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Abstract This paper investigates the existence of solutions for fractional differential inclu-
sions involving Caputo fractional derivative of any order together with nonlocal integral
boundary conditions. Our study includes the cases when the multivalued map involved in the
problem has convex as well as non-convex values. Some standard fixed point theorems for
multivalued maps are applied to establish the main results, which are well illustrated with
the aid of examples.
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Introduction

In this paper, we study the following nonlocal integral boundary value problem of Caputo
type fractional differential inclusions:
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“Dpx(t) e F(t,x(), teJ=[nT], n—1<r <n,

8
x® ) =x¢ + [ (s, x(s))ds, k=0,1....,n—1, § € (t,T), (1.1
1o

where F : J x R — P(R) is a multivalued map, P(R) is the family of all nonempty subsets
of R, g¢ : J x R — Risagiven continuous function, and “ Dy, denotes the Caputo fractional
derivative of order r, n = [r] + 1, [r] denotes the integer part of the real number r.

Fractional differential equations and inclusions have been extensively studied by many
researchers in the recent years. It has been mainly due to the fact that fractional differential
operators appear naturally in a number of disciplines of pure and applied sciences such as
biophysics, blood flow phenomena, aerodynamics, electro-dynamics of complex medium,
viscoelasticity, circuits theory, control theory, etc., for instance, see [1-3]. The differential
inclusions also find decent applications in some areas of physics and control [4]. For some
recent work on fractional differential equations and inclusions, we refer the reader to a series
of papers [5—15] and the references cited therein. Recently, Ahmad et al. [12] discussed the
existence of solutions for a general differential equation of an arbitrary fractional order with
nonlocal integral boundary conditions at an interior point of the given finite interval.

In this article, motivated by aforementioned work, we obtain some existence theorems
for the inclusion problem (1.1) involving convex as well as nonconvex multivalued maps.
These results are based on the nonlinear alternative of Leray—Schauder type, a selection
theorem due to Bressan and Colombo, and a fixed point theorem due to Covitz and Nadler.
The methods employed to establish the desired results are standard; however their exposition
in the framework of problem (1.1) is new and enriches the literature dealing with fractional
differential inclusions with nonlocal integral boundary conditions. In passing, we remark that
the present work generalizes the problem addressed in [12] to its multivalued case.

This paper is organized as follows. In Sect. 2, we recall some preliminaries about frac-
tional calculus and multivalued mappings analysis. Section 3 contains the main results for
the fractional inclusion problem (1.1). We have also discussed some examples to show the
applicability of the accomplished work.

Preliminaries

First of all, we fix our terminology and recall some basic ideas of fractional calculus [16],
and multivalued analysis (see [17-20]) that we need in the sequel.

Let C(J, R) be the Banach space of all continuous real valued functions defined on J
endowed with the norm defined by || x|| = sup{|x(¢)|,t € J}. By LY(J, R) we denote the
Banach space of all measurable functions x : J — R which are Lebesgue integrable endowed

with the norm||x |1 = [,/ |x(1)|dt.

Definition 2.1 The fractional integral of order » with the lower limit zero for a function g is
defined as

L (" ols)
L) Jo ¢ —s)!="

provided the right hand-side is point-wise defined on [0, c0), where I'(-) is the gamma
function, which is defined by I'(r) = fooo " ~le~tds.

I"o(t) = ds, t>0, r>0,
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Definition 2.2 The Riemann-Liouville fractional derivative of orderr > 0, n — 1 < r <
n, n € N, is defined as

Dhow = — (LY [ =10
0+€ _F(n—r)<dt>/o S e

where the function o(¢) has absolutely continuous derivative up to order (n — 1).

Definition 2.3 The Caputo derivative of order r for a function ¢ : [0, 00) — R can be
written as

n—1

‘D'o(t) =D" (Q(t) — kX(:) ;Q(k)(0)> , t>0, n—1<r<n.

Remark 2.4 1f o(t) € C"[0, c0), then
t Q(n)(s)
F(n—r)Jo (t—s)yrtl-n

Definition 2.5 For a normed space (X, ||-|]), let Py(X) = {Y € P(X) : Y is closed},
Py(X) = {Y € P(X) : Y is bounded}, P,(X) = {Y € P(X) : Y is compact}, and
Pepo(X) ={Y € P(X) : Y is compact and convex}.

‘D'o(t) = ds:["frg(”)(t), t>0, n—1<r<n.

Definition 2.6 Let F' : X — P(X) be a multivalued map.

(i) F is convex (closed) valued if F'(x) is convex (closed) for all x € X.

(ii) Fisboundedonboundedsetsif F(B) = |J, .z F(x)isboundedin X forall B € Py (X).

(iii) F is an upper semi-continuous (u.s.c.) on X if for each xo € X, the set F(xp) is a
nonempty closed subset of X, and if for each open set N of X containing F (xop), there
exists an open neighborhood Ny of xq such that F(Ng) C N.

(iv) Fissaidtobecompletely continuousif F'(B) isrelatively compact forevery B € Pp(X).

(v) F has a fixed point if there is x € X such that x € F(x).

(vi) If F is completely continuous with nonempty compact values, then F is u.s.c if and
only if F has a closed graph, i.e., x, = X4, Yn = Yx, Yu € F(x,) imply y, € F(xy).

The fixed point set of the multivalued operator F' will be denoted by FixF.

Definition 2.7 A multivalued map F : J — P(R) with nonempty compact convex values
is said to be measurable if for every y € R, the function

t—d(y, F(1)) =inf{ly — z| : z € F(1)}
is measurable.

Definition 2.8 A multivalued map F : J x R — P(R) is said to be Carathéodory if: (i)
t — F(t, x) is measurable for each x € R, (ii) x — F (¢, x) is upper semi-continuous for
almost all ¢ € J. Further a Carathéodory function F is called L'-Carathéodory if for each
o > 0, there exists ¢, € Ll(J, RY) such that

| F (@, x)Il =sup{lv|: v e F(t,x)} < ¢u(t)
for all ||x|]| < @ and fora.e.t € J.

Definition 2.9 Let Y be a Banach space, Z a nonempty closed subset of Y. The multivalued
operator F' : Z — P(Y) is said to be lower semi-continuous (l.s.c.) if the set {z € Z :
F(z) N B # ¢} is open for any open set B in Y.
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Definition 2.10 Let A be a subset of J x R. A is said to be £ ® B-measurable if A belongs
to the o -algebra generated by all sets of the form L x B, where L is Lebesgue measurable
in J and B is Borel measurable in R.

Definition 2.11 A subset A of L! (J, R) is decomposable if for all u, v € A and measurable
sets I C J, the function uy; + vy j—; € A, where y; stands for the characteristic function
of I.

Definition 2.12 If F : J x R — P(R) is a multivalued map with nonempty compact
values and u € C(J, R), then the set of selections of F(-, -), denoted by Sf,, is of lower
semi-continuous type if

Spu={weL'(J,R) : w(r) € F(r,u(t)) forae.te J}
is lower semi-continuous with nonempty closed and decomposable values.

Definition 2.13 Let (X, d) be a metric space associated with the metric d. The Pompeiu—
Hausdorff distance of the closed subsets A, B C X is defined by

dy (A, B) = max{d*(A, B),d* (B, A)},
where d*(A, B) = sup{d(a, B) :a € A}, and d(x, B) = inf,cp d(x, y).
Definition 2.14 A multivalued operator F on X with nonempty values in X is called:
(a) y-Lipschitz if and only if there exists y > 0 such that
dy(F(x), F(y)) < yd(x,y), foreachx,y e X,
(b) A contraction if and only if it is y-Lipschitz with y < 1.
The following lemmas will be used in what follows.

Lemma 2.15 [18] Let X be a Banach space. Let F : J x X — P, (X) be an L'-
Carathéodory multivalued map and let H be a linear continuous mapping from L' (J, X) to
C(J, X). Then the operator

® o Sp: C(J, X) = Pep.c(C(J, X)),
x — (HoSp)(x) = H(SF.x)

is a closed graph operator in C(J, X) x C(J, X).

Lemma 2.16 [21] Let Y be a separable metric space and let F : Y — P(L'(J, R)) be
a lower semi-continuous multivalued map with closed decomposable values. Then F (-) has
a continuous selection, i.e., there exists a continuous mapping (single valued) f : Y —
L'(J, R) such that f(y) € F(y) foreveryy € Y.

We conclude this section by stating the following fixed point theorems needed for the
forthcoming analysis.

Theorem 2.17 (Nonlinear alternative of Leray—Schauder type [22]) Let X be a Banach
space, X be a closed convex subset of X, U be an open subset of X with 0 € U. Suppose
that F : U — Pep o (X) is an upper semicontinuous compact map. Then either F has a fixed
point inU or there are § € 39U and ) € (0, 1) such that § € AF (§).

Theorem 2.18 (Covitz and Nadler [23]) Let (X, d) be a complete metric space. If F : X —
Pc1(X) is a contraction, then F has a fixed point.
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Existence Results

To define the solution for problem (1.1), we consider its linear variant given by

Dy x(t) = f(1), ted,
s

0

x® @) =xp + [ge(s)ds, k=0,1,....n—1, §eJ, -1
19

where f € C(J,R).

Lemma 3.1 [12] The fractional nonlocal boundary value problem (3.1) is equivalent to the
integral equation
=

x() =1"f) + k!

1 1)
X+ / g(s)ds —I"*f©&) |, red. (3.2)
k=0 o

Next, we formulate the hypotheses for proving the existence of solutions for problem

(1.1).

(A) F:J xR — P(R) is Carathéodory and has convex values;
(B) There exists a continuous nondecreasing function v : [0, co) — (0, co) and a function
p € C(J,RT) such that

£, x)| = sup{lv] : v € F(t,x)} < p()¥(Ix]),

for each (t,x) € J x R;
(C) There exist continuous nondecreasing functions v : [0, c0) — (0, 0o) and functions
pr € C(J,RT) such that

gk, 0 = pr@Yr(lx]), k=0,1,....n—1

for each (¢, x) € J x R; and
(D) There exists a number M > 0 such that

M
R
where
> n—1
Y= m+,§m (T — 1)
and
1T =l
2= ;T (x| 4+ 8—10) Y (ImlD 11 prel -

Theorem 3.2 Assume that the conditions (A)—(D) hold. Then the fractional differential inclu-
sion problem (1.1) has at least one solution on J.
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Proof Using Theorem 3.1, define an operator Qr : C(J, R) — P(C(J, R)) by

(t _S)r—l
Qr(x)={heCUR): h(t)—f 0 f(s)ds

)

n=l . ok r—k—1
+ ¢ 8) Xk +/ 8k (s, x(s))ds — G-V 7 7 ) ds
~ ! L(r—k)

fo

for f € Sr . We show that QF satisfies the assumptions of the nonlinear alternative of
Leray—Schauder type. We complete the proof in several steps.

Step I Qr(x) is convex for each x € C(J, R). This step is obvious since Sr  is convex
(F has convex values), and therefore we omit its proof.

Step I We show that Q2 (x) maps bounded sets into bounded sets in C(J, R). For a
positive number 7, let B;, = {x € C(J,R) : |lx|| < n} be a bounded set in C(J, R). Then,
foreach h € QF(x), x € By, there exists f € S, such that

12
_ -1
h(t) = / %f(s)ds

fo
8

— (=) _ k-1
Z (r 5) xk+/(gk(s,x(s))ds_(5S)f(S)> s

I'(r —k)

fo

Then, fort € J, we have
N |
|h(t)|</(t @I
')
" )

—1 k r—k—1
=) =) 117 ()]
DI |xk|+/<|gk(s,x<s)>|ds+ T )ds

0]

SEITINY LI S S P
= VADIPI 7 L WTG—k+ 1) ('~ 1)

T
+Z % (il + 8—10) Y llx ) 1l el
k=0 '

Thus,

2 n—1 1 .
Al < ¥ dlniD lipl {W + Zk'F(r—lH—l)} (T — 19)

k=1
ey l‘olk
+ (il + 8—10) v ln ) 11 pell -

k=0

Step III We show that Q7 maps bounded sets into equicontinuous sets of C(J, R). Let
t1,tp € J witht) < ), and x € By,. In view of the hypothesis (C), for each i € Qr(x), we
obtain

@ Springer



Differ Equ Dyn Syst (January 2020) 28(1):241-254 247

| (t2) — h(t1)]

1 9]
= = =) (=)' f(s)
= T (r) f (S) ds + Tds
1) 1
n—1 k k
( —9) (t1 —9)
+Zx:k! R )

8
S5 — r—k—1

X | xp —I—/ <gk(s, x(s))ds — M) ds

fo

n n
[(t2=5)""" — (t1 — )" 71| p(s) (=)' p(s)
<y (lxl / e ds+/st
fo 1
() — 6)k (t1 — &)k
k!

&l

5 —s) k—1
« |xk|+wk(||x||>/pk<s)ds+z/x<||x||>/%

The right hand side of the above inequality tends to zero independently of x € B as
tp —t1 — 0. As QF satisfies the above three assumptions, it follows by the Arzela-Ascoli
Theorem that Qf : C(J, R) — P(C(J, R)) is completely continuous.

Step IV We show that Q¢ has a closed graph. Let x,, — x4, h, € QF(x,) and h,, — h,.
Then we need to show that i, € Qp(x,). Associated with 4, € Qp(x,), there exists
fu € SF.x, such that foreach t € J,

R | n—1 . ok
h(t)—/(t s) fn(S) (t 8)

ro LT

B
S — r—k—1 -
x | xk +/ (gk(s, Xn(s))ds — ( li)(r — k)f (S)) ds

fo

Thus we have to show that there exists fi € Sr ,, such that foreacht € J,

REDEIACTN - l(r—a>k
Fo s (3.3)

8

X xk+/ (gk(s,x*(S))ds—

fo

h*(t) =

b k=0

6 —s) "+ (s))
ds
T(r —k)
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Let us consider the continuous linear operator ® : L' (J, R) — C(J, R) given by

t
r—1
(rt—s) f(s)ds
@)

1)
-5 k § — r—k—1
e P / (gk<s,x(s>>ds— M) ds

f—=0He =

n—1

k=0 b

Observe that

( S)rfl
h (r)—h(m_/ U 0) = £ )]s

n—1 (I—(S)k 8 (5_S)V—k—1
+Z k! / F(r— |fn (S)_f* (S)lds

k=0 k)
n—1 t _ 8)k

+Z / 19405, 30 (5)) — ga (s, x| d.
= .

Thus, it follows by Lemma 2.15 that ® o Sr is a closed graph operator. Further, we have
hn(t) € ©(SF,x,); since x, — x,, we have h, satisfying (3.3) for some f, € Sfy,.

Step V We discuss a priori bounds on solutions. Let x be a solution of (1.1). Then there
exists f € L'(J, R) with f € Sk such that, for t € J, we have

x(t) = /([ )" ]f(s)ds
ING)

8

-5 k § — r—k—1
(t ] ) / (gk(s,x*(S))ds S Chub ) C)) Ifir — k)f (S)) ds

n—1

k=0 n

As in Step II, we find that

n—1
2 1
@ < v lpl {r(r+ ot > NS 1)} (T —19)

k=1
+Z (x| + 8—10) Y o) 1 pil

which, after taking norm for ¢ € J, implies that

llxl
yivdixiDlipl+y2 —

In view of assumption (D), there exists M such that ||x|| #= M. Let us set

=xe CLR): Ixll <M +1).
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Note that the operator Qr : U — P(C(J, R)) is upper semi-continuous and completely
continuous. From the choice of U, there is no x € dU such that x = AQp(x) for some A €
(0, 1). Consequently, by the nonlinear alternative of Leray—Schauder type, we deduce that
QF has a fixed point x € U which is a solution of problem (1.1). This completes the proof.

[m}

The next result deals with the case when F is not necessarily convex valued and its proof
relies on the nonlinear alternative of Leray—Schauder type together with the selection theorem
due to Bressan and Colombo [21] for lower semi-continuous maps with decomposable values.
For that, we consider the following assumption instead of hypothesis (A):

(E) Let F: J x R — P(R) be a nonempty compact-valued multivalued map such that (a)
(t,x) — F(t,x)is L ® B measurable, and (b) x — F (¢, x) is lower semi-continuous
foreacht € J.

Theorem 3.3 Assume that the hypotheses (B), (C), (D), and (E) hold. Then the fractional
differential inclusion problem (1.1) has at least one solution on J.

Proof In view of the hypotheses (B) and (E), we deduce that F' is of /.s.c. type. Then, by
Lemma 2.16, there exists a continuous function f : C(J,R) — L'(J, R) such that f (x) €
F(x) for all x € C(J, R). Next, we consider the problem

‘D x(t) = f(x(1)), red,
5

x® (8):xk~|—/gk(s,x(s))ds, k=0,1,....n—1, §eJ. (34)

fo

Observe that if x € C(J, R) is a solution of (3.4), then x is a solution to problem (1.1). In
order to transform problem (3.4) into a fixed point problem, we define an operator Y as

t
_ -1
r(r) = / %f (x(s)) ds
o

n—

5
— o 5 — g) k=1

1
k=0 o

As in the preceding result, one can show that the operator Y is completely continuous.

The rest of the proof is similar to that of Theorem 3.2, so we omit it. This completes the
proof. O

In our last result, we discuss the existence of solutions for problem (1.1) with a nonconvex
valued map by means of a fixed point theorem for multivalued maps due to Covitz and Nadler
[23]. In the sequel, we need the following assumptions:

(F) Let F : J x R — P¢p(R) be such that F(-,x) : J — P, (R) is measurable for each
x € R;

(G) dy(F(t,x), F(t,y)) < z(t)|x—y| foralmostallr € Jandx, y € Rwith z € C(J, RT)
and d(0, F(t,0)) < z(t) for almost all t € J;

(H) There exist functions p; € C(J, RT) such that

lgr(t, x) — gr(t, ¥)I < pr(@®)|x — yl,
forte J,k=0,1,...,n—1land x,y € R.
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Theorem 3.4 Assume that the conditions (F), (G) and (H) hold. Then the fractional differ-
ential inclusion problem (1.1) has at least one solution on J if

nillzll +ys <1,
where

n—1 k

Z( tO) Il Pl

k=0

Proof Observe that the set Sr . is nonempty for each x € C(J, R) by assumption (F), so
F has a measurable selection (see Theorem 3.6 in [17]). Now we show that the operator Q2
satisfies the assumptions of Theorem 2.18. To show that Qg (x) € P, ((C(J, R)) for each
x € C(J,R), let (uy)n=0 € 2r(x) be such that u, — uin C (J, R). Thenu € C(J, R) and
there exists v, € SF x such that, for each t € J, we have

_ -1
un(t)—/(t F()) v (s)ds

n—1

a—aﬁ 5( w—sr*—%Aw>
m+/ g5 xp(s))ds — O3 T ) 4

P J T —k)

Since F has compact values, we pass onto a subsequence to obtain that v,, converges to v
in L'(J,R). Thus, v € Sr.x and foreach t € J,

t
_ oyl
u,(t) — u(t) = / %v(s)ds

1o

n—1

)
-5 k 5§ — r—k—1
(t | ) Xk +/ (gk(S,X(S))dS - (lj()r_k)U(S)> ds

k=0 ,0

Thus, u € QF(x). Next we show that there exists T < 1 such that
dr(Qr(x), Qr() <tllx —yl,

foreach x,y € C(J,R). Let x,y € C(J,R) and h; € QF(x). Then there exists v((t) €
F(t, x(t)) such that, for each r € J, we have

_ r—1
mm—/“rg vy (s)ds

n—1

b
-5 k 5§ — r—k—1
A M+/GMJ®W—(i%_J$vM

k=0 b

By hypothesis (G), we have

dp(F(t,x), F(t,y) < z(0)|x (@) — y(0)].
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So, there exists w, € F(t, y(¢)) such that
o1 (1) —wi| = z@)Ix(0) —y@)|, t € J.
Define the multivalued map V : J/ — P(R) by
V(1) ={wx € R i) — wy| = 2(0) [x(@) — y(@)[}.

Since V (¢) N F(t, y(t)) is measurable (see Proposition 3.4 in [17]), there exists a function
va(¢) which is a measurable selection for V. So v(¢) € F(t, y(¢)) and for each r € J, we
have |v () — va(?)| < z(¢)|x(¢) — y(¢)|. Let us define

t
_ -1
hy(t) = %vz(s)ds
1
- 8)" ; 6 —5) " uy(s)
i+ / (gk<s,y(s>>ds - F) ds
! r—k)
k=0 b
Thus, for each ¢t € J, it follows that
|h1(2) — ha(2)] < / - F( ) Ivl(S)—vz(S)IdS
n—1 (t — a)k p - S)r—k—l
+ 3 S [ ) - s
k=0 ok

n—1

(5 |
+Z X /lgk(s,X(S))—gk(s,y(s))lds

fo

k=
- n—1
— o)’ (T — 1)
{{ T(r+1) +};0k!F(r—k+l)} Izl
n—1

PRY:
T - ||pk||}”x_y”_

k!
k=0

Hence

Ay —hall < (o llzll 4+ v3) llx =yl

Analogously, interchanging the roles of x and y, we obtain

du(Qr(x), QF() = (1 llzll +y3) lx =yl

=
= tlx =yl

where t < 1. Thus it follows by Theorem 2.18 that the operator 2 has a fixed point x which
is a solution of problem (1.1). This completes the proof. O

Remark 3.5 We obtain the existence results for an initial value problem of general fractional
differential inclusions with initial conditions: x(k)(to) =br, k =0,1,2,...,n — 1, by
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taking & = 1y in the results of this paper, while the results for general fractional differential
inclusions with classical nonlinear integral conditions:

T
(T = by + / gk(s, x(s)ds, k=0,1,2,...,n—1,
0]
follow by fixing & = T in the obtained results.

Example 3.6 Consider the following fractional differential inclusion problem

CD(5)<5x (t)ye F (t/,zx 1)), r e€0,1],
1

x® (%) =1+ / ke ™*Ods. k=0.1,....5, 3.9
0

where F : [0, 1] x R — P(R) is a multivalued map given by

B 1 x|
F(t’x)_lyER 0=v= 3(1+|x|>}
Observe that
B Jt x|
t—>F(t,x)_{yeR 0< y_3(1+|x|)}

is measurable for each x € R, since both the lower and upper functions are measurable on
[0, 1] x R. Moreover, the mapping x — F' (¢, x) is upper semi-continuous for all t € J. Thus
F is a Carathéodory and clearly has convex values satisfying
IF(, )l = p(O)y(lxl) foreach (z,x) € [0, 1] x R,
where p(1) = Jt, and ¥ (x) = 1/3. If we let gx (¢, x (1)) = ke ¥ k =0,1,2,...,5, then
lgr(t, x)| < pi(2),
where py = k, and Y (x) = 1, fork =0, 1,2, ..., 5. In a straightforward manner, we find
that
—2+1+1+1+]+1—23
T T©5 TGS T@s TGS T2s)  ras o
3 4 5

3 2
1 22 ) = 0.209.
v2= 2<+2+6+24+120>

Therefore, choosing M such that

1
M > 1 (2.3) +0.209 = 0.784,

we conclude that there exists a solution of problem (3.5) on [0, 1] by Theorem 3.2.

Jt
Next, for F(t,x) = |:0, M] , we deduce that
2(1+|x])
1 x|
su cy e F(t, < —
pllyl:y € F(t,x)} YO

IA

1
3 for each (¢, x) € [0, 1] x R,
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and
Jilxl A
dy(F F =d _ _
H(F( 20, B 3) = du ([0 30+ |x|>] ’ [O’ 30+ |y|>])
3
t
< %IX -yl

3

Here z(t) = ?, with ||z|| &~ 0.33, and

villzll +v3 = 2.3(0.33) +0.14 < 1.

The compactness of F together with the above calculations lead to the existence of solution

of the problem (3.5) by Theorem 3.4.
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