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Abstract A proper understanding of the interactions of
body acceleration and a magnetic field with blood flow could
be useful in the diagnosis and treatment of some health
problems. In the work reported in this paper we studied the
pulsatile flow of blood through stenosed arteries, including
the effects of body acceleration and a magnetic field. Blood is
regarded as an electrically conducting, incompressible,
couple-stress fluid in the presence of a magnetic field along
the radius of the tube. The effects of the body acceleration
and the magnetic field on the axial velocity, flow rate, and
fluid acceleration were obtained analytically by use of the
Hankel transform and the Laplace transform. Velocity
variations under different conditions are shown graphically.
The results have been compared with those from other the-
oretical models, and are in good agreement. Finally, our
mathematical model gives a simple velocity expression for
blood flow so it will help not only in the field of physiological
fluid dynamics but will also help medical practitioners with
elementary knowledge of mathematics.
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o) 27f|, where f; is the heart pulse
frequency

Z Axial distance

t Time

ao Amplitude of body acceleration

> 2nf>, where f5 is the body force

acceleration frequency
¢ Phase difference
u Velocity in the axial direction
0 Density of blood
u Dynamic coefficient of viscosity

of blood

n Couple-stress viscosity

a Electrical conductivity

By Applied magnetic field

r Radial coordinate

R(2) Radius of the tube in the stenotic region

52 _ Rp Couple-stress parameter

"

o2 = Rz% Womersley parameter

H = BoR (g) 1/2° Hartmann number

An Roots/zeros of Bessel functions
Jo(§) =0

Introduction

Many biological phenomena are being studied from the
standpoint of fluid dynamics. One of these is blood flow
through a stenosed tube under periodic body acceleration
and in a magnetic field, which is of interest to mechanical
engineers and to medical researchers. The red blood cell is
a major biomagnetic substance, and blood flow may be
affected by a magnetic field. A decrease in blood flow is
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caused by either an increase in blood resistance or a
decrease in blood pressure. Therefore, a high static mag-
netic field increases blood resistance. The major mecha-
nism of the effect of a static magnetic field on blood
viscosity is based on the interaction between the induced
magnetic moment of the RBC and the external magnetic
field. The RBC has greater susceptibility along its long
axis. Therefore, it tends to orient its long axis for larger
magnetic susceptibility along the external magnetic field.
This property in a static magnetic field increases the fric-
tion of the flowing blood, because the anisotropic orien-
tation of the RBC in the static magnetic field disturbs the
rolling of the cell in flowing blood, and so the blood vis-
cosity increases. The magnetic properties of RBCs are
important in the increase in blood viscosity during expo-
sure to a static magnetic field [8]. Sud and Sekhon [15]
studied blood flow through the human arterial system in the
presence of a magnetic field. Stenosis, which is a frequent
result of atherosclerosis, is a possible cause of arterial
diseases such as post-stenotic dilatation and haemolysis. If
a stenosis occurs in an artery, normal blood flow is dis-
turbed. This fluid-dynamical factor is important in the
development of arterial diseases. Although several
hypotheses have been proposed to explain why arterial
diseases occur locally at a stenosis or why a stenosis
appears, there is not yet a definite theory. Therefore, it is of
interest to clarify blood flow through a stenosed tube under
the action of a magnetic field.

Ishikawa et al. [4] analysed periodic blood flow through
a stenosed tube. Effects of pulsation and the rheology of
the blood were considered. They obtained a flow pattern, a
separated region, and the distributions of pressure and
shear stress at the wall. They showed that the non-New-
tonian property reduces the strength of the vortex down-
stream of the stenosis and this has a substantial effect on
the flow, even at high Stokes and Reynolds numbers. El-
Shahed [3] investigated the analytical expression for axial
velocity, fluid acceleration, flow rate, and shear stress.
Kumar and Singh [7] studied a mathematical model on
arterial unsteady blood flow with mild stenosis in the
presence of a magnetic field. Steady flow of blood through
a rigid straight circular tube under the action of periodic
body acceleration and a magnetic field was studied by
Rathod et al. [11] by considering blood as a couple-stress
fluid. Rathod and Pawar [10] studied the effect of periodic
body acceleration on pulsatile blood flow through a ste-
nosed narrow tube. Bali and Awasthi [1] researched the
effect of magnetic field on blood flow in a stenotic artery
taking into account the effect of a magnetic field in the
direction transverse to the blood flow, and considering the
viscosity of the blood as radial co-ordinate-dependent. The
effects of the interaction between a magnetic field and the
haemodynamics of the arterial system have been studied by
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Mishra and Shekhawat [9]. Numerical analysis of blood
flow in realistic arteries subjected to a strong non-uniform
magnetic fields has been studied by Kenjeres [6], who
concluded that an imposed non-uniform magnetic field can
create significant changes in the secondary flow patterns.
Das and Saha [2] obtained the velocity and the maximum
value of volumetric flow rate decreases with increasing
Hartmann number and for a particular value of the phase
angle; the maximum value of the wall shear stress increases
with increasing Hartmann number but the effect is reversed
for a fixed value of ¢. Rathod and Tanveer [12] used a
mathematical model to study the effect of periodic body
acceleration and a magnetic field on pulsatile blood flow
through a porous medium, considering blood as a couple-
stress fluid in a circular tube. The effect of body acceler-
ation and an external magnetic field on two-dimensional
flow of a non-Newtonian fluid through an asymmetric
stenosed artery was analysed by Shaw et al. [13]. They
treated the artery wall as an elastic (moving wall) cylin-
drical tube. The laminar, incompressible, fully developed
non-Newtonian flow of blood in an artery with multiple
stenoses under the action of a magnetic field has been
studied numerically by use of a finite difference technique
[16]. All the flow characteristics were found to be affected
by the presence of multiple stenoses and exposure to
magnetic fields of different intensities. There is a sub-
stantial difference between blood flow and water flow
through a stenosed tube and the effect of the non-Newto-
nian property of blood should not be neglected. Non-
Newtonian viscosity becomes significant in the low-shear
stress region. Therefore, if there is a stagnant period, as in
blood flow in vivo, the effect of the non-Newtonian prop-
erty of blood should be considered together with pulsation
of the flow rate.

In this work, pulsatile blood flow through a stenosed
tube with periodic body acceleration in the presence of
uniform transverse magnetic field was studied analyti-
cally, assuming blood to be a couple-stress fluid. The
effect of the non-Newtonian property of blood was
investigated.

Mathematical model

Let us consider a one-dimensional pulsatile flow of blood
through a uniform straight and stenosed tube by consider-
ing blood as an electrically conducting, incompressible,
couple-stress fluid. The magnetic field is acting along the
radius of the tube and the flow is axially symmetric and
fully developed. The stenosis is mild. The magnetic Rey-
nolds number of the flow is assumed to be sufficiently
small that the induced magnetic and electric fields can be
neglected [10, 11].
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The pressure gradient (g—’z’) produced by the pumping

action of the heart is given by:

op

_a_:AO + Ay cos(wyt), t>0, (2.1)
Z

The time-periodic body acceleration is given by:
G = agcos(wat + ¢), >0, (2.2)

A transverse magnetic field is applied as shown in
Fig. 3.

I/ ',-—2!\:-—1-
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The geometry of the stenosis is defined by [5]:

R(z) = a—5(1 —&—cosz—zf)), —270 <7< 2z ‘ (2.3)
a, otherwise

The governing equation in cylindrical polar coordinates
in the presence of a transverse magnetic field and periodic
body acceleration can be written in the form:

au_
0z
op

a0

ou _a_p

P ™ "

0, (2.4)
(2.5)

+ pG + uV?u — Vv (V?u) — oBju, (2.6)

where

10 0
2—__ _
v _rar{rar}'

The following dimensionless quantities are used:

u R R
f=— 1 =to, Aj=-—A), A]=—A,
wR w U
R w w
af):p—ao, z*:g, c:—l, h=—2.

U R 0] 0]

We now introduce a radial coordinate transformation
given by:

é— r

R (2.7)

In terms of these variables, Eq. (2.6), on dropping the
asterisks, becomes

5(2052% =52Ao+02A; cosct+a2ag cos(bt+¢)
10 [ Ou 10 0 10 [ Ou
+? —= (=) | - == ¢= )| || ¢= ) | —-2*H*u
e (e5)) - [tee(e) e (459)]
(2.8)
The initial and boundary condition for solving Eq. (2.8)
are:
>\ Jo(EAn) o
< I (An)

(Ao +A; +agcos p)

£,0) =2
u(,0) Iy + 822} + H?)

] . (2.9A)

n=

(This is the result of steady flow of blood through a
stenosed tube under periodic body acceleration and
magnetic field.)

(2.9B)
(2.9C)

u and V?u are finite at & = 0,

uand VZu=0at & = 1.

Required integral transform

If f(£) satisfies the Dirchlet condition in [0, 1] and if f*(/,)
is the finite Hankel transform of f{¢) then we have:

7Ua) = [ e@mea: (1)
0

where /,, are the roots of the Bessel functions Jy(&) = 0.
Then, at each point of the interval in which f¢) is
continuous:

10 =23 rln .

where the sum is taken over all positive roots of Jy(&) = 0.
The Laplace transform of any function is defined as [14]:

(3.2)

f(s)= [ e f(r)dt, s>0. (3.3)
/

Analysis
Applying the Laplace transform to Eq. (2.8) in the light of
Eq. (2.9B), we obtain:

A
a2 [sii — u(E,0)] = B2 + 5PA; ——
S

#ag(scos ¢ —bsing)  ,[10 [ i
et ()] e

RENAN TR .
[éaeg(éaé)”éaé(éaé)] T
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where (4.2)

(s, s) :/°° “Mu(¢,r)dt
0

Now applying the finite Hankel transform to Eq. (4.1),
using Eq. (2.9C), we obtain:

J1(An) _o [Ao S ap(scos¢ —bsing)
fnyS) =———=0" | —+A
W (Anrs) = A 1 + '2ye? s2+b?
iAo—&—A]—i-aocosq’) 1
— 422+ HA | sm 2+ 820+ H?
where m = a* - o’. (4.3)

Now rearranging the terms of Eq. (4.3) into a form
convenient for taking the inverse Laplace transform we
obtain:

i (4 S):JI(/In)ag Ao 11
" i R+ H)] s s+p
(2 +02(Zr + H?)]

1
[ + 82 (22 + H2) 4m2c?

o (_ 1 n s n mc? >
stp S ct [l @ + B (2 + )

ag [/lj: + a2 ()i + Hz)] cos ¢ 1 s

i (74 + 222 + H?) | +-m2b? (_ s+p &+

n mb? )
[+ 02(2% + H?)] (2 + b?)
apbmsin ¢
(22 + H2)] +m2b?
[+ 0222 + HZ)])
m(s2 + b?)

[} + a2

o 1 s
s+p 24D
(Ap + Ay + apcos ) 1
+m Z 4 2(92 2 ’
i+ a2(2+ HY)) \m s+p

i @2+ H?
" :

where p = (4.4)

Now taking the inverse Laplace transform of Eq. (4.4),
we obtain:

* (1 J1(4n) _ Ao

' (An) = ( )0‘2 T 52 2
& [+ 322+ H2)]

A [Z8+52 (4, + H?)| cosct+mesinct
[t 4@ (224 H2)] mic?

a7 +02 (7o +H?)| cos(bt + ¢) +mbsin (bt + ) }
(7482 (2 + 1)) m2b?
Ao 4 [ +a2 (A2 +H?)]

ao X+ (A; +H?)| cos ¢ +bmsing
[+ 32 (2 + H2) m2b?

(4.5)

—io:(A0+Al +GQCOS¢)
n=1 [)“24_&2(}%_'_1_12)] .

The finite Hankel inversion of Eq. (4.5) gives the final
solution in the form:

. - apy J0(Edn)
1) =2 o
AoJo (&)t 1
22 J1(Zn) 2, {[zﬁ+a2u§+H2)]

[ +82(22 + H?)] cosct +mesinct
(742 (22 4+ H2)] 4m2e?

+A1/Ap

+a0/A0 [Z +32(2 + H?)| cos(bt + ) -+ mbsin(bt + ¢)
[ 452 (22 4+ H2) ] +m2b?

_ e*l” 1
(a4 @2 (2 + H2)
[+ 8 U+ H)]
[+ @22+ H2)) +m2e?

+A/Ag

+a0/A0 (2 +32(22 + H?)| cos ¢+ bmsin
(74 42 (22 + H?)) +m2b?

B (1 +A1/A() +a()/A()COS ¢)
(743225 +H?)]

(4.6)

The expression for the flow rate Q can be written in the
form:

1

Q:2n/5ud«f

0

(4.7)

using Eq. (4.6) in Eq. (4.7), we get the flow rate in the
form:

0= 47IZAOO(

1
{ [+ 02 (7, + H?)]
[/12 + @222+ H?)] cosct + mesinct
[ 4+ 22(22 + H?))* +m2c?

+ A1 /Ao

_e Pt
) {WH@U»%HZ)] 1[)bj+5c2(;j+H2)]2+mzc2
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e { !
[+ 02 (4 + H?)]
[+ 2 (2 + H?)]
[+ 2(22 + H2))  +m2e?
N ao/Ao |2y + 32(2; + H?)] cos ¢ + bmsin ¢
(7 8222 + H2)) +m2b?
C(1+A1 /A0 + ao/Aocosqﬁ)H
[0+ 2 (2 + H2) '

+A1 /Ao

(4.8)

Similarly the expression for fluid acceleration F can be
obtained in the form:

ou >N Jo(E)
F(E,0) = 2§ 4y L0NEAn)
(57 ) ; Oin.]] (ln)a
Ay /Ao[Pmeosct — {J + a2 (2, +H?) fesinct]
X
[+ 2 (32 +H2)) +m2e?

+ao/Aob [mbcos(bt+ ¢) — [7s+52 (72 + H?)] sin(bt + )]
[ a2 (02 4+ H?)) +m2b?
1
*””’{ I
(g 02 (7 +H)]
74+ a2 (2 + H?)) +m2c
+ao/AO [2h+52 (A2 +H?)| cos+bmsing
(74 +a2 (02 + H?)) +m2b?
~ (14+A;/Ag+ag/Agcos ) }
[ +32(22 +H?)]

+A, /Ao

Numerical computations for theoretical analysis

As we know, 4, are zeros/roots of the Bessel function
Jo(&) = 0. When we multiply ¢ = 0.2 by 4, ie., 2.42
(0.2 x 2.42 = 0.484) and from a table of Bessel function
we obtain Jy(0.484). For ¢ = 1 the Bessel function Jo(/4;)
will become zero, i.e., at the tube wall the velocity
becomes 0. Similarly we can continue the computation for
next sum n = 2, and so on.

In order to obtain physiological insight into the effect of
stenosis, magnetic field, and periodic body acceleration on
the velocity profile, the following values are taken:

Phase difference ¢ = 15% b =2, ¢ = 2, etc.

Results and discussion

The velocity profile for a pulsatile flow of blood through a
stenosed tube with periodic body acceleration in the

10 —m—aglAg=0
—e— ag/Ag=05

08 - —A— ag/Ag=1.0
—v— ag/Ag=15
—a— ag/Ag =20

0.6 —p— aole =25

an —e— ag/Ag=3.0

041

0.2

0.0 L e L . A B S B L

0.0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8

Fig. 1 Variation of the axial velocity profile for different values of
aplAptaking Aj/Ag = L, a=1,a=1,¢ =15°,b=2,c =2,t =3,
H=2 A,=14

Fig. 2 Variation of the axial velocity profile for different values of
AJAg taking =1, 0=1, ¢ =15, b=2,¢c=2,t=3, H=2,
Ag = 4, aglAp = 0.5

presence of a magnetic field, computed by using Eq. (4.6)
for different values of the amplitude of body acceleration
aog, Womersley parameter o, steady state part of pressure
gradient Ao, amplitude of oscillatory part A, couple stress
parameter (&), Hartmann number (H), time 7, have been
shown through graphs.

Figure 1 illustrates the variation of axial velocity profile
for different values of the amplitude of body acceleration
X—‘;. It is observed that the velocity profile increase for
increasing the amplitude of body acceleration. It can be
seen from Fig. 2, that the velocity increases for increase in
steady state part of pressure gradient and amplitude of body

oscillatory part Zt.

A Figure 3 shows that the velocity
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Fig. 3 Variation of the axial velocity profile for different values of H
taking a=1, a=1, ¢=15° b=2, c=2, t=3, Ag=4,
Ll()/A() = 05, AI/A() =1

Fig. 4 Variation of the axial velocity profile for different values of o
takinga =1, =15°,b=2,c=2,t=3,H=2,A0 = 4, ap/Ag =
0.5, A1/Ap =1

decreases as the transverse magnetic field (H) is increased.
From Fig. 4 it is observed that the velocity increases as o is
increased. Figures 5 and 6 show the variation of the
velocity profile with Womersley parameter o and time .

Conclusion

In the present mathematical model the pulsatile blood flow
through a stenosed narrow tube under the action of periodic
body acceleration and a magnetic field has been studied. The
velocity expression has been obtained in the Bessel-Fourier
series form. The corresponding expressions to flow rate and
fluid acceleration are also been obtained.
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Fig. 5 Variation of the axial velocity profile for different values of a
takingd =1, ¢ =15°,b=2,c =2,t=3,H= 2,4 = 4, a/Ap =
0.5, A1/Ap =1

0 A
000 005 010 015 020 025 030 035 040

u

Fig. 6 Variation of the axial velocity profile for different values of t
takingz=1,a =1, =15°,b=2,c =2,H = 2,A0 = 4, ap/Ag =
0.5, A1/Ag =1
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