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Abstract This paper is concerned with solutions to the Dirac equation: −i
�
αk∂ku+

aβu + M(x)u = g(x, |u|)u. Here M(x) is a general potential and g(x, |u|) is a self-

coupling which grows super-quadratically in u at infinity. We use variational methods to

study this problem. By virtue of some auxiliary system related to the “limit equation” of

the Dirac equation, we constructed linking levels of the variational functional ΦM such

that the minimax value cM based on the linking structure of ΦM satisfies 0 < cM < Ĉ,

where Ĉ is the least energy of the limit equation. Thus we can show the (C)c-condition

holds true for all c < Ĉ and consequently we obtain one solution of the Dirac equation.

Keywords Dirac equations · The Coulomb-type potential · (C)c-condition · Super

linear · Linking

1. Introduction and the main result

In this paper, we consider the existence of least energy solutions to the following non-

linear Dirac equations��
�
−i
�
αk∂ku+ aβu+M(x)u = g(x, |u|)u for x ∈ R

3,

u(x)→ 0, as |x| → ∞.
(1.1)

where x = (x1, x2, x3) ∈ R
3, u(x) ∈ C

4, ∂k = ∂
∂xk

, a is a positive constant, α1, α2, α3

and β are 4× 4 complex matrices (in 2× 2 blocks):

β =

�
I 0

0 −I

�
, αk =

�
0 σk

σk 0

�
, k = 1, 2, 3
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with

σ1 =

�
0 1

1 0

�
, σ2 =

�
0 −i
i 0

�
, σ3 =

�
1 0

0 −1

�
,

M(x) denotes a 4×4 real symmetric matrix valued function which in physics represents

the external potential (see [1]), and g ∈ C(R3 × R
+,R+), where R

+ := [0,∞).

(1.1) arises in the study of stationary states to the following general Dirac equation

−ih∂tψ = ich
3�

k=1

αk∂kψ −mc2βψ − P (x)ψ+Gψ(x, ψ), (1.2)

where h is the Planck’s constant, c is the speed of light, m > 0 is the mass of the

electron, P (x) is a 4 × 4 real symmetric matrix standing for the external field, ψ :

R × R
3 → C

4 represents the wave function of the state of a relativistic electron, and

G : R× C
4 → R represents a nonlinear self-coupling.

Stationary states of (1.2) are considered as particle-like solutions. These solutions

are solitons in some sense which propagate without changing their shape.

Assume G satisfies G(x, eiθψ) = G(x, ψ) for all θ ∈ [0, 2π]. Stationary solutions are

functions of the type

ψ(t, x) = e
iθt
h u(x).

Here u(x) is a non-zero localized solution of the following stationary Dirac equation

−i
3�

k=1

αk∂ku+ aβu+M(x)u = G̃u(x, u) for x ∈ R
3 (1.3)

with a = mc
h ,M(x) =

P (x)
hc + θI4 and G̃u(x, u) =

Gu(x,u)
hc .

In recent years there are many papers dealing with the existence of stationary

solutions of (1.3) via variational methods. In [2–5], the authors considered this problem

when

M = ωI4, G̃(u) =
1

2
H(ũu), H ∈ C2(R,R), H(0) = 0, (1.4)

where ω ∈ (−a, 0) is a constant and ũu := (βu, u)C4 . (1.4) corresponds to the so-called

Soler Model. In this condition, using a particular ansatz for the solution u, (1.3) can

be reduced to a system of ODE’s. By a shooting method, infinitely many localized

solutions were obtained, see also [6,7]. There are models of self-coupling for which the

ansatz is no more valid. For example,

G̃(u) :=
1

2
|ũu|2 + b|ũαu|2, (1.5)

where b > 0, ũαu := (βu, αu)C4 and α := α1α2α3 (see [4,6,7]). Under the additional

assumption that H ′(s)s ≥ θH(s) for θ > 1, [6] considered nonlinearities of type (1.5)

while with a weaker growth

G̃(u) := μ|ũu|τ + b|ũαu|σ , 1 < τ, σ <
3

2
, μ, b > 0.

[6] also considered G̃ growing more slowly than |u|3 at infinity and not necessarily

satisfying (1.5).

When M(x) and G̃(x, u) are periodic in x, [8] treated nonlinearity G̃(x, u) which

may be superquadratic or asymptotically quadratic in u as |u| → ∞. If G̃(x, u) is addi-

tionally even in u, the authors obtained infinitely many solutions. They also considered
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the case where the nonlinearity has a non-vanishing quadratic part in the origin, so

that the linearized equation has a potential.

To the non-periodic system, [9] considered function G̃(x, u) which is asymptotically

quadratic in u at infinity and the potential M(x) is of either Coulomb-type or is of

the scalar one. Under suitable assumptions, the authors obtained the existence and

multiplicity of solutions of (1.3). If G̃(x, u) is superquadratic in u at infinity, there

is much difficulty to obtain solutions of (1.3) via the variational method because the

Palais-Smale condition isn’t satisfied in general. Just recently, in [10], the authors

considered some auxiliary problem related to the “limit equation” of (1.1) which is

autonomous and whose least energy solutions with least energy Ĉ are known. By virtue

of this auxiliary system, the authors constructed linking levels of the functional ΦM
such that the minimax value cM based on the linking structure of ΦM satisfies 0 <

cM < Ĉ. They proved (C)c-condition and thereby obtained one solution of (1.1).

Motivated by [10], in this paper, we also consider (1.1) with g(x, |u|)|u| being super

linear in u at infiniy. But here the conditions on g are weaker than [10]. Under our

conditions, we also can prove the existence of least energy solutions of (1.1). Our results

also apply to the Coulomb-type potential and the Soler model (see [11]).

In the following, for convenience, any real symmetric matrix U(x)I4 will be written

simply U(x). For a symmetric real matrix function L(x), let λL(x) (respectively, λ̄L(x))

be the minimal (respectively, the maximal) eigenvalue of L(x), |L(x)| := max{|λL(x)|,
|λ̄L(x)|}, |L|∞ := ess supx|L(x)| and L(∞) := lim|x|→∞ L(x) if and only if |L(x) −
L(∞)| → 0 as |x| → ∞. For two given symmetric real matrix functions L1(x) and

L2(x), we write L1(x) ≤ L2(x) if and only if

max
ξ∈C4,|ξ|=1

(L1(x)− L2(x))ξ · ξ̄ ≤ 0.

The variational functional of (1.1) is defined by

ΦM (u) :=

�
R3

�
1

2

�
−i

3�
k=1

αk∂k + aβ +M(x)

�
u · ū−R(x, u)

�
dx (1.6)

where

R(x, u) :=

� |u|

0
g(x, s)sds.

Set

cM := inf{ΦM (u) : u �= 0 is a solution of (1.1)}.

We call a solution u0 �= 0 of (1.1) a least energy solution if it satisfies ΦM (u0) = cM ,

and let SM be the set of all least energy solutions of (1.1).

Set

R̃(x, u) :=
1

2
g(x, |u|)|u|2 −R(x, u).

We make assumptions on the nonlinear term of (1.1) as follows:

(A1) g ∈ C(R3 × R
+,R+), g(x, s) > 0 if s �= 0 and g(x, s) = o(s) as s→ 0;

(A2) R̃(x, u) > 0 for u �= 0 and there exist c1 > 0, 0 < δ < 1 and γ > 2 such that

R̃(x, u) ≥ c1|u|γ for |u| < δ;

(A3) there exist c2, c3 > 0, r > 1 and 3 < ν ≤ 7 such that R(x, u) ≥ c2|u|
4ν2−ν+3
2ν(ν−1) and

g(x, |u|)ν ≤ c3R̃(x, u) for |u| ≥ r.
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(A4) there is g∞ ∈ C1(R+,R+), g′∞(s) > 0 for s > 0 such that g(x, s) → g∞(s) as

|x| → ∞ uniformly on bounded sets of s and g∞(s) ≤ g(x, s) for all (x, s).

Our main result reads as follows:

Theorem 1.1 Let (A1)− (A4) be satisfied and either

(R1) M is a symmetric continuous real 4 × 4-matrix function on R
3 \ {0} with 0 >

M(x) ≥ − k
|x| where k < 1

2
or

(R2) M is a symmetric continuous real 4 × 4-matrix function on R
3 with |M |∞ <

a,M(x) < M(∞) for all x, and either (1)M(∞) ≤ 0 or (2)M(∞) = m∞I4
where m∞ is a constant,

then (1.1) has at least one least energy solution u ∈ W 1,q(R3,C4) for all q ≥ 2 and

SM is compact in H1(R3,C4).

Remark 1.1 The function M(x) satisfying (R1) is called Coulomb-type potential.

If M(x) := − k
|x| , it is called Coulomb potential. See [1] for discussion on external

fields.

Remark 1.2 Under some additional assumptions, for instance (M3) in [10], we also can

check the exponential decay of solutions, we omit it in our paper.

Remark 1.3 There are functions satisfying (A1)− (A4). For example,

g(x, s) =

	
1 +

1

1 + |x|2



αsα−2

×
�
s2 ln(1 + s)− 1

2
s2 + s− ln(1 + s)

�
+ 2sα ln(1 + s)

and

R(x, u) =

	
1 +

1

1 + |x|2



|u|α

�
|u|2 ln(1 + |u|) − 1

2
|u|2 + |u| − ln(1 + |u|)

�
,

where 0 < α < 1.

Remark 1.4 (A1) − (A3) are weaker than the conditions (g1) and (g2) in [10]. Check

the following example

g(x, s) =

	
1 +

1

1 + |x|2




×
�
μsμ−2 + (μ− 2)(μ− ε)sμ−2−ε sin2

	
sε

ε



+ (μ− 2)sμ−2 sin

	
2sε

ε


�

and

R(x, u) =

	
1 +

1

1 + |x|2


	
|u|μ + (μ− 2)|u|μ−ε sin2

	
|u|ε
ε




,

where 2 < μ < 3, 0 < ε < μ − 2, one can see g satisfies (A1) − (A3) but doesn’t

satisfy (g2).



Solutions of Super Linear Dirac Equations with General Potentials 239

2. The variational setting

We will use variational methods to obtain solutions of (1.1). Hence we have to establish

a variational setting for the system (1.1). In what follows by | · |q we denote the usual

Lq-norm, and by (·, ·)2 the usual L2-inner product. Let H0 := −i
�3
k=1 αk∂k + aβ

denote the selfadjoint operator on L2(R3,C4) with domain H1(R3,C4). For any sym-

metric real matrix value function M , set HM := H0+M . The spectrum and continuous

spectrum of HM are denoted by σ(HM ) and σc(HM ), respectively.

Lemma 2.1 [10]. Let M be a symmetric real matrix value function.

(1) σ(H0) = σc(H0) = R\(−a, a);
(2) If M satisfies (R1), then HM is selfadjoint with D(HM ) = H1(R3,C4) and

σ(HM ) ⊂ R\(−(1− 2k)a, (1− 2k)a);

(3) If M satisfies (R2), then HM is selfadjoint with D(HM ) = H1(R3,C4) and

σ(HM ) ⊂ R\(−a+ |M |∞, a− |M |∞).

By Lemma 2.1, L2 possesses the orthogonal decomposition

L2 = L− ⊕ L+, u = u− + u+

so that H0 is negative definite on L−, positive definite on L+. Let |H0| and |H0|
1
2

respectively be the absolute value and square root of H0.

Denote E := D(|H0|
1
2 ) be the domain of the selfadjoint operator |H0|

1
2 , which is a

Hilbert space under the inner product

(u, v) = �(|H0|
1
2 u, |H0|

1
2 v)2

with the induced norm ‖u‖ = (u, u)
1
2 . E possesses the decomposition

E = E− ⊕ E+,

where E+ = E ∩L+ and E− = E ∩L− are orthogonal with respect to both (·, ·)2 and

(·, ·) inner products.

By a standard argument, we can obtain the following result. See [8,12]

Lemma 2.2 E embeds continuously into H
1
2 (R3,C4), hence E embeds continuously

into Lq for all q ∈ [2, 3] and compactly into Lqloc for all q ∈ [1, 3).

On E, we define the functional

ΦM (u) :=
1

2
‖u+‖2 − 1

2
‖u−‖2 +

1

2

�
R3
M(x)uū− Ψ(u), (2.1)

where Ψ(u) =


R3 R(x, u).

Note that, by (2) and (3) of Lemma 2.1, E = D(|HM |
1
2 ) with the equivalent inner

product

(u, v)M := �(|HM |
1
2 u, |HM |

1
2 v)2

and norm ‖u‖M := (u, u)
1
2
M . E has a decomposition

E = E−
M ⊕ E

+
M ,
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and ΦM can be represented as

ΦM (u) =
1

2
(‖u+‖2M − ‖u−‖2M )− Ψ(u). (2.2)

In order to study the critical points of ΦM , we now recall some abstract critical

point theory developed recently in [13]; see also [14] and [15] for earlier results on that

direction.

Let E be a Banach space with direct sum decomposition E = X ⊕ Y and PX , PY
be projections onto X,Y , respectively. For a functional Φ ∈ C1(E,R) we write Φa =

{u ∈ E : Φ(u) ≥ a}, Φc = {u ∈ E : Φ(u) ≤ c} and Φca = Φa ∩ Φc. Recall that Φ

is said to be weakly sequentially lower semi-continuous if for any un ⇀ u in E one

has Φ(u) ≤ lim infn→∞ Φ(un), and Φ′ is said to be weakly sequentially continuous if

limn→∞ Φ′(un)w = Φ′(u)w for each w ∈ E. A sequence {un} ⊂ E is said to be a

(C)c-sequence if Φ(un) → c and (1 + ‖un‖)Φ′(un) → 0. Φ is said to satisfy the (C)c-

condition if any (C)c-sequence has a convergent subsequence. From now on we assume

that X is separable and reflexive, and let S be a countable dense subset of X∗. For

each s ∈ S there is a semi-norm on E defined by

ps : E → R, ps = |s(x)|+ ‖y‖

for u = x + y ∈ X ⊕ Y, which induces a topology denoted by TS . Let w∗ be the

weak∗-topology on E∗.
Assume:

(I1) For any c ∈ R, Φc is TS -closed, and Φ′ : (Φc, TS)→ (E∗, w∗) is continuous;

(I2) For any c > 0, there exists ζ > 0 such that ‖u‖ < ζ‖PY u‖ for all u ∈ Φc;
(I3) There exists ρ > 0 with k := inf Φ(SρY ) > 0 where SρY := {u ∈ Y : ‖u‖ = ρ}.

The following theorem is a special case of the Theorem 3.4 of [12].

Theorem 2.3 Let (I1)− (I3) be satisfied and suppose there are R > ρ > 0 and e ∈ Y
with ‖e‖ = 1 such that supΦ(∂Q) ≤ k where Q = {u = x+ te : t ≥ 0, x ∈ X, ‖u‖ < R}.
Then Φ possesses a (C)c-sequence with k ≤ c ≤ supΦ(Q). If Φ satisfies the (C)c-condi-

tion for all c ≤ supΦ(Q) then Φ has a critical point z with k ≤ Φ(z) ≤ supΦ(Q).

3. Autonomous equation-limit problem

In this section we study the following autonomous equation��
�−i

�3
k=1 αk∂ku+ aβu+ (b+ L)u = g∞(|u|)u for x ∈ R

3,

u(x)→ 0, as |x| → ∞,
(3.1)

where b is a real number and L is a symmetric real constant matrix with

b ∈ (−a, a) and b− a < L ≤ 0. (3.2)

Without loss of generality we may assume b ≥ 0, otherwise we replace b and L by b̃ = 0

and L̃ = b+ L. (3.2) shows that

|L| < a− b. (3.3)

Equation (3.1) can be regarded as a “limit-equation” of (1.1), which services to con-

structing linking levels of the functional ΦM in the proof of our main results. In our
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later application, we are concerned with b = 0 and L = 0 in case (R1), b = 0 and

L = M(∞) in the case (1) of (R2) and b = m∞ and L = 0 in the case (2) of (R2).

Let Hb := H0 + b, a selfadjoint operator in L2 with D(Hb) = H1 and σ(Hb) ⊂
R\(−a+ b, a+ b). On E = H

1
2 we define an equivalent inner product as follows

(u, v)b = �(|Hb|
1
2 u, |Hb|

1
2 v)2 (3.4)

with the deduced norm ‖u‖b := ||Hb|
1
2 u|2.

It is easy to check that the decomposition E = E− ⊕ E+ is also orthogonal with

respect to the inner product (·, ·)b and ‖u±‖2b = ‖u±‖2 ± b|u±|22 for u± ∈ E± and

‖u‖2b ≥ (a− b)|u|22 (3.5)

Set R∞(u) = R∞(|u|) :=
 |u|
0 g∞(s)sds and γ′ = 4ν2−ν+3

2ν(ν−1)
.

By (A3) and (A4), R∞(u) ≥ c2|u|γ
′

for |u| ≥ r.

Since g∞ ∈ C1(R+,R+), we obtain for any δ > 0, there exists Cδ > 0 such that

R∞(u) ≥ Cδ |u|γ
′

for all |u| ≥ δ. (3.6)

Since

R̃(x, u) ≤ 1

2
g(x, |u|)|u|2,

by (A3), we have

g(x, |u|)ν ≤ c3R̃(x, u) ≤ Cg(x, |u|)|u|2, for all |u| ≥ r,

where and below C stands for some generic positive constant.

Then

g(x, |u|) ≤ C|u|
2

ν−1 for all |u| ≥ r. (3.7)

Together with (A1) and (A4), for any ε > 0, there is cε > 0 such that

g∞(|u|)|u| ≤ ε|u|+ cε|u|
ν+1
ν−1 , (3.8)

and

R∞(u) ≤ ε|u|2 + cε|u|
2ν

ν−1 (3.9)

Set R̃∞(u) := 1
2g∞(|u|)|u|2 −R∞(u).

Again by (A1) and (A3), for any ε > 0, there exist ρε > 0 and Cε such that

g∞(|u|) ≤ ε if |u| < ρε and g∞(|u|) ≤ Cε
�
R̃∞(u)

� 1
ν if |u| ≥ ρε (3.10)

Set Ψ∞(u) :=


R3 R∞(u) and define

Φb(u) :=
1

2
‖u+‖2 − 1

2
‖u−‖2 +

1

2

�
R3

(b+ L)uū− Ψ∞(u)

for u = u− + u+ ∈ E− ⊕ E+.

The following lemma shows that Φb possesses the linking structure.
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Lemma 3.1

(1) there exist r0 > 0 and ρ > 0 such that Φb|B+
r0
≥ 0 and Φb|S+

r0
≥ ρ, where

B+
r0 := {u ∈ E+ : ‖u‖b ≤ r0} and S+

r0 := {u ∈ E+ : ‖u‖b = r0};
(2) For any finite dimensional subspace Z ⊂ E+, Φb(u)→ −∞ as u ∈ E−⊕Z, ‖u‖b →
∞.

Proof

(1) By (3.2), (3.3) and (3.9),

Φb(u) =
1

2
‖u‖2b +

1

2

�
R3
Luū− Ψ∞(u)

≥ 1

2
‖u‖2b +

1

2

|L|
b− a‖u‖

2
b − ε‖u‖2b − cε‖u‖

2ν
ν−1
b ,

then one can easily see that (1) holds true.

(2) Arguing indirectly, assume there exist some sequence (uj) ⊂ E−⊕Z with ‖uj‖b →
∞, then there is M > 0 such that Φb(uj) ≥ −M for all j. Setting wj =

uj

‖uj‖b
, we

have ‖wj‖b = 1, then wj ⇀ w,w−
j ⇀ w−, w+

j → w+ and

− M

‖uj‖2b
≤
Φb(uj)

‖uj‖2b
=

1

2
‖w+

j ‖
2
b −

1

2
‖w−

j ‖
2
b +

1

2

�
R3
Lwjw̄j −

�
R3

R∞(uj)

‖uj‖2b
. (3.11)

From (3.11), we can easily see that w+ �= 0.

Choose k ∈ (a + b,∞) ∩ σ(Hb) satisfying Z ⊂ Ek − Eλe
, where (Eλ)λ∈R is the

spectrum family of Hb and λe := min{λ|λ ∈ σ(Hb) ∩ [a+ b,∞)}.
By (3.6), since γ′ > 2, there exists M0 > 1 such that R∞(u) ≥ 3k|u|2 for |u| ≥M0.

It is clear that

‖w+‖2b − ‖w−‖2b − 3k

�
R3
|w|2

≤ k|w+|22 − ‖w−‖2b − 3k|w+|22 − 3k|w−|22

≤ −(2k|w+|22 + ‖w−‖2b + 3k|w−|22)

< 0.

Therefore, there is a > 0 such that

‖w+‖2b − ‖w−‖2b − 3k

�
|x|≤a

|w|2 < 0. (3.12)

Note that

Φb(uj)

‖uj‖2b
≤ 1

2
‖w+

j ‖
2
b −

1

2
‖w−

j ‖
2
b −

�
|x|≤a

R∞(uj)

‖uj‖2b

=
1

2

�
‖w+

j ‖
2
b − ‖w−

j ‖
2
b − 3k

�
|x|≤a

|wj |2
�
−
�
|x|≤a

R∞(uj)− 3k
2 |uj |

2

‖uj‖2b

≤ 1

2

�
‖w+

j ‖
2
b − ‖w−

j ‖
2
b − 3k

�
|x|≤a

|wj |2
�

+
2kM2

0 a
3

‖uj‖2b
. (3.13)
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By (3.11) and (3.12), we obtain

0 ≤ lim inf
j→∞

�
1

2
‖w+

j ‖
2
b −

1

2
‖w−

j ‖
2
b −

�
|x|≤a

R∞(uj)

‖uj‖2b

�

≤ 1

2

�
‖w+‖2b − ‖w−‖2b − 3k

�
|x|≤a

|w|2
�

< 0,

a contradiction. �

Under our assumptions, it isn’t difficult to check that any (C)c-sequence is bounded.

Let Kb := {u ∈ E : Φ′
b(u) = 0} be the critical set of Φb. Since Φb is R

3-invariant, i.e.,

Φb(a ∗ u) = Φb(u) where (a ∗ u)(x) := u(x+ a) for all a ∈ R
3. Using the concentration

compactness principle and some abstract critical point theorem (see [16]), one can show

Kb\{0} �= ∅. In fact, We have

Lemma 3.2 [6,8]. Kb \ {0} �= ∅ and Kb ⊂ ∩q≥2W
1,q.

Denote cb := inf{Φb(u) : u ∈ Kb \ {0}}.

Lemma 3.3 cb > 0. In particular, 0 is an isolated critical point of Φb.

Proof Assume by contradiction that cb = 0, then there exists uj ∈ Kb \ {0} such that

Φb(uj)→ 0.

Observe that

Φb(uj) = Φb(uj)−
1

2
Φ′
b(uj)uj =

�
R3
R̃∞(uj),

then �
R3
R̃∞(uj)→ 0.

Since 0 = Φ′
b(uj)(u

+
j − u

−
j ), (3.3) and (3.5) imply that

‖uj‖2b = −
�

R3
Luju

+
j − u

−
j +

�
R3
g∞(|uj |)uju+

j − u
−
j

≤ |L|
a− b‖uj‖

2
b +

�
R3
g∞(|uj |)uju+

j − u
−
j .

By (3.10) and Hölder inequality, one sees	
1− |L|

a− b



‖uj‖2b ≤

��
|uj |<ρε

+

�
|uj |≥ρε

�
g∞(|uj |)uju+

j − u
−
j

≤ ε|uj |22 + Cε

�
R3
R̃∞(uj)

1
ν |uj ||u+

j − u
−
j |

≤ ε|uj |22 + Cε

	�
R3
R̃∞(uj)


 1
ν

|uj | 2ν
ν−1
|u+
j − u

−
j | 2ν

ν−1

≤ Cε‖uj‖2b + C

	�
R3
R̃∞(uj)


 1
ν

‖uj‖2b . (3.14)

Hence 1 ≤ Cε+ o(1), a contradiction. �
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Just as [17], for fixed u ∈ E+, we introduce the functional φu : E− → R by

φu(v) := Φb(u+ v).

Then we have

φ′′u(v)[w,w] = −‖w‖2b +

�
R3
Lww̄ − Ψ ′′∞(u+ v)[w,w]

= −‖w‖2b +

�
R3
Lww̄ −

�
R3

g′∞(|u+ v|)
|u+ v| (�[(u+ v)w̄])2

−
�

R3
g∞(|u+ v|)|w|2

for all v,w ∈ E−, which implies φu(·) is strictly concave. Moreover

φu(v) ≤ 1

2
(‖u‖2b − ‖v‖2b)→ −∞ as ‖v‖b →∞.

It is easy to check φu is weakly sequentially upper semicontinuous. Thus there is a

unique strict maximum point hb(u) for φu(·), which is also the only critical point of

φu on E− and satisfies:

v �= hb(u)⇔ Φb(u+ v) < Φb(u+ hb(u)) (3.15)

for all u ∈ E+ and v ∈ E−.

Moreover,

Φ′
b(u+ hb(u))w = I ′b(hb(u))w = 0

⇒ −(hb(u), w)b + �
�

R3
L(u+ hb(u))w̄

= �
�

R3
g∞(|u+ hb(u)|)(u+ hb(u))w̄ (3.16)

for all u ∈ E+ and w ∈ E−.

In the following, we collect some properties of hb.

Lemma 3.4 [17].

(1) hb is R
3-invariant;

(2) hb ∈ C1(E+, E−) and hb(0) = 0;

(3) hb is a bounded map;

(4) If un ⇀ u in E+, then hb(un) − hb(un − u) → hb(u) and hb(un) ⇀ hb(u). The

same is true for |hb(u)|22.

Now we define the reduce functional Ib : E+ → R by

Ib(u) : = Φb(u+ hb(u))

=
1

2
‖u‖2b −

1

2
‖hb(u)‖2b +

1

2

�
R3
L(u+ hb(u))u+ hb(u)− Ψ∞(u+ hb(u)).
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Then using (3.16), we obtain

I ′b(u)v = (u, v)b − (hb(u), h
′
b(u)v)b + �

�
R3
L(u+ hb(u))v + h′b(u)v

−�
�

R3
g∞(|u+ hb(u)|)(u+ hb(u))v + h′b(u)v

= Φ′
b(u+ hb(u))(v + hb(v))

= (u, v)b − (hb(u), hb(v))b + �
�

R3
L(u+ hb(u))v + hb(v)

−�
�

R3
g∞(|u+ hb(u)|)(u+ hb(u))v + hb(v)

for all u, v ∈ E+. Critical points of Ib and Φb are in one to one correspondence via the

injective map u→ u+ hb(u) from E+ into E, which means, if let

K+
b := {u ∈ E+ : I ′b(u) = 0},

we have

Kb = {u+ hb(u) : u ∈ K+
b }.

We now show Ib possesses the mountain pass geometry, that is

Lemma 3.5

(1) There is ρ > 0 such that inf Ib|S+
ρ
> 0;

(2) For any finite dimensional subspace X ⊂ E+, Ib(u)→ −∞ as u ∈ X, ‖u‖b →∞.

Proof

(1)

Ib(w) =
1

2
‖w‖2b −

1

2
‖hb(w)‖2b +

1

2

�
R3
L(w + hb(w))w + hb(w)

− Ψ∞(w + hb(w))

=
1

2
‖w‖2b +

1

2

�
R3
Lww̄ + (Φb(w + hb(w))− Φb(w))− Ψ∞(w)

≥ 1

2
‖w‖2b +

1

2

�
R3
Lww̄ − Ψ∞(w)

≥ 1

2
‖w‖2b −

|L|
2
|w|22 − Ψ∞(w)

≥ 1

2

	
1− |L|

a− b



‖w‖2b −

�
R3
R∞(w)

for all w ∈ E+. From (3.9) we can obtain the desired conclusion.

(2) Let P : Lγ
′
→ X be the natural projection. Then there is cγ′ such that cγ′ |Pu|γ′ ≤

|u|γ′ for all u ∈ Lγ
′
.
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By (3.3), (3.5) and (3.6), for any ε > 0, one has

Ib(u) =
1

2
‖u‖2b −

1

2
‖hb(u)‖2b +

1

2

�
R3
L(u+ hb(u))u+ hb(u)

−
�

R3
R∞(u+ hb(u))

≤ 1

2
‖u‖2b −

1

2
‖hb(u)‖2b + ε|u+ hb(u)|22 − cε|u+ hb(u)|γ

′
γ′

≤ 1

2
‖u‖2b −

1

2
‖hb(u)‖2b +

ε

a− b‖u+ hb(u)‖2b − c
γ′
γ′cε|u|γ

′
γ′

≤
	

1

2
+

ε

a− b



‖u‖2b −

	
1

2
− ε

a− b



‖hb(u)‖2b −C‖u‖

γ′
b .

Since γ′ > 2, the conclusion is true. �

The following lemma shows that any (PS)c-sequence is bounded.

Lemma 3.6 Assume Ib(uj)→ c, I ′b(uj)→ 0, then (uj) is bounded.

Proof We will show wj := uj +hb(uj) = w+
j +w−

j is bounded. Argue by contradiction

we assume ‖wj‖b →∞ as j →∞.

By (A2) and (A3),

c2|w|γ
′
≤ R(x,w) ≤ 1

2
g(x, |w|)|w|2 for |w| ≥ r.

Then

R̃(x,w) ≥ g(x, |w|)ν ≥ C|w|(γ
′−2)ν for |w| ≥ r.

Hence

R̃∞(w) := lim
|x|→∞

R̃(x,w) ≥ C|w|(γ
′−2)ν = C|w|

3(ν+1)
2(ν−1) for |w| ≥ r.

Therefore, one obtains

Ib(uj)−
1

2
I ′b(uj)uj =

�
R3

�
1

2
g∞(|wj |)wjwj −R∞(wj)

�

=

�
R3
R̃∞(wj) ≥ C

�
|wj|≥r

|wj |
3(ν+1)
2(ν−1) ,

from which we obtain �
|wj |>r

|wj |
3(ν+1)
2(ν−1) ≤ C‖wj‖b. (3.17)

By (3.3), (3.5) and (3.16),

I ′b(uj)(uj) = Φ′
b(wj)(w

+
j −w

−
j )

= ‖wj‖2b +

�
R3
Lwjw

+
j −w

−
j −

�
R3
g∞(|wj |)wjw+

j − w
−
j

≥
	

1− |L|
a− b



‖wj‖2b −

�
R3
g∞(|wj |)wjw+

j − w
−
j . (3.18)
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By (A1), for any small ε > 0, there exists δ < 1 satisfying g∞(s) < ε for s ≤ δ.
Denote

I :=

�
R3
g∞(|wj |)wjw+

j − w
−
j := I1 + I2 + I3

=

��
|wj |≥r

+

�
δ<|wj |<r

+

�
|wj |≤δ

�
g∞(|wj |)wjw+

j − w
−
j .

Then by (3.7), (3.17),

|I1| ≤ C
�
|wj |≥r

|wj |
2

ν−1 |wj ||w+
j − w

−
j |

= C

�
|wj |≥r

|wj |
ν+1
ν−1 |w+

j − w
−
j |

≤ C
��

|wj |≥r
|wj |

3(ν+1)
2(ν−1)

� 2
3
��

|wj |≥r
|w+
j −w

−
j |

3

� 1
3

≤ C‖wj‖
5
3
b . (3.19)

For b > a > 0, let Ωj(a, b) := {x ∈ R
3, a ≤ |wj(x)| ≤ b} and Cba := min

� R̃∞(w(x))
|w(x)|2 , a ≤

|w(x)| ≤ b
�
. By (A2), C

b
a > 0 and R̃∞(wj) ≥ Cba|wj |2 for x ∈ Ωj(a, b). Set vj :=

wj

‖wj‖b
,

then ‖vj‖b = 1, |vj |s ≤ γs‖vj‖b = γs for s ∈ [2, 3].

Therefore,

|I2|
‖wj‖2b

=

������
�
Ωj(δ,r)

g∞(|wj |)wjw+
j − w

−
j

‖wj‖2b

������
≤
�
Ωj(δ,r)

|g∞(|wj |)‖vj‖v+j − v
−
j |

≤ C|vj |2

��
Ωj(δ,r)

|vj |2
� 1

2

. (3.20)

Since �
Ωj(δ,r)

|vj |2 =


Ωj(δ,r)

|wj |2

‖wj‖2b
≤

Ωj(δ,r)

R̃∞(wj)

Crδ ‖wj‖2b
→ 0, (3.21)

for the above ε, by (3.20) and (3.21), there is J such that

|I2| ≤ ε‖wj‖2b as j ≥ J. (3.22)

Obviously,

|I3| ≤ ε‖wj‖2b (3.23)

By (3.18), (3.19), (3.22) and (3.23), we obtain	
1− |L|

a− b − 2ε



‖wj‖2b − C‖wj‖

5
3
b ≤ C‖wj‖b,

which is a contradiction since by assumption (wj) is unbounded, and hence we obtain

(uj) is bounded. �
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Lemma 3.2 shows that 0 is an isolated critical point of Ib. Therefore there is a

M1 > 0 such that ‖u‖b ≥M1 for any nontrivial critical point u of Ib. Let

N+
b := {u ∈ E+\{0} : I ′b(u)u = 0}.

Lemma 3.7 [10]. For each u ∈ E+\{0}, there is a unique t = t(u) > 0 such that

tu ∈ N+
b .

Set

b1 := inf{Ib(u) : u ∈ N+
b },

b2 := inf{Ib(u) : u ∈ K+
b \{0}},

b3 := inf
f∈Γb

max
t∈[0,1]

Ib(f(t)),

where

Γb := {f ∈ C([0, 1], E+) : f(0) = 0, Ib(f(1)) < 0}.

Let u0 ∈ E+ be such that Ib(u0) < 0, and set

Γ b := {f ∈ C([0, 1], E+) : f(0) = 0, f(1) = u0}

b4 := inf
f∈Γ b

max
t∈[0,1]

Ib(f(t)).

Lemma 3.8 cb = b1 = b2 = b3 = b4.

Proof The proof can be seen in [10]. For reader’s convenience, we outline it as follows.

(i) b1 ≤ b2 holds true since K+
b \{0} ⊂ N

+
b .

(ii) b2 ≤ b3. Let (uj) satisfy Ib(uj) → b3 and I ′b(uj) → 0. By lemma 3.6, (uj) is

bounded in E. By the concentration compactness principle, (uj) is either vanishing

or nonvanishing.

By (3.8) and (3.9),

R̃∞(u) ≤ ε|u|2 + cε|u|
2ν

ν−1 for all u ∈ C
4.

If (uj) is vanishing, then |uj |p → 0 for p ∈ (2, 3). Therefore

b3 = lim
j→∞

	
Ib(uj)−

1

2
I ′b(uj)uj



= lim
j→∞

�
R3
R̃∞(uj)

≤
�

R3
(ε|u|2 + cε|u|

2ν
ν−1 ) = o(1),

a contradiction.

Thus, (uj) is non-vanishing, that is, there exist r, η > 0 and (aj) ⊂ R
3 with

lim sup
j→∞

�
Br(aj)

|uj |2 ≥ η.

Set vj := aj ∗ uj . Since the norm and the functional Ib are invariant under the

∗-action, Ib(vj) → b3, I
′
b(vj) → 0. Therefore, vj ⇀ v in E with v �= 0 and

I ′b(v) = 0. A standard argument shows that Ib(vj−v)→ b3−Ib(v), I ′b(vj−v)→ 0
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(see [12]). Obviously, (vj − v) is a (PS)b3−Ib(v)-sequence. By Lemma 3.6, it is

bounded. Therefore,

b3 − Ib(v) = lim
j→∞

	
Ib(vj − v)−

1

2
I ′b(vj − v)(vj − v)



= lim
j→∞

�
R3
R̃∞(vj − v) ≥ 0.

Hence, b2 ≤ Ib(v) ≤ b3.
(iii) b3 ≤ b1. Let Ŝb be the set of all least energy solutions of Ib. Take U ∈ Ŝb and

define f(t) := tU(x) for t ≥ 0. Since I ′b(U) = 0, one has t(U) = 1. Then f ∈ Γb
and

b3 ≤ max
t∈[0,1]

Ib(f(t)) = Ib(U) = b1.

(iv) b3 ≤ b4 is clear. Choose f ∈ Γb. Then Ib(tf(1)) and Ib(tu0) are strictly decreasing

for t ≥ 1, and Ib(tf(1)) → −∞, Ib(tu0) → −∞ as t → ∞. By Lemma 3.6(2),

we can choose a cure �(s) jointing f(1) and u0 in the two-dimensional subspace

span{f(1), u0} such that Ib(�(s)) < 0 for 1 ≤ s ≤ 2. Define f̂(t) by f̂(t) = f(2t) for

t ∈
�
0, 1

2

�
and f̂(t) = �(2t) for t ∈

�
1
2 , 1

�
. Then f̂ ∈ Γ b and maxt∈[0,1] Ib(f̂(t)) =

maxt∈[0,1] Ib(f(t)). Thus b4 ≤ b3.

The proof is completed. �

For estimating the linking level of ΦM , we need the following result.

Lemma 3.9 Let u ∈ K+
b be such that Ib(u) = cb, and set Eu = E− ⊕ Ru. Then

sup
w∈Eu

Φb(w) ≤ cb.

Proof For any w = v + su ∈ Eu, by (3.15),

Φb(w) ≤ Φb(su+ hb(su)) = Ib(su).

Since u ∈ N+
b , we have

sup
w∈Eu

Φb(w) ≤ sup
s≥0

Ib(su) = Ib(u) = cb.

�

4. Proof of the main result

We will use Theorem 2.3 to prove our main result.

Observe that

R(x, u) ≥ c1|u|γ
′

for all |u| ≥ r. (4.1)

R̃(x, u) > 0 if u �= 0.

By (A3), for |u| ≥ r, one has

R̃(x, u) ≥ 1

c3
g(x, |u|)ν and

1

2
g(x, |u|)|u|2 ≥ R(x, u) ≥ c2|u|γ

′
.

Therefore

R̃(x, u) ≥ C|u|(γ
′−2)ν = C|u|

3(ν+1)
2(ν−1) for |u| ≥ r (4.2)

Hence R̃(x, u)→∞ as |u| → ∞.
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For any ε > 0, there exists cε > 0 such that

g(x, |u|) ≤ ε+ cε|u|
2

ν−1 (4.3)

and

R(x, u) ≤ ε|u|2 + cε|u|
2ν

ν−1 (4.4)

for all (x, u).

Now we consider the functional ΦM defined by (2.1) or equivalently (2.2). Let

KM := {u ∈ E : Φ′
M (u) = 0} be the critical set of ΦM and cM := inf{ΦM (u) : u ∈

KM\{0}}. Set Ψ(u) :=


R3 R(x, u).

In virtue of (4.3), (4.4) and Lemma 2.2, we can easily prove the following lemma,

which implies (I1).

Lemma 4.1 ΨM is weakly sequentially lower semicontinuous and Φ′
M is weakly

sequentially continuous.

From the form (2.2), since R(x, u) ≥ 0, it is clear that ΦM verifies (I2). (I3) is

satisfied by the following lemma.

Lemma 4.2 There exist r1 > 0 and ρ > 0 such that ΦM |B+
r1
≥ 0 and ΦM |S+

r1
≥ ρ.

Proof We only check the Coulomb potential case and the other case can be treated

similarly. Assume (M1) is satisfied. Let Vk := k
|x| . By Kato’s inequality,

|Vku|22 ≤ 4k2|H0u|22 = |(2kH0)u|22,

then �
R3

k

|x|uū = |V
1
2
k u|

2
2 ≤ ||2kH0|

1
2 u|22 = 2k||H0|

1
2 u|22.

By (M1),

−
�

R3
M(x)uū ≤ 2k||H0|

1
2 u|22 = 2k‖u‖2.

For u ∈ E+,

ΦM (u) =
1

2
‖u‖2 +

1

2

�
R3
M(x)uū−

�
R3
R(x, u)

≥
	

1

2
− k



‖u‖2 −

�
R3
R(x, u)

≥
	

1

2
− k



‖u‖2 − ε|u|22 − cε|u|

2ν
ν−1
2ν

ν−1

≥
	

1

2
− k



‖u‖2 − Cε‖u‖2 − Ccε‖u‖

2ν
ν−1 ,

so the conclusion follows. �
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In the sequel, for the case of (M1), we let b = 0 and L = 0 in (3.1). Denote the

corresponding functional by

Φ0(u) :=
1

2
(‖u+‖2 − ‖u−‖2)−

�
R3
R∞(u),

the critical set by K0 := {u ∈ E : Φ′
0(u) = 0}, the least energy by Ĉ0 := min{Φ0(u) :

u ∈ K0\{0}}, the least energy solution set by Ŝ0 := {u ∈ K0 : Φ0(u) = Ĉ0}, and

the induced map from E+ → E− by h0. For the case (M2)(1) we consider b = 0 and

L = M(∞) in (3.1). Denote the corresponding functional by

ΦI (u) :=
1

2
(‖u+‖2 − ‖u−‖2) +

1

2

�
R3
M(∞)uū−

�
R3
R∞(u),

and the critical set, the least energy, the least energy solution set and the induced map

respectively by KI , ĈI , ŜI and hI . Similarly in the case of (M2)(2) we take b = m∞
and L = 0 in (3.1) and denote correspondingly

ΦII(u) : =
1

2
(‖u+‖2 − ‖u−‖2) +

m∞
2
|u|22 −

�
R3
R∞(u)

=
1

2
(‖u+‖2m∞ − ‖u

−‖2m∞)−
�

R3
R∞(u)

(where ‖·‖m∞ denotes the norm given by (3.4) with b = m∞) with notations KII , ĈII ,
ŜII and hII . If without confusion, sometimes we shall write simply Φ,K, Ĉ, Ŝ and h

standing for one of the cases.

The next lemma shows that ΦM satisfies the linking condition.

Lemma 4.3 There is R > 0 such that, for any e ∈ E+ and Ee := E− ⊕ Re,

ΦM (u) < 0 for all u ∈ Ee\BR. (4.5)

Proof It is easy to check that

ΦM (u) ≤ Φn(u) for n = 0, I, II.

By Lemma 3.1,

Φn(u) < 0 for all u ∈ Ee\BR, n = 0, I, II.

and henceforth the conclusion holds true. �

By Theorem 2.3, there is a (C)c-sequence (uj) with ρ ≤ c ≤ supΦM (Q). We now

analyze the (C)c-sequence. First we have

Lemma 4.4 Any (C)c-sequence for ΦM is bounded.

Proof Let (uj) ⊂ E satisfy ΦM (uj)→ c and (1 + ‖uj‖M )Φ′
M (uj)→ 0.

Then

C ≥ ΦM (uj)−
1

2
Φ′
M (uj)uj =

�
R3
R̃(x, uj). (4.6)

Arguing indirectly, assume up to a subsequence ‖uj‖M → ∞ as j → ∞. Set

vj :=
uj

‖uj‖M
, then |vj |s ≤ γs for s ∈ [2, 3].
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Obviously,
3(ν+1)
2(ν−1)

≥ 2. By (4.2),

R̃(x, u) ≥ C|u|
3(ν+1)
2(ν−1) ≥ C|u|2 for |u| ≥ r.

Together with (A4), for any δ > 0, there exists Cδ > 0 such that

R̃(x, u) ≥ Cδ|u|2 for |u| ≥ δ. (4.7)

Set Qj(δ) := {x ∈ R
3 : |uj(x)| ≥ δ} for δ > 0. It follows from (4.6) and (4.7) that

�
Qj(δ)

|uj |2 ≤ C. (4.8)

Thus we obtain

�
Qj(δ)

|vj |2 =
1

‖uj‖2M

�
Qj(δ)

|uj |2 ≤
C

‖uj‖2M
→ 0.

For s ∈ [2, 3], by Hölder inequality,

�
Qj(δ)

|vj |s =

�
Qj(δ)

|vj |2(3−s)|vj |3(s−2)

≤
��

Qj(δ)
|vj |2

�3−s��
Qj(δ)

|vj |3
�s−2

≤ C3(s−2)
3

��
Qj(δ)

|vj |2
�3−s

→ 0. (4.9)

Note that

Φ′
M (uj)(u

+
j − u

−
j ) = ‖uj‖2M −

�
R3
g(x, |uj |)uju+

j − u
−
j

= ‖uj‖2M
	

1−
�

R3
g(x, |uj |)vjv+j − v

−
j



,

Hence �
R3
g(x, |uj |)vjv+j − v

−
j → 1. (4.10)

By (A1), for any ε > 0, there exists δ > 0 such that

g(x, |u|) ≤ ε whenever |u| < δ.

By (A3) and (A4), for the above δ, there is Cδ > 0 such that

g(x, |u|)ν ≤ CδR̃(x, u) for |u| ≥ δ. (4.11)
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Therefore, from (4.6) and (4.9), using Hölder inequality, we obtain

�
R3
g(x, |uj |)vjv+j − v

−
j

=

��
|uj |<δ

+

�
Qj(δ)

�
g(x, |uj |)vjv+j − v

−
j

≤ ε|vj |2 +

��
Qj(δ)

g(x, |uj |)ν
� 1

ν
��

Qj(δ)
|vj |ν

′
|v+j − v

−
j |
ν′
� 1

ν′

≤ C2ε+ C

��
Qj(δ)

R̃(x, |uj |)
� 1

ν
��

Qj(δ)
|vj |2ν

′
� 1

2ν′

≤ C2ε+ C

��
Qj(δ)

|vj |2ν
′
� 1

2ν′

= C2ε+ o(1) (4.12)

as j →∞, where 2ν′ = 2ν
ν−1 < 3.

(4.10) and (4.12) shows a contradiction, which implies the conclusion holds

true. �

By Lemma 4.4, any (C)c-sequenc (uj) is bounded, hence along a subsequence also

denoted by (uj), uj ⇀ uM . It is obvious that uM is a critical point of ΦM . Moreover

there holds the following

Lemma 4.5 Either

(1) uj → uM , or

(2) c ≥ Ĉ and there exist a positive integer �, points ū1, . . . , ū� ∈ K\{0}, a subsequence

denoted again by (uj), and sequences (aij) ⊂ Z
3, such that, as j →∞,

�����uj − uM −
��
i=1

(aij ∗ ūi)
�����
M

→ 0,

|aij | → ∞, |aij − akj | → ∞ if i �= k

and

ΦM (uM ) +

��
i=1

Φ(ūi) = c.

Proof The proof is well known (see, e.g., [14]), which can be outlined as follows.

It is obvious (uj) is a (PS)c-sequence and

c← ΦM (uj)−
1

2
Φ′
M (uj)uj =

�
R3
R̃(x, uj) ≥ 0,

Assume (1) is false. It is easy to see that u1
j := uj −uM is a (PS)c0-sequence for Φ

with c0 = c−ΦM (uM ) and u1
j ⇀ 0. Since Φ is invariant under the ∗-action of R

3 by the
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concentration compactness principle, there exist a sequence (a1
j ) ⊂ R

3 with |a1
j | → ∞

and a critical point ū1 �= 0 of Φ satisfying a1
j ∗ u1

j ⇀ ū1 and

Φ(a1
j ∗ u1

j )→ c− ΦM (uM )− Φ(ū1) ≥ 0.

Since ΦM (uM ) ≥ 0 and Φ(ū1) ≥ Ĉ, one sees that c ≥ Ĉ.

If a1
j ∗ u1

j → ū1, the proof is completed. Otherwise, repeating the above argument,

after at most finitely many steps we finish the proof. �

As a straight consequence of Lemma 4.5 we have

Lemma 4.6 ΦM satisfies the (C)c-condition for all c < Ĉ.

By Theorem 2.3 and Lemma 4.6, in order to obtain nontrivial least energy solutions

of (1.1), we only have to prove the linking level supΦM (Q) < Ĉ.

Let Un ∈ Ŝn for n = 0, I, II . Set e := U+
n and Ee := E− ⊕ Re.

Lemma 4.7 d := sup{ΦM (u) : u ∈ Ee} < Ĉ.

Proof See [10]. We outline it as follows.

By lemma 4.2 and the linking property we have d ≥ ρ.
Assume (M1) is satisfied. Since M(x) < 0, ΦM (u) ≤ Φ0(u) for all u = v + sU+

0 ,

and

Φ0(u) = Φ0(v + sU+
0 ) ≤ Φ0(sU

+
0 + h0(sU+

0 ))

= I0(sU
+
0 ) ≤ I0(U+

0 )

= Φ0(U0) = Ĉ0.

Hence d ≤ Ĉ0. Assume by contradiction that d = Ĉ0. Let wj = vj + sjU
+
0 ∈ Ee be

such that d− 1
j ≤ ΦM (wj)→ d. It follows from Lemma 4.3 that (wj) is bounded and

we can assume that wj ⇀ w in E with vj ⇀ v ∈ E− and sj → s. It is clear that s > 0

(otherwise d = Ĉ0 = 0, a contradiction). Then

d− 1

j
≤ ΦM (wj) ≤ Φ0(wj) +

1

2

�
R3
M(x)wjw̄j

≤ Ĉ0 +
1

2

�
R3
M(x)wjw̄j .

Taking the limit one has Ĉ0 ≤ Ĉ0 + 1
2


R3 M(x)ww̄. Hence w = 0, a contradiction.

If (M2)(1) holds, for u = v+ sU+
I ∈ Ee, ΦM (u) ≤ ΦI(u) ≤ ĈI , hence d ≤ ĈI . Just

as above, from

ΦM ≤ ΦI(u) +
1

2

�
R3

(M(x)−M(∞))uū,

we can see d < ĈI .

Similarly, if (M2)(2) appears, we can check d < ĈII . �

Set

Qn := {u = u− + sU+
n : u− ∈ E−, s ≥ 0, ‖u‖ < R}, n = 0, I, II.
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As a consequence of Lemma 4.7 one has

Lemma 4.8 supΦM (Qn) < Ĉ for n = 0, I, II.

We now in a position to complete the proof of Theorem 1.1.

(Existence of Least Energy Solutions) By Lemma 4.1–Lemma 4.8, there exists

a (C)c-sequence (uj) with ρ ≤ c ≤ supΦM (Qn) < Ĉ and uj → u as j → ∞. Then

Φ′
M (u) = 0 and ΦM (u) ≥ ρ. Therefore K\{0} �= ∅.

Recall cM := inf{ΦM (u) : u ∈ KM\{0}}. Along the same lines of proof of

lemma 3.2, one can check that cM > 0. Let (uj) satisfy that ΦM (uj)→ cM , Φ′(uj) = 0.

Since cM < Ĉ, we have uj → u in E with ΦM (u) = cM and Φ′
M (u) = 0, hence SM �= ∅.

�

In order to show the compactness of SM , we need the following result which can

be proved using the same iterative argument of [6, proposition 3.2].

Lemma 4.9 If u ∈ KM with |ΨM (u)| ≤ C1 and |u|2 ≤ C2, then for any q ∈ [2,∞), u ∈
W 1,q(R3) with ‖u‖W 1,q ≤ Λq, where Λq depends only on C1, C2 and q.

For any (uj) ⊂ SM , one has ΦM (uj) = cM and Φ′
M (uj) = 0, which implies (uj) is

a (C)cM -sequence. By Lemma 4.4 (uj) is bounded and henceforth SM is bounded in

E. By Lemma 2.2, |u|s ≤ Cs for all u ∈ SM , s ∈ [2, 3], and then from (4.4) one can see

|ΨM | ≤ C1 for some C1 > 0. By Lemma 4.9, for each q ∈ [2,∞), there is Λq > 0 such

that

‖u‖W 1,q ≤ Λq for all u ∈ SM .

By the Sobolev embedding theorem, there is C∞ > 0 such that

|u|∞ ≤ C∞ for all u ∈ SM . (4.13)

(Compactness of SM) Let (uj) ⊂ SM , then (uj) is a (C)cM -sequence. Since

cM < Ĉ, it follows from Lemma 4.6 that uj → u in E along a subsequence. Obviously,

u ∈ SM . By

H0uj = −M(x)uj + g(x, |uj |)uj

and

H0u = −M(x)u+ g(x, |u|)u

one has

|H0(uj − u)|2 ≤ |M(uj − u)|2 + |g(·, |uj |)uj − g(·, |u|)u|2
≤ o(1) + |g(·, |uj |)(uj − u)|2 + |(g(·, |uj |)− g(·, |u|))u|2.

By 4.13, |uj |∞ ≤ C∞ and uj → u in E,

�
R3
|(g(x, |uj |) − g(x, |u|))u|2 =

��
|x|<R

+

�
|x|≥R

�
|(g(x, |uj |)− g(x, |u|))u|2 → 0.

Therefore, one obtains |H0(uj − u)|2 → 0, i.e., uj → u in H1. �
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