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Abstract This paper is concerned with solutions to the Dirac equation: —i ), oy Opu+
afu + M(z)u = g(z,|u|)u. Here M(x) is a general potential and g(z,|u|) is a self-
coupling which grows super-quadratically in u at infinity. We use variational methods to
study this problem. By virtue of some auxiliary system related to the “limit equation” of
the Dirac equation, we constructed linking levels of the variational functional @ s such
that the minimax value cp; based on the linking structure of @, satisfies 0 < ¢py < C’7
where C' is the least energy of the limit equation. Thus we can show the (C')c-condition
holds true for all ¢ < C' and consequently we obtain one solution of the Dirac equation.

Keywords Dirac equations - The Coulomb-type potential - (C)c-condition - Super
linear - Linking

1. Introduction and the main result

In this paper, we consider the existence of least energy solutions to the following non-
linear Dirac equations

—i Y apdpu + afu + M(z)u = g(z, [u))u for z € R3, (L1)
1.1

u(z) — 0, as |z| — oo.

where x = (z1,z2,23) € RB,u(x) € (C4,8k = ng, a is a positive constant, aq, o, a3
and 3 are 4 x 4 complex matrices (in 2 x 2 blocks):
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/8: 3 ak}: 9 k:17273
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This work was supported by the Natural Science Foundation of China (10571027).
fCorresponding author’s

Jian Ding - Junxiang Xu - Fubao Zhang
Department of Mathematics, Southeast University, Nanjing 211189, P.R. China.
E-mail: df2001101@126.com

@ Springer



236 JIAN DING, JUNXIANG XU AND FUBAO ZHANG

01 0—i 10
o1 — ) o9 — y g3 — )
10 27\ o 37 \o-1

M (zx) denotes a 4 x 4 real symmetric matrix valued function which in physics represents
the external potential (see [1]), and g € C(R? x RT,RT), where RT := [0, 00).
(1.1) arises in the study of stationary states to the following general Dirac equation

with

3
—ihdpp = ich Yy apdp — mc® B — P(z)y + Gy (@, ), (1.2)
k=1

where h is the Planck’s constant, c is the speed of light, m > 0 is the mass of the
electron, P(z) is a 4 x 4 real symmetric matrix standing for the external field, v :
R x R? — C* represents the wave function of the state of a relativistic electron, and
G:RxC*—=R represents a nonlinear self-coupling.

Stationary states of (1.2) are considered as particle-like solutions. These solutions
are solitons in some sense which propagate without changing their shape.

Assume G satisfies G(x, e%1)) = G(z, 1)) for all 6 € [0, 2x]. Stationary solutions are
functions of the type v

Y(t,z) = elztu(a:).

Here u(z) is a non-zero localized solution of the following stationary Dirac equation

3
—1 Z RO+ afu+ M(z)u = Gu(z,u) for x € R® (1.3)
k=1
with a = "}, M (z) = Péf) + 014 and Gy (z,u) = G'“}(Li’u).

In recent years there are many papers dealing with the existence of stationary
solutions of (1.3) via variational methods. In [2-5], the authors considered this problem
when

M= wly, Gu) = ;H(ﬁu), H e C*R,R), H(0) =0, (1.4)
where w € (—a,0) is a constant and du := (fu, u)cs. (1.4) corresponds to the so-called
Soler Model. In this condition, using a particular ansatz for the solution u, (1.3) can
be reduced to a system of ODE’s. By a shooting method, infinitely many localized
solutions were obtained, see also [6,7]. There are models of self-coupling for which the
ansatz is no more valid. For example,

Glu) = ;|ﬂu\2 + bliau?, (1.5)

where b > 0, dou := (Bu,au)cs and o := ajasag (see [4,6,7]). Under the additional
assumption that H'(s)s > H(s) for 6 > 1, [6] considered nonlinearities of type (1.5)
while with a weaker growth

3, 1, b > 0.

G(u) := plau|” +blaou|”, 1< 71,0 < 9

[6] also considered G growing more slowly than |u|3 at infinity and not necessarily
satisfying (1.5).

When M(z) and G(z,u) are periodic in z, [8] treated nonlinearity G(z,u) which
may be superquadratic or asymptotically quadratic in u as |u| — oco. If é(az, u) is addi-
tionally even in u, the authors obtained infinitely many solutions. They also considered
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SOLUTIONS OF SUPER LINEAR DIRAC EQUATIONS WITH GENERAL POTENTIALS 237

the case where the nonlinearity has a non-vanishing quadratic part in the origin, so
that the linearized equation has a potential.

To the non-periodic system, [9] considered function G(x, u) which is asymptotically
quadratic in u at infinity and the potential M (x) is of either Coulomb-type or is of
the scalar one. Under suitable assumptions, the authors obtained the existence and
multiplicity of solutions of (1.3). If é(x,u) is superquadratic in u at infinity, there
is much difficulty to obtain solutions of (1.3) via the variational method because the
Palais-Smale condition isn’t satisfied in general. Just recently, in [10], the authors
considered some auxiliary problem related to the “limit equation” of (1.1) which is
autonomous and whose least energy solutions with least energy C are known. By virtue
of this auxiliary system, the authors constructed linking levels of the functional @,
such that the minimax value cj; based on the linking structure of @, satisfies 0 <
ear < C. They proved (C)¢-condition and thereby obtained one solution of (1.1).

Motivated by [10], in this paper, we also consider (1.1) with g(z, |u|)|u| being super
linear in w at infiniy. But here the conditions on g are weaker than [10]. Under our
conditions, we also can prove the existence of least energy solutions of (1.1). Our results
also apply to the Coulomb-type potential and the Soler model (see [11]).

In the following, for convenience, any real symmetric matrix U(z)I4 will be written
simply U (z). For a symmetric real matrix function L(z), let Aj, (z) (respectively, A, (z))
be the minimal (respectively, the maximal) eigenvalue of L(z), |L(z)| := max{|Ap (z)|,
AL ()]}, |L]oo := ess sup,|L(x)| and L(oco) := lim| | oo L(z) if and only if |L(z) —
L(o0)| — 0 as |z| — oo. For two given symmetric real matrix functions L;(z) and
Lo(x), we write L1(z) < Lo(z) if and only if

cediax_ (In(@) = La(@)e - £<o.

The variational functional of (1.1) is defined by

3
Dy (u) = /R?’ (; (—i};lozkak —l—aﬁ—l—M(m)) u-U— R(Lu)) dz (1.6)

where
lul
R(z,u) := / g(z,s)sds.
0

Set
cyr = inf{®Pps(u) : u # 0 is a solution of (1.1)}.

We call a solution ug # 0 of (1.1) a least energy solution if it satisfies @ps(up) = cpr,
and let Sps be the set of all least energy solutions of (1.1).
Set

R, u) = g Jul)lul® ~ R, w)

We make assumptions on the nonlinear term of (1.1) as follows:

(A1) ge C(R® x RY,RY), g(x,5) > 0if s £ 0 and g(z,s) = o(s) as s — 0;
(A2) R(xz,u) > 0 for u # 0 and there exist ¢; > 0,0 < 6 < 1 and v > 2 such that

R(z,u) > cq|u]” for |u| < &;

42 —v43
(As3) there exist ca,c3 > 0,7 > 1 and 3 < v < 7 such that R(z,u) > ca|u| 22~ and
g(z,|u])” < csR(z,u) for |u| > r.
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238 JIAN DING, JUNXIANG XU AND FUBAO ZHANG
(A4) there is goo € CHRY,RT), gho(s) > 0 for s > 0 such that g(z,s) — goo(s) as
|z| — oo uniformly on bounded sets of s and geo(s) < g(z,s) for all (z, s).
Our main result reads as follows:
Theorem 1.1 Let (A1) — (A4) be satisfied and either

(R1) M is a symmetric continuous real 4 x 4-matriz function on R> \ {0} with 0 >
M(z) > _|];| where k < %
or

(R2) M is a symmetric continuous real 4 x 4-matriz function on R® with |M|s <
a,M(z) < M(o0) for all x, and either (1)M(co) < 0 or (2)M(co) = mools
where moo 18 a constant,

then (1.1) has at least one least energy solution u € WH9(R3, C*) for all ¢ > 2 and
Sy is compact in H" (]R37(C4).

Remark 1.1 The function M(z) satisfying (R1) is called Coulomb-type potential.
If M(z) := _|];|’ it is called Coulomb potential. See [1] for discussion on external
fields.

Remark 1.2 Under some additional assumptions, for instance (M3) in [10], we also can
check the exponential decay of solutions, we omit it in our paper.

Remark 1.8 There are functions satisfying (A1) — (A4). For example,

1 a—2
=1
g(z, s) < + 14+ |I‘2> as
X [32 In(1+s)— ;SQ +s—In(1+s)| +2s%In(1 +s)

and

1

R(z,u) = (1 +1. W) [ul® [\uﬁ (1 -+ ful) = ol + fu] = In(1 + u])|
where 0 < a < 1.

Remark 1.4 (A1) — (A3) are weaker than the conditions (g1) and (g2) in [10]. Check
the following example

s = (14, o)

x [Ms’kz +(n—2)(p — €)s" 7 sin® (‘f) + (1 —2)s" 2sin (256 >]

R(z,u) = (1 + 1+1|$‘2> (\u|“ + (1 — 2)[ul" sin? (‘7“2'6)) ,

where 2 < p < 3,0 < € < p — 2, one can see g satisfies (A1) — (A3) but doesn’t
satisfy (g2).

and
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SOLUTIONS OF SUPER LINEAR DIRAC EQUATIONS WITH GENERAL POTENTIALS 239

2. The variational setting

We will use variational methods to obtain solutions of (1.1). Hence we have to establish
a variational setting for the system (1.1). In what follows by | - |4 we denote the usual
Li-norm, and by (-,-)2 the usual L?-inner product. Let Hy := —i Zi:l apd + af
denote the selfadjoint operator on L?(R3,C*) with domain H'(R3, C*). For any sym-
metric real matrix value function M, set H; := Hg+ M. The spectrum and continuous
spectrum of Hps are denoted by o(Hps) and oc(H ), respectively.

Lemma 2.1[10]. Let M be a symmetric real matriz value function.

(1) o(Ho) = oc(Ho) = R\(—a,a);

(2) If M satisfies (R1), then Hpy s selfadjoint with D(Hpy)
o(Hyr) CR\(—(1 - 2k)a, (1 — 2k)a);

(3) If M satisfies (R2), then Hpy is selfadjoint with D(Hpy)
o(Hpy) CR\(—a+ |[M|x,a — |M|xo).

HY(R?,C*) and

HY(R?,C*) and

By Lemma 2.1, L? possesses the orthogonal decomposition
L?=1" EBL+, u=u" +u"

so that Hg is negative definite on L™, positive definite on L™. Let |Ho| and |H0|é
respectively be the absolute value and square root of Hy.

Denote E := D(|Hp| 2) be the domain of the selfadjoint operator |Hop|2, 2, which is a
Hilbert space under the inner product

(u,v) = R(|Ho|* u, | Ho| )
with the induced norm |Ju|| = (u, u)é E possesses the decomposition
E=E @FE",

where ET = ENLT and E~ = EN L™ are orthogonal with respect to both (-, )2 and
(+,-) inner products.
By a standard argument, we can obtain the following result. See [8,12]

Lemma 2.2 E embeds continuously into H> (]R3,(C4), hence E embeds continuously
into LY for all q € [2,3] and compactly into L for all q € [1,3).

loc

On FE, we define the functional
1 ) _
P (u) = lut? - \ I”+ / M(z)uti — ¥ (u), (2.1)

where ¥(u ng

Note tha‘c7 by (2 ) and ( ) of Lemma 2.1, E = D(|H /| é) with the equivalent inner
product
1 1
(w,v)ar := R(Har|2 u, [Hpr|2 v)2

1
and norm ||ul|pr := (u,u)},. E has a decomposition

E=E,; & Ey,

@ Springer



240 JIAN DING, JUNXIANG XU AND FUBAO ZHANG

and @), can be represented as

ar(w) = o (I = ™ I30) — () (2.2

In order to study the critical points of @,;, we now recall some abstract critical
point theory developed recently in [13]; see also [14] and [15] for earlier results on that
direction.

Let E be a Banach space with direct sum decomposition £ = X @& Y and Px, Py
be projections onto X, Y, respectively. For a functional @ € C’l(E, R) we write ¢ =
{u e B:dwu) >a}, ¢ ={u € E: &(u) < ¢} and &5 = &4 N P°. Recall that ¢
is said to be weakly sequentially lower semi-continuous if for any u, — u in E one
has @(u) < lim infy,—oco $(un), and &' is said to be weakly sequentially continuous if
limp—o0 &' (un)w = &' (u)w for each w € E. A sequence {un} C E is said to be a
(C)e-sequence if $(un) — ¢ and (1 + ||un|)P’' (un) — 0. & is said to satisfy the (C)c-
condition if any (C')c-sequence has a convergent subsequence. From now on we assume
that X is separable and reflexive, and let S be a countable dense subset of X*. For
each s € S there is a semi-norm on E defined by

ps: E—R, ps=|s(z)|+ [yl

for u = x +y € X @Y, which induces a topology denoted by 75. Let w* be the
weak™*-topology on E*.
Assume:
(I;) For any c € R, & is Ts-closed, and &' : (¥, 7s) — (E*,w*) is continuous;
(I2) For any ¢ > 0, there exists ¢ > 0 such that |ju|| < ¢||Pyul| for all u € @c;
(I3) There exists p > 0 with k := inf #(S,Y) > 0 where S, Y :={u €Y : |ju|| = p}.

The following theorem is a special case of the Theorem 3.4 of [12].

Theorem 2.3 Let (I1) — (I3) be satisfied and suppose there are R > p >0 ande €Y
with |le]] =1 such that sup P(0Q) < k where Q = {u=xz+te:t >0,z € X,||ul]| < R}.
Then @ possesses a (C)c-sequence with k < ¢ < sup ®(Q). If & satisfies the (C)c-condi-
tion for all ¢ < sup®(Q) then @ has a critical point z with k < &(z) < supP(Q).

3. Autonomous equation-limit problem
In this section we study the following autonomous equation

—i Y0 apOpu+ afu+ (b+ L)u = goo(ul)u  for z € R3, 51)
u(z) — 0, as |z| — oo, .
where b is a real number and L is a symmetric real constant matrix with

be(—a,a) and b—a<L<O. (3.2)

With~0ut loss of generality we may assume b > 0, otherwise we replace b and L by b= 0
and L = b+ L. (3.2) shows that
|L| < a—0b. (3.3)

Equation (3.1) can be regarded as a “limit-equation” of (1.1), which services to con-
structing linking levels of the functional @,; in the proof of our main results. In our
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later application, we are concerned with b = 0 and L = 0 in case (R1), b = 0 and

L = M(o0) in the case (1) of (R2) and b = moo and L = 0 in the case (2) of (Ra).
Let Hy, := Hy + b, a selfadjoint operator in L? with D(Hp) = H'! and o(Hp) C

R\(-a+b,a+b). On E = H? we define an equivalent inner product as follows

(u,0)p = R(Hy| 20, | Hy| 2 v)o (3.4)

with the deduced norm ||ulp := HHb\éu\g.
It is easy to check that the decomposition E = E~ & EV is also orthogonal with
respect to the inner product (-, ), and ||ui||g = |lut|? £ bjuT|3 for uT € ET and

lull§ > (a = b)ul3 (3.5)

Set Roo(u) = Roo(Ju]) := (lu‘ goo(8)sds and v = 4 —vt3

2u(v—1) °
By (A43) and (A44), Roo(u) > colu|” for |u| > r.
Since goo € C* (R*,RT), we obtain for any § > 0, there exists Cs > 0 such that

Roo(u) > CslulY for all Ju| > é. (3.6)

Since

by (A3), we have
g(x, [ul)” < e3R(x,u) < Cy(a, [ul)[ul?, for all [u] >r,

where and below C' stands for some generic positive constant.
Then ,
g(z,|u]) < Clu|v-1  for all |u| > r. (3.7)

Together with (A1) and (Ay4), for any € > 0, there is ce > 0 such that
v+1
goo([u])|u] < €ful + ceu»=1, (38)

and .
Roo(u) < €ul? + celul v (3.9)

Set Roo(u) := 5 goo(|ul)[ul® — Roo ().
Again by (A1) and (Asz), for any € > 0, there exist pe > 0 and Ce such that

~ 1
goo(Jul) < € if [u] < pe and goo(lul) < Ce(Roo(u)* if Ju] > pe (3.10)

Set Yoo (u) := [ps Roo(u) and define
1 1, _ 1 _
Buu) = Y1 = Y P+ [0 D — V()
R3

foru=u"+ut e E-@ET.
The following lemma shows that &; possesses the linking structure.
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Lemma 3.1

(1) there exist 1o > 0 and p > 0 such that $p|zr > 0 and Py|lg+ > p, where
T0 0

B :={u€ ET :||ully <ro} and St :={u € ET : ||ully =ro};
(2) For any finite dimensional subspace Z C E*,®y(u) — —o0 asu € E~®Z, |ull, —
0.

Proof
(1) By (3.2), (3.3) and (3.9),

1 2 1 _
Buu) = ylluli+, [ Lua— T

L |L]

26—
then one can easily see that (1) holds true.

(2) Arguing indirectly, assume there exist some sequence (u;) C E~ @ Z with [|u; |, —

Y

I, 2 2 2 it
9 llully + aHqu — ellully = cellully ™,

0o, then there is M > 0 such that & (u;) > —M for all j. Setting w; = ||u~]\|b’ we
J
have [lw;[p =1, then wj — w,w; — wﬂw;' — wh and
M Dy(uj) 1, 42 1, o0 1 Roo(uy)
P AR 1% e Ry PO AN CREY
sl = lluglly 277 20 2/rs 7 Jre lugl3

From (3.11), we can easily see that w™ # 0.

Choose k € (a + b,00) N o(Hy) satisfying Z C Ej, — E),, where (E))\er is the
spectrum family of Hy and Ae := min{A|\ € o(Hp) N [a + b, 00)}.

By (3.6), since ' > 2, there exists Mg > 1 such that Reo(u) > 3k|u|? for [u] > My.

It is clear that

+112 -2 2
w12 = [l ||b—3/c/ o
R?)

< klwT |3 — w1 - 3klwT[3 — 3klw™ |3
2 -2 — 2

< —(2klw™ 3+ w7 + 3klw”[3)

< 0.

Therefore, there is a > 0 such that

2 — 2 9
I~ I~ 3k [ i <0 (312)
|z|<a
Note that
sl = 277 2T e Tl
k 2
! 2 2 2 Roo(u;) — 3 [u,|
= Hw;—”b - ij Hb —3k3/ |wj| _/ J 22 J
? fel<a wl<a gl
U (1w 12 = o |2 2\ | 26MZd3
= g\l o=l b_?’k/ wil™ )+ : 3.13
9 (l i s = llw; |l \m\§a| i s 2 (3.13)
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By (3.11) and (3.12), we obtain

R .
0 < lim inf 1||wj+|\§_ 1ijf||g_/ oo(ug)
e\ 2 ei<a sl

1 2 —2 2
<! <|w+||b—|w -3k [ ol )
lz|<a

<0,
a contradiction. ]

Under our assumptions, it isn’t difficult to check that any (C')¢-sequence is bounded.
Let Ky := {u € E : &} (u) = 0} be the critical set of &,. Since ¥}, is R>-invariant, i.e.,
@y (a*u) = Py (u) where (a*u)(z) := u(x + a) for all a € R3. Using the concentration
compactness principle and some abstract critical point theorem (see [16]), one can show
Kp\{0} # 0. In fact, We have

Lemma 3.2[6,8]. K, \ {0} # 0 and K}, C ﬂngwl’q.
Denote ¢, := inf{®y(u) : u € K \ {0}}.
Lemma 3.3 ¢, > 0. In particular, 0 is an isolated critical point of ®y.

Proof Assume by contradiction that c; = 0, then there exists u; € K \ {0} such that
@b(uj) — 0.
Observe that

1 .
By(uy) = By(uy) — @)y = [ Rooluy),
R3
then

Roo (uj) — 0.
R3

Since 0 = d%(uﬂ(uj — u;), (3.3) and (3.5) imply that
2 _ _
lujlly = _/R?’ Luju;' —u; + /]R3 goo("U/jDUj’u,;— —u;

‘L| 2 + _
< a_b||uj||b+ s goo(|uj\)ujuj —uj .

By (3.10) and Hélder inequality, one sees

|L| ) 2 +_ -
1= llu;lly < + goo (luj|)ujul — u;
< a=b lusl<pe o luy|>pe o

2 ~ 1 _
< elu; 3 +ce/ Foo () ¥ luglluf — w7 |
RS

1
) . v 4 _
< eluyla + Ce </R3 ROO(UJ)> ‘uj‘uzlﬁ |uj Y ‘uz—ul

1
< Celuslf+ € ([ R s (3.14)

Hence 1 < Ce + o(1), a contradiction. O
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Just as [17], for fixed u € E™T, we introduce the functional ¢, : E~ — R by
du(v) := Dp(u +v).
Then we have

)] =~} + [ | Luw - 0+ ). u)

— lwl? B S (R ROy
=i+ [ zww— [ S50 D o oy

2
— [ gsellu o
]RS
for all v,w € E~, which implies ¢ (+) is strictly concave. Moreover

1 2 2
$u(v) <, (lully = llvllp) — —oo as o]l — oo

It is easy to check ¢ is weakly sequentially upper semicontinuous. Thus there is a
unique strict maximum point hy(u) for ¢4 (-), which is also the only critical point of

¢y on E and satisfies:
v # hy(u) & Pp(u +v) < Dp(u + hy(u))

forallu e EY and v e E~.
Moreover,

By (u+ hy(w))w = I (hy(u)w = 0

= ~(y(w).w)y+ R [ L+ byl
= [ gslfut hofu)) u+ ()

forallu € ET and w e E~.
In the following, we collect some properties of hy.

Lemma 3.4[17].
(1) hy is R3-invariant;
(2) hy € CYET,E™) and hy(0) = 0;
(3) hp is a bounded map;
(4)
same is true for |hy(u)|3.

Now we define the reduce functional Ij, : ET — R by

Iy(u) : = Py (u + hy(u))

(3.15)

(3.16)

If up — w in ET, then hy(un) — hp(un — u) — hy(w) and hy(un) — hy(u). The

= gl = (w0l + 5 [+ hafu))ut A0 = T -+ o),
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SOLUTIONS OF SUPER LINEAR DIRAC EQUATIONS WITH GENERAL POTENTIALS 245

Then using (3.16), we obtain
I (u)v = (uy )y — (hp (1), B (w)o)y + R / Lu + hy(w))v + b (u)o
]RB

R / oo (- iy (w)]) (. + Py () + B )
]R3
= B (u+ hy(w)) (v + by ()

= (.00 = (o). o0+ R [ L+ ho(a))o + (o)

= [ gmellu+ i (w])uc+ () + h(v)

for all u,v € ET. Critical points of I;, and ®; are in one to one correspondence via the
injective map u — u 4 hy(u) from EV into E, which means, if let

K= {ue EY: Ij(u) =0},
we have
Ky = {u+hy(u) s u € K}
We now show [}, possesses the mountain pass geometry, that is

Lemma 3.5

(1) There is p > 0 such that inf Ib's;i' > 05
(2) For any finite dimensional subspace X C ET, Ij(u) — —oc0 as u € X, ||ully — oc.

Proof

1)
Tofw) = gl = W)+, [ | L o)+ o)

— Yoo (w + hy(w))

el + 5 [ L @0+ () = By() = o )

A\

1 1
loll2 + / L — Ve ()
2 2 R3

A\

1 L
ol — "Vl — v )

3 (1= 1 ) 1wl = [ Roetw

for all w € E™. From (3.9) we can obtain the desired conclusion.
(2) Let P: L7 — X be the natural projection. Then there is c,s such that ¢,/ | Pl <
|ul+ for all u € L.

[\
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246 JIAN DING, JUNXIANG XU AND FUBAO ZHANG
By (3.3), (3.5) and (3.6), for any € > 0, one has
1 9 1 2 1
Ip(u) = _llully — . 1hs (w)lp + L(u + hy(u))u + hy(u)
2 2 2 Jrs

= | Roo(u+hy(u))
R3

IN

1,2 1 2 2 ’
ollully = o Iy ()l + elu + hy(u)l2 — celu + hy(u)],

A

1 1 ’ ’
Slulld = I @)F +  lhe+ By ()llf = Joeelul?,

1 € 2_ 1_ € 2_ 7/
(5405 )1t = (5, ) Il -ty

Since 4" > 2, the conclusion is true. ad

IN

The following lemma shows that any (PS)c-sequence is bounded.
Lemma 3.6 Assume Iy(u;) — ¢, I;(uj) — 0, then (u;) is bounded.

Proof We will show w; := u;j 4 hy(u;) = w;' + wj_ is bounded. Argue by contradiction
we assume ||w;||, — oo as j — oo.
By (Az) and (43),

/ 1
calw|” < R(z,w) < gl [w)|w|* for [w| >r.

Then ,
R(z,w) > g(z, |w|)” > C\w\(V 2V for lw| > 7.
Hence
- ) N (v —2)v 3(v+1)
Roo(w) := | lllm R(z,w) > Clw| = Clw|2»-1  for |w| > 7.
xTr|—00

Therefore, one obtains

1) = g1t = [ | [l - R

3(v41)

:/ Roo(wj) > C Jwj|20:=1)
R3

lwj|>r

from which we obtain sosn)
[ gl < (3.17)
|wj [>r

By (3.3), (3.5) and (3.16),
Iy (ug) (uj) = By (wy) (w) —wy)

2 _ _
= [Jw;l; +/R3 ijw;»r —w; _/R3 goo(|wj\)ij;-r —w;

|L| 2 + _
> (1= I Y 1yl = [ alushuosuf - wy- (3.18)
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By (A7), for any small € > 0, there exists § < 1 satisfying goo(s) < € for s <.
Denote

I:= / goo(\wj|)ij;-r —w; =D+ I+ I3
R3

_ / +/ +/ goo(lo; Yyt —wy
lwj|>r  Jo<|w;|<r lwj|<é

Then by (3.7), (3.17),

2 1
3(v41) \ ° 3
<o [ ) ([ P
|lwj|>r lwj [ >

< Ol (3.19)

Forb>a > 0,let 2;(a,b) :={x € R3,a < |wj(z)| < b} and C? := min { R“’;((Z)(‘rg)) ya <

lw(z)| < b}. By (A2), C% > 0and Roo(wj) > Cg|wj\2 for x € £2;(a,b). Set v; := H:;U?'”M
J
then [[vjlly = 1, [vjls < ysllvjllp = s for s € [2,3].

Therefore,
|| / goo(lwjwjw —w;
[[w;|2 2,(6,r) flw;]I?
<[ lasellwgDluslie} — o5
(0,7
1
2
< Clojla (/ |uj|2) . (3.20)
2;(8,r)
Since

(5. \w‘\Q (8. Rm(w’)
/Q . )|vj|2 _ Jo, 6.0 w3 < Ja,6m) D, (3.21)
FACSL

lwilly = Cxllw;li2
for the above €, by (3.20) and (3.21), there is J such that
|Ia] < ellw;l7 asj>J (3.22)

Obviously,
|I3] < el|w;]f3 (3.23)

By (3.18), (3.19), (3.22) and (3.23), we obtain
L ) 5
(1= 2, 2] sl - €l <l

which is a contradiction since by assumption (w;) is unbounded, and hence we obtain
(uj) is bounded. O
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Lemma 3.2 shows that 0 is an isolated critical point of Ij,. Therefore there is a
M; > 0 such that |Jull, > M; for any nontrivial critical point u of I. Let

N = {u € ET\{0} : Ij(u)u = 0}.

Lemma 3.7[10]. For each u € ET\{0}, there is a unique t = t(u) > 0 such that
tu € ./\/'lj'.

Set
by = inf{]b(U) S NbJr}’
by := int{I,(u) : u € K \{0}},
b3 := inf Iy (f(t
3 flélpb tren[g,}i] b(f( ))7
where

Iy = {f € C([0, 1], ET) : £(0) = 0, I(f(1)) < O}.
Let ug € ET be such that Iy (up) < 0, and set

r’:={feC(0,1,E%): f(0) =0, f(1) = uo}

by = flgb s, Iy (f(2)).

Lemma 3.8 ¢, = b; = by = b3 = by.
Proof The proof can be seen in [10]. For reader’s convenience, we outline it as follows.

(i) b1 < by holds true since IC;\{O} C ./\/bJr

(i) by < bg. Let (uj) satisfy Iy(u;) — b3 and Ij(u;) — 0. By lemma 3.6, (u;) is
bounded in E. By the concentration compactness principle, (u;) is either vanishing
or nonvanishing.
By (3.8) and (3.9),

Roo(u) < €ul? + celul 0 for all w e Y

If (u;) is vanishing, then |u;|p — 0 for p € (2,3). Therefore

b3 = lim ([b(’u,j) — ;[lg(uj-)uJ) = lim Roo(uj)

j—o0 j—oo JR3

2v
S/ (elul® + eelul »1) = o(1),
R3

a contradiction.
Thus, (u;) is non-vanishing, that is, there exist r,77 > 0 and (a;) C R? with

lim sup \uj\Q >n.
j—oo JBy(aj)

Set v; := a; * u;j. Since the norm and the functional I, are invariant under the
s-action, I(v;) — b3, Ij(vj) — 0. Therefore, v; — v in E with v # 0 and
I (v) = 0. A standard argument shows that I;(v; —v) — bg —Iy(v), Ij,(v; —v) — 0
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(see [12]). Obviously, (vj —v) is a (PS)y,_y, (v)-sequence. By Lemma 3.6, it is
bounded. Therefore,

bz — Iy(v) = lim (Ib(vj —v) — ;[lg(vj —v)(v; — v)) = lim Roo(vj —v) >0.

j—o0 j—oo JRr3

Hence, by < I (v) < b3.

(iii) b3 < by. Let Sy be the set of all least energy solutions of I;,. Take U € S, and
define f(t) := tU(z) for t > 0. Since I}(U) = 0, one has ¢t(U) = 1. Then f € I},
and

bs < max [,(f(t)) = 1,(U) = b1.
te[0,1]

(iv) b3 < by is clear. Choose f € I},. Then Ij(¢f(1)) and Ij(tug) are strictly decreasing
for ¢ > 1, and I(¢f(1)) — —oo, Ip(tug) — —oo as ¢ — oo. By Lemma 3.6(2),
we can choose a cure £(s) jointing f(1) and ug in the two-dimensional subspace
span{f(1), ug} such that I;(£(s)) < 0 for 1 < s < 2. Define f(t) by f(t) = f(2t) for

te[o, %] and f(t) = £(2t) for t € [%7 1]. Then fer’and maxc|o,1) I(f(t) =

max;co,1] p(f(¢)). Thus by < b3.
The proof is completed. m]
For estimating the linking level of @,,, we need the following result.
Lemma 3.9 Let u € IC;' be such that Iy(u) = ¢, and set Ey, = E= @ Ru. Then

sup @y(w) < cp.
wekE,

Proof For any w = v 4 su € Ey, by (3.15),
Pp(w) < Py(su+ hy(su)) = Ip(su).
Since u € N;", we have

sup ®p(w) < sup p(su) = Ip(u) = cp.
wekE, s>0 O

4. Proof of the main result

We will use Theorem 2.3 to prove our main result.
Observe that

R(z,u) > cl|u\7/ for all |u| > r. (4.1)

R(z,u) >0 if u#0.

By (A3), for |u| > r, one has

1 1 '
Ra,u) > gl lul)” and ge, u)lul® > R, u) > eoful”
3

Therefore

’ 3(v+1)
R(z,u) > Clu| " =2 = Clu|20-0  for |u| > r (4.2)

Hence R(z,u) — oo as |u| — oco.
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For any € > 0, there exists ¢ > 0 such that
(@, Jul) < €+ celul w1 (4.3)
and
R(z,u) < elul® + celu] v (4.4)

for all (z,u).

Now we consider the functional @y, defined by (2.1) or equivalently (2.2). Let
Ky = {u € E : &;(u) = 0} be the critical set of s and cps = inf{Pps(u) : u €
Kar\{0}}. Set ¥(u) := [ps R(x,u).

In virtue of (4.3), (4.4) and Lemma 2.2, we can easily prove the following lemma,
which implies (I1).

Lemma 4.1 ¥, s weakly sequentially lower semicontinuous and @3\4 is weakly
sequentially continuous.

From the form (2.2), since R(z,u) > 0, it is clear that @, verifies (I2). (I3) is
satisfied by the following lemma.

Lemma 4.2 There exist r1 > 0 and p > 0 such that QSM‘B* >0 and qu‘S* > p.
1 1

Proof We only check the Coulomb potential case and the other case can be treated
similarly. Assume (M) is satisfied. Let V}, := "; - By Kato’s inequality,

\Vieu|3 < 4k*|Houl3 = |(2kHo)ul3,

then
1
[ = V3 < 12kl ul} = 2] o] uf3.
Rrs ||
By (M),
— | M(z)ua < 2k||Ho| > ul3 = 2k[|ul>.
R?)
Foru € ET,
1 2 1 _
Py (u) = _[lull” + M(z)uu— |  R(z,u)
2 2 Jps R3
1 2
> (5= k) I - [ A
2 R3
1 2 2 2
2 (o =k ) llull” = elulz = ceful "2,
v—1
1 2 2 2v
2 (o k) llull” = Cellul]” = Ceeflul|»=,
so the conclusion follows. O
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In the sequel, for the case of (M7), we let b = 0 and L = 0 in (3.1). Denote the
corresponding functional by

Po(w) = o (1 IP = u71%) = [ Recl)

the critical set by Ko := {u € E : ®)(u) = 0}, the least energy by Co := min{d¢(u) :
u € Ko\{0}}, the least energy solution set by Sy := {u € Ko : $o(u) = Cp}, and
the induced map from ET — E~ by hg. For the case (Mz)(1) we consider b = 0 and
L = M(o0) in (3.1). Denote the corresponding functional by

1 42 —2 1 _
Pr(u) =, ("7 = llu %) + M (oo)uti — | Roo(u),
2 2 Jrs R3
and the critical set, the least energy, the least energy solution set and the induced map

respectively by K7, Cr, Sy and h;. Similarly in the case of (M2)(2) we take b = moo
and L =0 in (3.1) and denote correspondingly

1 _ m
Pur(u) s =yt = 1)+ "l = [ Fecf)

1 2 -2
U e = 1) = [ Roctu)
R3

(where ||-||m.. denotes the norm given by (3.4) with b = moc) with notations K77, Crr,
S’I 7 and hyy. If without confusion, sometimes we shall write simply @, IC, C’, S and h
standing for one of the cases.

The next lemma shows that @), satisfies the linking condition.

Lemma 4.3 There is R > 0 such that, for any e € ET and Ee :== E~ ® Re,

Dpr(u) <0 for all uw € E.\BR. (4.5)
Proof 1t is easy to check that

Dpr(u) < Pp(u) forn=0,1,11.

By Lemma 3.1,
Pp(u) <0 forall ue E\Br,n=0,1,I1I.
and henceforth the conclusion holds true. a

By Theorem 2.3, there is a (C)c-sequence (u;) with p < ¢ < sup®pr(Q). We now
analyze the (C)c-sequence. First we have

Lemma 4.4 Any (C)c-sequence for @y is bounded.

Proof Let (uj;) C E satisfy ®p7(u;) — ¢ and (1 4+ [|u;||ar) P (us) — 0.
Then

C'> aslug) — ) By gy = /RS R(z,u;). (4.6)

Arguing indirectly, assume up to a subsequence ||u;|[p;y — oo as j — oo. Set

w
vj = H“J‘TlM’ then [v;|s < s for s € [2,3].
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Obviously, 5"*1) > 2. By (4.2),

- 3(v+1) 9
R(z,u) > Clul2tv-1) > C|u|® for |u| > r.
Together with (Ay4), for any 6 > 0, there exists Cs > 0 such that

R(z,u) > Cslul* for |u| > 6. (4.7)

Set Q;(0) :=={x € R3 : |uj(x)] > 0} for 6 > 0. It follows from (4.6) and (4.7) that
/ lui> < C. (4.8)
Q;(9)
Thus we obtain

/ |Uj‘2: 12 / |uj|2§ 02 — 0.
Q;(8) lwillag Ja; ) llwsllag

For s € [2, 3], by Holder inequality,

"U'|S :/ ‘1}'|2(378)‘1}"3(572)
/Q<6> T e ’

J J

3—s
<32 / K —0. (4.9)
Q;(5)

Note that

/ + — 2 —
o) =) = gl = [ ot sl =

2 _
=gty (1 [ atolusue; —o7 ).

/R3 g(z, |uj|)vjv;r —v; — L (4.10)

Hence

By (Aj), for any e > 0, there exists § > 0 such that
g(z,|u]) <€ whenever |u| <.
By (As) and (A4), for the above 4, there is Cs > 0 such that

g(z, lu))’ < CsR(x,u) for |u| > 6. (4.11)
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Therefore, from (4.6) and (4.9), using Holder inequality, we obtain

+ —
[, st tushuef —o;

_ T / gl lug v —v;
(/uj<5 j(5)> T ’
1 1/
< elv;)* + (/ 9(937|U')V) (/ |”'|”/”'+_”'_l/)
I Q,(5) ! Q@
1 1
B v , 20/
< Che+C (/ R(, ug')) (/ o2 )
Q, (%) Q;(9)

, 2v
< Ce+C (/ \vj|2" ) = Coe+ o(1) (4.12)
Q;(9)

as j — 0o, where 20/ = ,,2,1/1 < 3.

(4.10) and (4.12) shows a contradiction, which implies the conclusion holds
true. o

By Lemma 4.4, any (C)c-sequenc (u;) is bounded, hence along a subsequence also
denoted by (u;),u; — ups. It is obvious that uys is a critical point of ®p;. Moreover

there holds the following
Lemma 4.5 FEither
(1) u; — upy, or

(2) ¢> C and there ezist a positive integer ¢, points 41, ...,y € K\{0}, a subsequence
denoted again by (u;), and sequences (a;) - Z3, such that, as j — oo,

— 0,

14
Uj — Upr — Z(a; * ’U,i)
i=1

M
\a;|—>oo7 |a§v—a?\—>oo ifi#£k

and
l

Dpr(upr) + Z@(ﬂi) =c.
i=1

Proof The proof is well known (see, e.g., [14]), which can be outlined as follows.
It is obvious (u;) is a (PS)c-sequence and

1 ~
¢ — Ppr(uj) — 2¢'M(Uj)ﬂj = /}R3 R(z,uj) >0,

Assume (1) is false. It is easy to see that ujl = uj —up is a (PS)c,-sequence for $
with ¢g = ¢—@pr(ups) and u} — 0. Since @ is invariant under the *-action of R3 by the
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concentration compactness principle, there exist a sequence (a}) C R3 with |a}| — 00

1 — @1 and

and a critical point @1 # 0 of @ satisfying a} * U

B(aj * uj) — ¢ — Ppr(upr) — P(ar) > 0.

Since @7 (ups) > 0 and &(wy) > C, one sees that ¢ > C.

If a; * “gl — U1, the proof is completed. Otherwise, repeating the above argument,

after at most finitely many steps we finish the proof. m]
As a straight consequence of Lemma 4.5 we have
Lemma 4.6 &), satisfies the (C)c-condition for all ¢ < C.

By Theorem 2.3 and Lemma 4.6, in order to obtain nontrivial least energy solutions
of (1.1), we only have to prove the linking level sup @,,(Q) < C.
Let Un € Sy for n=0,1,1I. Set e := U, and Ec :== E~ @ Re.

Lemma 4.7 d :=sup{®y;(u) :u € Ec} < C.

Proof See [10]. We outline it as follows.

By lemma 4.2 and the linking property we have d > p.

Assume (M7) is satisfied. Since M(xz) < 0, @ps(u) < Pg(u) for all u = v + sUgr,
and

Bo(u) = o (v + sUy ) < Bo(sU + ho(sU))
= Io(sUg) < Io(Uy)
= ®o(Up) = Co.

Hence d < C‘o. Assume by contradiction that d = C’Q. Let w; = vj + 55 US‘ € Ee be
such that d — ; < @pr(wj) — d. It follows from Lemma 4.3 that (w;) is bounded and

we can assume that w; — w in E with v; = v € £~ and s; — s. It is clear that s > 0
(otherwise d = Cp = 0, a contradiction). Then

1 1
d— <o < P i

j= M(w])_ 0(“’])"’2 -
1
2 Jrs

M(z)wjw;

<Co+ M (z)w;w;.
Taking the limit one has Co < Co + % ng M (xz)ww. Hence w = 0, a contradiction.

If (M2)(1) holds, for u =v + sUI"' € Ee,®pr(u) < &7(u) < Cy, hence d < Cy. Just
as above, from

1
Par < Bi()+, [ (M) = M),
R
we can see d < C7.
Similarly, if (M2)(2) appears, we can check d < Cpy. ad

Set

Qni={u=u" +sU} :u” €E ,s>0,|ul| <R},n=0,1,1I.
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As a consequence of Lemma 4.7 one has
Lemma 4.8 sup Py (Qn) < C forn=0,1,1I.

‘We now in a position to complete the proof of Theorem 1.1.

(Existence of Least Energy Solutions) By Lemma 4.1-Lemma 4.8, there exists
a (C)c-sequence (uj;) with p < ¢ < supPpr(Qn) < C and uj — u as j — oo. Then
&y (w) = 0 and Gpr(u) > p. Therefore K\{0} # 0.

Recall ¢pyr = inf{®Pps(u) : v € Kp\{0}}. Along the same lines of proof of
lemma 3.2, one can check that cps > 0. Let (u;) satisfy that @ (uj) — car, @ (uj) = 0.
Since cpy < C, we have uj — u in E with @7 (u) = cps and &), (u) = 0, hence Syy # 0.

O

In order to show the compactness of Sjps, we need the following result which can

be proved using the same iterative argument of [6, proposition 3.2].

Lemma 4.9 Ifu € Ky; with [¥ar(u)| < Cy and |ula < Ca, then for any q € [2,00),u €
WH4R3) with ||ul|y1.a < Aq, where Aq depends only on C1,Co and q.

For any (u;) C Spz, one has @y (uj) = cpr and @, (uj) = 0, which implies (u;) is
a (C)cpr-sequence. By Lemma 4.4 (u;) is bounded and henceforth Sjs is bounded in
E. By Lemma 2.2, |u|s < Cs for all w € Sy, s € [2, 3], and then from (4.4) one can see
|@pr| < Cp for some C7 > 0. By Lemma 4.9, for each ¢ € [2,00), there is A¢ > 0 such
that

lully1.a < Ag for all u € Syy.

By the Sobolev embedding theorem, there is C'oc > 0 such that
|t|oo < Coo for all u € Spy. (4.13)

(Compactness of Syr) Let (uj) C Sy, then (uj) is a (C)cy-sequence. Since
cy < C, it follows from Lemma 4.6 that u; — v in E along a subsequence. Obviously,
u € Spr. By

Hou; = —M(x)uj + g(x, |uj|)u;

and

Hou = =M (x)u + g(z, [ul)u

one has

[Ho(uj —u)l2 < [M(uj —u)l2 +19( lujDu; — g(; [ul)ulz
< o(1) + 190 ujl)(uj — w2 + (g, [ugl) — g [ul))ul2.

By 4.13, |uj\oo <Cx and u; — uin E,

i) — X, |u ’LL2: X, |Uq|) — x,|u ’U/2—> .
[, lata ) = gt u))u (/K;/WR) (9(a us]) — g )yl — 0

Therefore, one obtains |Ho(u; —w)|2 — 0, i.e., u; — u in H. O
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