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Abstract In this article, we study queuing systems with
three classes of impatient customers which differ across the
classes in their distribution of service times and patience
times. The customers are served on a first-come, first-
served (FCES) policy independent of their classes. Such
systems are common in customer call centers, which often
segment their arrivals into classes of callers whose requests
differ in complexity and criticality. First of all, we consider
an M/G/1 + M queue and then analyze the M/M/m + M
system. Using the virtual waiting time process, we obtain
performance measures such as the percentage of customers
receiving service in each class, the expected waiting times
of customers in each class, and the average number of
customers waiting in the queue. We use our characteriza-
tion to perform a numerical analysis of the M/M/m+ M
system. Finally, we compare the performance of a system
based on numerical solution with the steady-state perfor-
mance measures of a comparable M /M /m + M system.
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1 Introduction

In this article, we consider a queue system with three dif-
ferent classes of impatient customers which are indepen-
dent in their arrival and service time distributions. As the
customers have limited patience, customers may abandon
the system whenever their waiting time exceeds the
patience time. In a call center, such situations (abandon-
ment without service) are frequent which motivates us to
categorize the customers into the three different classes, as
it may lead to improved performance of the system. For
example, credit card call center service requests can be
categorized into credit limit, pin change, and fraudulent
activity on a credit card holder’s account. Here customer
representatives can respond to credit limit inquiries
quickly, for pin change they might ask for verification
details, effectively it may take a few minutes. But on the
other hand, the representative who responds to a fraudulent
activity call needs more time as compared to other cate-
gories. Customer’s requests vary; therefore, call centers
train their subset of employees to handle only a certain type
of service requests. Based on the customer’s request, the
automatic call distributor will divert their call to a suit-
able representative. Depending on the type of service
requests, each class of customers is independent of each
other with respect to their distribution of patience times and
service times. Therefore, a subset of employees may serve
a queue that receives arrivals from different classes that
vary from each other in their service requirements and their
callers’ patience levels. Here, note that call centers some-
times may assign tags to their customers like most valued,
valued, or ordinary to priorities the customers. However,
we have to consider the callers’ request on a first-come,
first-served (FCFS) basis independent of their class. In this
paper, we analyzed the performance of the FCFS queue
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system with three classes of customers that may differ from
each other in both their distribution of patience times and
their distribution of service times.

Studies for describing the performance of queue systems
with a single class of “impatient customers” have included
analytical characterizations (Daley [10], Baccelli and
Hebuterne [3], Stanford [16]) and approximations to per-
formance (Garnett et al. [11], Zeltyn and Mandelbaum
[18], Iravani and Balcioglu [13]). Literature has many
studies of two-class systems, where most of the systems
have prioritized one customer over the other. Choi et al. [9]
study the underlying Markov process of an M/M/1 queue
with impatient customers of higher priority. Brandt and
Brandt [5] extend the approach in [9] for the generally
distributed first-class customers in two-class M/M/1 sys-
tem. Iravani and Balcioglu [14] use the level-crossing
technique proposed by Brill and Posner [7, 8] to study two
M/GI/1 systems, where they consider a preemptive-resume
discipline where customers’ classes have exponentially
distributed patience times and then consider a non-pre-
emptive discipline where customers in the first class have
exponentially distributed patience times, but customers in
the other class have patience. Iravani and Balcioglu [13]
obtain the waiting time distributions for each class and the
probability that customers in each class will abandon them.
Adan et al. [1] design heuristics to determine the staffing
levels required to meet target service levels in an over-
loaded FCFS multiclass system with impatient customers.
Van Houdt [12] considers a MAP/PH/1 multiclass queue
where customers in each of the classes have a general
distribution of patience times. Van Houdt [12] derive a
numerical method for analyzing the performance of the
system by reducing the joint workload and arrival pro-
cesses to a fluid queue and expresses the steady-state
measures using matrix analytical methods. His method
provides an exact characterization of the waiting time
distribution and abandonment probability under a discrete
distribution of patience times, and approximations of the
same performance measures under a continuous distribu-
tion of patience times. Sakuma and Takine [15] study the
M/PH/1 system and assume that customers in each class
have the same deterministic patience time.

Our work is mainly focused on the system in which
three classes of impatient customers are served on an FCFS
basis, independent of their class. Ivo Adan et.al. [2] study a
similar system with two classes of impatient customers,
they analyze this process to obtain performance measures
such as the percentage of customers receiving service in
each class, the expected waiting times of customers in each

class, and the average number of customers waiting in the
queue. We consider two systems
M/M/1+M,M/M/m+ M) with three classes of impa-
tient customers, which are served according to an FCFS
discipline. To analyze the performance of these systems,
we used the virtual waiting time process, see Benes [4],
Takacs et al. [17] and Ivo Adan et al. [2]. In a virtual
waiting time process, the service times of customers who
will eventually abandon the system are not considered. By
analyzing this process, we find performance characteristics
such as the percentage of customers who receive service in
each class, the expected waiting times of customers in each
class, and the average number of customers waiting in the
queue from each class. A related formula for the virtual
waiting time in a single class M/G/1 + PH queue is given
by Brandt and Brandt [6], it is not suitable for direct
computation as it consists of an exponentially growing
number of terms. We next perform a numerical analysis of
the M/M/m+ M system under many arrival rates, mean
service times, and mean patience times. Our analysis
explains that accounting for differences across classes in
the distribution of customers’ service times and patience
times is critical, as the performance of our system differs
considerably from a system where only the service time
distribution varies across classes. The results of our
numerical analysis have several administrative implica-
tions including service level forecasting, revenue man-
agement, and the evaluation of server productivity. Finally,
we compare the performance of a system based on
numerical results of a comparable M /M /m + M system.

This article is organized as follows: In Sect.2, we study
the M/G/1 + M queue. In Sect. 3, we study the M /M /m +
M queue system, including a special case where the three
classes have the same mean service time. In Sect. 4, we
derive steady-state performance measures. In Sect. 5, we
present our numerical analysis, and in Sect. 6, conclusion
is given.

2 M/G/1 + M system

Firstly we consider a single-server queueing system with
three classes of impatient customers; see Figure 1. Assume
that the arrival of Class i(i=1,2,3) customers is
according to the independent Poisson process with rate /;
and needs independent and identically distributed (iid)
service times with CDF G;(.) and mean 7;. The customers
are impatient, and the patience time distribution for Class
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Fig. 1 Single-server model PP(\)
Exp(gl)az = 17 2) 3
Gi(-),i=1,2,3
PP(Y) | | ]
PP(Xs)
i(i=1,2,3) customers is exponential with parameter 0;  p(s,(s) <y|W(t) = w) = 1 — e " + e %"G;y(y), (1)

and are independent. That is customers from Class i
abandon the system after an exponential amount of time
with parameter 6; if their queuing time is longer than their
patience time. For this system, our main aim is to deter-
mine performance characteristics such as the long-run
fraction of customers entering service, server utilization,
and the expected waiting time for the service. Since the
customers are impatient in each class, the system will
always be stable even if the total arrival rate exceeds the
service rate.

It is natural to analyze this system through its queue
length process. However, keeping the information of the
number of customers from each class is not enough. We
would also require the information of the class of each
customer at each position in the queue since patience times
depend on customer class. This provides the Markov pro-
cess intractable. Therefore, we used the virtual queueing
time process below as in [2].

Let W(#) be the virtual queueing time at time z. W(r)
decreases with a rate 1 at all times, provided that it is
positive. If an arrival from Class i customers occurs at time
t and W(t) =w, the arrival leaves the system without
service with probability 1 — e~%" | or enters for the service
with probability e~%", and require a random amount of
service with CDF G;(-). Hence, the distribution of S;(¢), the
size of the upward jump at time ¢ due to an arrival from
Class i customers, given W(t) = w, is given by

@ Springer

and thus
E(efsS;(t)|W(t) — W) =1 — e*@iw + 379;WG~1‘(S)7

where G;(-) is the Laplace-Stieltjes transform (LST) of
G,() Let

Y(s, 1) =E(e"1),
po(t) =P(W(1) =0),
¢(Svt) :l//(sat) —po(t),

and

Y(s) = lim y(s, 1) = Ee ™",
po = lim po(1) = P(W = 0),
d(s) =y(s) — po,

where W is the limit (in distribution) of W(¢) as t — oo. In
the interval (¢,7+ h], an arrival of type i occurs with
probability ;2 +o(h) , and no event occurs with
probability 1 — (41 + A, + A43)h+o(h) as h — 0. Then,
we obtain
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W(s,t+h) =1 = Ath — Joh — J3h) (s, 1)e™
+ (1 — Ath — Joh — /13h)[70 I)

3
+ Y Aih(¢(s, 1) = (s + 6;,1)
i=1

+ (s + 0;,0)Gi(s)) + o(h).
puttinge” = 1+ sh +o(h) and rearranging terms and
dividing by A, and then letting 7 — 0, we find

3 ~

%w(s, £) =sp(s,t) = > ah(s+ 0;,1)(1 — Gi(s)).

i=1
Now let 7 — oo. Then, <4(s,t) — 0,¥(s,t) — Y(s) and
O(s, 1) — P(s),50

0=sg(s) = > (s + 0,)(1 — Gi(s)).
i=1

Dividing by s and using

Hi(S) = /1,' 1%@(5‘),
we finally get
3
W(s) =po+ > _W(s+0:)H(s). (2)
i=1

Note that, the LST of the equilibrium distribution of the
service times of customers from Class i is H;(s)/(4:7;).

Repeated application of (2) shows that its solution can
be written as

Fig. 2 m-server model

PP(\)

Emp(el)vZ =1,2,3

PP()y)

l/](S) ZPOC(S)7 (3)

where

zoo: C,‘J"k (S‘)

o0
=0 k=0

c(s) = Z

The terms c;;4(s) satisfy the recurrence relation
ciji(s) =Hi(s+ (i — 1)01 +j0, + k03)ci—1 ji(s)
+ Hy(s+i0) + (j — 1)02 + kO3)cij—14(s)
+ H3(s +i01 +j0> + (k — 1)03)cija—1(s),

o0
i—0

J

with cg00(s) =1 and ¢;jx(s) =0 if i<0 or j<O0 or k<O0.
The recursive procedure to obtain equation (3) as well as
convergence properties of the series c(s) will be explained
in detail in Sect. 3, where we analyze the multi-server
system with three classes. Now, to find pg, we use y(0) =
1 in equation (2), we get

3 3

po=1=> W(0)iti=1-po Yy c(0)d;,

i—1 =1
N -1
= po = 1+ ZC(H,’)A,’T,"| .

i=1

In Sect. 4, we shall see that many performance measures
can be computed in terms of y(0;).

Emp(/“l'z),l =1, 25 3

PP()s)

———————

OOOO
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3 M/M/m+ M system

Now we consider a FCFS multi-server system with
m servers serving 3 classes of impatient customers; see
Figure 2.

3.1 Model

Unlike in Section 2, we assume that customers from Class i
arrive according to a Poisson process with rate 4;, need iid
Exp(p;) service times, and have iid Exp(6;) patience times
(i =1,2,3). Whenever service does not begin before the
patience time expires, the customer leaves without service.

3.2 Virtual queueing time process

We assume that W(¢) be the virtual queueing time at time ¢
in this system. This is the queueing time that would be
experienced by a virtual customer arriving at time ¢. Let
N;(#) be the number of servers serving a Class i customer
just after time # + W(z) but before the next customer (if
there is one) entering service at time # + W(z). This tells
that N;(¢) is the number of servers busy with a Class i
customer just before a customer arriving at time ¢ enters for
service. So we observe that N(f) + No(t) + Na(r) is
always at most m — 1.

The above definition allows us to determine the size of
the upward jump of the virtual queuing time if an arriving

Fig. 3 Path p

AY

{0,1,0)

customer at time ¢ decides to join the queue (since his
patience exceeds W(#)). The jump is the minimum of the
service time of the arriving customer and the residual
service times of the customers in service at the moment he
enters service at time ¢ + W(f). As we will explain below,
{(W(t),Ni(t),N,(r),N5(t)),t >0} is a Markov process
with upward jumps, the size of which depends on W(¢), and
a continuous downward deterministic drift of rate 1
between jumps.

Assume that W(r) =0 and (N;(¢),N2(2),N3()) =
(i,j,k). Then, (i, j, k) is the number of busy servers of
classes 1, 2 and 3 at time . For 0<i+j+ k<m — 1, the
transition rates of services in state (0, i, j, k) are given by

G(0,ijk),(0,i—1j,k) = Ll

G(0,ik),(0,ij—1,k) =JMas

q(0,i,k),(0,ik—1) = ki,

and for 0<i+j+k<m—1, the transitions rates of
arrivals are

G0,ik),(00+1jk) = 415

4(0,i,k),(0,ij+1,k) = 2,

G0,i,j0),(0,ik+1) = A3-

Now we have all transitions from states (0,i,j,k), 0 <i+
j+k<m—1, except for the transition rates of arrivals in

states with i +j+ k =m — 1. These transition rates are
explained below

(1,10)

0,1,1)9

>

2,00

(0,0,1)

—> > X
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Now assume that the state of the quad-variate process at
time tis (w, i, j, k) withw>0and i +j+ k = m — 1. This
explains that just after time 7+ w we will have i busy
servers of Class 1, j busy servers of Class 2 and k busy
servers of Class 3. Consider an arrival from Class 1 at time
t. This customer has to wait w amount of time for service to
begin. He abandons the system before his service starts
with probability 1 — e~%"_ in which case the state does not
change, and he enters for service at time f+ w with
probability e, Then, the next departure occurs after an
Exp((i + 1)y, +ju, + kpz) time X and the departure at
time r+w-+X is from Class 1 with probability
i+ Dy /(G + Dy +juy +kpy), from Class 2 with
probability ju,/((i + 1)u; + ju, + kus) and from Class 3
with probability kus/((i + 1)y, +ju, + kps). In the first
case, the state jumps at time ¢ from (w,i,j, k) to
(w+X,i,j,k). In the second and third cases, the state
jumps to w+X,i+1,j—1,k) and
(w+X,i+1,j,k— 1), respectively. In the case of a Class
2 and 3 arrival, the process is similar.

Hence, we get the following transition rates from states
w,i,j,k)withw>0andi+j+k=m—1;

(w,ijk), ([wxwtx+dx),i+1,j—1k)
= Jae” (4 Dy A+ + ki)
w e~ Dm+iptke)x g,
Jio
(i + Dy +jps + ks
= J1e”""ju,
x e~ (DA tkis)x gy

X

similarly;
G (w,ijik), (wx,wx+dx),ijk)
— ile’elw(i—l- 1)‘ulef((i+1);4l+juz+k;¢3)xdx
+ beszW(jJr 1)uze’(i“l+U“)"2+k"3)xdx
+ Ase O (k + 1)luze*(iul+juz+(k+1)uz)xdx7
q(w,ij k), (w-+x,wtx+dx),i+1,j,k—1)
= Jue"hpye” UM iy o+ kpus ) xdx.
G (w,ij k), (w-+x,wtx+dx),i—1j+1,k)
= ;Qe*@zwiulef<iu1+<i+1>uz+ku3)xdx_
G (w,ij k), (wx,wtxtdx)i—14k+1)
— 136_03‘”1';11e_(i“‘+j“2+(k+l>“-‘)"dx.
G (w,ij k), (w-+x,wtx+dx),ij+1,k—1)

— /”Lze—ezwk'u}e—(iﬂl +O+l)l‘2+k#3)xdx.

G (w,iji k), (wx,wtxtdx) ij—1k+1)
— 136*03Wjﬂ2e*(i/41 it +(k+1)m)x 7y

Between upward jumps, the virtual waiting time process
W decreases continuously and deterministically at a rate 1,
while it is positive. When W reaches 0 in state (0, i, j, k),
the process will stay in this state until either an service
completion or arrival occurs.

3.3 Steady-state analysis

We first begin with the following notations. Let
Yi(s,t) = E(e™" Ny (1) = i, Na(1) =,
Ns(t) =m—1—i—j), 0<i+j<m—1,
piji(t) = P(W(1) =0, Ni(1) =i, No(t) =,
Ni(t) =k), O0<i+j+k<m-—1,
Bij(s,1) = Yy(s,1)
= Pijm—1-i-j(t), 0<i+j<m—1,
and is the identity matrix where (W(z), Ny (), N2(r), N3(2))
converges to (W, Ny, N», N3) in distribution as t — co. We

begin with the balance equations for the steady-state
probabilities p; ;. Let

Po=1Pijil, 0<ijk<n i+j+k=n,and0<n<m.
where
Do = L'Jo,o,o],

P = [Po,o,1po,1,op1,o,o},

Dy = [Po,o,zpo,l,1P0,2,0P1,0,1171,1,0]72,0,0],
D3 = []70,0731?071,2[)0.2,1

P0,3,0P1,0,2

Pl.1,1P1,2,0P2,o,1p2,1,0p3.0,0]a

D, = D’0,0,npo,l,nfl ©Pon,0P1,0n—1P1,1,n—2 " "
Pin—10"" 'Pn71,o,1pn71,1,opn,o,o}

Then, the balance equations can be written in vector-matrix
form as

po(/l] + /12 + )3)

= p1M17
Pn(il + A+ 13) (4)
+pnAn
= pnflAn—l +pn+1Mn+1a
1<n<m-—1,
where the (14 )(n42) o (n4+1)(n+2) matrix

2 2
A, =diag[(n —i—j)us +juy +ipy], 0<i+j<n (here
(n+1)(n+2) «

i,j as in the ¢(s)), the matrix of the order 5
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<n+2)2(n+3)7 n = [}Vn,u’v% and the matrix M,, = [, ; ;] of the
order w;nm X WITH is given by
My V=u+m
Ja, v=u+1,1<u<(m—1),
v=u+2 m<u<(m—1)+ (m—2),
Ay = v=u+m—-1),u=m-1)+m-2)+---+2+1,

J3, v=u, 1<u<(m—1),
v=u+1, m<u<(m—1)+ (m—2),

.V:M+(m—2), u=m—-1)+@m-2)+---+2+1

(i i Gi-1d) = s LSi<n,
Bo(iido)(ii—1) = Jb2,  O0<j<n,
PGk Gjk—1) = kg, 0<k<n.

Further, we can write above balance equations as
Pn=DuiRuy1, 0<n<m—1. (5)

The (n+2)2(n+1) % (n+1)n

matrices R, recursively written as
Ry =M (%

+ A2+ /13)_1

Ryt =M1 (1 + A2+ 23)1

+ A —RA) L 1<n<m—1

where I is the identity matrix.

Now we shall derive differential equations for the time-
dependent LSTs /; ;(s, 1) and then take # to oo to obtain the
steady state equations. For small 42 > 0, we have
Vij(s e+ h) = (1= Zth — Jah — Jah) (s, t)e

+ (1 = Ath — Aoh — A3h — (ipy + ji,

+(m—1—i _j)f‘})h)pl:i.mflfiﬂ(t)

+ Zih(dij(s,1) — ¢j(s + 01,1))

+ 2ah(y(s,1) = byjls + 02.1))

+ A3h(¢i;(s,1) — byj(s + 03,1))

AR (i+ Dy +<Jl‘u: Jlr)ilrln —l=i=ju
A 00 e T
A 000 i";u_ ir_(’j;')li}i*j)#z
A O G l)u:ilr (m—1—i-jp
R O l(;/z Jlr)l(lrzn —T—i—j
Al 0 leu: IJ:(ZH)’13 i=ji

(i+ 1)y,

+ Ay (s + 03,1 - - —
i : )s+(1+1);¢l+juz+(m—l—L—j)u;

U+ D
s+i + G+ Do+ (m—1—i—j)py
(m—i—jus
st i +juy + (m—i—jus
+ 2ahpizt jm—1-i-(t)
+ Aahpijym-1-i-(1)
+ A3hpijm-a-ij(t) +o(h),

+ )~3h'//1,j+1(s +0s,1)

+ 23 (s + 05,1)

where p;;(f) = 0,ifi <Oorj<Oork <0. Also substituting

@ Springer

e =1+ sh+ o(h), rearranging terms, dividing by & and
then taking limit as & — 0, we get

%lj/w(s, 1) = sb; (s, 1)
= dayii(s + 01,8) = 2oty (s + 02, 1)
- 23%.,(5 +0s,1)
= (i +jpy + (m =1 =i = j)pa)h)pijm—1-i—(t)

A 00 +(.;;Zi)l<lr'n T
I ) e T,
A0 f:u: :('Jrgujt —i)ts
a4 02, 0) e 1),4:”+1 m—1=i—jm
A 00 S S 1(;;: Bl(l:z i
At ) YJE :(']")“:1 i

+ igl//,+1‘/(s +0s,1) s+ i+ 1)y +(j[;::4l»)illln —1—i—j)us
AW+ 05,0 1(;;: i)l(; i)

(m—i—j)ps

+ s (s + 03,1 - - —
Wijls + 05 )S+1ﬂ| ity + (m =i = j)us

+ Api-tjm-1-i—(1)
+ Jopij-tm-1-i—j(t)
+ A3pijm-2-i-(t)

For the steady state, as t — oo the system attains steady
state S0 that L i(s,1) = 0, (s, 1) —
!//l-_j(s), ¢iJ(s, ) — qS,-J(s) and p;ji(t) — pijx. Therefore,
we have
0= 5¢;,(s) — 2w ;(s + 01) = Ao ;(s + 02) — Za; (s + 03)

= (i +jpy + (m =1 =i = j)u3)pijm—1-i—j

+ Ayls 00 G+ D j;;;lr)/(l,; —1—i—j)u

+ Ays +00) (i+ Dy +ju£ﬂ42r (m—1—i—j)u

i+ 0) J(rrju; :ri(’J")M—3 =

+ Jay(s +02) i+ G+ 1);421'[1 (m=1—i—=j)us

+ Aay(s +02) T+ G+ 1()],:2— —li-)?ri —1—i—jus (6)

+ 2oy (s + 02) s+ i i’;’ﬁ; i;(rJr?Af i =i

+ A3V (s + 93)5‘ + (4 Dy +(]lﬂt'l*‘)l(lr]n —1—i—j)y

+ AW (s +03) < T+ G+ 1()]:2_ i)l(lrzn —1—i—j)us
(m—i—ju,

+ ;.g\//l-- s+ 03 " n N E
i )s+tu1 +itn + (m—i—jg

+ Pi-1jm-1-i—j
+ JoDij—tm—1—i—j
+ 23Pijm—2—i—j

The above equations can be written in vector-matrix form.
For this, let
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Al ifv:u,lgugw,
ifo=u+m, 1 <u<m,
fo=u+m-1,m<u<m+(m-—1),
Ay =| A [fv=u+m—=2,(m—-1)<u<m+(m-1)+(m-2), |
ifv=(u+m-—(m-—1)),
m+(m—-1)+---+3<u<m+m—-1)+---+3+2
s+ (m—1—i—ju
AZ,u,u::)\Q - : - :
s+ + (G + Dpz+(m—1—i—j)us
L (m =i — s
2,u,v — N2 . . . .
S+ ipn + jpe + (m —i— j)us
As ifu:v,lgugw
P20 As fo=u+1l,u#mu#m+(m-—1), ’
csuFEm+m—1)4+(m—2)+---+3+2.
and
AS,u,u ::)\3 : i _'_ Ha ¥ ki ; ;
s+ ipn + jpe + (m — i — j)us
o (J+ Dpe
A3,u+1,u — )\3 A . A .
s4ipy + (F+ Dpg 4+ (m =1 =i — j)us
41
A3,u,v ::_)\3 - (Z+ )ul X ;
s+ (i + D +jpe+(m—1—i—j)us
A3,u,u lf'U:U71SUSM,
A3,u+1,u lfu:u—i_l:u%muu#m_'_(m_l):
uFEm+(m—1)+(m—2)+---+34+2,
B ifu=v+m, 1 <u<m,
A3up = fu=v+m—1,m<u<m+ (m-—1),
Asp |fu=v+m—-2,(m—1)<u<m+ (m—1)+(m—2),
ifu=(v+m-—(m-—1)),
m+(m—-1)+--+3<u<m+m—-1)+---+3+2
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U(s) = [Wo,m ‘//0,17 l//0,27 )
Yom-1:V10s > Wim2 s W10l

B(s) = Y(s) =P

¢(s) = [¢0,07¢0‘|7¢0$27“',
Pom-1:P10: > Prm—2: s Pi ]

Here matrix (s) is of the order 1 x m(";rl)‘ Then for

mm+l) o m(mt1)

S x M5 matrices A(s), (I =1,2,3) we have

3
S¢(S) :Pm—lAmfl _Pm—zAmfZ + Z'I/(S + QI)AI(S)
=1

3
5P(5) = Pu1Bit = PruoiRu 1A + (s + 0)A(s)

=1
(7)

where nonzero entries of the matrix A;(s) = [a;,,] for [ =

1,2,3 are given by
st (m—1—i—j)u
s+ @+ D +jwg+(m—1—i—jus’
Al,u,v = _)tl N (m —! _])’u3 N . 3
s+ iy i+ (m—i—j)us

Al,u,u = /11

that is,

where i and j as in the vth entry of Y(s) or ¢(s). Consider
next

Am— - Rm— Am—
D(s) =1+ ! . om=z
(8)
A
Hs) =2 02103

For s > 0, we can divide (7) by s, and using (8), we obtain

W(s) =p,1D(s) +Z'/' (s + 0) H (s). )
Let

D;jjx(s) =D(s +i0; + jOr + k03)

Yii(s) =(s +i0y + 0 + k03)

Then (9) gives us for i,j, k>0

'/’iJ',k(s)

= Pu—1Diji(s) + Wiy ($)H1 (s + 61 + j6> + k03)
+ W1k ($)Ha(s + i01 + jO2 + k03)
+ W41 ($)Hs (s + 101 + j02 + k03)
(10)

To obtain /(s) = ¥g0(s), we apply equation (10):
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'//000(5)
= Pu_1D000(5) + ¥, 00(s)Hi(s)
+¥o.1.0(5)Ha(s) + W01 (s)Hs(s)
= Pu-1(Dooo(s) + Dioo(s)H(s)
+ Dy 10(s)H2(s) + Doo.1(s)Hz(s))
+¥200(8)H1 (s + 01)H1(s) + Wo20(5)Ha(s + 02)Ha(s)
+ Wo02(8)Hs(s + 03)Hs(s)

+110(5)(Ha(s + 01)Hi(s) + Hi (s + 02)Ha(s))

+ Y101 (8)(Ha(s + 00)H i (s) + Hi(s + 03)H3(s))

+ 0,11 (5)(Hs (s + 02)Ha(s) + Ha(s + 03)Hs(s))

Therefore, after n iterations we get

Y(s) =Pur Y, Dijuls)Cijals

i+j+k<n

Z lpljk

i+j+k=n

le )

(11)

The ’"(me X matrices C;jx(s) are defined as
follows: A  sequence of grid ©points p=
{(i0,jo, ko), (i1,J1,k1), -+ (insJn, kn)} is called path from
(io,Jjo, ko) to (insfny kn) if each of  steps
(iretydies ki) = (inji ki), L= 0,1+ (n— 1), is either
(1, 0, 0), (0, 1, 0) or (0, O, 1). For the path p

Cp(8) = His, i) () H i) (8) H o) (5)
H([ljlvk[) =

m(m+1)
2

Hy(s + 001 4102 + ki03),  if (31,0041, kier) = (i, ki) = (1,0,0)
Hy(s 4 ii01 4 ji0r 4 ki03),  if (ipgr,jiers kier) — (i ki) = (0,1,0)
Hi(s + 001 4102 + ki03),  if (irp1,d0e1s kier) — (i ki) = (0,0, 1)

For the path p = {iy, jo, ko}, set C,(s) = 1. Let P(i,j, k) be
the set of all paths from (0, 0, 0) to (i, j, k). Then Cj;(s) is

defined by
Cijk(9) = D Gpls)
PEP(ij k)

m(m+]) m(m+1)
2

For i+ j+ k > 0, the X
be recursively calculated from

matrices C;jx(s) can

Cijk(s) = > Hi1j4Cyls)
pEP(i—1,,k)
+ Z H,-,J-,l,kC,,(s)
pEP(ij—1k)
+ Z Hijk-1Cp(s)
pEP(ijk—1)

= Hi(s+({—1)0,+j0, +k03)Ci_yjx(s)
+ Ha(s+ 01 + (— 10> + k03)Ciy14(5)
+ H3(s + iy + j0r + (k — 1)03)Cijx—1(5)
(12)
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where Coo0(s) =1 and C;x(s) is all zero matrix if i <0 or
j<0or k<O.

Lemma 3.1 For each 6>0, the series
>0 2ois0 >oieo Cijik(s) is  absolutely and uniformly
convergent for all s > J.

Proof Fix ¢ > 0. It suffices to prove that there are con-

stants M and r<1 such that for all s> ¢ and
i+j+k>0,
|Ciju(8)| < MrHE, (13)

where E is the all-one matrix and the inequality is com-
ponent-wise. In this bound s # 0, since H,(s) and H;(s),
thus by (12) also C;x(s), are unbounded as s approaches to
0. Now fix r< 1. Since H)(s) < )IE (I =1,2,3), there exists
an N >0 such that, for s > 0 and z+]+kZN,

2r
Hi(s+i0; +j0r, + kO3))| < ——E, [=1,2,3
| l( 1 TJU2 3)'— 3(m)(m+1)
(14)
Recurrence relation (12) implies that, for each

i,j,k>0, C;jx(s) is bounded for s > J. Hence, there is a
(sufficiently large) M such that (13) is valid for s > ¢ and
the finitely many i 4 j + k < N. By induction we now prove
that (13) is valid for all i +j 4 k > N. Suppose it holds for
all i +j + k = n (also true for n = N). From (12) and (14),
we get, fors >dandi+j+k=n+1,

|Cijuc (s)]
< |Hi(s + (i = 1)0; +j02 + k05)[|Cim1 4 (s)]|
+ |Hao(s +i0) + (j — 1)02 + k03)||Cijim1 4 (5)]
+ [H3(s + 0y +j0r + (k — 1)03)[|Cijx—1(s)]

2r
< = E(Ciy; Cii Ciire
S Sm D) (ICi-1k () + |Cijm1k ()| + [Cij—1(5)])
2
< — T 3R = MrUE,
3m(m+1)

where the last inequality follows from the induction
hypothesis. O

Since D;jx(s) are uniformly bounded for every
s>0>0andi+j+ k>0, we get the following.

Corollary 3.1.1 The series
D0 Dm0 ke Dijk(s)Cij(s) is absolutely and uni-
formly convergent for all s > ¢ > 0.

Proof Using that [i};;(s)| <1, the second term in (11) is
bounded and given by

Z lpz,/k 117 )

i+k+k=n

Z |Ciji(s)]

i+k+k=n

Therefore it vanishes as n — oo by virtue of the absolute
convergence of the series of C;;(s). Hence, taking as n —
oo in (11), we get, from Corollary 3.1.1,

¥(s) = pm-1C(s), (15)
where
:ZZZDN‘ Ciji(s (16)
i=0 j=0 k=0
in particular, we have
Y () =pm-1C(0), [=1,2,3. (17)

To complete the LST of the virtual queueing time, we need
to evaluate p,, ;. For this, first we set s = 0 in (7), and we
obtain

3
0 =P 1Bn1 =Pu_iRu 1A 2+ Y ¥(0)A(0)
=1

3
= PotBn 1 =P Rt An 2 P, Y C(0)A(0)

=1
(18)

where the second equality follows from (17). To uniquely
determine p,,_;, we finally need the normalizing equation

m—1
> P+ ¢0)e =

n=0

(19)

where e is the vector of all-one and p,, is given by (5) for
0<n<m—1. However, equation (19) requires the
computation of ¢(0), which is the complicated step.
Taking the derivatives on both sides of (7) and setting
s =0, we get

:Z Y(0)A

=1

) +¥'(0)A(0)). (20)

Here, prime indicates derivative with respect to s. Thus, to
calculate ¢(0) we need ¥/(s) at s = 01,5 = 6, and s = 65.
For this, we can use (15,16). After differentiating (15), we
obtain

>
=0 (21)
(Dy$)Cia(s) + Diga(5)C1y4(5) ).

Mg

pmlz

i=0

'l’() a2 IC/

.
Il
=

The terms C;jx(s) can be recursively computed by taking
the derivative of (12):
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Hi(s+ (i — 1)0; +j0 + k03)Ci—1 j(s)
+H1(s+ (i — 1)0y +j0> + k03)C;_,

Cka( 5) =
)Ciz1x(s)
H)(s 4 i01 + (j — 1)02 + k03)Cij—1 x(s)
+H2(s+191 + (= 1)02 +k03)C;; 4 (s)
Hy(s + i0y 4 j0> + (k — 1)03) (s)
: (k— 105)CLy5 1 (5)

1)03)Cijk—1(s
—|—H3s+i01—|—j02+k )3C;Jk1s7

where C;; () is all zero matrix if i =j =k =0 orif i<0
or j<0 or k<0. Term-by-term differentiation of (16) is
justified by the following two lemmas. O

Lemma 3.2 For each 6>0, the series

Do 2oim0 2okeo Ciji(s) is absolutely and uniformly
convergent for all s > ¢.

Proof The proof is similar to the proof of Lemma 3.1. It is
sufficient to show that there are constants M and r <1 such
that, for all s > d and i +j 4+ k>0,

|Cka( )| SMriJerrkE? (22)

Now fix r<l1. Since H(s)<AE/s(I=1,2,3), and
H(s) < 4E/s*(l=1,2,3) there is an N >0 such that, for
s>dandi+j+ k>N,

|Hi(s + 0, +192+k93)|émﬂ 1=1,2,3
(23)
and
IHZ(S+i01+j92+k93)|§LE, 1=1,2,3
6(m)(m+ 1)
(24)

Recursions (12)) and (22) imply that, for each i,j, k>0
Cij(s) and Cj;,(s) are bounded for s > . Hence, there is
a (sufficiently large) M such that both (13) and (22) are
valid for s> ¢ and the finitely many i+j+k<N.
Following the induction steps in the proof of Lemma 3.1,
it follows that (13) is valid for all i +j + k> N. We now
show that (22) also holds for all i +j 4+ k > N. Suppose that
(22)) holds for all i +j+ k= N (also holds for n = N).
From (22), (23) and (24), we get, fori+j+k=n+1,
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|H{ (s + (i — 1)0y + 0> + k05)||Ci— 1Jk(s)|
+ | Hi(s + (i = 1)0) +j0r +k03)||C_ ;1 (5)]
+ |Hy(s+i0; + (j — 1)0, +k63)\|C,J lk(s)\
+ |Ha(s +i01 + (j — 1)02 +k03)[|C7 ;1 (5)]
+ [Hy(s + i0y + jO> + (k — 1)03)||Cijr—1(s)|
+ [Hs(s +i01 + 0> + (k = 1)03)[|C] ;4 (s)]

|Cijx(s) <

2r
< WE(|CHJJ«(S)| +1Ci 4 (9)]
+ [ Cij-14(s)]
+ |C1/'.j—1,k(s)| + |CiJ7k71(s)| + |Cl{.j,k71(s)|)
2
< eMrE? = MrUE,
6m(m + 1)

where the last inequality follows from the mathematical
induction hypothesis. O

Lemma 3.3 For each s > 0, the derivative of C(s) exists
and is equal to
=D D> (Dhuls

l]k )+Di,ik( )Clljk( ))
=0 j=0 k=0

Proof Fix s > 0. First note that the series converges by
Lemmas 3.1-3.2 and the fact that D;;x and D;;, are uni-
formly bounded for all i +j+ k> 0. It suffices to prove
that, for each sequence {h,} converging to O such that
s+ h,, > 0 for all n,

lim C(s+hy,) —C(s

n—0o0 hn

where B;jx(s) = D;x(s)Ci . Let h, be a sequence. Thus,
there is a & > 0 such that s + h, > 0 for all n. According to
(13) and (22) and that the fact that D;;x(s+h,) and

Dj; (s + hy,) are uniformly bounded for all n and i +j +
k >0, there are constants M and r <1 such that, for all n
and i+j+ k>0,

|Bljk( )| SMri+i+kE' (25)

We need to show that for each € > 0 there is an N such that,
for n > N,
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n i=0 j k=0

i=0 j=0

C(s + h,) — C(s) iii‘g s
=0
hy) —

Bljk( )

<E€.

—mﬂw)

(26)

Let € > 0. For given n and i,j, k>0, it follows from the
mean value theorem that there is an 0 <y <1 such that

(Bijk(s + hy) — Biji(s))/hn = Bj; (s + nhy). Hence by
(25)
Bka(S+/’lh) ljk( ) B;Aj"k(s)

< |Ble(Y+ ’7h )| + |Bt,/k( )‘

<2MrHTRE,
Note that M and » do not depend on n, i, j, k. So there is a
constant K such that, for all n,

Biji(s + ha) — Biji(s)
hy,

— Bﬁ}i’k(s) < % (27)

i+j+k>K

Further, for given i,j,k>0, (Bix(s+ hy) — Bijx(s))/hy
converges to Bl k( s) as an tends to infinity. Hence, there is
an N such that, for n>N

l]k( +hhr)l z)k() Bijk(>

€
A <20 )
<i+j+k<K

Combining (27) and (28) yields (26).

Substituting (17) and (21) with s = 6, in (20) gives

pmlz

and the normalization equation (19) can be rewritten as

ane +pm 1 Z

)+ C'(0)A(0))

)+ C'(0)A(0))e = 1.

The following theorem summarizes the above findings.

Theorem 3.4 The steady-state LST (s) of the virtual
queuing time satisfies

¥(s) =p,1C(s)

where C(s) is defined by (16) and the probability vectors p,,
for 0<n<m — 1 are the solution to the system of linear
equations (5), (18) and (29).

3.4 Special case ;, =y, =3 =u

We now suppose u; = u, = pu3 = p. Now we are dealing
with easy problem, since we do not need to keep track of

Ny (1), N2 (1) and Ni (1) separately, only
N(t) = Ny (t) + No(¢) + N;(t). Define
Y(s) = lim E(s™VW.N(t)=m—1)
=E(s™V:N=m-1),
pi = lim P(W(r) = 0,N (1) = i)
=P(W=0,N=1i), 0<i<m-—1,
D(s) =Y(s) =P
Then the balance equation (4) can be written as
pnfl(ll +)2+l3) =p,nu, lgngmf 1, (30)
and (9) reduces to
A2
0, 0
WIS) = P+ 4 0) s )
A3
+ (s +03) Py

The solution of this equation is given by (15)
l/I(S) :pmflc(s)a
where

) IPIMO

=0 j=0 k=C

(=}

For i +j+k >0, the terms c¢;;4(s) are determined from
recursion

A

Cijk(s) = +(i—1)0, +j0, + k03 + mp Ci-1jx(s)
)uz
TS0 T G- )0 ks T a )
)L
s Cijr—1(8),

+
s+ i6; +j92+(k—1)93+,u

with cgpp =1 and ¢;jx = 0, if i<0 or j<0 or k<0. The
normalization equation becomes
m—1

1= an + d) an + '/’ + '/’(02) + '/’(93) ku’

n=0 n=0 K

y M — 13

n

/13 n!
)ki m—1 p
DY

]

Together with (30), this yields, forn =0,1, - --

M A
memmw@me

where p = Lﬁ“’
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4 Performance measures

Now we show how many useful performance measures in
steady-state can be computed in terms of the LST evaluated
at 0,0, and 05. Suppose the M/M /m + M system is in a
steady state. An arrival faces a queuing time of W. If the
arrival is from Class i, the customer will enter service if
his/her impatience time 7; is longer than W. For Class 1,
this probability is given by the following (and similarly for
Class 2 and 3, by replacing 0; by 0, and 03, respectively):

P(Ty > W) = E(e”""W)
= Z E(e™"V.N, =i,N, = j,N3 = k)
i+j+k <m—1

> pe

n<m—1

+ 1/1(9])8

Here, we are using that W=0 and E(eHW;Nl =i,N, =
JyN3 =k) =pjx when i+j+k<m—1. Next, using
Little’s law, we see that the expected number of servers
busy serving Class 1 customers is given by

I P(Ty > W)i =ﬁ< Z pne+!ﬁ(01)e>

My Hy n<m—1

and the steady state throughput equals
3

3
> LP(T; > W) Zz,( > pet w(ai)e>.

i=1 i=1 n<m—1

Now we compute the expected time of a Class 1 customer
waiting for service. This is given by

_ 6701W
E(min(W, 1)) —E(E(min(W, T})|W)) — E(101>
1—EE") 1-P(T;>W)
- 01 B 91

By Little’s law, we get the following for the expected
number of Class i customers waiting for service
Ai
E(L{) = AE(min(W, T,)) = 2 (1 = P(T; > W),
i
At last, we compute the expected conditional waiting time
of Class i customers entering service follows from

EW, T, >W
E(W|T; > W) = M7
where
E(W;T; > W) = E(We W) = —%E(e—f‘”) = —y'(0))e.
s=0;

These formulae simplify significantly when applied to the
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M/G/1 + M system. In particular, the probability that the
server is busy serving a Class i customer is given by

p; = iifilﬁ(@i),

where /(s) is as defined in Eq. (2). The probability that the
server is busy is given by

p=y(01) 111 +¥(02) a2 + Y (03) 2373

In steady state, the throughput is equal to
Y(01) 2 + ¥(02) 22 + ¥(03) 3.

and the reneging rate by

(1 =y(00) A + (1 = (02)) 22 + (1 = ¥(03)) 25.

The expected number of Class i, (i = 1,2,3) customers
waiting for service in a steady state is given by

i
E(L) = 11— y(0)
The expected number of Class i, (i = 1,2,3) customers in
the system in steady state is given by

E(L;) = E(L) + Zitap ().

This implies that, in the special case when t; = é

This is expected since in this case, the system behaves like
an infinite server queue for each class of customers.

S Numerical analysis

For numerical analysis we have considered three different
systems based on their patience time distribution as
follows:

System 1: In this system, we considered the distribution
of patience time across the classes are same that is % unit
0y =0, =05 =1.5).

System 2: In this system, we considered the distribution
of patience time are different across the classes. For Class 1
patience time is 1 unit (f; = 1), Class 2 patience time is %
unit 6, = 1.5 and for Class 3 it is % unit 03 = 2.

System 3: In system 3, we considered that patience time
distribution for Class 1 and Class 2 customers are same but
differs from Class 3. Here taking
(6, =15,0,=1.5,0,=2).

In all of the systems, we consider requests from Class 1
have a mean service time of 1 unit yu; = 1, requests from
Class 2 have a mean service time of 3 units (y, = 1.5), and
requests from Class 3 have a mean service time of % units
(43 = 2). The arrival rate of customers across the classes
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remain same (4 = /4, = 43) and vary from 6 to 20
throughout the calculations. And we hold number of ser-
vers in the system for this analysis is 5.

In Table [1,2,3], we present three steady state perfor- °

mance measures from the above systems. The measures
include the percentage of customers who receive service,
the system throughput, and the mean waiting time of all
customers. We discuss each of these measures:

Percentage all customers receiving service: The
percentage of all customers who receive service is
highest in System 2 while lowest in System 1; see
Table 1. We observe that when the arrival rate is high,
all systems are approximately equally efficient. Also
recall that patience time in System 1 for Class 3 is
higher than that is in System 2 and System 3.
Consequently, a higher number of Class 3 customers
are served in System 1 compared to System 2 and
System 3. Since the patience time of Class 1 customers
is highest in System 2, a maximum number of
customers from Class 1 will be served in System 2.
Also for Class 3 customers the patience time is the
same in System 2 and System 3; approximately equal
proportion of customers from Class will be served in

Table 1 Percentage of all customers receiving service

these two systems. That means the manager of the
system can decide for which class of customers should
be served at priority.

System throughput: We observed in Table 2 that the
percentage of all customers receiving service is highest
(lowest) in System 2 (System 1). Therefore, it is not
surprising at all that the system throughput is highest
(lowest) in System 2 (System 1). Initially, increasing
the arrival rate in the system increases server utilization
and hence system throughput. However, the gains in
throughput due to an increase in server utilization
diminish and are eventually offset by a reduction in the
effective service rate of the system. The service rate of
the system is decreasing, as the number of Class 1
customers are increasing and taking longer time to
serve. The result has potential implications for systems
with limited service capacity that generate revenue
based on system throughput.

Mean waiting time of all customers: We observed
that the mean waiting time is lowest in System 3 while
highest in System 2; see Table 3. This is because the
patience time of Class 1 customer is highest in System
2 which needs a longer time to serve. At the low arrival
rate, all systems serve in approximately equal time,

A System 1 System 2 System 3
(0, =0,=05=15) (0, =1,0,=15,0,=2) (6, =15,0,=15,0,=2)
89.91741 90.45176 89.92555
77.75133 78.28859 77.71657
10 66.07731 66.49367 66.04104
12 56.50889 56.79464 56.4871
14 48.99 49.17586 48.98113
16 43.08472 43.20405 43.08357
18 38.38565 38.46308 38.38809
20 34.58333 34.63463 34.58692
Table 2 System throughput
A System 1 System 2 System 3
(0, =0,=05=1.5) (6, =1,0,b=1.5,0;=2) (6, =15,0,=15,0,=2)
5.395044 5.427106 5.395533
6.220106 6.263087 6.217326
10 6.607731 6.649367 6.604104
12 6.781067 6.815357 6.778452
14 6.8586 6.88462 6.857358
16 6.893555 6.912648 6.893372
18 6.909417 6.923355 6.909857
20 6.916667 6.926925 6.917384
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Table 3 Mean waiting time—all customers

A System 1
(01 =0, =05 =1.5)

System 2
(0, =1,0,=15,0,=2)

System 3
(0, =15,0,=1.5,0,=2)

6 0.0672173 0.06884892 0.0615518
8 0.1483245 0.1566497 0.1361574
10 0.2261512 0.2418374 0.2075088
12 0.2899407 0.3119091 0.265897

14 0.3400667 0.3669599 0.3117698
16 0.3794352 0.4101124 0.3478129
18 0.4107623 0.4443707 0.3765095
20 0.4361111 0.4720342 0.3997403

while at the higher arrival rate System 3 has signif-
icantly less waiting time for service. Here it is
interesting that in System 3, the percentage of all
customers receiving service is lesser than that is in
System 2 while having a lesser mean waiting time. This
result again has ramifications for service level fore-
casting as the average waiting time of all customers is
another common measure of service level.

6 Conclusion

In this article, we analyzed a queuing system with three
classes of impatient customers who arrive according to
PP(4;) (i =1,2,3) and are served on the basis of FCFS.
We also determine the performance measures such as the
percentage of all customers receiving service in each class,
the mean waiting time of customers in each class and the
expected conditional waiting time for each class of cus-
tomers. After numerical analysis, we found that it may very
effective in call centers since in call centers usually
patience time of customers differs from each other. And a
subset of servers can be trained to handle a class of cus-
tomers. Overall this system has many managerial
implications.
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