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Abstract This paper derives a control concept for forma-
tion flight (FF) applications assuming circular reference
orbits. The paper focuses on a general impulsive control
concept for FF which is then extended to the more realis-
tic case of non-impulsive thrust maneuvers. The control
concept uses a description of the FF in relative orbital ele-
ments (ROE) instead of the classical Cartesian description
since the ROE provide a direct insight into key aspects of
the relative motion and are particularly suitable for rela-
tive orbit control purposes and collision avoidance analy-
sis. Although Gauss’ variational equations have been first
derived to offer a mathematical tool for processing orbit
perturbations, they are suitable for several different appli-
cations. If the perturbation acceleration is due to a control
thrust, Gauss’ variational equations show the effect of such
a control thrust on the Keplerian orbital elements. Integrat-
ing the Gauss’ variational equations offers a direct rela-
tion between velocity increments in the local vertical local
horizontal frame and the subsequent change of Keplerian
orbital elements. For proximity operations, these equa-
tions can be generalized from describing the motion of
single spacecraft to the description of the relative motion
of two spacecraft. This will be shown for impulsive and
finite-duration maneuvers. Based on that, an analytical tool
to estimate the error induced through impulsive maneuver
planning is presented. The resulting control schemes are
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simple and effective and thus also suitable for on-board
implementation. Simulations show that the proposed con-
cept improves the timing of the thrust maneuver executions
and thus reduces the residual error of the formation control.

Keywords Gauss’ variational equations - Relative orbital
elements - Impulsive thrust - Continuous thrust

1 Introduction

The theory of spacecraft (s/c) formation flying has become
the focus of considerably extensive research and develop-
ment effort during the last decades. Earlier design tech-
niques addressed rendezvous and docking missions such as
those of the Apollo space program, which had the Lunar
Excursion Module and the Command and Service Module
being assembled in orbit. The purpose is not to correct the
Earth relative orbit itself during this maneuver, but rather to
adjust and control the relative orbit between two vehicles.
The relative distance is decreased to zero in a very slow and
controlled manner during the docking maneuver [17].

The modern-day focus of s/c formation flying has
extended to maintain a formation of various s/c. Several
formation flying missions are currently operating or in the
design stage: synthetic aperture interferometers for Earth
observation (e.g., TanDEM-X/TerraSAR-X), dual s/c tel-
escopes (e.g., VIDM) and laser interferometer for the detec-
tion of gravitational waves (e.g., LISA). It became obvious
that the formation flying concept overcomes significant
technical challenges and even avoids financial limitations.
Indeed, the distribution of sensors and payloads among
several s/c allows higher redundancy, flexibility and new
applications that would not be achievable with a single s/c
[2]. Recently, formation flying with non-cooperative objects
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has emerged as a new focus, motivated through the increas-
ing number of such objects, especially in low Earth orbit.
The exploitation of satellite-based resources has led to an
ever-increasing number of non-cooperative objects such as
defunct satellites and rocket upper stages termed as space
debris. A collisional cascading effect has been postulated by
Kessler in the late 1970s [12] and seems more real than ever
since 2009 when two intact artificial satellites, Iridium 33
(operational) and Kosmos 2251 (out of service), collided dis-
tributing debris across thousands of cubic kilometers. Using
the NASA long-term orbital debris projection model (LEG-
END), Liou showed that, besides already implemented miti-
gation measures, the annual active debris removal (ADR)
of 5-10 prioritized objects from orbit is required in order to
stabilize the low Earth orbit (LEO) environment [14]. Those
results have been backed by several other studies [11] and are
meanwhile widely accepted in the space debris community.

This evolution has led to a substantial research effort to
develop a theory that could simply and explicitly address
the relative motion and collision avoidance issue in control
design. Thus the development of the upcoming theories,
such as ROE and eccentricity/inclination (E/I) vector sepa-
ration, originally developed for collocation of geostationary
satellites [10], was conducted.

The control of satellite formation is performed by the
activation of on-board thrusters. Typically, impulsive con-
trol (very short-duration thrust) is preferred to continuous
control (finite-duration thrust). This is due to historical limi-
tations on propulsion technologies, typical payload require-
ments especially for scientific missions and the simplicity
of impulsive maneuver planning often allowing pure ana-
Iytical maneuver design. Recent advances in propulsion and
computer technologies suggest a deeper study of continuous
maneuver planning. This approach is not only justified by
the precision of continuous maneuvers planning (the finite
duration is explicitly addressed, and no impulsive assump-
tions are made) but also because of the typical advantages of
low thrust propulsion systems, such as reduced mass, lim-
ited required power and variable exhaust velocity.

A vast amount of literature exists on formation recon-
figuration maneuvers with impulsive thrust mainly mod-
eled with Clohessy-Wiltshire (CW) and Lawden’s equa-
tions of relative motion. The Gauss’ variational equations
(GVE) of motion however offer an ideal mathematical
framework for designing impulsive control laws [3].
These equations have been extensively used in the last
decades for absolute orbit keeping of single s/c, but
have only recently been exploited for formation flying
control in LEO as introduced by Schaub et al. [16] and
subsequently by Vaddi et al. [19], Breger et al. [8] and
D’Amico [9]. The reason for such slow development is
that GVE describe the effect of control acceleration on
the time derivative of the Keplerian orbital elements
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which were normally used to parameterize the motion of
a single s/c but not the relative motion of a formation [8].

In this paper, we build upon the previously mentioned
references and give the following original contributions.
Firstly, a comprehensive literature survey of the relative
motion parameterization and Gauss’ variational equations
for relative motion is presented demonstrating the con-
venience of ROE and GVE-based maneuver planning as
opposed to Cartesian parameterization. Secondly, GVE
for relative motion using finite-duration thrust are derived
for a specific set of ROE. Thirdly, an impulsive maneu-
ver plan based on [2] is extended to the general case of
nonzero relative semimajor axis and finally translated
to the case of finite-duration thrust. The paper is organ-
ized as follows: in Sect. 2, an overview of the theory of
relative motion, including ROE, is presented. In Sect. 3,
an overview of the GVE and their application in rela-
tive orbit control is presented and the integrated GVE
are derived. Section 4 is dedicated to the study of the
effects of impulsive and finite-duration thrust on ROE.
Subsequently the impulsive and finite-duration maneuver
schemes are derived in Sect. 5 and verified via numerical
simulation.

2 Dynamics of relative motion

First of all we define some notations adopted in this
paper. The motion of a single s/c orbiting the Earth is
described in the Earth-centered inertial (ECI) frame. The
relative motion of two s/c orbiting the Earth is described
in the radial-tangential-normal (RTN) frame (Fig. 1).
The A(-) operator indicates arithmetic differences
between absolute Cartesian or orbital parameters. The 8 (-)
operator indicates the relative Cartesian position and veloc-
ity in the RTN frame. It refers generally to a nonlinear
combination of the absolute Cartesian/orbital parameters.
The s/c about which all other s/c motions are referenced
is called the Target and is denoted with subscript (-);. The
second s/c, referred to as Chaser, is to fly in formation

relative orbit N Chaser Satellite
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Fig. 1 Illustration of a s/c formation in RTN frame
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with the Target and is denoted with the subscript (-);.
Absolute Cartesian and orbital parameters without sub-
script are to be understood as Target parameters.

2.1 Linearized equations of relative motion

The Target position vector in the ECI is noted r;. The rela-
tive orbit will be described in the rotating local orbital
frame RTN in terms of the Cartesian coordinate vector
sr=(xyz) T
We introduce dimensionless spatial coordinates §p and a
dimensionless time t via the equations: B
ér

dp=-=(57)

and dr =ndt (1)

with n the mean motion. The differentiation with respect to
the independent variable t is written here as

40
():dt' ()

The dimensionless state vector is then noted

6¢ = (3p 8p)" . 3)

The CW equations of motion take a very elegant numeri-
cally advantageous form if written in a non-dimensional
form [1]:

¥ -2y —3%x=0 (4a)
y'+2¥ =0 (4b)
7'+z=0. (4c)

Note that these equations of motion are valid only if:

o the Target orbit is circular,
o [oe] <,
o the Target and Chaser s/c have a pure Keplerian motion.

Further, the out-of-plane component z in Eq. (4c) decou-
ples from the radial and along-track directions (in-plane). A
more detailed view on how the equations are obtained can
be found in [1, 17].

2.1.1 State-space approach

From a system theoretical perspective, based on Eq. (4),
one can describe the dynamics of motion in state-space
form:

8¢' =A8¢ + BSu+d (5)

where A is the state matrix, B the control input matrix and
d the process disturbances induced through environmental

perturbations. The state matrix is described by Eq. (6),
where 0, is a 3 x 3 null matrix and /, is a 3 x 3 identity
matrix.

93 £3
A=1305070 20 (6)
00 0|-200
00-1/0 00

2.2 Solution of the linearized equations of motion

CW equations (4) are a set of three coupled ordinary
homogeneous second-order equations with constant coef-
ficients. Six independent constants are thus required to
determine a unique solution for a relative orbit. The gen-
eral homogenous solution can be written as the product
of a state transition matrix @(t,79) with an integration
constant vector ¢. A possible?epresentation is:

8¢(t) = @(t,0)c, with 7)
1 0 —cost —sint 0 0
—%(r—ro) 1 2sint —2cost 0 0
D(t,10) = 0 0 0 0 sint —cost| and
0 0 sint —cost O 0

—% 0 2cost 2sint 0 0

c is a vector containing a set of six independent integra-
tion constants as described in [15]. To study the geom-
etry of the relative path we rewrite the first three rows of
Eq. (7) in amplitude-phase form

X =c1 —c34¢c08(T — @) (8a)
_ 3 .

y=c2—ci E(T —70) + 2c34 8in (T — @) (8b)
Z = 4+ cs6sin (T — 0). (8c)

The amplitudes c34, c56 and phases ¢, 6 of the in-plane
and out-of-plane relative motion oscillations are

C34=\/C%+c£ Cc56 = c§+cé ©)]

C4 C6
@ = arctan () 6 = arctan () (10)
Cc3 Cs5

We can easily see from (8) that the Chaser moves in
an elliptical-like pattern around the Target as illustrated in
Figs. 1 and 2. Indeed:
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Fig. 2 TIllustration of the

Cr
integration constants in the pro- T-O=T
jected instantaneous (no drift)
relative motion ellipse at T = 19
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e The projection of the relative path in the RT plane is
an ellipse centered in (c1, c2). Because of the drift term
c1 %(r — 10) the ellipse is instantaneous and the y-value
of the center is valid only at T = 0. Bounded relative
motion is hence obtained for ¢; = 4xg + 2)76 =0.

e The RN projection is an ellipse centered in (c1,0) for
(¢ — 6) € {0, v} which gets tighter and dwindle to a line
for (¢ — 6) — 7. In the case of bounded relative motion
(c1 = 0) the Target lies on this line which leads to colli-
sion risk if along-track position uncertainties exist and
suggests choosing (¢ —6) € {0,7} to minimize this
risk. This presumption will be discussed in Sect. 2.4.

2.3 Relative orbital elements

In conventional analysis, the set of independent variables ¢
could be computed using the initial conditions consisting
of the position r and velocity v at some specific initial time
tg, often taken at zero for convenience. However, any six
independent constants can describe the solution, with the
physical nature of the problem usually dictating the choice.
Many authors worked on that issue searching combinations
of Keplerian elements of the co-orbiting s/c to describe
their relative motion [18]. The motivation for this effort
was the advantages of the Keplerian elements description,
experienced for single s/c in the last decades, compared
with the classical position-velocity description. Similar
advantages were expected and could be noticed. This new
approach provides direct insight into the formation geom-
etry and allows the straightforward adoption of variational
equations such as the Gauss’ ones to study the effects of
orbital perturbations on the relative motion.

In this paper a set of non-singular orbital elements
o= (auee i Q) isused to describe the absolute orbit
of a s/c with u=M +w, ey =ecosw, and ey = esinw
where a denotes the semimajor axis, e the eccentricity, i the
inclination, €2 the right ascension of the ascending node, w
the argument of periapsis, M the mean anomaly and u the
mean argument of latitude.

We define the ROE introduced by D’ Amico [9]:
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T-0=0

T Er
-0 =n
Chaser
Q Q
/2 o
23 T-0=n _ ; Cs6 _
-9 -0 =37/2 ¢ [ 1-0 w0 =n/2
— o —
Cr N
| 7-0 =0
sa (a2 — ap)a;’
SA (up — up) + (22 — 1) cos iy
de ey, — €
Sa=| "= 2o . (11
dey €y, — &y an
Siy ip — 11
diy (2, — Q) siniy

where 5/ denotes the relative mean longitude, de and
i the relative eccentricity and inclination vectors, sub-
scripts 1 and 2, respectively, Target and Chaser. The ROE
defined in Eq. (11) are all invariants of the unperturbed
relative motion with the exception of §/, which evolves
linearly with time. The variable 8J. can be approximated
to first order as
. 3 Aa

SA=Ai=npy —m =—5n171 (12)
The general linearized relative motion of the Chaser rela-
tive to the Target is provided in terms of ROE by

3
80j(1) = Satjy — = (u(r) — uo)der 87 (13)

where j denotes the vector index (j = 1,...,6), the sub-
script O indicates quantities at the initial time #) and 8,2
is the Kronecker delta. Note that the only assumptions
made here are pure Keplerian motion and Au, Aa << ry.
These equations are hence valid for arbitrary
eccentricities.

2.4 Final comments

These ROE have the distinct advantage of matching
exactly the integration constants of Eq. (7) [9]. It follows

(c1,¢2, 34, ¢56) = a(8a, 84, ||8ell, I8i]) (14)

The variables ¢ and 6 are the arguments of the vectors de
and éi in polar coordinates as depicted in Fig. 3.

That means that the vector ¢ is not only an integration
constant vector which could be geometrically interpreted
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Fig. 3 Illustration of the er er
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in the relative trajectory (Fig. 2) but also receives a geo-
metrical meaning by means of Chaser’s and Target’s Kep-
lerian elements. Statements about the relative orbit geom-
etry can directly be made based on the absolute Keplerian
elements without solving any equation. For example if Ai
and AQ are found to be zero, then it can immediately be
concluded that the amplitude of the out-of-plane motion
is zero (cs6 = ||8i]] = /(A2 + (AQsini))?).

Furthermore, we obtain a mapping tool between the
relative state vector x(7) at a generic time t and the ini-
tial ROE vector da(tp). Keeping in mind the equivalence
between mean argument of latitude u and the independent
variable 7, we write:

8¢ (u) = D (u, ug)de(uo) (15)

Of practical use is mainly the inverse linear mapping
from the relative state vector to the initial ROE vector
with

4 0 0 0 2 0
6(u —ug) 1 0 -2 3wm—uy O
-1 3cosu 0 O sinu  2cosu 0
& (uwup) = 3sinu 0 O —cosu 2sinu 0
0 0 sinu 0 0 cos u
0 0 —cosu O 0 sin u
(16)

It may be noted that this choice of the ROE maintains the
decoupling of the motion. In other words §a, §1 and Se
describe the in-plane motion, whereas §i describes the
out-of-plane motion.

Moreover, the usage of ROE increases the accuracy
of the CW general solution because it retains higher-
order terms which are normally dropped using Car-
tesian description [17]. For example the first-order
Cartesian constraint for bounded relative motion
(c1 = 4Xo + 2y, = 0) translated in ROE yields §a = 0.
This is in fact the only condition on two inertial orbits
to have a closed relative orbit since their energies are
equal. The ROE constraint is thus universally valid (no
linearization).

Because of the coupling between semimajor axis and
orbital period, small uncertainties in the initial position and
velocity result in a corresponding drift error and thus in a
growing along-track error [9]. Long-term predictions of the
relative motion between Chaser and Target are therefore sen-
sitive to both orbit determination errors and maneuver execu-
tion errors. In order to minimize the collision risk of the two
s/c in the presence of along-track position uncertainties, they
must be properly separated in RN directions. As expected
from the results of Sect. 2.2 and shown in [10] this can be
achieved by a (anti-)parallel alignment of the §e and i vec-
tors ((p — @) € {0,}). In this case RN separations never
vanish at the same time and provide a minimum safe separa-
tion between the s/c at all times. This principle is termed E/I
separation.

Perturbations of the motion such as J, and atmospheric
drag effects can be easily incorporated through the con-
venient orbital elements description. From these two, the
only perturbation which affect the E/I separation is the
Earth oblateness [9]. It turned out that choosing §i, = 0
avoids a secular motion of §4 and §i due to J> and pro-
vides hence a more stable configuration. Therefore the
passively safe and stable configuration given through
8 pom = (Sa 84 0 £||Se]| O :|:||8i||)Tis adopted as nom-
inal configuration in this work.

Finally, all six relative state variables (position and
velocity) are fast varying variables, meaning that they vary
throughout the orbit. Using ROE simplifies the relative orbit
computation because even within a perturbed orbit, e.g.,
gravitational perturbations, ROE will only change slowly.
Due to its curvilinear nature large rectilinear distances
can be captured by small ROE variations. This property is
exploited and illustrated by the use of GVE for the relative
control as described in the next section.

3 Gauss’ variational equations

The GVE derived in [3] describe the alteration of Kep-
lerian orbital elements due to a disturbance acceleration
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¥y = (yr, y1. yn) in radial, tangential and normal direc-
tion. If the perturbation acceleration is due to a con-
trol thrust, GVE show what effect such a control thrust
would have on the Keplerian orbital elements. Based
on the general GVE description in [3] it is possible to
derive the GVE in terms of the non-singular orbital ele-
ments vector @ and build the limit for e — 0 for a circu-
lar orbit. As a result we get

da y.

R, P 17
dr ana (172)
d .

Y L) (17b)
dt na tani na

d

Sox =ZCosuV—T~|—sinu& (17¢)
dt na na

d

29— 2sinu?™ — cosu® (17d)
dr na na

di N

— =cosu— 17
dt una (17¢)
dQ  sinuyy

- = . 17
dt sini na 70

Given a constant acceleration y at a generic time f,,,
the integration of the system ofgquations (17) over the
thrust duration provides the relation between the maneu-
ver Ay, and the subsequent change in orbital elements
Aa where

+

v M+€
Ay, :/t Zpdt:/{ . Zpdt' (18)

M M~

The subscript (-),, denotes the maneuver execution
time; 2¢ denotes the thrust duration. For impulsive
maneuver planning, the velocity increment is given by
lime_. 0 Avy;. For proximity operations, these equations
can be generalized from describing the motion of sin-
gle spacecraft to the description of the relative motion
of two spacecraft. This approach is the most natural
way to control relative orbital elements and have the
main advantage that it allows us to translate the afore-
mentioned advantages of the ROE parameterization into
maneuver planning.

3.1 Impulsive thrust
We can extend the result above for relative motion. The

alteration in ROE can be expressed as a function of the
absolute orbital elements of Target and Chaser. We obtain
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the direct relation between velocity increments in the
RTN frame and the consequent change of ROE:

|
AS = —Gu,uy)Ay,,, ith
o (u) s G, uy)Avy,, Wi 19)
[0 2 0 ]
-2 Bu—-u,) 0
| sinuy 2 cos uy, 0
Gl uy) = | _ cosu,, 2sinu,, 0
0 0 COS Uy,
0 0 sin uy; |

The variables Ada denote the alteration of the ROE, (-),,
the maneuver execution time and Ay, the velocity incre-
ment. It is possible to summarize the factor 1/nya> and
Ay,, to obtain the dimensionless velocity increment A BI/VI .
Taking into account the evolution of the ROE described
in Eq. (13) we deduce that the alteration of §4 evolves
after the maneuver linearly according to the following
law

ASL =84y — 3(u — uy) (20)

This result has been already incorporated in Eq. (19),
so that G(u,,,u,,;) describes the instantaneous change in
ROE atTAM while G(u,u,;) takes into account the linear
evolution of 82 after u,.

3.2 Relation to the state transition matrix

It is worth noting that the inverse state transition matrix
@V (u, up) in Eq. (16) and the variation matrix G(u, uy;)
in Eq. (19) are closely connected. We rewrite the map-
ping rule for convenience:

Ada(u) = G(u,up) Ap! (21a)
Sau(uo) = @~ (u, u0)8¢ () (21b)

If we set §p = 0, implying that both spacecrafts have the
same posit?on but different velocities in the inverted lin-
ear motion model of Eq. (21b), we obtain the effect of
an instantaneous velocity increment on the ROE vector
[9]. Let @ 1in Eq. (16) be divided into four 3 x 3 blocks
gl;l (u, @; it follows

Sa(uo) = [} u,u0) D (u, u0)] 8p” (1) (22)
Equations (22) and (19) are equivalent; the only dif-

ference between them is the opposite sign in the term
—3(u — uy,). This is due to the fact that the result is



Spacecraft formation control using analytical...

69

calculated for different mean argument of latitudes: u
refers to after the maneuver, while ug refers to the initial
state.

The equations above assume impulsive maneuver
which would require a propulsion source of infinite
thrust. In practice thrusts have always a finite duration
which can be approximated as follows:

Aty = ml[ Ay /P @3

with mj the mass of the Chaser and F.x the available
thrust level. Considering the execution as impulsive is a
valid assumption for small maneuvers and thus adequate
for maneuver planning. For large maneuvers the finite
duration of the thrust has to be considered explicitly.

3.3 Finite-duration thrust

Depending on the amplitude of the maneuver, the mass
of the s/c and the available thrust level, it is possible that
the computed maneuver duration in Eq. (23) is too large
to be considered as impulsive. In this case, u,, cannot
be considered constant during the maneuver anymore.
Let y be the available level of acceleration in the RTN
directions and [t1, t2] the maneuver execution time inter-
val. Based on Egs. (17) and (19), integration over [t, 2]
yields

1 N .
Ada = n%—az:(uM,uM)ZM , with (24)
H (G, By,
[ 0 201y, 0 T
N A 2
—4iiy, —3(2it) 0
_ | 2siniy, sini,, 4cosii,, siniiy, 0

ue M )
—2cos ity sin iy, 4 sin ity sin iy, 0

0 0 2 co8 iy, sin ity
L 0 0 2 sin ity sin iy, | (25)
~ n) + u(t n 1) — u(t
uMzu(z)ZM(l) and MM=M(2)2u(1) 26)

Note that i,, is the halved dimensionless maneuver dura-
tion and u,, the mean argument of latitude at the middle
point of the maneuver.

4 Assessment of orbital maneuvers

We assume that there are three different thrust directions:
radial, along-track and normal. The fuel consumption
(F) due to a single impulse is proportional to the norm
of the impulse vector. One impulse in normal direction

is required to reconfigure the out-of-plane motion, while
two in RT-direction are needed to reconfigure the in-
plane motion. Based on the results of Vaddi et al. [19]
and D’Amico [9] we choose 7 as the optimal separation
between two impulses.

Based on Eq. (19), one can deduce that radial maneu-
vers are safer than along-track ones since they do not
affect the relative semimajor axis and thus do not induce
an evolving change (drift) in mean longitude. How-
ever, they are twice as expensive as along-track and are
not able to achieve complete formation reconfiguration
because the relative semimajor axis can only be changed
using along-track maneuvers. In this paper far-range for-
mation (several kilometers) is considered, in which an
approach via drift is desirable and thus exclusively along-
track maneuvers are used for in-plane control. The inse-
curity is compensated through appropriate separation in
RN-direction.

4.1 Impulsive thrust maneuvers
4.1.1 Out-of-plane maneuvers

The desired variation in the inclination vector can be
obtained using maneuvers in normal direction. The influ-
ence of impulsive thrusts is given by Eq. (19) where Ay,
is the normal impulsive thrust (scalar value) and uy the
location of the thrust. The non-trivial solution is given
by a single thrust located at uy, or uy, + mw. Depending
on the actual position on the orbit, the closest solution to
the actual position can be chosen. However, operational
constraints may suggest splitting the out-of-plane maneu-
ver in two components located at u,, and uy, + 7. This
allows for example to correct maneuver execution errors.
Let p be the thrust distribution coefficient, the double
thrust solution is:

Aaiy>
Adiy (27)

atUy,—uy, +7, pel0,1]

Av,, = pnal| Adi]|
Av,, = (p — Dnal | ASi]]

atu,, = arctan (

4.1.2 Out-of-plane delta-v budget

Single and double thrust impulsive maneuvers have the
same delta-v budget:

F = |Avy, |+ |Avy,| = nal|Adi]| (28)
4.1.3 In-plane maneuvers

The desired variation of the relative eccentricity vector
de, relative semimajor axis éa and relative mean longi-

tude 54 can be obtained using maneuvers in along-track
and/or radial direction. The influence of impulsive thrusts
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is given by Eq. (19) where Av, and Av, are, respectively,
the radial and along-track impulsive thrusts (algebraic
values); u, and u, are the locations of the thrusts.

It is possible to control the relative eccentricity with
a single thrust. The side effect is a persistent variation of
the mean semimajor axis and thus, an increasing change
of the mean longitude. Besides operational constraints
suggesting the splitting of maneuvers, a double thrust
solution can limit the instantaneous variation of semima-
jor axis between the thrust. That means that, for p = 0.5,
there is no change of the semimajor axis but a change of
the mean longitude at the end of the maneuver.

_ Adey
atu,, = arctan (Mex>

Avy, = pynal|Adel|
D)inal|Adel| atu,, =u, +7, pel0,1]

Av,, = (p—

(29)
The pair of along-track maneuvers planned to settle the
new de vector changes temporarily the relative semimajor
axis da and thus causes a change of §1. The caused drift
between the maneuvers is ASA = :t%pn||A5g| | Along-
track maneuvers can be exploited to correct additionally
the semimajor axis [2]. One solution for the control of da
and Se is given by

Av, = 4nll(+||A86|| + Ada) atu,, = arctan (ige )
Av,, = jna(—||Adel| + Aa) atu,, = u, +7
(30)

The double thrust solution induces a non-vanishing semi-
major axis difference that makes the spacecraft drift from
each other. We have to take that into account in our con-
trol strategy and plan a second pair of maneuvers to stop
the drift and acquire the desired mean longitude 81 altera-
tion (along-track separation). To stop (counteract) the
variation of 4 we aim a (slightly non) zero at the end of
the second pair of maneuvers which make the spacecraft
maintain the Target separation (drift back). The caused
drift between the maneuvers remains ASA = :l:%n [|Ade]l.

4.1.4 In-plane delta-v budget
Since the choice of p does not influence the total fuel
consumption we set p = 0.5 and obtain a homogeneous

distribution.

1
F=1Avy, [+ |Avp,| = Snal|Ade]] €29
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4.2 Finite-duration thrust maneuvers
4.2.1 Out-of-plane maneuvers

The equation describing the influence of finite-duration
thrusts on the out-of-plane motion is given by Eq. (24)
where Aty is the duration of the thrust, y, the normal thrust
acceleration (scalar value) and it the location of the thrust.
The solution is given by:

2 5 |IASi]] - Adiy
Aty = farcsm na at u, = arctan :
2Inl Adiy

(32)
Analogously to the impulsive case, the solution for a homo-
geneous distribution (p = 0.5) is given by

_2 2 |[ASi]|
Aty = narcsm n‘ay——r ATy

-2 2, 1ASi]
At,, = Zarcsin( n“a" ;= A

- ASi,
at u,, = arctan (Ml.x)

at Uy, =uy, +7

(33)

where y = £yl
4.2.2 Out-of-plane delta-v budget

Without loss of generality, we consider the simple case of
p = 0.5. The index refers to the number of maneuvers

{Fsingle = [yylAly
Faouble = D W] Aty = |yN|(AtNl + AtNl)

Lemma 1 The splitting of out-of-plane maneuvers
reduces the propellant consumption.

(34)

Proof We define the function
h(x) = arcsin(%) 2arcsm(x) It can be shown that this
function is monotonically decreasing for x € [—1, 1] . The
following relations hold

h(0) =0

h monotone decreasing } = hx) <0 vx € ]0,1]

it follows = arcsin(%) < Larcsin(x)

we set x = n2a ”2|Ml” €10,1]

( IIA81||> 1 <2 IIA&II)
= arcsin| n“a < —arcsin| n“a
4yl 2 2nl

1
= Aty < 5 AL

= Fdaouble < Fingle O
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Fig. 5 Exemplary maneuver sequence for complete formation recon-
figuration
=
Uno

single thrust double thrust

Fig. 4 Illustration of maneuver splitting

In a physical sense we can derive this result in the fol-
lowing way. The finite-duration thrust takes place along
the arc length i,,. The effectiveness of the maneuver is at
maximum near the middle point i,,. Splitting the maneu-
ver provides two arcs separated by m and thus increases
the effectiveness of the maneuver since the length of the
portion in vicinity of i, (two in our case) increases as
depicted in Fig. 4.

Lemma 2 The minimum of the (splitted) out-of-plane
maneuver cost is given by a homogenous distribution

(p = 0.5)

Proof Let h(p) = arcsin(kp) + arcsin(k(1l — p)), where k
is a positive constant and p a real variable in [0, 1].

d
@f@r=0¢kur—wm%*h—a—k%l—m%]zo

sp?P=010-p)?
< p=05

Since %h(O.S) > 0, we deduce that h(p) has a global
minimum at p = 0.5. 0

In a physical sense, we can derive this result in the
following way. The length of the arc in vicinity of i, is
maximized for homogenous distribution, and thus, the
effectiveness of the maneuver is maximized for p = 0.5.

4.2.3 In-plane maneuvers

The equation describing the influence of finite-duration
thrusts on the in-plane motion is given by Eq. (24) where
Aty /At is the duration of the thrust, y, /y; the radial/
along-track thrust acceleration (scalar value) and u /u,

the location of the thrust. Analogously to the impul-
sive case, the solution for a homogeneous distribution
(p = 0.5) is given by

: Ade|| 1 anlAda
At,, = Zarcsin [ n2all2%
T n 8lvrl cos (%n—‘ﬂﬁf%) Hyrl
T > (35)
_2 : 2 _Adel| 1 __ anAéa
At, = Zarcsin| n“a 8,1 cos<ln””A‘3”) Ay,
2™ Al

. ~ Adey - N
respectively, at u;, = arctan ( M?) and uy, =, +71
with ;. = £y

4.2.4 In-plane delta-v budget

The delta-v budget for single and double thrust maneuvers
is given by

{Fsingle = |yp| Aty

Faouble = Dy lvrlAgy = |VT|(AtTl + AlTl) (36)

5 Control of relative motion
5.1 Control scheme

The control scheme in this paper is based on the following
considerations:

e The presented dynamics of relative motion does not
take gravitational and atmospheric perturbations into
account while planning the maneuvers. However, the
simulation environment presented in section 5.2.1
incorporates disturbances. The atmospheric drag and
the gravitational perturbation are also not considered
during the maneuver planning because they do not have
a significant impact on the achievement of the desired
formation as shown in section 5.2. The incorporation of
disturbances has been discussed in [9] and will be sub-
ject of future work.

e Three different thrust directions (radial, along-track and
normal) are available. This increases the fuel consump-
tion in case skewed thrusts are needed but is still a valid
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assumption since maneuvers are typically constraint to
certain directions.

e The reconfiguration of de using two along-track maneu-
vers is an optimal solution in that case [9, 19].

e The two along-track thrusts can be used to simultane-
ously reconfigure dey, dey and da (and hence a non-
vanishing variation of §1). This is still an adequate sub-
optimal solution for the in-plane reconfiguration since
generally §a remains small.

o To stop a drift (i.e., set a to zero) we need two pulses
so that only §a is affected. Obviously, §/ is also affected
from the maneuver but has a constant value after the exe-
cution. dey, and e, change only between the two maneu-
vers and finally take on their initial values at the end of the
maneuvers.

The formation reconfiguration and formation keep-
ing are performed using the concept illustrated in Fig. 5
which is valid for the general case of da # 0 and for the
finite-duration thrust case. The desired change of the rela-
tive semimajor axis is split into Ada = Aday + Adan. Two
along-track maneuvers settle a change of the relative eccen-
tricity vector Ade and the intermediate change of the rela-
tive semimajor axis Adaj. Due to the new settled semimajor
axis 64 will evolve with a constant rate until a second pair
of along-track maneuvers provoke the second semimajor
axis change Adaj. Commonly the second pair will stop
the drift by setting da to zero. Adar has to be chosen in a
way so that the total drift (inclusive between the maneu-
ver pairs) corresponds to the desired change A§A. For the
out-of-plane motion a single-pulse split in two equivalent
pulses will reconfigure §i.

5.1.1 Impulsive scheme

Based on the results of the last section, we derived the six
impulsive thrusts as follows:

1

Avy, = Jna(Adas +][Adel) at uy, =g (37a)
1

Avyy = yna(Aday — ||Adell) at  up, =uy +7 (37b)
1

Avy, = ZnaASan at Uy, = Up, +nT (37¢)
1

Avy, = ZnaAcSaH at Uy, =U, + 7 (37d)

1 ,
Avy, = +5nal|Adil| at uy, =6 (37e)
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1
Avy, = —EnaHA&H at Uy, =uy + 7T

(376

The intermediate change of the relative semimajor axis can
be determined analytically [4]:

2A82 w||Ade AS
— 2804 — ZUE — Sag (uy, — uo +nT +2m) — 29¢

nT +m

A(Sal =
(38)

5.1.2 Finite-duration scheme

Based on Eq. (24), we extended the solution in Eq. (37)
to the case of finite-duration thrusts

. . n%al|Ade|| an®Aday

i, = arcsin (39a)
" 8y, | cos (e ) 81yl

. . n%al|Adel| an* Adax

iy, = arcsin - (39b)

8|y, | cos (7”28‘72‘3'“1) 8yl

. +an2A5aH (390)

U., = _— C
" 81y,

. an2A8a11 (39d)

Uy, = +———
" 8lyrl

0., = garcsin (nza 145]] > (3%¢)
Moon 4yyl

iy, = %arcsin (n2a A > (391)
Moo 4wyl

Note that the middle point of each maneuver i,
matches exactly the pulse location u,, of the IT above.
Furthermore Ada; involves solving a transcendental
equation and cannot be calculated analytically in case of
finite-duration maneuvers. One possible approach is to
approximate Adaj to the value computed via impulsive
planning in Eq. (38) [5]. The transcendental equation can
be approximated to a polynomial equation and solved
via numerical iteration. First tests show that sufficiently
accurate results are obtained after three to six iteration
steps. This issue will not be treated in this paper.

Table 1 Selected high-risk objects for active debris removal
m (kg)

17,590 8111

NORAD-ID hp(km)  ha(km) i @

839.3 847.8 71.0 355.8
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Table 2 Forma.tion initial and asa as/ ade, Sey adiy asiy
final configurations
Initial (m) 29 —8000 0 0 0 0
Final (m) 0 —2000 0 —-900 0 500

5.2 Simulation results
5.2.1 Simulation scenario

In this section the proposed control schemes are verified
through a numerical integration of the nonlinear differ-
ential equations of motion using a MATLAB-Simulink
simulation environment. The simulation environment
includes additionally modeling blocks to incorporate
gravitational and atmospheric perturbations. An assess-
ment of the achievable performance via closed-loop
simulation is presented. The boundary conditions were
defined assuming an active debris removal mission sce-
nario via rendezvous and docking. As Chaser we assume
a spacecraft of 500 kg and a maximal thrust level of
0.4 N. Table 1 shows the detailed orbital parameters of
a selected representative high-risk debris object which
will be used as a test case in this work: a rocket upper
stage (Zenit) with an inclination of about 70° which has
been identified as the object with the highest environmen-
tal criticality [6, 11] in LEO. As described in Sect. 2.4 a
passively safe and stable configuration has been defined
as 8o om = (8a 54 0 £||8e|| O :i:||8i||)T. The dedicated
formation flying scenario is that of the Chaser being
injected in almost the same orbit as the Target with an
initial along-track separation of —8 km. The Chaser gets
position measurements via GNSS. The Target is uncoop-
erative and can only be observed from ground using radar
measurements at an update frequency of 12 h. The initial
and targeted final ROE used in the simulation are listed in
Table 2. The scenario is simulated using a J4040 gravity
model, NRLMSISE-00 atmospheric model and a Runge—
Kutta fourth-order integration algorithm with a step size
of 1s.

Two initial position errors can be assumed, the radar
orbit determination (radar/OD) measurement error,
affecting the Target, and the GNSS orbit determination
(GNSS/OD) measurement error, affecting the Chaser. To
overcome the 12-h gap of Target radar-based measure-
ments, orbit propagation is then considered. Two differ-
ent navigation strategies based on on-ground absolute
propagation and on-board relative propagation are pos-
sible. For relative orbit propagation the relative posi-
tion is needed und thus both GNSS/OD and radar/OD
errors have to be taken into account for the initial error.
However, if the relative state is derived from absolute
orbit propagation, the GNSS/OD measurement does not

influence the position of the Target and the Chaser is
assumed to be supported the whole time via GNSS/OD
measurements. For this reason the GNSS/OD inaccuracy
should not be incorporated as an initial error but has to
be considered over the entire propagation time as a pos-
sible offset. In addition to the position errors, also errors
in velocity can occur, for example due to uncertainties in
thrust vector, activation time and spacecraft mass. These
errors cannot be directly observed using relative propaga-
tion. A study of the navigation solution with a non-coop-
erative Target is discussed in detail in [6].

In this work however, we do not take navigation uncer-
tainties and environmental perturbations into account while
planning the maneuver reconfiguration. The main reason
for that is that we are essentially interested on validat-
ing the derived guidance equations. The guidance algo-
rithm assumes a precise knowledge of the state and does
not incorporate drag or Earth oblateness terms. However,
the Simulink-based simulation environment models gravi-
tational and atmospheric perturbations and—as presented
in the next section—the desired formation is nevertheless
achieved with very good accuracy. The passively safe and
stable final configuration defined in Table 2 guarantees a
collision-free formation flight by setting a safe radial-nor-
mal separation as explained in Sect. 2.4.

5.2.2 Formation reconfiguration

We examine an approach phase including a complete for-
mation reconfiguration (FR) and keeping (FK) with a
maneuver set interval At = Au/n corresponding to the
radar measurement update period of 12 h. The implemented
algorithm compares the measured configuration (initial) to
the desired one (final) and computes a set of six maneuvers
based on the finite-duration scheme. This step is repeated
after 12 h to compute a maneuver set for formation keeping
in case the desired configuration has not been reached or
did not remain stable.

Figures 6 and 7 show the temporal evolution of the indi-
vidual ROE. The desired formation is achieved with high
precision within the first 12 h and remains stable so that
no maneuvers are needed for the formation reconfigu-
ration. The error is 10 m for a§4 and remains under 1 m
for the rest of the ROE. The temporal evolution of the ele-
ments coincides with the predicted behavior described in
Sect. 5.1 with the exception of small variations in ade, and
adiy which are supposed to remain zero. This would be the
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Fig. 6 Temporal evolution
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case if the maneuvers are executed in an impulsive man-
ner. Since maneuvers are executed along an arc centered
at u,, a temporal change is induced which sums up to zero
at the end of the maneuver. Further small discrepancies
are explained as linearization errors and effects of orbits
disturbance.

Figure 8 shows the three-dimensional trajectory of the
formation and its projection on the radial-tangential and
radial-normal planes. The ellipsoid depicted at the start
position of the Target shows typical two-line-element
(TLE) initial position uncertainties [7, 13]. The desired
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formation configuration has through the application of the
E/I separation technique a safe separation in radial and nor-
mal direction and thus guarantees a collision-free forma-
tion as depicted in Fig. 8. Velocity uncertainties have been
neglected, which is a common practice in collision risk
estimations [13]. For a more rigorous assessment, these
uncertainties have to be incorporated and the complete state
vector errors have to be propagated until the next measure-
ment is available. Uncertainty propagation can be achieved
using different methods as described in [7, 13] and is sub-
ject of future work.
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Fig. 9 Analytical assessment of
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5.2.3 Integrated GVE as error assessment tool

It is possible to use the integrated GVE as precise
(opposed to the standard GVE) analytical tool to propa-
gate the effect of thrust maneuvers on ROE. We approx-
imate the duration of maneuvers Af, for impulsive
thrusts using (23). Inserting this At in Eq. (24) yields
the induced alteration in ROE. This provides an analyti-
cal tool to estimate the error induced through impulsive
planning. Depending on mission profile, this allows us to
determine a threshold value (targeted alteration in ROE),
for which impulsive planning is sufficient to achieve the
required precision. Figure 9 depicts the analytical error
estimation for adey and adiy. The estimated errors (1.6%
for adey and 2% for adiy) coincide with simulation results.

6 Conclusion and future work

The major contribution offered by this work is delivering a
control method for finite-duration thrust maneuver. This
method allows a clear amelioration of the achieved forma-
tion accuracy in terms of ade and adi which are the key for
safe formation flight. To compute the finite-duration control
scheme an approximation has been made to determine the
intermediate change of the relative semimajor axis Aday as
detailed in Sect. 5.1.2. This approximation is sufficient for the
purpose of safe formation reconfiguration but could provoke
an undesired relative semimajor difference and hence triggers
an undesired drift. To solve this problem, the transcendental
equation evoking Adaj has to be numerically solved. First
tests show that sufficiently accurate results are obtained after
three to six iteration steps. Furthermore, the gravitational and
atmospheric perturbations could be incorporated analytically
in a generalized perturbed equation of motion and thus taken
into account while computing the control scheme.
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Target adey /adiy [m]
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