 0 on I, we have for eachi = 1,2

T
/ / (§D&yi(x, 1) + Ayi (x, )i (x, t)dxdt
0 Q

T 0¢;
=- / $i(x. 0)y; (O)dlx + / / w29 as
Q o Jag v

T ay T
—/ / —’¢idrdz+f /yi<x,t)(—€D,“¢i(x,r>
0 Jag OV 0o Ja

+ A*¢i (x, 1))dxdt.

Lemma 3.4 [f(3.10) and (3.11) hold, then the problem (3.1)—(3.5) admits a unique solution
y(t) = (y1(1), y2(1)) € (0, T))*.

Proof From the coerciveness condition (3.10) and using the Lax—Milgram lemma, there
exists a unique element y(t) = (y1(t), »2(¢)) € (HO1 (£2))? such that

(§DYy(®), $) 120y +T(t: v, ¢) = L(¢) forall ¢ = ($1.¢2) € (Hy ()%, (3.12)

where L(¢) is a continuous linear form on (HO1 (£))? and takes the form

L(@) = fQ Ui + fagaldxdi + [Q [0.161 (5, 0) + yo2d2(x. Oldx,  (3.13)

f=(fi, f2) € (L2(Q)?, yo = o,1, y0.2) € (L ().
Then Eq. (3.12) equivalents to there exists a unique solution y(¢) = (y1(z), y2(t)) €
(Hg (Q))? for
<8Df‘)’1(1) + Ay () + y1 + y2, ¢1(x)>
L2(Q)

+ <ng'yz(t) + Ay2(t) + y2 — y1, ¢2(x)) = L(¢). (3.14)
L2(0)

Then Eq. (3.14) is equivalent to the fractional evolution equations
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SDEyi(t) + Ay (D) + v+ y2 = fi, (3.15)
§DXya(1) + Aya (1) + y2 — y1 = fo, (3.16)

“tested” against ¢ (x), ¢ (x) respectively.
Let us multiply both sides in (3.16), (3.17) by ¢1(x), ¢2(x) respectively and applying
Green’s formula (Lemma 3.3), we have

/Q(gD,“yl(t) + Ay (1) + y1 + y2)$1(x)dxdt

- / figndxdt forall ¢(x) € HY (), (3.17)
0

fQ (§D%ya(t) + Ay2(1) + y2 — y1)pa(x)dxdt

= / fadadxdt for all ¢y(x) € H () (3.18)
0

applying Green’s formula (Lemma 3.3), we have

/q{)](x 0)y1 (x, O)dx—l-/ / yl—drdt / / M pard:
a dv

+ f f 1 (= D1 (x 1) + A1 (x. 1)) dxdi + / (1 + y2)brddi
f fir(n)dxdr — / $2(x, 0)y2(x. 0)dx + / / z—drdr

—/ / @d)dl“dt—i—/ /yz(x,t)(—ng‘¢2(x,t)+A*¢2(x,t))dxdt
0 Q

Q av
+ /Q (32 — y1)adxdi = fQ Fapr (x)dxd

whence comparing with (3.12), (3.13), we get

r 9
f 1 (x. 0)y; (x., 0)dx — / f l%drdr / Yo.161 (x. 0)dx.
IR v Q

/cbz(x 0)y2(x, O)dx—/ / zfdl"dt /Qyo,zd)z(x,o)dm

From this we deduce the initial conditions

yi(x,0) = yo1, x €
»2(x,0) =yo2 xe€Q

which completes the proof. O

Optimization theorem and the fractional control problem

For a control u = (u1, us) € (L?(Q))?, the state y(u) = (y1(u), y1(u)) of the system is
given by the fractional variation coupled systems:

§D¥y1(w) + Ay1 () + yi(u) — y2(u) = fi(t) +uy, in Q,
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a.e.t €10, T[, fi € L*(Q), .1)
§Dy2(u) + Ay2 () + y2(u) + yi(u) = f(1) +uz, in O,

a.e.t €10,T[, f» € L*(Q), (4.2)
yi(x,0;u) = yo.1(x) € L*(Q), x € Q, (4.3)
ya(x, 0 1) = yoo(x) € L3(R), x € Q, (4.4)
v, 1) =0, yx,t)=0,x€eTl,1€e(0,T), (4.5)

The observation equations are given by

zi(u) = yi(u), foreachi =1, 2. 4.6)
The cost function J (v) for v = {vy, va} is given by
J() = / [(y1(0) — za.)* + (72(V) = 24.2)*1dxdt + (Nv, v) 1200y
o
where z; = {z4.1,z42} 1S a given element in (L2(0)? and N = {N|,N»} €
L(L%(Q), L*(Q)) is hermitian positive definite operator:

(Nui, u;) > cllui|l35,,. ¢ > 0, foreachi = 1,2. 4.7

9y

Control constraints We define U,q4( set of admissible controls) is closed, convex subset
of U = L2(Q) x L*(Q).
Control problem We want to minimize J over U,g i.e. find u = {u1, us} such that

J(u) = inf J(v). (4.8)

v={v1,v2}€V4q
Under the given considerations we have the following theorem:

Theorem 4.1 The problem (4.8) admits a unique solution given by (4.1)—(4.5) and the opti-
mality condition

/ [p1(vy —uy) + pa(v2 —up)ldxdt + (Nu,v —u)y 20, Yv e Uy, u € Uyg (4.9)
o

where p(u) = {p1(u), p2(u)} is the adjoint state.
Proof Since the control u € U,y is optimal if and only if
J'W)(w—u)>0 forallve Uy
The above condition, when explicitly calculated for this case, gives

1) = za,1, y1(v) — y1 W) 120y + (2 () — 24,2, y2(v)
=220y + (Nu,v—u)y =0

/Q[yl W) — za,)(1(v) — y1() + (y2(u) — za4,2) (y2(v) — y2(u))]dxdt

For the control u € (L?(Q))? the adjoint state p(u) = {p1(u), p2(w)} € (L*(Q))?* is
defined by

— DY p1(u) + A*pr(w) + p1(u) + pa(u) = yi1(w) —z41, inQ, (4.11)
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—§ D pau) + A*pau) + pa(u) = pr(u) = y2(u) — za2, inQ, (4.12)
p1(u) =0, p2u)=0 onX, (4.13)
p1(x,T;u)=0, pa(x,T;u)=0 in€2, (4.14)

where A* is the adjoint operator for the operator .A, which given by

n

a
ap==3 o (a,,oc) >+ao(x)p

i,j=1

Now, multiplying the Egs. (4.11), (4.12) by (y1(v) — y1 (1)), (y2(v) — y2(u)) respectively
and applying Green’s formula, we obtain

/Q(yl W) — z4,0)(y1(v) — y1(w))dxdt = /Q[— § DY pr(u)
+ A*pr(u) + p1(u) + p2(w)1(y1 (v) — y1(u)) dxdt

—/Qpl(x,O)(yl(v;x,O) — y1(u; x,0M))dx

d d
f 1) yl(v) ;1(”))612

d
—fz ”‘(”)(y W) — y1 () dS

+ fQ 1@ (EDE + A+ 1) + pr@)]G1 () — i) dedr, (415

/Q(yz(u) —242)(n2(v) — y2(u))dxdt = /Q[— § D pa(u)
+A*p2(u) 4+ p2(u) — p1)(y2(v) — y2(u)) dxdt
- fQ p2(x, 0)(y2(v; x, 0) — y2(u; x, 07))dx

d d
/p w)( yz(v) ;Z(M))dz
VA

—/E el )(y () = 32(0) dT

+ /Q[Pz(u)(ng + A+ 1) — pi@)](y2(v) — y2(u)) dxdt. (4.16)
Using (4.1)~(4.5), (4.13) and (4.14), we have
fQ[Pl(M)(ngt + A+ 1)+ pa(w)](y1(v) — y1(u)) dxdt = /Q pr(u)(vy —uy)dxdt

fQ[pz(u)(ng‘ + A+ 1) = pr@)](y2(v) — y2(u)) dxdt = /Q p2(u)(vy — uz) dxdt

yils =0, )|z =0 piw)ls =0, p2(u)|x =0,
y1(v; x,0) — y1(u; x,0) = yo,1(x) — yo,1(x) =0
y2(v; x,0) — y2(u; x,0) = yo2(x) — yo,2(x) =0
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Then (4.15) becomes

[ 10 = 200010 = yi@nazar = [ g —unasar
and (4.16) becomes

/Q(yz(u) —24,2)(02(v) — y2(u))dxdt = /Q p2(u)(v2 — uz)dxdr,
and hence (4.10) is equivalent to

/‘Qpl(u)(vl —uy)dxdt + /Q p2(u)(vo — up)dxdt + (Nu, v — u)(Lz(Q))z >0
which can be written as:
/Q[(Pl(“) + Niup)(vr — ur) + (p2(u) + Nauz)(v2 — uz) dxdt = 0

which completes the proof. O
Example 4.1 see [16] and [17]. We consider an example of an evolution equation which is
analogous to that considered in section 2 but with Neumann boundary condition and boundary

control.
In this example we consider the space

WO, T) :=1{y:yeL*0,T; H(Q)), {Dy(t) € L*0, T; (H'(2)))}

in which a solution of a fractional differential systems is contained. Let y(u) =
{y1(u), y2(u)} € W(0, T) be the state of the system which is given by,

6 DEy1 () + Ay1() + y1() — y2(u) = f1(1), in Q, a.e.t €10, T[, fi € L*(Q),

4.17)
§ D ya () + Aya () + ya(u) + y1(u) = fo(1), in Q, a.e.t €10, T[, f € L*(Q),
(4.18)
y1(x,0;u) = yo.1(x) € LZ(Q), x € Q, (4.19)
y2(x,0; u) = yp2(x) € Lz(Q), x € Q, (4.20)
M|2=u1, Mlgzuz,xer,te(o,ﬂ. “4.21)
vy dva

The control u = {uy, us} is taken in L2(2) x L%(2):
u={up,ur} € U=L*ZT) x L}(2).

Problem (4.17)—(4.21) admits a unique solution. To see this we apply Theorem (1.2) [20],
with

V=H'(Q)xH(Q), ¢=1{p.d}eV,

n a 8
w5y, ) =7(y, ) = / D aij N5 —gi1(0dx + / ao(x)y1 (x)é1 (x)dx
Q,77 Xi Xj Q
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+f 3 a0 320 a(ordx + [ e
Qi,j:l 3)6,‘ ax]' Q

+/Q[y1¢>1 + Y22 — y201 + y1$2ldx,

L($) = (f. ¢)=/Q[f1(x, N1(x) + f2(x, D)2 (x)]dx + fr[ul(t)d)l(X) + ua ()2 (x)JdT.

Let us consider the case where we have partial observation of the final state
z(v) = y1(x, T; v), (4.22)

and the cost function J (v) for v = {vy, v} is given by
J() = f 1. T; ) = 20)%dx + (Nv, V) 12(z)2. 2a € LH(Q).
Q

where N = {N{, Ny} € L(L3(T), L3(X)) is hermitian positive definite operator:
(Nu,u) = cllull}> 5. ¢ > 0 (4.23)

Control constraints We define U,,( set of admissible controls) is closed, convex subset
of U = L3(Z) x LA(%).
Control problem We want to minimize J over Uy, i.e. find u = {uy, us} such that

J(u) = inf J(v). (4.24)

v={v1,v2}€U4q

The adjoint state is given by

— DY pr(u) + A*prw) + pr(u) + p2w) =0, inQ, (4.25)
— DY pa(u) + A*pa(u) + pa(u) — p1(u) =0, inQ, (4.26)
0
pr) _ o ) s (4.27)
avA* BVA*
p1(x, T;u) =y1(u) —z4q, InQ, pa(x,T;u)=0 inQ. (4.28)

The optimality condition is

/ (P11 —ur) + pa(w)(v2 —uz)]dE + (Nu, v — U 2(xy)? = 0,
z
Yv € Ugg, u € Uyqg. (4.29)

Example 4.2 In the case of no constraint on the control (U = U,y) and N = {N1, N>} is a
diagonal matrix of operators. Then (4.29) reduces to

p1+Nu =0 on X, pr+ Nu=0 on X,
which equivalent to
wy = =N (pr@lz), w2 ==N;" (p2Wlx). (4.30)
The fractional optimal control is obtained by the simultaneous solving (4.17)—(4.21) and

(4.25)—(4.28) (where we eliminate u, uo with the aid of (4.30)) and then utilizing (4.30).
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Example 4.3 If we take

Upg = {uilui € Lz(E), u; >0 almost everywhereon X,i =1, 2},
and N = vxIdentity, (4.29) gives

ur >0, pi(w) +viuy 20, wui(pi(w)+viu;)=0 on X,
up >0, po(u) +voup >0, uz(p2(u) +vou2) =0 on X.

The fractional optimal control is obtained by the solution of the fractional problem

§ Dy ) + Ay () + y1 () — y2(u) = fi(t), in Q, a.e.t €10,T[, fi € L*(Q),
§ DI ya(u) + Ayz () + y2(u) + y1 () = fo(t), inQ, a.e.t €10, T[, f> € L*(Q),
—§ DY pr(w) + A*pi(u) + p1(u) + p2(u) =0, inQ,

— § DY pa(u) + A*pa(u) + pa(u) — pr(u) =0, inQ,

Y1, 0 u) = yo1(x) € LA(Q), x €,

y2(x, 0;u) = yoo(x) € LA(Q), x €Q,

p1(x, T;u) =y (u) —zq, inS,

p2(x,T;u) =0 inQ.

d t 0 Jt
Mmoot g, MO0 g xerie.1).
avg ova
d d
p1(u) _o. p2(u) —0 on%.
RAE BAE
d d ay
P14+ V=L > 0, l[ |4+ =21]1=0 on ¥,
3UA 3UA
dy2 Byz
p2+v—>0, —[p +27]—0 on X,
8\),4 8VA
hence
" ay1 | _ 3y2|
1=gls w2 Ju,

Example 4.4 We can generalize our results to n dimensional coupled fractional system as
follows. The state of the system is given, foreachi = 1,2, ..., n, by

6 D yi(w) + Ayiw) + Y _bijyi) = fi(t), inQ, a.e.t €10, T, fi € L*(Q),

j=1
4.31)
yi(x,0;u) = yo,(x) € L*(Q), x €, (4.32)
dyi(x,t
Wi D xelte.T) (4.33)
8UA
L iz
bij = { —1,i < j. (4.34)
The control u = {uy, uy, ..., u,} is taken in (L2()™:

u="{uy,us,...,up} €U =(L*X)".
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Problem (4.31)—(4.33) admits a unique solution. To see this, we use the method developed
in [20]:

V=HQ)", ¢p=1{p1,b2....00} €V,

n 8 8 n
w39 =700 = [ 3 a3 nwgo a0+ [ ) Yy wosds
ij=1 L J j=1

+> /Q D bijyj(x)¢i(x)dx,
i=1 j=1

L) = (f.¢) = /Q D file, D¢i(x)dx + /F D ui(t)gi (x)dr.
i=1 i=1

Let us consider the case where we have partial observation of the final state

z(v) = y1(x, T; v), (4.35)

and the cost function J (v) for v = {vy, va} is given by
J(v) = f 1(x, T50) — za)*dx + (Nv, V) 25y 2a € LH(S).
Q

where N = {N1, Na, ..., N,,} € L(L*())", (L*(X))") is hermitian positive definite oper-
ator:

(Nu, u) Zc||u||'£2(2), c>0 (4.36)

Control constraints We define U,4( set of admissible controls) is closed, convex subset
of U = (L2(2))".
Control problem We want to minimize J over Uyg i.e. findu = {uy, us, ..., u,} such that

J(u) = inf J(v). (4.37)

v={v1,v2,...,Un}€Uq4q

The adjoint state is given by

n
— D pi(u) + A*pi(u) + Y bjiyj(w) =0, inQ, (4.38)
j=1
i) _ o oy, (4.39)
aUA*

p1(x, T;u)=y1(u) —z4q, inQ, pr(x,T;u)=0,k=2,3,...,n inQ, (4.40)

where b ; are the transpose of b;;. The optimality condition is

n

/ Zp,-(u)(vi — u,)dE + (NM, v — u)(LZ(E))H > 0, Yv € Uad, u e Uad. (441)
Yzl

Remark 4.2 If we take @ = 1 in the previews sections we obtain the classical results in the
optimal control with integer derivatives.
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Conclusions

In this paper we considered optimal control problem for coupled evolution systems with
Caputo derivatives. The analytical results were given in terms of Euler-Lagrange equations
for the fractional optimal control problems. The formulation presented and the resulting equa-
tions are very similar to those for classical optimal control problems for coupled parabolic
systems. The optimization problem presented in this paper constitutes a generalization of
the optimal control problem of evolution equations with Dirichlet boundary conditions con-
sidered in [20] to systems with Caputo time derivatives. Also the main results of the paper
contain necessary and sufficient conditions of optimality for coupled evolution equations that
give characterization of fractional optimal control (Theorem 4.1).
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