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Abstract In this paper we show the local and global well-posedness for the Cauchy problem
associated with a special class of 1D-Boussinesq systems that emerges in the study of the
evolution of long water waves with small amplitude in the presence of surface tension. We
also show the existence of solitons (finite energy travelling wave solutions) in the case of
wave speed 0 < |w| < wy, for some wy > 0.
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Introduction

In this work we consider the study of the one-dimensional Boussinesq type system

( (I — apd?)n; + 320 — bud*® + €3, (n (3, ®)?) =0,

1
(1 = cudd)®, + 1 — dpd?n + 57 (0, 9)P+ =0, W

where n = n(x,t) and ® = ®(x, r) are real-valued functions, u and € are small positive
parameters, p is a rational number of the form p = £ with (py, p2) = 1 and p; an odd
number, and the constants a > 0, ¢ > 0, b > 0, and d > 0 are such that

1
a+c—(b+d)=§—a,

where o ! is known as the Bond number. Regarding these models, it can be established that
the evolution of long water waves with small amplitude is reduced to studying the solution
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(n, @) of the system (1) in the case of p = 1, where € is the amplitude parameter (nonlinearity
coefficient), u is the long-wave parameter (dispersion coefficient) and o is the inverse of the
Bond number (associated with the surface tension). The variable ® represents the rescale
nondimensional velocity potential on the bottom z = 0, and the variable n corresponds the
rescaled free surface elevation. The model considered in the paper is the 1D version of some
Boussinesq system obtained by Quintero and Montes [8] in the case a = ¢ = 2, b= %, d=
o (see also Montes [6]) and by Quintero [9] in the case a = ¢ = 0,b = %, d=0— %,
which appear when looking at the evolution of long water waves with small amplitude in
the presence of surface tension. Results for the two-dimensional version of the Boussinesq
system (1), we want to mention [6-9]. For instance, in the cases a = % =c b= % d=o
anda =c=0,b= %, d=o0— %, well-posedness for the Cauchy problem for s > 2 and
p > 1 were obtained by Quintero and Montes in work in revision and by Quintero [10],
respectively, and the existence results of solitons (finite energy travelling wave solutions)
were obtained by Quintero and Montes [8] and Quintero [9], respectively.

As happens in water wave models, there is a Hamiltonian type structure which is clever to
characterize solitary waves as critical points of the action functional and also provides relevant
information for the study of the Cauchy problem. In our particular Boussinesq system (1),
the Hamiltonian functional 7 is defined as

n _1 2e +1
H(@)_z/(" +dp(n)* + (@) + bu(Pr)? +7+1n(<1> P )dx

and the Hamiltonian type structure is given by

(3)=(0) = 5)

Note that for a = c¢ the operator 7 becomes skew symmetric

(0 1
= (I —apudy) ‘(_1 O),

We see directly that the functional 7 is well defined when for ¢ in some interval we have that
n(,t), dy(-,t) € H I(R). These conditions already characterize the natural space (energy
space) in which we consider the well-posedness of the Cauchy problem and the existence
of travelling wave solutions. Another special characteristic on the system (1) is that some
well known water wave models as the one-dimensional Benney—Luke equation (see [12-14])
and the Korteweg—de Vries equation emerge from this Boussinesq type system (up to some
order with respect to € and 1), making the system (1) very interesting from the physical and
numerical view points.

In this paper, we will establish the local well-posedness for the Cauchy problem associated
with the system (1) in the space H® x Vst where HS = HS(R) is the usual Sobolev space
of order s and V* is defined by the norm ||v/||ys = ||¥|| zs—1. We also show global well-
posedness for the Cauchy problem in the energy space H' x V> when the initial date is small
enough. We will see as usual that local well-posedness for the Cauchy problem associated
with the system (1) follows by the Banach fixed point theorem and appropriate linear and
nonlinear estimates using different results as a key ingredient in the case of spatial dimension
one:

(a) Fora, c > 0, we will use a bilinear estimative obtained by Bona and Tzvetkov [2].
(b) For a = ¢ = 0, we will use the well known estimates for Kato’s commutator used
successfully in the KdV model (see works by Kato [3-5]).
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On the other hand, global existence for a = ¢ follows from the local existence, the conser-
vation in time of the Hamiltonian, a Sobolev type inequality and the use of energy estimates.
Existence of solitons involve the use of the mountain pass theorem and the existence of an
appropriate local compact embedding from the space H'(R) x V to a special L7 (R) type
space for g > 2.

The paper is organized as follows. In “Local Existence”, using semigroup estimates and
nonlinear estimates, we show a local existence and uniqueness result for the Boussinesq
system (1), via a standard fixed point argument. In “Global Existence for a = ¢”, from a
variational approach which involves the characterization of invariant sets under the flow for
the Boussinesq system (1) we obtain the global existence result for initial data small enough,
in the case a = c. In “Existence of Solitons”, we prove the existence of solitons for the
system (1) for 0 < |w| < wg. We will see that solitons are characterized as critical points
of a functional of action. Throughout this work, if not specified, we denote by K a generic
constant varying line by line.

Local Existence

In this section we consider the Cauchy problem associated to the system (1) with the initial
condition

70, ) =no, @(0,-) = Po. (@)

The main objective is to show that the Cauchy problem for the system (1) is locally well-
posed. The notion of well-posedness to be used here is in the sense of Kato: consider an

abstract Cauchy problem
du

i F@), u(0) = up. (3)
Suppose that there are two Banach spaces ¥ < X, with the embedding continuous, such
that f is continuous from Y to X. We say that the problem (3) is locally well-posed in Y , if for
eachug € Y there are areal number T = T (19) > 0 and a unique functionu € C ([0, T], Y)
satisfying the integral equation associated to (3), depending continuously on the initial data
in the sense that the solution map uo +> u is continuous: if u,, — uenY and T’ € (0, T),
then for n large enough u,, € C([0, T'], Y) and,

lim sup |lu, () — u(r)|ly = 0.
n—o0 [O,T/]

We say that the problem is globally well-posed in Y, if for every ug € Y the number T can
be taken arbitrarily large,. We recall that if E is a Banach space then C ([0, T'], E) denote the
space of continuous functions defined in [0, 7] with values in E.

The natural space in which we consider the well-posedness of the Cauchy problem asso-
ciated with the Boussinesq system (1) is dictated by the definition of the Hamiltonian.
Remember that the Hamiltonian is well defined when for ¢ in some interval we have that
n(, 1), dy(-, 1) € HI(R), then we consider the following spaces. For s € R, the Sobolev
space H*(R) is defined as the completion of the Schwartz space S(R) with respect to the
norm given by

1A s = 1A+ 1EPD2 F I = /Ra + &1 F @)1,
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where the Fourier transform of a function w defined on R is given by

Fuy©) =56 = [ e uear.
R
The space V* denote the completion of S(R) with respect to the norm given by
1A% = 1 13y

Note that V* is a Hilbert space with inner product

(f5 g)VS = (f/, g/)HS—] .

Moreover,

I£13 = /R(l + €7 g2 F (&) Pde.

We will show, under some conditions on «, ¢, p and s, the local well-posedness for the
Boussinesq system (1) with the initial condition (2), in the space H* x Vt!. Hereafter, we
assume b, d > 0.

We note that if we formally derive the second equation of the Boussinesq system (1), we
find that the system (1) is transformed in the following system

(I —apd)n; + 0 (I — bud})u + €dy(qu) =0, @
(I — cudu; + (I —dpd?)n + ﬁax(upﬁ) =0

in the variables 1, u = ®,. For this system, we see that the quantities

/u(t,x)dx, /n(t,x)dx
R R

are conserved in time for classical solutions and even for mild solutions. So, if we consider
the Cauchy problem associated with initial data in an appropriate Sobolev space such that

110(0) =/ up(x)dx =0, ©)
R
then we have that
u(t, &) =/u(t,x)dx =0,
R

for t € R, as long as the solution exists. Now, it is known that if

H :=H N{feH: f(0)=0},
then there is an onto linear map 8! : H” — H’*! defined via the Fourier transform by

o (e = L8
i§

Moreover, for a given function u € H" , the function ® = 9 Iy e yr+lis such thatu = @, .
So, by solving the Cauchy problem associated for the system (4) with a initial condition
satisfying (5), we are able to solve the Cauchy problem associated with the system (1).

Now, we will focus in the local well posedness for the the Cauchy problem associated
with the system (4). Note that by defining the operators A = [ — auaf, B=1- b,uaf,
c=1- cuaf andD=1—-d ;Laf via the Fourier transform as

Af = (U +aushf, Bf =1 +bue®)f, Cf = +cuedf, Df =(+dus’f,
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we see that the system (4) can be written as

(), -()-r ()

where M is a linear operator and F corresponds to the nonlinear part,

A 9, A"'B 7\ _ A" (quP)
M‘(axC*lD 0 ) F(u ~\Gactwh)

In order to consider the Cauchy problem associated with the first order equation (6), we need
to describe the semigroup S(¢) associated with the linear problem

() ()

If we consider the Sobolev type space Y* = H*® x H* with norm given by
I, )13 = lnllggs + el
Then the unique solution of the linear problem (7) with the initial condition
(1(0, ), u(0, ) = (no, uo) € Y*, 3)

is given by
(@), u(r)) = S(1)(no, uo),

where S(t) is defined as

F1 o cos EAE))  —ifE sinEAED\ [F 0
NOE :
0 FI) \~iRe sinGAE)N  cosEAG)N) 0 F

and the functions ¢;, A: R —> R are given by

_ |1+ bpg? _ [Ltdpg? o (L+bpg)(1 +dps?)
901(5)— 1+a/l«$2’ (/’2(5)— 1+CM%_2’ A (E)_ (1+CZM$2)(1+C,LL€2)

It is convenient to set

QM@ w) = (Q1(1), Q2(1)) (@, 1),
where

01()@. D(E) = cos (EAE)) AE) — z‘f\l(f))

O ()@, u)(§) = —i <//>\2((§)) sin (EAE)D) () + cos (EAE)D) u(€).

sin(§A)D)u(§),

Then we have that

S, @) = (FHQ1(O@, D), FH(Q20) (7, D))).

On the other hand, it is known that the Duhamel’s principle implies that if (1, ®) is a solution
of (6) with the initial condition (8), then this solution satisfies the integral equation

n _ 10 ! n
(GD) (t) = S(1) (uo) —/0 S(t—1)F (u) (1) dr. )
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Hereafter, we refer a couple (1, u) € C([0, T], Y*) satisfying the integral equation (9) as a
mild solution for the Cauchy problem associated with the system (7) with initial condition
(8). Now, we will establish the existence of mild solutions. For this, we use some linear and
nonlinear estimates. Let us start with the following result.

Lemma 2.1 Suppose s € R. Then for all t € R, S(t) is a bounded linear operator from Y*
into Y*. Moreover, there exists K1 > 0 such that for all t € R,

IS@ @, wllys = Kill(n, w)llys.

Proof First note that there is a constant 8 > 0 such that 0 < % < B. Then we have that

IF~H( Q1)@ )3y < /R (1+&H% lcos(EA @)D 7€) *d

2
s01&) . ~
+/R(1 + 67 SR sin (€A PIa(e) s

< /]R (1 +EH[0(E)12dE + B> /R (1 +&H ()| ds
< KB UInl3s + lullgys)-
In a similar fashion, we see that

93 (8)
A2(E)

+ /R (1 + [E1»)*| cos(EAE)N) ()| de

IF (2@, ) 1ys = /]R (1+&H° |'sin (£ A(E)1) [2[7(6)|* d&

< g /R A+ FOP + /R (1 + ) [a(e) [2de
< KB UInlzs + lulz).
Then we obtain that
SO, w3 = 1F Q1O @ D)3 + IF Q2@ DI
< KO, w3

and S(¢) have the required property.

Next, we want to perform the estimates for nonlinear terms of system (6) (Lemma 2.4),
which will follow by an estimate obtained by J. Bona and N. Tzvetkov (see Lemma 1 in [2])
in the case a, ¢ > 0 and the well known estimates for the commutator of Kato in the case

a = ¢ = 0. First, note that for » > 0, the Fourier multiplier ¥, (§) = lf? is associated

with the operator R~ 19, withR=1— raf, since we have that

R10,u(E) = v, (€)a(E).

Lemma 2.2 (Bona and Tzvetkov [2]) Letr > 0, s > 0 and u, v € H¥(R). Then there exists
a constant K (r) > 0 such that

IR (0 )uvll gy < K ) lull gs @y llvll s w)-
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Now, let J = (I — 3?) /2 be the operator defined by
TF=0+EP"T,
and let [ , ] be the commutator defined by
[JS, ulv = J*(uv) — uJv.

Lemma 2.3 (Kato [3-5]) Suppose s > %, t > % andu € H*(R), w € H*~Y(R). Then there
exists a constant K > 0 such that

) Y5, wlwll 2wy < Kllullas @ 1wl gs—1 )
2) Nudswl2wy < KlIdxull gy llwll 2wy

‘We now will establish the nonlinear estimates.

Lemma 2.4 Suppose a, ¢, p and s are such that

i) a,c>0,p=1,5 >0, 0r

(i) a,c>0,p>1,s>%,or

(i) a=c=0,p>1,5> 3

Then there are constants K>, K3 > 0 such that

IFm uwlys < Kzll(n,u)lll;jl, (10)
|F(n,u) — Fi, u)llys < K3ll(m, w) — (1, un)llys (1Gp, w)llys + 1(p, ui)llys)? . (11)

Proof We write F = € (Fl, ﬁFz) where

Fi(nu) = A" 9Py, Fa(n,u) = C o P,
First we assume that a,c > 0, p = 1 and s > 0. Note that the Lemma 2.2 holds for

Ya(€) = lfTsZ Then we have that

IFy ()l as = I1A™ " (u) [ s
< K@lInllas llull s
< K@(InlFs + lully)
= K@, w)3s-

Similarly we have that
IF2(n. s = 1€ @) s < K©llullFys < K@, w)llfs.
In other words, we have established estimate (1). Now we prove estimate (2). In fact,
IFi(n.u) — Fi(nu, u)llgs < A7 0% Gou — muuy) | as
< NAT 9 — u)llas + A7 0 (n — nour | s
< K@) (Inllasllu — uillgs + lln — nillas lurll gs)

= K(a@) (nlizs + lluilas) Qin—nillas + llu —uillzs)
= K(a@) ([, w)llys + 11, w)llys) 10, ) — (1, wn) [lys.
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In a similar fashion we have that

I Fa(n, ) — Fa(ni, un) s = 1€ 0 (u? — u) |1 s
= 1C7 8 + u) (u — ur)|| s
< K@llu+upllgsllu —up|lpgs
<K@ U wlys + 1, wn)llys) 1, w) = (s un)llys.
Then we conclude that
NF(n,u) — Fm,upllys < K(a,o)(|Fi(n, u) — Fi(my, upllgs + 1 F2(n, u)

— (i, up)llgs) < K(a, o)(l(n, w)|lys
+ 1@ u)lly)H s w) — (my, u)llys.

Now we suppose that s > % and p > 1. Using the Lemma 2.2 and that H*(R) is an algebra
we obtain that

IF1(n, )l s = 1A 3 (quP) || s
< K(a)llnu”| g
< K@l aslullts
1
< K@l wlh,
and also that
_ 1 1
IF2(, w)ll s = 1C7 8 P ) s < K@) ull % < K (o), w5
Moreover, we see that
Iy, u) — Fi(ny, un)llgs < 1A 9 (@ — ul ) lgs + 1A 9 (( — n)ud) [l s
< K@l gs llu? — ul llgs + I — 1l s e s
But a simple calculation shows that
luf —ul s < K()llu — urllzs (lull s + lur )P~

Then we have that

IF1(n, w) = Fi(n, u)llys <K (a, ¢, p)ln,u)— G, un)llys (LG, w)llys 1, wn)llys)”

In a similar fashion we obtain the same estimate for || F>(n, u) — F2(n1, u1)|ys and then (1)
and (2) hold.

We assume now thata =c=0,p > land s > % First we will that if v, 9, w € H® then
there exists K > 0 such that

lvoxwllgs < Kllvllgsllwllgs. (12)
In fact, from Lemma 2.3 we see that

lvoxwllas = 177 (vaxw)l 2
= I vlosw g2 + lvdx S w2
= K(laslloxwl gs—1 + loxvll gs—1 1wl 2)
< Kl gs lwll s -
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Then, using (12) and that H* (R) is an algebra we have that
IF LG w)llis < K (p) (19 nu? s + ™" dcull rs)

< K(P)lInllasllul s

< Kl wlys,
and also that

IF2(n, s < K (P)llu? deullms < K (Pl < K ()G w5
Thus, we conclude that there exists K > 0 such that
EGLwllys < Kl w5

In a similar way we obtain the part (2) and then the theorem follows.

Next, we establish the local well-posedness for the system (4) in the space Y* = H® x H*.
For this we will show the existence of a mild solution for the integral equation (9) for a, ¢, p
and s as in Lemma 2.4, using the Banach fixed point theorem. Moreover, if a, ¢, p and s are
as in Lemma 2.4, with s > % in the case a,c > 0 and p = 1, we already have classical
solutions.

Theorem 2.1 Let a, ¢, p and s be as in Lemma 2.4. Then for all (no, ug) € Y* there exists
a time T > 0 which depends only on ||(ng, uo)|lys such that the problem (4) with initial
condition (8) has a unique solution (n, u) satisfying that (n, u) € C ([0, T], Y*). Moreover,
as in Lemma 2.4 with s > %for a,c >0, p=1, we have

(n,u) € C([0, T], Y*)nclo, 11, ysh,

On the other hand, for all0 < T’ < T there exists a neighborhood V of (ng, uo) in Y* such
that the correspondence (1o, o) —> ((-), u(-)), that associates to (g, i) the solution
(), u(-)) of the problem (4) with initial condition (9o, tg) is a Lipschitz mapping from V
in C([0,T'], Y?).

Proof Given T > 0 we define the space X*(T) = C([0, T], Y*), equipped with the norm
defined by
Ul xs = U(,1)]ys.
U xs (1) max. e Dy

It is easy to see that X*(T') is a Banach space. Let Br(T) be the closed ball of radius R
centered at the origin in X*(7T), i.e.

Br(T) ={U € X*(T): |Ullxs(ry < R}.
For fixed Uy = (1o, up) € Y, we define the map
t
(U (1)) = S(1)HUo —/ St —1)F(U(r))dr,
0
where U = (n, u) € X(T). We will show that the correspondence U (¢) — W(U(t)) maps

Bgr(T) into itself and is a contraction if R and T are well chosen. In fact, if r € [0, T'] and
U € Bgr(T), then using Lemma 2.1 and statement (1) of Lemma 2.4 we have that

t
WU )y < K (IIUOIIYs + Kz/o IIU(f)IIf/TldT)

< Ki(lUollys + K2RPT'T).
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Choosing R = 2K {||Up||lys and T > 0 such that
QKNP K2 Uollys T < 1,
we obtain that
W W @) ys < K1 |Uollys (1 + @QKD)PH C2|Uollys T) < 2K [|Uollys = R.

So that ¥ maps Bgr(T) to itself. Let us prove that W is a contraction. If U, V € Bg(T), then
by the definition of ¥ we have that

!
YU @) —vve) = —/ St —[FWU(r)) — F(V(r))ldr.
0
Then using the statement (2) of Lemma 2.4 we see that for ¢t € [0, T],
!
WU @) =¥ V©O)llys < K1K3/ U@ llys + V@ lly)? 1U(T) = V(D)lys dT
0
< K1K3Q2R)’T|IU — Vx5
< K K3 U0l TIU = Vs ry.

We choose 7' enough small so that (2) holds and

a =4 KK |0, T <

N =

So, we conclude that
W(U) =Y W)llxscry < allU = Vixs)-

Therefore W is a contraction. Thus, there exists a unique fixed point of W in Br(T'), which
is a solution of the integral equation (9). Now, if (n(¢), u(¢)) € C([0, T], Y*) is a integral or
mild solution, obviously (1(0), u(0)) = (5o, ug)-
Now assume that a, ¢, p and s are as in Lemma 2.4, with s > % in the case a, ¢ > 0 and
p = 1. We define the function H € C([0, T]: Y*) by H(t) = F(n(t), u(t)). From Lemma
2.4, we have that H € L'([0, T]: Y*) since from inequality (10) for s > %,
I1F @), u)llc,m < K3l Fn@), u()llys < K3Ka[l(n(), u(t))ll‘;fl,

where C;(R) denotes the space of bounded continuous functions defined on R. From this
fact and the smoothness properties of the semigroup S, we conclude that the function defined
on [0, T] by

t
W) = / St —1)F(n(r), u(r))de
0
is such that W € C([0, T']: Y¥). On the other hand, we also have that

t+h
%(W(t—i—h)—W(t)) = %/ St—1t+h)F(n(r),u(r))dr
t

n (S(h) —1

t
)/ St —)F(n(r), u(r)) dr. (13)
h 0

Taking limit as 4 — 0 and using the continuity of H, we have that

W'(t) = F(n(t), u(t)) — M(n(1), u(1)),
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and so U(t) = S(t)Uy — W(t) is such that U € C([0,T]: Y*) N C1([0,T]: Y*~ 1) isa
local classical solution of (7). In other words, (1(t), u(t)) is a local classical solution for the
Cauchy problem associated with the system (6) and initial condition (8). The uniqueness and
continuous dependence of the solution are obtained by standard arguments.

Our main result in this section related with the existence and uniqueness of mild and
classical solutions for the Cauchy problem associated with (1) is a direct consequence of the
Theorem 2.1. For system (1), we have existence of integral or mild solutions for a, ¢, p and
s as in Lemma 2.4, and for a, ¢, p and s as in Lemma 2.4, with s > % in the case a, ¢ > 0
and p = 1, we already have classical solutions.

Theorem 2.2 Let a, c, p and s be as in Lemma 2.4. Then for all (ny, ®g) € H® x V5T!
there exists a time T > 0 which depends only on ||(no, ®o) |l s xys+1 Such that the Cauchy
problem associated with the Boussinesq system (1) and the initial condition (no, ®o) has a
unique solution (n, ®) satisfying that (n,u) € C ([0, T], Y*)N cL(o, 71, Y*~ 1. Moreover,
as in Lemma 2.4 with s > %for a,c >0, p=1, we have

(n, ®) € C([0, T), H x V'*hyncl(o, T1, H~! x V).

Moreover, forall0 < T’ < T there exists a nelghborhood Vof (no, ®o) in H® x Vst such
that the correspondence (i, <I>0) — (), CI>( )), that associates to (1, d>0) the solution
ne, d(+) of the problem (1) with initial condition (19, dg) isa Lipschitz mapping from V
in C([0, T'], HS x Vst

Proof By hypothesis, if ug = 9, @, then we have that (19, o) € Y*, and also that iy (0) = 0.
Now, from Theorem 2.1, there exist 7 = T (|| (10, uo)|lys) > 0 and a unique solution (7, u)
of the problem (4) with initial condition (19, @) satisfying that

(n,u) € C([0, T1, Y)nclqo, 71, Y*= 1),
and also that

1o(0) = / up(x)dx = / u(t,x)dx =u(t, &) =0.
R R

So, the couple (1, ®) where & (¢, x) = Bx_] u(t, x) is a mild solution of the Cauchy problem
(1) with initial condition (19, ®g) satisfying that

(. ®) € C([0, T1, H* x V**)yn (o, 71, H x V).
The last part follows by noting that if ® (¢, x) = 8;1u(t, x), then we have that

Nz, ), u(e, Nliys = 1, ), P, D s seps+1-

Global Existence for a = ¢
In this section for a = ¢ we will establish that any local solution in time of the system (1)
can be extended for any r > 0. The result will depends strongly on fact that the Hamiltonian

‘H is conserved in time on classical and mild solutions. Before we go further, for solutions
of the system (1) a direct computation shows that

3,H(n(t,x),d>(t,x)):M(c—a)/ 32,1, dx,
R
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meaning that the Hamiltonian H is conserved in time on classical and mild solutions if and
only if a = c¢. Now note that

2¢

1
H(, @) = / (n2+du (107 + (D)% + b (Prx)? +
2 Jr p+1

1 (%)"*‘) dx

1
=5 EMm )+ CGo, ), (14)

where functional £ (energy) and G are given by
E(n, @) = / (1 +dp (1) + (@) + b (Pr)P)dx,
R

2
GG @) = —— [ n (@) dx.
p+1Jr

We will see that the global well-posedness follows by using a variational approach and
the fact that the energy +/€ is a norm in the space H'(R) x V2, since for some constant
K(b,d, p) > 1,

Kb.d, )" (0, @310 < EM.®) < Kb, d )|, D31, 10 (15)

A key ingredient in our analysis depends upon the variational characterization of the number
8o defined by

8o = inf ‘supH(k(n, ®)): (7, d) € H' x Vz\{O}]
2>0

= inf [supH(k(n, ®)): (n,®) e H' x V%, G(n, @) < 0] .
2>0

Note that for G(n, ®) > 0, we have that sup; ..o H(A(n, ®)) = oo. It is straightforward to
see that s
2 »  —pt2
)
2(p+2) \p+2
where K, is defined as

2
Gr2(n, ®
szsup[”(n)

) 1 2
E o) (n,®) e H xV \{O}} . 17

In fact, from the Young inequality and that the embedding H L(R) < L7(R) is continuous
for ¢ > 2, we see that there is K| = K (¢, p) > 0 such that for all (, ®) € H'(R) x V2,

2 2 232
G, ®)| < Ki(Inll 5> + 121257 < Kl D)L e

Thus, from (15), we obtain that

2

|G(n, ®)|772 < Ki(e, p)K (b, d, )€, P),

meaning that K, is finite. Now, for A > 0, we define the function

}\2 )\p+2
V() =HA@m, @) = ?5(77, ®) + TG(n, D).
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Then we have that V/(3) = 0 if and only if 19 = 0 or A/ G(n, ®) = —ﬁsm, ®). Since
V(0) = 0, then

_p+2

2 2 7
sup V() = V() = 2 (2)"<G"”<n,¢)) |

2=0 2p+2) \p+2 EMm, )

This formula implies the desired equality (16). We note that the constant K, establishes a
Sobolev type inequality, since we have that

1 1 11
IG(n, ®)| 772 < Ky/EMm, @) < K (b, d, )2 K [|(n, @)l 112 (18)

Before we go further, we consider the auxiliary functional H;(U) = H'(U)(U), which
has can be expressed as

p+2
Hi(n, ®) = E(n, ®)+TG(77, D). (19)
In particular, we have that

_r
2(p+2)

We have the following result related with invariance of quantities under the flow of solutions
for the Cauchy problem associated with the system (1).

1
Hn, @) = EMm, @) + m% (1, ). (20)

Lemma 3.1 Let (), ®) be alocal solution of (1) with initial condition (ng, ®¢) € H'(R)xV?
on [0, Ty) such that H(no, o) < 8o and Hi(no, ©o) > 0. Then fort € [0, To) we have that
Hn(), @) < o, Hi(n(), ©(#)) > 0 and

2 2
et) = sup (), () < LD,
rel0,z]

Proof First we observe that the Hamiltonian  is conserved in time on solutions. In fact,
after integration by parts, we obtain that

iH(n(t) (1)) = / ((ﬂ —dpd’n+ ——@ <1>)”“) n
dt ’ R * p+ 1 X !
+(=02D + budt® — €d,[n (axcb)!’])cpt) dx

= / (I — apd)yn @, — (I — apd?)®,1,) dx
R
= 0,

since the operator I — a,uaf is self adjoint on L?(R). In other words, we have on classical
solutions that
Hn(@), @) = H(no, o) < o, (21)

as long as the solution exist for 0 < ¢ < Tp.
Now, assume that there is > € (0, Tp) such that H (n(t2), (7)) < 0, then by continuity,
there is 0 < #; < t» such that

Hi(n(n), ®(t1)) =0, (1), VO (1)) # 0. (22)
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Then, from (20), we have that

2(p+2)
p

0<&Mt), (1)) =

2 2 2
HO@). (1) = ZH1 (1), D(0) < %50.

(23)

But from the Sobolev type inequality (18) we conclude that

P2

IG(n). @) < K7 [En). D)% EMn), D(11))

<K [Maor&n(n),dnm)

2

which implies, by using (19), that we already have Hj(n(#1), ®(¢1)) > O, but this is a
contradiction. In other words, we have shown that H(n(¢), ®(¢)) > 0, since the case
Hi(n(t2), (12)) = 0 also provides a contradiction.

Now, as a consequence of invariance of the Hamiltonian given by (21), we have for
t € [0, Tp) and the Sobolev type inequality (18) that

2f2 P2
EM(), @(1)) < 2H1(0), @(0)) + |G(n(1), @(1)| <280+ K,* (EM(1), @) 2 .
24
Then from this inequality we conclude that
p+2 p+2
e(t) <280+ K,* (e(r)) 7.
22 pi0
Now consider the function f defined for x > O as f(x) = x — K,,2 x 2 — 268¢. Note that

f(0) = =289 < 0 and that there is a unique xo > 0 such that f’(xp) = 0. In fact,

2 \7 -2 2(p+2)
"(x0) =0 & xo = (—) K, " =——3
S (x0) X0 b 12 » »

and so, we also have that f(xp) = 0 and that f(x) < O for x # xo. We want to show
that in fact e(r) < xq for ¢ € [0, Ty). So, assume that for some 0 < #; < Ty we have that
EM(t1), (1)) > xo. Then from Eq. (20) we have that

)

1
3o > H(n(r1), @(11)) = ﬁg(ﬂ(ﬂ), (1)) + mHl(U(ﬂ), D (1))
1
> 6o + mHl(ﬂ(ﬁ), D(11)),

meaning that Hj(n(t1), (1)) < 0, but we have that H(n(t), ®(¢)) > 0 parat € [0, Tp).
In other words, £(n(t), ®(¢)) < x¢, and so e(t) < xq, for ¢t € [0, Tp) as claimed.

The proof of the existence of global solutions for the system (1) is based on the Lemma
3.1

Theorem 3.1 Assume a = ¢ > 0 and p > 1. Let (99, ®9) € H'(R) x V2 be such that
H(no, o) < 8o and Hi(no, o) > 0. Then there exists a unique global solution (n, ) €
C([0, 00), H'(R) x V?) of the Boussinesq system (1) satisfying the initial condition

(77(07 )v q)(()’ )) = (7707 CDO)
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Proof First we assume a = ¢ > 0. Then, if (9, ®o) € H'(R) x V2, by the local exis-

tence result, there is a maximal existence time 7o > 0 and a unique solution (1, ®) €

([0, Tp), H! (R) x Vz) of the Cauchy problem associated with the system (1) with initial

condition (n(0, -), ®(0, -)) = (ng, o). From the conservation in time of the Hamiltonian

and the hypothesis we see that

Hn(), @) = 52—
2(p+2)

Hence, using Lemma 3.1 we have that H;(n(¢), ®(¢)) > 0. Then we also have that
2(p+2 2(p+2
(p+2) o (p+2) .
4

1
Em®), @)+ ——=Hi@), ®@)) = H(no, Po) < do-
p+2

EMm@), @) = (1m0, ®o) <

But from (15) we obtain that for ¢ € [0, Tp),

2 2
@), D)1, 10 < Kb, d )EM®D), (1) < %m, d. 1.

This fact implies that the solution (n, ®) is bounded in time on the space H I(R) x V? and
that for any finite 7o < oo we are able to conclude that
im_[[(9(1), ®(O) 131,12 < 0.
t—T,
In other words, we have that (n, ®) can be extended in time.
Now, we assume a = ¢ = 0. Letsg > % be fixed, then by density there exists (19,x Po k) €
H% x Yo+l guch that

(104> Pox) — (o, Do) in H' x V?, ask — oo.

From the local existence result, for each k € Z¥ there is Tox > 0 and a unique solu-
tion (ng, @) of the Cauchy problem for the Boussinesq system (1) with initial condition
(7k(0, -), ®(0,)) = (no.x» Pox). On the other hand, there exists kg € ZT such that
H(no,k, Pox) < 6o and H1(no.x, Po.x) > 0 for k > ko. Now, for k > ko we have that

14 1
= ———& (. Pu) + ——=H1 (k. 1) = H(no,k» Pok) < So.
2(p+2) (k. @) P 17k, ®r) (M0.k» Po.k) < 8o
From Lemma 3.1 we have that 7 (n;, ®x) > 0 for k > k¢ . Then we also have that

2(p+2) 2(p+2)
EMp, r) < pTH(ﬂo,k, Do) < pirso-

Hk, )

But from (15) we obtain for k > ko and ¢ € [0, Tp) that

2(p+2)
. @O0 < KEOR, D) < ——K .

This fact implies that {(nx, ®)} is bounded sequence in the space H 1(R) x V? and that for
any finite Ty < oo and k > ko we are able to conclude that

Hm (| (q, @) 131,12 < 00

=T,

In other words, for k > ko we have that (5, @) can be extended in time. Since {(nx, ®r) }x
is bounded sequence in H 1 (R) x V2, then there is a subsequence, denoted the same, and
(n, ®) € H'(R) x V2 such that

Nk, ©x) — (n, @) (weakly) in HI(R) x V2, ask — oo.

@ Springer



382 Differ Equ Dyn Syst (July 2016) 24(3):367-389

It is no hard to prove that (n, ®) € C([0, c0), H(R) x V?) is a weak solution of the Cauchy
problem for the system (1) satisfying (1(0, -), ®(0, -)) = (no, o).

As a consequence of the previous result, we are able to establish that the Cauchy prob-
lem associated with the Boussinesq system (1) has global solution in time for initial data
(no, o) € HY(R) x 1?2 small enough such that (19, ®¢) # 0.

Theorem 3.2 Let p > 1. Then there exists § > 0 such that for any (g, ®g) € H(R) x V2
with ||(no, ®o) | g1 xy2 < 6, the Cauchy problem (1)—(2) has a unique global solution

(n, ®) € C([0, 00), H'(R) x V*) N C' ([0, 00), L*(R) x H'(R)).
Proof If G(no, ®o) > 0, then using (19) we have directly that
Hi(no, Po) = E(o, Po) + pTHG(no, ®g) > 0.
Now, If G (19, ®9) < 0, then we see from (15) that

p+2
Hi1(no, Po) = Eno, o) + TG(TIO, Do)

-1 2 p+2
> K (b, d, p) ||(770,<I>0)||H1sz+TK(b,d,M)G(770,<D0) .

Thus, for || (1o, d>0)||%{1 V2 sufficiently small we would have H1 (59, ®g) > 0, since

G (o, ®0) = O(Eno, Do) T) = O(ll(no, P17 ).
From (15), (14) and (18) we see that there exists K(b, d, i, €, p) > 0 such that
Hno, @o) < Ki(b.d. it €, p)(1+ (0. @71 ) G0, @011 e
and from (15) we have that
E(o. ®o) < K(b.d, ) (0. P)lI71,12-
Hence, we choose § > 0 in a such way that

2 2
Kibd, jroe. p)(1+87)62 < 89 and K(b,d, s> < 2 D)

Let (170, ®9) € H'xV?besuchthat|[(n9, o)l 112 < 8, then we see that H (19, Po) < 8o.
Moreover, from the Sobolev type inequality (18) we obtain that

p+2

|G (no, ®o)| < K% (E(no, d’o))gE(flo, )

P
2 (D 2 2
<K,? (%50) E(no. Bo)

+2
< pTe(no, ).

Then from (19) we have that H; (179, o) > 0 and the conclusion follows from the previous
lemma.
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Existence of Solitons

In this section we will establish the existence of finite energy travelling wave solutions or
solitons for the 1D-Boussinesq system witha = ¢ > 0, b, d > 0 and wave speed w satisfying
0 < |w| < wo, where wp = min {1, %, g} fora # 0 and wy = 1 for a = 0. We will see
that the solitary waves are characterized as critical points of some functional, for which the
existence of critical points follows as a consequence of the mountain pass theorem without the
Palais—Smale condition and the existence of a local compact embedding result (see Lemma
4.1).

By a solitary wave solution we shall mean a solution (1, ®) of (1) of the form

(t,x) = 1u (x —wt) O, x) = Ev(x —a)t)
1 %) = N/ T € N

Then we have that the travelling wave profile (1, v) should satisfy the system

" /AN NP1 —
[bv v +w —au [u(@)P] =0, 25)

u—du’ — a)(v/ _ Cl)”/) + ﬁ(v/)erl =0.

Next, we define the appropriate spaces. The usual space H!(U), U C R, is the Hilbert space
defined as the closure of C°°(U) with respect to the norm

161131 0y = /U (@” + (@))dx.

We denote by V the closure of C§°(R) with respect to the norm given by

I3 = /R () + @ dx = 1151 g)-
Note that (V, || - |ly) is a Hilbert space with inner product
(@, vy =@ V) g
Also we define the Hilbert space X = H!(R) x V with respect to norm

1@, WIZ = 16151 g + 1V

The existence of solitons for the system (1) is a consequence of a variational approach
which apply a minimax type result, since solutions (u, v) of the system (25) are critical points
of the functional J,, given by

Jo = 1o, v) + G(u, v),

where the functionals 7, and G are defined on the space X by
Ly(u, v) = /[u2 +dW)? + (V) +b")? = 201" — o (a + c)u'v"1dx
R

= /[u2 +dW)? + W) + b0 = 20V + au'v")]dx,
R

2
p+1Jr

G(u, v) u(@)PHdx.
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First we have that I,,, G, J,, € C2(X, R) and its derivatives in (u, v) in the direction of (z, w)
are given by

(1, (u, ), (z,w)) = 2/ (uz +du'z +v'w' + bv"w’")dx
R
— Zw/ ww +v'z+a@w” +v"7))dx
R

2
(G, ), (2, w)) = —— / ()" 2+ (p + Du)Pw))dx.
p+1Jr

As a consequence of this, after integration by parts, we conclude that
1 +1
/ u — du// _ CU(U/ _ av///) + m(v’)ﬁ
J,(u,v) =2
bv//// _ v// _|_ w(u/ _ au///) _ [M(U/)p]/
meaning that critical points of the functional J,, satisfy the travelling wave Eq. (25). Hereafter,

we will say that weak solutions for (25) are critical points of the functional J,. In particular,
we have that

(1@, v), (u, v)) = 21, (u, v) + (p +2)G(u, v)

=2J,(u,v) + pG(u, v). (26)
Thus on any critical point («, v), we have that
Jolu, v) = ﬁlw(u, v), 27)
Jo(u.v) = =£Gw.v). (28)
2
ot v) = =226, ). 29)

One can see easily that the functional G is well-defined on X'. Note thatu, v’ € H IR) —
L9 (R) for all ¢ > 2, therefore by applying Young’s inequality we obtain that
2 2 2
G, ) = K ull] oy + 10117 i) < Kl 0I5 (30)

Moreover, for 0 < |w| < wo there are some positive constants Kj(a,b,d,w) <
K>(a, b, d, w) such that

Kill(u, % < Lo, v) < Kall(u, v)|%- (31)
In fact, using the definition of /,, and Young inequality we obtain that
Iy(u,v) < / [(1 + oDu® + (1 + o)) + b + |wla) W) + (d + |ola) (u)*]dx
R
<max (1 + ||, b+ |ola, d + |wal) || (u, v)[|%-
Additionally,
2 N2 1IN2 N2
Ip(u,v) > /[(1 —lwhu” + 1A — o))" + (b — |wla) V") + (d — |w|a) (u)]1dx
R
> min (1 — ||, b — |wla, d — |ola) ||, v)||%.

showing that the inequality (31) holds.
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Our approach to show the existence of a non trivial critical point for J, is to use the
mountain pass theorem without the Palais—Smale condition (see Ambrosetti et. al. [1], Willem
[15]) to build a Palais—Smale sequence for J,, for a minimax value and use a local embedding
result to obtain a critical point for J,, as a weak limit of such Palais—Smale sequence.

Theorem 4.1 Let X be a Hilbert space, ¢ € CYX,R), e € Xandr > Osuchthat |le|x > r
and

B = inf @) > ¢0) > ¢(e).

llullx=r
Then, given n € N, there is u,, € X such that
o(uy) — 8, and ¢'(uy) — 0 inX’, (PS)
where
8= }i/léfnrel%&ﬁ]fﬂ(y(f)), and T'={y € C([0, 1], X): y(0) =0, y(1) =e}.

Before we go further, we establish an important result for our analysis, which is related

with the characterization of “vanishing sequences” in X'. Define o on X" as
o, v) =u® + ()7,

and for { € Rand r > 0 we will denote by B, (¢) the ball in R of center ¢ and radius r.

Theorem 4.2 Let g > 2. If {(un, vy)}n is a bounded sequence in X and there is a positive
constant r > 0 such that

lim sup/ o(un, vy)dx = 0. (32)
"R reRJ B ()
Then we have that
lim |lv,llpme@) = lim |Juyllpe®) = 0.
n—oo n—oo

Proof Firstsuppose that {w, },, is abounded sequence in H 1(R) and assume there is a positive

constant » > 0 such that
lim sup / w?dx = 0. (33)
B (¢)

n—oo gER

We will see that lim,,— oo |wy || Le(r) = 0. In fact, let {w, }, be a bounded sequence in H L(®)
satisfying the limit (33). Then we have for ¢ > 2 that

q q-1 g—1
lwnllza(p, o)) = llwn ”L2(Br(§))”w””L2('1*‘)(B,(§)) < [lwn ||L2(Br(§))”w"”1-11(R)'

Covering R by a countable number of balls of radius r in a such way that every point in R is
contained in at most two balls B, (¢), we obtain that

-1
||wn||(£q(R) < 2sup [|w, ||L2(B,(;))||wn||?.,1(R)~
ceR
We conclude using the hypothesis and that {w,},, is a bounded sequence in H!(R) that
lim [[wy|lza®) = 0.
n—o0

Now suppose that {(u,, v,)}, is a bounded sequence in X and that it satisfies (32). Then
Uy, V) € HI(R). Hence, for w, being defined as either u, or v], we see that w, satisfies
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in each case the condition (33). By the previous observation, we conclude for ¢ > 2 that
lim,,— o0 [wy |l Le®) = O. In other words, we have for g > 2 that

lim |luyllLe@ = lim [[v]jpmew) = 0.
n—oo n—oo

Now, we want to verify the mountain pass theorem hypotheses given in Theorem 4.1 and
to build a Palais—Smale sequence for J,,.

Theorem 4.3 Let 0 < |w| < wg. Then

(1) There exists p > 0 small enough such that B(w): = inf ;) ,=p Ju(2) > 0.
(2) There is e € X with |e||x > p such that J,(e) < 0.
3) If 8(w) is defined as

§(w) = inf max J,(y(@), I'={y € C([0,1], X)[ y(0) =0, y(1) = e},
yel tel0,1]

then §(w) > B(w) and there is a sequence (U,), € X such that
JoUy) = 8, J,(Uy) — 0 inX'.
Proof From inequalities (30)—(31), we have for any (u, v) € X that
Jo(u,v) = K[|, )[1% — Kall(u, v)llp,—\;r2
> (K1 = Kol e, 0)[3) 1 e, 0) [ %
Then for p > 0 small enough such that
K1 —pPK> >0,
we conclude for p = ||(u, v)|| x that
Jo(u,v) > (K1 — pPK2)p? :==a > 0.
In particular, we also have that

B(w)= inf J,(z2) >a>0. (34)
lzllx=p

Now, it is not hard to prove that there exist ug, vo € C5°(R) such that G (ug, vo) < 0. Then
for any € R we have that
Jo(tug, tvo) = 1*1,,(ug, vo) + 172G (g, vo)
= 12, (uo, vo) + 17 G (ug, vp)).
As a consequence of this, we have that

lim J,(tug, tvg) = —o0.
{—00

So, there is fp > 0 such that e = #(uq, vg) € X satisfies that fo]| (g, vo)llx = llellx > p
and that J,(e) < J,(0) = 0. The third part follows by applying Theorem 4.1.

Now we are in position to establish the main result in this section, in which we use the

existence of a local embedding result obtained by J. Quintero in the case two dimensional
(see [11]). First of all, we know for ¢ > 2 that the embedding H 1 (R) < L4(R) is continuous
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and the embedding H'(R) — L/

1oc ) is compact. Now, if we set for ¢ > 2 and Q C R the
Banach space

MU CFD). - ll): W1y = 11740
Then the following embedding result holds (see [11]).
Lemma 4.1 For g > 2 we have that

(1) The embedding V — MI(R) is continuous and the embedding V — M;{o (R is
compact.

(2) The embedding X — L1(R) x MI(R) is continuous and the embedding X —
L;’OC (R) x M?oc (R) is compact.

Using previous local embedding, we have the following existence result.
Theorem 4.4 Let 0 < |w| < wg. Then the system (25) has a nontrivial solution in X.

Proof We will see that §(w) is in fact a critical value of J,. Let {(u,, v,)} C X be the
sequence given by previous lemma. First note from (34) that § (w) > f(w) > «. Using the
definition of J,, and (26) we have that

p+2 L
Iy (uy, vy) = T‘Iw(unv Up) — ;(Jw(una V), (U, vp)).

But from (31) we conclude for n large enough that

p+2

K1l (uy, Un)”%\{‘ < Iy(up, vy) < 0(w) + 1) + | (un, vo)ll x-

Then we have shown that {(u,, v,)}, is a bounded sequence in X. We claim that

a® = lim sup/ o(uy, vy)dx > 0.
Bi(¢)

n—>00 £

If we suppose that

lim sup/ o(up, vy)dx =0.
B1(¢)

n—00 r R
Hence from Lemma 4.2 we conclude for g > 2 that
im |lu,llew =0, lim [lvf|pme @) = 0.
n—o00 n— 00
Now, we have from (34), (26) and (30) that
1
0<a=<d(w) = Joln, vp) — 5(-’;(’111, V), (Un, vy)) + o(1)
= LGl v) +o()
2 2
< Cllunll} 32 gy + 10nl a1+ 0D
<o(1).

But this is a contradiction. Thus, there is a subsequence of {(u,, v,)},, denoted the same,
and a sequence ¢, € R such that

a*
/ o(uy, vy)dx > —. (35)
Bi () 2

@ Springer



388 Differ Equ Dyn Syst (July 2016) 24(3):367-389

Now we define the sequence (it,, (x), U, (x)) = (un(x + &n), v (x + ). For this sequence
we also have that

IGin, V) e = 1n, vi)llas  Jo(itn, Uy) — d, J;(ﬁn, U,) = 0 in X

Then {(it,, Uy)}, is a bounded sequence in X. Thus, for some subsequence of {(i,, U,)},,
denoted the same, and for some (1, v) € X we have that

(fn, Uy) = (u,v), asn — oo (weakly in X).
Since the embedding X' — L;IUL, (R) x M;IU - (R) is locally compact for g > 2 we see that
R) x M{_(R).

~ ~ . q
(ttn, vy) = (u,v) inL loc

loc

Then (u, v) # 0 because using (35) we have that

*
/ o(u, v)dxdy = lim 0iin, ) dxdy > &
B1(0) n—>0 /B (0) 2

Moreover, if (z, w) € C°(R) x C§°(R) with supp z, w C 2 we have that
(I, (u, v), (z, w)) = 2/ (uz +du'z +v'w +bv"w")dx
Q

— 20)/ ww +v'z+a@w” +v"7))dx
Q

=2 lim | (lpz +di,7 + 0w’ + b, w")dx
n—00 Q

—2w lim [ (@,w' + 0,z +a@@,w” + 0,7 ))dx
n—0o0 Q
= lim (1,,(iln, Dn), (z, w)).
n—oo
Now noting that the sequences {(17,’1)”“},, and {u, (f);,)p }» are bounded in L2(R), then
(taking a subsequence, if necessary), we have that
@HP —~ P Gy, (8,)7 = u (V) in LA(R).

As a consequence of this, we have that

/ (f);,)p-H zdx —>/ (v’)szdx, /IZ,, (¥,)" wdx — / u(v')’ wdx.
Q Q Q Q
In other words, we have shown that
(G'(u, v), z, w)) = im (G (i, ), (2, w))
n—o0
and also that
(Jo(u, v), (z, w)) = nliy;o(fé,(ﬁn, Uy), (z, w)) =0.

Now, let (z, w) € X. By density, there is (zx, wx) € C5°(R) x C5°(R) such that (zx, wi) —
(z, w) in X. Then

|<JC:)(M! U), (Zv U)))l = |<J¢:)(uv U)? (Z — Tk, W — wk))l + |<JC/(M7 U)v (Zk7 wk))' = ||J¢:)(u7 U)
X Nz =z, w — wi) | x 4 [, v), (z = 2k, w — wy))| — 0.

Thus we have already established that J/ (u, v) = 0. In other words, (u, v) is a nontrivial
solution for the system (25).
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