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ABSTRACT: The application of Tikhonov regularization method dealing with the ill-conditioned prob-
lems in the regional gravity field modeling by Poisson wavelets is studied. In particular, the choices of the
regularization matrices as well as the approaches for estimating the regularization parameters are inves-
tigated in details. The numerical results show that the regularized solutions derived from the first-order
regularization are better than the ones obtained from zero-order regularization. For cross validation, the
optimal regularization parameters are estimated from L-curve, variance component estimation (VCE)
and minimum standard deviation (MSTD) approach, respectively, and the results show that the derived
regularization parameters from different methods are consistent with each other. Together with the first-
order Tikhonov regularization and VCE method, the optimal network of Poisson wavelets is derived,
based on which the local gravimetric geoid is computed. The accuracy of the corresponding gravimetric
geoid reaches 1.1 cm in Netherlands, which validates the reliability of using Tikhonov regularization me-
thod in tackling the ill-conditioned problem for regional gravity field modeling.

KEY WORDS: regional gravity field modeling, Poisson wavelets radial basis functions, Tikhonov regu-

larization method, L-curve, variance component estimation (VCE).

0 INTRODUCTION

Regional gravity field modeling is one of the classical issues
in physical geodesy, the precise determination of local gravity
field is of considerable importance not only for surveying and
mapping, but also for the research fields like investigating the
structure of seismic activities as well as lithosphere in geophysics
and geodynamics (Wu et al., 2017; Guo et al., 2015; Xu et al.,
2015). With the launch of the state-of-the-art satellite gravity
missions, especially the dedicated GRACE/GOCE ones, the
gravity field at long-wavelength up to tens or hundreds kilome-
ters has been significantly improved. The incorporation of more
local high-quality heterogeneous gravity related data also con-
tributes to further improvement of the regional gravity field,
especially in the short-wavelength parts down to several kilome-
ters. Over the years, radial basis functions (RBFs) has been ex-
tensively used in regional gravity field modeling by combining
heterogeneous data sets (Wu and Luo, 2016; Luthcke et al., 2013;
Simons and Dahlen, 2006; Chambodut et al., 2005; Albertella et
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al., 1999). However, as the heterogeneous data have different
spatial coverage, various error characteristics as well as different
spectral contents, the associated solutions based on RBFs are
typically ill-conditioned, where regularization is mandatory for
deriving the reliable results (Wittwer, 2010).

Typically, several approaches could be applied for ill-posed
problems, e.g., Tikhonov regularization (Tikhonov, 1963), Trun-
cated singular value decomposition (TSVD) (Xu, 1998; Hansen,
1993), Least squares collocation (LSC) (Rummel et al., 1979),
biased estimation (Hoerl and Kennard, 1970) and ridge estima-
tion (Xu and Rummel, 1994). Tikhonov regularization method
does not need any apriori information, which is extensively used
in geodesy. Two key elements affect the quality of Tikhonov
regularization, i.e., regularization parameter and regularization
matrix. L-curve (Hansen et al., 2007; Johnston and Gulrajani,
2000), generalized cross validation (GCV) (Xu, 2009; Girard,
1989) and variance component estimation (VCE) (Koch, 1987)
are the three widely used methods for estimating the optimal
regularization parameter. Kusche and Klees (2002) used L-curve
and GCV methods for estimating the optimal regularization pa-
rameter in the global gravity field modeling based on simulated
GOCE-derived gradients. Koch and Kusche (2002) proposed the
VCE approach in dealing with the ill-conditioned problems,
which could simultaneously estimate the variance components of
various observation groups as well as the regularization parame-
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ter. Moreover, Kusche and Klees (2002) compared the perform-
ances of various regularization matrices based on first- and
second-order derivative constraints, which showed there were no
significant differences among the solutions derived from various
constraints. However, according to the research by Xu (1998),
the L-curve method tends to derive an oversmoothed solution,
which may affect the quality of the solution. Besides, Xu et al.
(2006) indicated the VCE approach proposed by Koch and
Kusche (2002) may introduce significant biases and lead to the
inappropriate estimation of the variance components. As a result,
Xu et al. (2006) proposed a bias-corrected VCE approach for
estimating the variance components as well as the regularization
parameter, which may outperform the original VCE approach
proposed by Koch and Kusche (2002) in many cases. As the
L-curve and VCE approaches are the two typical methods that
are most extensively used in the ill-conditioned problems in
physic geodesy, we mainly investigate the performances of these
two approaches in dealing with ill-conditioned problems for re-
gional gravity field modeling.

Moreover, unlike using the diagonal regularization matri-
ces in the global gravity field modeling by spherical harmonics,
the regularization matrices derived from various constraints by
RBFs in the regional gravity field are not totally diagonal any
more. Thus, the choice of regularization matrices may affect the
quality of the solutions. Together with the regularization matri-
ces, the approaches for deriving the optimal regularization pa-
rameters also affect the quality of the solutions, which need
further investigation. Given the fact that Poisson wavelets have
the explicit analytical kernel, which could be fast computed
(Holschneider and Iglewska-Nowak, 2007), in this research, the
Poisson wavelets are chosen as the basis functions for regional
gravity field recovery, and the fast synthesized method for
computing various regularization matrices is introduced. As a
case study, the locally-distributed terrestrial, shipboard as well
as airborne gravity data are combined for regional gravity field
modeling, and the Tikhonov regularization method is applied to
solve the ill-conditioned problem.

1 METHODOLOGY
1.1 Functional Model and Parameters Estimation

Based on the remove-compute-restore (RCR) method, the
residual disturbing potential 7 could be expressed as the linear
combination of Poisson wavelets (Klees et al., 2008)

T(z)=2 B0, @) M

where z and y are the vectors that include 3-D coordinates of
the observation and position of Poisson wavelets, respectively.
K is the number of Poisson wavelets, f; is the unknown coeftfi-
cient of Poisson wavelets, which should be determined from the
data. d is the order of Poisson wavelets, and W,"*(z) is the
Poisson wavelets (Holschneider and Iglewska-Nowak, 2007),
which is expressed as

Pz B(#- )

d+1
wel(z) =Y Qe +af) P )
-y

1=0

with w=z—y is the vector difference between z and y, Z and p are
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the unit vector of z and y, respectively. p is the radius of a sphere
that is totally located inside the earth, which is typically chosen as
Bjerhammar sphere. P, is the fully normalized Legendre functions.
The coefficient &/ is iteratively computed as

d _ _d-l d-1
o =a | +la, d=1

3
a£:5k,0 @
where
5 _JUifk=0 @
00 ifk#0

Terrestrial, shipboard gravity anomalies Ag and airborne
gravity disturbances Jg are used for regional gravity field mod-
eling, and the GPS/leveling data is applied to evaluate the qual-
ity of the solutions. After linearization and spherical approxi-
mation, the gravity anomalies and gravity disturbances could be
linked to residual disturbing potential through

Ag(z) z—éT(z)— ag(zz) )
(Sg(z):—ag(zz) ©)

The geoidal height N can also be related to residual dis-
turbing potential through Bruns formula

Yo7

and y is the normal gravity value.

For the particular type of gravity observation group p, we
map the observations L, to the residual disturbing potential as
follows

(N

L +4, :fﬂT(z):iﬂipry‘j”’d(z),p=1,2...,J (®)

where 4,, are the corresponding observation errors, f, is the
functional that links the observations to the residual disturbing
potential, J is the number of observation groups.

We rewrite Eq. (8) in terms of vector-matrix notation

l,-e,=A4x )

And x is the Kx1 vector of unknown coefficients of Pois-
son wavelets, 4, is the m,xK design matrix of observation
group p, m,, is the number of the gravity observations of group
D, I, is the m,x1 corresponding observation vector, e, is m,x1
vector of corresponding stochastic errors.

The final observational equations could be expressed as

I—e=Ax (10)

Then

I=|l |,e=|e, [, A=| A (11)
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The observations in different groups are assumed to be
uncorrelated to each other, then the error variance-covariance
matrix of the observations is

C, 000
0 C,0-0

C: : Dol . (12)
000--C,

withE(ep) =0, and D(ep) =C,= o-iQp is the error variance-
covariance matrix of observations in group p, o-ﬁ is the vari-
ance factor and @, is the cofactor matrix.

Due to the data gaps in the gravity observations, various
characteristics of error sources as well as the imperfectly de-
signed network of Poisson wavelets, the least squares-derived
equations are usually ill-conditioned, where the regularization
is mandatory. Based on penalized least squares principle, for a
given a (regularization parameter), we minimize the quadratic
functional (Klees et al., 2008)

@ (x)=e|,.. +al(T) (13)
and

el =2l . (14)

(1) =[x (15)

where R is the regularization matrix, then the minimum of the
quadratic functional of ®(x)is obtained by

F=N"W (16)

with

J
N=N,+aR,N,=A4,C,'N,
- (17
W=ZW W,=A4C'l
p=1
Variance component estimation (VCE) approach (Koch
and Kusche, 2002) is used to properly determine the weight of
the disjunctive observation group, where the variance factor of
group p is computed as
vigly
6'[27 =-t= 7 LA (18)

T

and v, =4, x-1 is the vector of residuals of observation
group p, 1, is the corresponding redundancy number, which is
expressed as

ro=m, —%tr(A;Q:APN") (19)
G,

As the regularization is compulsory for deriving the
reliable solutions, two key factors that affect the quality of the
regularized solutions, i.e., the regularization matrix as well as
regularization parameter, are studied in the following parts. It is
also worthy to be mentioned that as the prior expectation of the
residual regional gravity field is not equal to the zero vector,

Table 1 Statistics of the residual gravity observations (units: mGal)

Max Min Mean Sd
Terrestrial 90.47 -165.52 -1.08 10.65
Shipboard 158.39 -78.93 -0.74 12.40
Airborne 49.22 -25.75 2.15 10.44

the estimation of unknown parameters through Egs. (16) and
(17) are supposed to be the biased ones (Xu et al., 2006; Xu
and Rummel, 1994; Xu, 1992). However, according to the
research by Xu (1992), the biases of the unknown parameters
are proportional to the regularization parameter and the true
values of the unknown parameters. We use the remove-
compute-restore method to reduce the sizes of the unknown
parameters such that they can be as close to zero prior mean
values as possible (see the statistics of the residual gravity ob-
servations in Table 1). As a result of this extra effort, we can
further reduce the effect of possible biases on our results.

1.2 The Choice of Regularization Matrix

For the selection of the optimal regularization matrix, the
performances of zero- and first-order Tikhonov regularization
matrices are investigated.

1.2.1 Zero-order Tikhonov regularization
Using the addition theorem of spherical harmonics, the
Poisson wavelets is rewritten as

W (z sz(y] @ +DE(E5)
(20)

I+1
z z ‘//1 im (z Im ), v, = Zd [p]
1=0 m=-1

&
and Y, is the fully normalized spherical harmonics, / and m is
its degree and order, respectively.

We assume the target function as the Poisson wavelets on the
sphere, ie., 5= Wj”‘d(z). Then the element of zero-order Tikho-
nov regularization matrix Rﬁ,Q is expressed as the inner product of
two different Poisson wavelets (Heiskanen and Moritz, 1967)

l ext, ext,
Ry, =(s,.5,) = po Ig,, W @ (2)dQ, 1)

Based on the research by Holschneider and Iglewska-
Nowak (2007), Eq. (21) is fast synthesized by

<Wmd szd> P szd( [) ‘p szti(yg) (22)
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1.2.2 First-order Tikhonov regularization

The zero-order Tikhonov regularization derived above is
suitable for functions that restrict to a sphere where oy belongs
to Ly(oy). However, this function space is quite large, it means
that quite unsmooth functions also belong to this space. There-
fore, one may wish to introduce a scalar product, which is ap-
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propriate for smoother functions. Suppose the target function is
the first-order derivative of Poisson wavelets, then the inner
product of different target functions could be used to compute
the elements of the first-order Tikhonov regularization matrix.
Assume the target function is the first-order radial derivative
of Poisson wavelets, then elements of radial constrained regulari-
zation matrix R, , is computed as (Heiskanen and Moritz, 1967)

L OWp(z) W ()

R, , = z 2 Q 23
e N R FRR @
As il/// =—li1l/// , see Eq. (20), then Eq. (23) is re-

Alz| 4

written as

& I+1

R, Zyx, ( ‘Z‘ ] Q@+DB (5,73, (24)

According to Holschneider and Iglewska-Nowak (2007),
if the operator A defines through

AY, 1Y

n i (25)
then

AW (2) =W (z) (26)

Combining Egs. (22), (24) and (26), R; , is fast computed as

ro__ P

Y 2
ENEA 27)
(Wew 2d+2( )+2We\'i 2d+1(yp)+W;;,2d(y;))

The target function could also be chosen as the horizontal de-
rivative of Poisson wavelets, the corresponding elements of hori-
zontal constrained regularization matrix R,'l‘ o is computed as

IQZI

‘ Dears DB (5 5,) (28)

Similarly, Eq. (28) is computed through

R;i,Q _ Zpy (Wyzn,zmz (y;) n Wyzn,mﬂ (y; )) (29)

ol L

1.3 Methods for Regularization Parameter Estimation
1.3.1 L-curve

L-curve is the plot of the
r(a)=|l4%, 1|, versus the solution norm s () =||%, |, for all
the non-negative regularization parameters (Hansen et al., 2007).
For discrete ill-conditioned problems, this plot displays as the
‘L-shape’ with the corner point, where a certain balance between
the regularized solution and the fit to the data is achieved. Usually,
the L-curve is drawn as log-log scale based on the two-
dimensional matrix as follows (Hansen et al., 1993)

(u@), (@) = (log(|4%, ~1], ) log |, ], )) (30)

residual  norm

The corner point of L-curve is obtained based on the cur-
vature of this curve, where the point derives the maximum
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curvature is treated as the corner point. The curvature of the
L-curve is derived as (Hansen et al., 1993)

(€2))

where z', A', 4" and A" are the first- and second-order deriva-
tives of x(a) and A(a), respectively.

It is noticeable that the L-curve method may lead to an
oversmoothed solution, see Xu (1998), where a significant num-
ber of components were discarded when this approach was used
to determine the proper cutting number of the TSVD approach.
This result means the regularization parameters computed from
the L-curve method may be larger than the proper ones, which
may affect the quality of the solutions. Thus, we also introduce
VCE approaches for cross validation and make necessary com-
parisons among the solutions derived from various methods.

1.3.2 Variance component estimation

VCE approach could also be used to properly determine
the regularization parameter (Koch and Kusche, 2002). We
rewrite Eq. (13) as (Klees et al., 2008)

x)zg‘e

and the “virtual” J+1th observation group (/1=0) is added,
which is treated as the prior information for the unknown pa-
rameters. The corresponding error equation and the error vari-
ance-covariance matrix of observations for this group are ex-
pressed as (Klees et al., 2008)

el (32)

P C;

|
e, =Ix, D(eJ+l):CJ+1 :;R ] (33)

where Iy is the K x K identity matrix, ¢*.,=1/a is the variance
factor of observation group J+1, Q,,, = R"is the corresponding
cofactor matrix. Similarly, we estimate the minimum value of the
quadratic functional of ®@(x)in Eq. (32), and the estimated un-
known parameters could also be expressed as

X=N"W (34)

where the normal equation matrix and right-hand side vector are

J+ J
T 1 T -1
N:ZA C'A, =Y AC'A +aR, W
P P=

(35)

M-

T -1
4,C1,

p.

The Egs. (34) and (35) have the same form as the Egs. (16)
and (17). And the reciprocal of regularization parameter could
be estimated as the variance component of the J+1th observa-
tion group, which is expressed as (and Kusche)

52 m (3 6)

O
Tri

And regularization parameter o is estimated as

T -1
a=1/ 6%, =1/ ("MQ“‘”“‘ j 37)

Tra
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However, as shown by Xu et al. (2006), the VCE approach
derived by Koch and Kusche (2002) may introduce significant
biases to the estimated variance components when regularization
is applied to tackle the ill-conditioned least squares system. How-
ever, given the numerical efficiency associated with the Monte
Carlo method embedded in the VCE approach proposed by Koch
and Kusche (2002), especially for the regional gravity field mod-
eling with millions of heterogeneous observations, we will limit
ourselves to the original VCE approach by Koch and Kusche
(2002) in this research, further comparisons with other methods
may be left to a future work.

1.3.3 The minimum standard deviation approach

L-curve and VCE approaches estimate the regularization
parameters only depend on the observations, and these two
methods may have potential pitfalls as mentioned above. Thus,
we also use an alternative approach for further validation,
which may provide the users with more insight regarding the
feasibiltiy of using the L-curve and VCE approaches. As the
high- quality GPS/leveling data are available over the target
area, the quality of the solutions based on various regularization
parameters could be directly evaluated, which is the so-called
minimum standard deviation approach (MSTD) (Wittwer,
2010). We assume there are m GPS/leveling points in total over
the region, the difference between the geoidal height modeled
from Poisson wavelets Ni,. and the GPS/leveling-derived

one N[, atthei-th GPS/leveling point is expressed as
Ny = Neps, = Nogar (38)

res

And the standard deviation of these differences is com-
puted by (Wittwer, 2010)

(39)

and m is the corresponding mean value.

Thus, the regularization parameter that minimizes Eq. (39) is
regarded as the optimal one, which could be used for cross valida-
tion when L-curve and VCE approaches are applied for regulari-
zation parameters estimation. It is noticeable that the principle of
MSTD approach is similar to GCV method, and both of these two
approaches estimate the unknown parameters based on the pre-
dicted and observed values. In our opinion, the MSTD method is
still different from the GCV approach. GCV method uses the
leave-one-out idea, where the proper regularization parameters are
derived if the good estimation of the leaving out observation is
obtained based on the other observations (Xu, 2009). To be more
specific, GCV approach estimates the regularization parameters
from residuals analysis only from observations. However, when
applying the MSTD approach, the independent ground-based
control data (e.g., GPS/leveling data) are used instead of the leav-
ing out observation. In this way, the high-quality GPS/leveling
data are treated as the true values, and the regularization parameter
derives the solution that best fit to the control data would be re-
garded as the proper one. Thus, the prerequisite for using MSTD
method is that the high-quality control data sets are available,

while the GCV approach doesn’t need this precondition. More-
over, the reliability of the proper parameters estimated by MSTD
method largely depends on the quality of the control data sets, and
this approach may lead to the inappropriate estimation of the un-
known parameters if the quality of the control data is suspicious.

2 RESULTS
2.1 Data Sets
2.1.1 The global geopotential model and digital terrain model
Based on RCR methodology, the long- and short-wavelength
of regional gravity field signals are represented by global geopo-
tential model (GGM) and residual terrain model (RTM), respec-
tively, and the residual part is recovered from the residual gravity
data. The GGM is chosen as the combined GRACE/GOCE
geopotential model, i.e., DGM1S complete to degree and order of
250 (Hashemi Farahami et al., 2013). A high-resolution and high-
quality digital terrain model (DTM) is derived for RTM reduction,
where three different data sources, i.e., EuroDEM, SRTM and
GEBCO, are combined together, see Fig. 1a. To obtain the mean
elevation surface (MES) used in RTM correction, a moving-
average filter is applied to the combined DTM model (Hirt, 2013),
which makes the spatial resolution of the derived MES consistent
with the adopted GGM, i.e., DGMI1S with the resolution of ap-
proximately 0.72° see Fig. 1b. Given the difference of the mean
crust density in land and at seas, the density parameter used in
RTM is selected as pjn=2.67 g/cm3 and pg.;=1.64 g/cm3, and the
RTM corrections were computed based on tesseroid integrals
(Heck and Seitz, 2006).

2.1.2 Heterogeneous gravity data sets

Terrestrial, shipboard and airborne gravity data are combined
for regional gravity field modeling. Point-wise terrestrial data cover
the whole Netherlands, Belgium, England as well as parts of
Germany and France, which are derived from Bureau Gravimétri-
que International (BGI), Bundesamt fiir Kartographie und
Geodisie (BKG) and Nordic Geodetic Commission (NKG). The
corresponding spatial resolution is approximately 5 km and the
accuracy is roughly at 1 mGal level. Shipboard gravity data are
provided by BGI, British Geological Service (BGS), Institut fiir
Erdmessung (IFE), National Geophysical Data Center (NGDC)
and NKG the spatial resolution and precision of which is approxi-
mately 7 km and 2 mGal, respectively. Airborne gravity distur-
bances are obtained from BKG and NKG the estimated accuracy is
roughly at the magnitude of 2 mGal. Crossover adjustment is ap-
plied to remove the systematic errors in the shipboard and airborne
data, and low-pass filter is used for reducing the effect of
high-frequency noise in these two data sets. Moreover,
DTU10-GRA model (Andersen, 2010) is applied for removing the
outliers exist in the shipboard data through the threshold rules.
Then, all the gravity data sets are referred to European Terrestrial
Reference System 1989 (ETRS89) and European Vertical Refer-
ence Frame 2007 (EVRF2007) as the horizontal and vertical datum,
respectively. Based on RCR methodology, the residual gravity
anomalies/disturbances are computed by subtracting the short- and
long-wavelength parts from the original data, which are shown in
Fig. 2. The corresponding statistics are displayed in Table 1.
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Figure 1. Digital terrain model (a) and mean elevation surface (b).
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Figure 2. Residual gravity observations. (a) Terrestrial gravity anomalies; (b) shipboard gravity anomalies; (c) airborne gravity disturbances.

2.2 Determination of Regularization Matrix

To choose the optimal regularization matrix in dealing
with the ill-conditioned normal equation in regional gravity
field modelling, the numerical experiment is designed as fol-
lows. The computational region is bounded by S0°N to 55°N in
the latitude direction and 2°E to 8°E in the longitude direction.
This region includes whole mainland of Netherlands, as well as
parts of the North Sea, Belgium, UK, Germany and France, and
the high- quality GPS/leveling data over Netherlands are served
as evaluation data. Poisson wavelets are put on a grid that is
located on a constant depth beneath the Bjerhammar sphere
(Tenzer and Klees, 2008). The depth of Poisson wavelets is
selected as 50 km, and the number of Poisson wavelets is cho-
sen as 7 394 (the mean distance between Poisson wavelets is
approximately 8.7 km). In this case, the regularization is man-
datory as the derived least squares system is highly
ill-conditioned. The performance of various Tikhonov regu-
larization matrices is investigated, and the L-curve is applied to
estimate the optimal regularization parameters.

Figure 2 shows the L-curve plots for various regularization

matrices, where the optimal regularization parameter with
zero-order regularization is between 10" and 10™'°. While, for
the first-order regularization (both for the radial and horizontal
constrains), the optimal parameter located between 10" and 107",
As shown in Fig. 4, although all the normalized regularization
matrices are diagonal-dominated (the regularization matrices are
shown in log scale), there are still differences between the zero-
and first-order regularization matrix, which lead to the difference
between the estimated regularization parameters. To further
demonstrate the corner point of L-curve, we densify the regulari-
zation parameters around the intervals where the optimal pa-
rameters located in, see the red circles in Fig. 3, and the densified
regularization parameters for various regularization matrices
could be referred to Table 2 and Table 3. Based on Eq. (31), the
estimated optimal regularization parameter for zero- and
first-order regularization is ¢=10""® and a=10""?, respectively,
which coincide well with the estimated parameters derived from
the MSTD method, see Table 2 and Table 3. In addition, there are
no differences for the performances of two different first-order
regularization matrices, i.e., the radial and horizontal constrained
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Table 2 Evaluation of the different geoids based on various regularization parameters using the zero-order Tikhonov regularization (Units: m)

Regularization parameters 10 10" 10" 10" 107108

10-10.7 10-10.6 10-10,4 10-10,2 10—10 109 10-8 107

0.025 0.022 0.020 0.017 0.017

0.016 0.015 0.016 0.017 0.019 0.021 0.023  0.027

Table 3 Evaluation of the different geoids based on various regularization parameters using the first-order Tikhonov regularization (Units: m)

Regularization parameters 10" 10" 10" 10™* 10 10M4 10" 102 10" 10" 100 10*° 107
Radial constrained 0.021 0.018 0.018 0.015 0.015 0.014 0.013 0.014 0.014 0.015 0.016 0.018 0.020
Horizontal constrained 0.021 0.018 0.018 0.015 0.015 0.014 0.013 0.014 0.014 0.015 0.016 0.018 0.020
Discrete L-curve Discrete L-curve Discrete L-curve
Ta=10" la=10"T la=10"T
(a) b 10 10'f (b ’ 10't (©
. Lo=10" la=10"
10 ba=10" L
o 100 oa:10>12 100 ca=10"
i(Z:lO La=10,|| Lazlorn
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ba=10" l | :
| 107 ya=10" 107 yo=10"
10" | | |
10=10" 10=10"° 10" 10=10"°
10° 10* 10 102 10" 10° 10 10" 10° 107 10" 10° 10 10* 107 10% 10" 10" 10

Residual norm

Residual norm

Residual norm

Figure 3. Optimal regularization parameters computed from L-curve methodology based on various regularization matrices. (a) Zero-order regularization, (b)

first-order regularization (radial gradient constraint), (c) first-order regularization (horizontal gradient constraint).
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Figure 4. Various normalized regularization matrices. (a) Zero-order matrix, (b) first-order matrix (radial gradient constraint), (c) first-order matrix (horizontal

gradient constraint).

matrices, thus we don’t distinguish these two matrices in the
following research. However, when comparing the quality of
the solutions derived from zero- and first-order regularization,
we find the application of first-order regularization derives
better results, and the accuracy of the corresponding geoid
reaches 1.3 cm. For the solutions computed from zero-order
regularization, the accuracy decreases to 1.5 cm. These results
show the choice of the regularization matrices has nonnegligi-
ble effects on the solutions, and the first-order regularization
matrix may be more preferable in the regional gravity field
modeling based on Poisson wavelets.

2.3 Optimal Approach for Estimating Regularization Pa-
rameter

The L-curve, VCE and MSTD approaches are investigated
for their performances in deriving the optimal regularization
parameters at this part. The numerical experiment we study here is
the same as the one designed above, and the first-order
regularization is used as the case study. Figure 5 shows the
estimated regularization parameter from VCE approach after five
iterations, and the convergent parameter is equal to 0.500 1x
10"=10"3, which coincides well with the results derived from
L-curve and MSTD approaches, see Fig. 3, Tables 2 and 3.
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Figure 5. Optimal regularization parameter computed from VCE approach.

Compared to the L-curve and MSTD approaches, which need to
compute plenty of solutions with various regularization
parameters, VCE methodology derives the convergent parameters
in several iterations, typically no more than 7 iterations in the
usual case, which is more efficient. Besides, the VCE method
estimates the proper weight of disjunctive observation group as
well as the regularization parameter simultaneously, which is
more suitable in regional gravity field modeling from hetero-
geneous data sets. Although the L-curve and VCE approaches
work fine in this case study, users should always keep the
potential pitfalls of these two approaches in mind (Xu et al., 2006;
Xu, 1998), and the incorporation of various approaches for cross
validation may be necessary.

2.4 Regional Gravity Field Modeling

The design of Poisson wavelets’ network has significant ef-
fects on the solutions, where the depth and number of Poisson
wavelets are the two key factors (Wu et al., 2016; Klees et al.,
2008). To our experience, the depth of Poisson wavelets’ grid
should not be chosen too shallow, which may lead to overfitting
problem. Too deep Poisson wavelets may cause heavily ill-
conditioned problem, where strong regularization is need, and the
associated regularization errors may corrupt the solution. Together
with the depth, the number of Poisson wavelets also affects the
stability and the quality of the solution. The good choice of depth
and number of Poisson wavelets should be the trade-off between
the fit to the data and smoothness of the solution.

To find the optimal depth and number of Poisson wavelets,
different depths and number of Poisson wavelets are combined
together to form the various parameterizations of networks, based
on which various geoids are computed. To select the best solution,
the GPS/leveling points are served as evaluation data, where the
combination of the depth and number of Poisson wavelets that
obtains the best fit to the evaluation data is considered as the op-
timal parameters. The quality of this fit is determined by the stan-
dard deviation (STD) of the differences between the modeled
geoidal heights and the ones derived from the GPS/leveling data.
By trial and errors, we make spatial resolution of Poisson wavelets
vary from 7.2 to 9.0 km with an increment of 0.3 km, and the
depth of Poisson wavelets changes from 30 to 50 km with the
interval of 5 km. To deal with the ill-conditioned problem,

Yihao Wu, Bo Zhong and Zhicai Luo

first-order regularization together VCE approach is applied. Fig-
ure 6 shows the accuracy of the different geoids based on various
Poisson wavelets’ network, where the smallest standard deviation
(0.011 m) is obtained when the depth is 40 km and the number of
Poisson wavelets is equal to 7 394 (the mean distance between
Poisson wavelets is approximately 8.7 km), the detailed statistics
could be referred to Table 4. It is also noticeable that there are still
some unfavourable solutions even Tikhonov regularization is
applied for tackling the ill-condition system, see the black grids in
Fig. 6. The main reason is that the overlapping between the Pois-
son wavelets is significantly increased with the incorporation of
more deep Poisson wavelets, which leads to highly ill-conditioned
normal matrix. As a result, heavy regularization should be applied
for deriving the stable solutions, and the quality of the solutions is
corrupted with the associated over-regularization. Figure 7 shows
the evaluation results of the gravimetric geoid computed from the
optimal Poisson wavelets’ network in the Netherlands.

3 CONCLUSIONS

The Tikhonov regularization method in dealing with the
ill-conditioned problems for the regional gravity filed modeling
is investigated. The regional gravity field is modeled by com-
bining the terrestrial, shipboard and airborne gravity data using
Poisson wavelets, and the results show that the choice of regu-
larization matrices affects the quality of the solutions. Com-
pared to the solution with zero-order regularization, the appli-
cation of the first-order regularization derives the better results,
where the accuracy of the gravimetric geoid increases by 0.2
cm. In addition, the optimal regularization parameters derived
from three approaches, i.e., L-curve, VCE and MSTD, are quite
consistent with each other, which validate the reliability of
using these three approaches for estimating the regularization
parameters. However, the VCE method could estimate the
weights for various observation groups as well as regularization
parameters in the same time, which is more efficient for re-
gional gravity field modeling based on huge data. Moreover,
we design the optimal network of Poisson wavelets based on
the first-order regularization and VCE method, the accuracy of
the corresponding gravimetric geoid reaches 1.1 cm in the
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Figure 6. Determination of the optimal Poisson wavelets’ network.
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Table 4 Evaluation of different geoids computed from various Poisson wavelets’ networks (units: m)

Number 6720 7394 8043 8694 9333 9970 10571
Depth (km)
30 0.019 0.025 0.016 0.022 0.017 0.020 0.013
35 0.015 0.020 0.016 0.013 0.012 0.015 0.012
40 0.012 0.011 0.012 0.013 0.013 0.015 0.015
45 0.013 0.012 0.013 0.014 0.016 0.016 0.022
50 0.014 0.013 0.016 0.023 0.040 0.046 0.060
L ronment and Geodesy, Ministry of Education, Wuhan Univer-
0.04 sity (No. 15-02-08), and the State Scholarship Fund from Chi-
z nese Scholarship Council (No. 201306270014). The final pub-
2 0.03 lication is available at Springer via https://doi.org/10.1007/
” $12583-017-0771-3.
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Figure 7. Evaluation of the gravimetric geoid computed from the optimal

Poisson wavelets’ network.

Netherlands. This result also validates the reliability of apply-
ing Tikhonov regularization method in tackling the ill-
conditioned problems in the regional gravity field modeling.
Although the L-curve and VCE approaches work fine in this
case study, it is also noticeable that the potential pitfalls exist in
these two methods (Xu et al., 2006; Xu, 1998). The future work
may involve implementing the bias-corrected VCE approach
(Xu et al., 2006) in a numerical efficient way, which could be
used in regional gravity field modeling based on millions of
heterogeneous observations. It is also worthy to be mentioned
that even we derive relative high-quality solutions over the
Netherlands, the effects on the solutions caused by various
error sources in the data need to be investigated in future,
which may contribute to further improve the solutions.
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