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Stochastic Consensus for Heterogeneous Multi-agent Networks With Con-

straints and Communication Noises

Haokun Hu, Lipo Mo*( , and Fei Long

Abstract: The mean-square consensus of the discrete-time heterogeneous multi-agent systems (HMASs) with con-
vex position constraints, nonconvex velocity constraints and communication noises is reported in this paper, where
the dynamics of HMASs are composed of first-order or second-order difference equations, and the noises are as-
sumed to be martingale difference sequences. Firstly, a new algorithm is designed based on the information from
neighbor agents with noises, and the original system is changed into an equivalent one by introducing a coordinate
transformation. Secondly, when the communication graph is joint strongly connected, it is proved that mean-square
consensus can be achieved by the properties of stochastic matrix, projection operator and martingale, and the po-
sition and velocity states of agents stay at the corresponding constraint sets. Specially, the situations of a network
containing only first-order agents or second-order agents are considered, respectively. Finally, the correctness of the
theoretical results is verified by numerical simulations.

Keywords: Communication noises, heterogeneous multi-agent networks, nonconvex constraints, stochastic con-

sensus.

1. INTRODUCTION

Over the past few years, consensus problem has aroused
increasing attention from the control field due to its
widespread applications including wireless sensor net-
work [1], formation control [2], satellite cluster [3] and
so on. The objective of consensus is to drive all agents
to coordinately converge to a static or dynamic point. It
has been shown that the states of systems can reach con-
sensus if the graph has a directed spanning tree in [4-7].
However, the aforementioned researches focused on the
consensus problem of the homogeneous multi-agent sys-
tems (MASs), which means that the system has the same
dynamics. It is hard to ensure that all agents have the same
dynamic structure in practical applications. For example,
there are different commands, control and data collection
functions in joint UAV and ground vehicle operations. As
a result, many researchers have turned their attention to
HMASs.

As a part of the distributed coordination problem, con-
strained consensus for MASs has also many engineering
applications, such as power transmission, formation satel-

lite attitude control. In some physical systems, the position
and velocity can not be arbitrarily large due to the limita-
tions of internal and external environment. For example,
even if a vehicle is given too much driving force, it might
not cause the vehicle to exceed its maximum speed. Es-
pecially, the actual velocity should be constrained in cer-
tain nonconvex sets due to the existence of a velocity dead
zone of a physical object. To solve this problem, a con-
straint operator was introduced in [8]. It was shown that
the states of the agents can reach constrained consensus
if the communication graph is jointly strongly connected.
Later, this result was extended to the distributed consen-
sus of HMASs with nonconvex input constraints [9-18].
However, all of these works only considered one type of
the constraints and few works considered two or more
types of constraints. Authors of [10-16] considered con-
sensus with nonconvex input constraints and group con-
sensus with input constraints, respectively. The consen-
sus of second-order with input saturation was considered
in [11]. Moreover, some results on heterogeneous con-
sensus of event-triggered control, fractional-order, hybrid
and nonlinear MASs have been studied in [19-24], respec-
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tively.

It was assumed that each agent can receive accurate in-
formation from their neighbours in the above literatures.
In reality, the network is always in a complex and change-
able environment, which means that the communication
between agents is always affected by stochastic distur-
bances. Therefore, the stochastic system with communi-
cation noises should be considered rather than a determin-
istic form. It is a very challenging subject for MASs with
communication noises to achieve consensus. In [25-27],
some distributed algorithms were designed to solve con-
sensus and optimization problem in mean square or with
probability one, respectively. Especially, some sufficient
and necessary conditions were given to drive all agents
to reach mean square consensus in [25,26]. Later, these
results were extended to consensus for HMASs. For ex-
ample, authors of [28] studied mean square consensus for
continuous-time HMASs with and without leader. Mean
square bounded consensus was considered for discrete-
time HMASs over Markov switching graph in [29]. But
these results did not considered any constraints.

Motivated by the above results, we focus on stochastic
consensus for discrete-time HMASs with state constraints
in this paper. The main contributions of this paper are as
follows:

I) Compared with existing results [10-24], this paper
studies consensus problem with nonconvex velocity
constraints and convex position constraints. A novel
model based on projection operator and nonconvex
contraction operator is built to deal with position
and velocity constraints. Due to stochastic noises ex-
ist extensively in practical application, it is assumed
that the communication between agents is affected by
noises. A more general distributed algorithm is pro-
posed to solve constrained consensus problem with
the consideration of communication noises.

II) Compared with [4-9,25-27], where the distributed
consensus problems were studied for first-order or
second-order MASs, this paper extends these results
to HAMSs with first-order and second-order dynam-
ics, which brings us more difficulties due to the dif-
ferences of each agent’s dynamics.

IIT) The position and velocity constraints are considered
simultaneously, which make the results of [28,29] be
a special case of this paper. Different from [29], our
algorithm can guarantee that the states of all agents
can reach consensus rather than boundedness consen-
sus in mean square, and the position states can stay in-
side the corresponding convex constraint sets. Mean-
while, we also obtain the same results for the situa-
tion of a network containing only first-order agents or
second-order agents, respectively.

Notations: Let R” be the vector space with dimen-
sion n. Let 0 be zero vector with corresponding dimen-

sion. Given the vector z € R” and matrix A. Let AT be
its transposed matrix, |JA|| and ||z|| be the 2-norm. Let
P;(z) = argmin{||z— |||y € Z} be projection of the vector
z € R" on the convex set Z € R". Given a random vari-
able x. Denote E|[x], Var[x] and E[x|F (k)] as its mathe-
matical expectation, variance and conditional expectation
on the o-algebra F(k), respectively. ® represents kro-
necker product. Define Sy, (+) to be a contract operator with
Sv(y) = iy maxo<e<y) {175 € Vi, VO< O <},if y #0;
otherwise, Sy.(y) = 0.

2. PRELIMINARIES AND PROBLEM
STATEMENT

The communication topology of HMASs can be mod-
eled as a directed graph G(k) = (Zyyn, E(k), A(k)),
Tmin = {1, 2, -+, m+ n} represents the sets of agents,
E(k) C I x T represents the sets of edges and A(k) =
[a;j(k)] represents a weighted adjacency matrix. (i, ;) €
E(k) represents that agent j can receive information from
agent i. a;;j(k) > 0 if (j,i) € E(k), and a;;(k) = 0 if
(si) ¢ E(K). Let Ni(k) = {j € Ty | (joi) € E(K)} be
the neighbor set of agent i. The Laplacian matrix is de-
fined as L(k) = D(k) — A(k), where D(k) = diag{d,, - - -,
dppn } is called as the degree matrix and d; = ;f'jl” a;j(k).
For a directed graph, if there exists at least one directed
path between any two different nodes, then the graph
is strongly connected. The graph is joint strongly con-
nected if there exists a integer B > 0, such that the union
graph Ule G(k+ j) is strongly connected for any k, where
Uiz Gk +j) = G(k+ UG (k+2)U- - UG (k+B).

In this paper, we consider a network with m second-
order agents and n first-order agents. The dynamics of
second-order agents

x,-(k—i— 1) = PX; [x,(k) +V,(k)T],
V,(k+1):S‘/I[V,(k)-i-l/t,(k)TL i€y, @))]

where x;(k), vi(k), u;(k) € R" represent position, veloc-
ity and input of the ith agent, respectively. X; C R” repre-
sents a bounded closed convex set, 0 € V; C R” represents
a bounded set which may be nonconvex. T is sampling
time.

The dynamics of first-order agents can be expressed as

xi(k+ 1) = PXi[xi(k) +SVi(ui(k))T]’ i€ Im+n A
2

where x;(k), u;(k) € R" represent position and input of
the ith agent, respectively. X; C R” represents a bounded
closed convex set, 0 € V; C R” represents a bounded set
which may be nonconvex. 7T is a sampling time.

Remark 1: In the most of existing works [10-16], the
dynamics of the HMASs was usually assumed to be the
following form: x;(k+ 1) = x;(k) + vi(k)T, vi(k+ 1) =
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Fig. 1. Three examples of the nonconvex constraint oper-
ator Sy, (+).

vi(k) +u;(k)T, for all i € Z,,;; x;(k+ 1) = x;(k) + u; (k)T
for all i € 7,1, — T, where x;(k), vi(k), u;(k) € R" are
position, velocity and control input of agent i respectively.
In the actual engineering applications, the position and ve-
locity are usually subjected to irregular constraints. For
example, the drive force of each flight vehicle, such as
quadrotors, have different constraints in different direc-
tions. On this basis, it is assumed here that v;(k) € V; for
all i € Z,,, where V; is a nonconvex set. For the first-order
agent, the control input u;(k) can usually be viewed as
velocity. Hence, it is also assumed that u;(k) € V; for all
i € Lyy1n —ZL,. Moreover, if the position of a vehicle is
subjected to a certain area, its position may be restricted
when the vehicle touches the boundary. In particular, there
are different functions for different agents, hence, the con-
straint sets may be different. It is usually assumed that
xi(k) € X; for all i € Z,,,,.,,, where X; is a convex set.

To describe the nonconvex and convex contraint sets,
we first introduce two assumptions proposed in [5,8], re-
spectively.

Assumption 1: Let 0 € V; C R” be a bounded closed
nonconvex sets, which satisfy max,ey, ||Sy,(y)|| = 7,
minygy, [|Sy,(y)| = & and 0 € V; for all i € Z,,,,, where
h and A are two positive constants.

Assumption 2: Let X; be a bounded closed convex set.
The intersection X of all convex sets X; is assumed to be
nonempty, i.e., X = (""" X; # 0.

Remark 2: Under Assumptions 1 and 2, it is indicated
that the velocities of all second-order agents and control
input of the first-order agents in system (1), (2) can not
be arbitrarily large. It is easy to see that the constraint op-
erator only changes the magnitude of the velocity, not its
direction from the definition of Sy, such that ¢Sy.(-) CV;
for all ¢ € [0, 1]. (See Fig. 1 for some specific examples)
The major difference between this operator and the pro-
jection operator Py,(+) is that the projection operator will
not only change its size but also its direction.

The considered system with disturbance is a stochastic
process due the noises, the states of agents can not reach

consensus exactly. Hence, it is necessary to study consen-
sus problem in the statistical sense. Therefore, the mean
square consensus of HMASs with communication noises
is considered. The definition of mean square consensus is
given in the following.

Definition 1 [28]: All agents are said to reach
mean square consensus if for any x;(0) € X; C R” and
v;(0) € V; C R”, there exists a random variable x*, such
that lim E[||x; (k) — x*||?] = 0, limE[||v,-(k)||2] =0, and

k—yoo k—yoo X
Var(x*) < ooforalli € L4y, j € L.

Lemma 1 [5]: Let Q be a nonempty closed convex set
inR", foranyx,y e R",z€e QCR",¢; >0and )} ;a;,= 1.
Then

D [1Pa(x) —z|* < [lx —2l* + [lx — Pa(x) |15

i) [|Po(x) = Pa)Il < [x—yl;
i) (| X5 axi — Po(Xil ax)|| < Xy aillxi — Pa(x)|)-

Lemma 2 [30]: Let {S(k)}, {B(k)} and {Q(k)} be

nonnegative random variable sequences and let {(k) be
a deterministic nonnegative scalar sequence. Let F (k) be

the o-algebra generated by S(1), ---, S(k), B(1), - - -, B(k),
O(1), -+, Q(k). Suppose Y| § (k) < oo,
E[S(k+1)|F(k)] < (1+E(k))S(k) — B(k) + Q(k),

and Y2, O(k) < oo almost surely. Then, the sequence
{S(k)} almost surely converges to a nonnegative random
variable and ;7| B(k) < oo.

The main purpose of this paper is to design a dis-
tributed control protocol such that all agents can reach
mean square consensus, while the position states of all
agents keep in the corresponding convex sets, and the ve-
locity states of all second-order agents keep in the cor-
responding nonconvex sets, i.e., x;j(k) € X;, v;(k) € V},
Vi€ Lyin, j €L, k.

3. MAIN RESULT

The convergence analysis of constrained consensus in
mean square of HMASs is given in this section. For sys-
tems (1) and (2) over jointly strongly connected graph,
design the following distributed algorithm

(k) = { fpivi<k) tlk), i€y, 3

i € Lpsn— L,

where 7;(k) = (k) ¥jenir) @ij (k) (x; (k) — xi(k) + &i(k)),
y(k) is a diminishing step size and &;;(k) is stochastic
noise, p; > 0 is the feedback gain.

Assumption 3: The step size y(k) statisfies the follow-
ing conditions

o

T vt == L7

k=0

y(k+1) < y(k).
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Assumption 4: The stochastic noise {&;;(k)} is as-
sumed to be a martingale difference sequence with
E[&i(k)|F(k — 1)] = 0, E[|E:(k)|*|F(k —1)] < of,
where oz > 0 and F(k) is a o-algebra generated by
the entire history information from 0 to k, namely,
F(k) = {x:(0), vi(0), &ji(s), ui(s), VO <s <k—1, i
J € Lnint, F(0) = {x:(0), vi(0), §;i(0), Vi, j € Zypsn}-

To facilitate the convergence analysis of the system, the
coordination transformation is needed to be introduced.
For i € Z,,. let 1;(k) = Sy 00l it v, (k) 4+ i (K)T #
0; otherwise, 1;(k) = 1. For i € L, — T, let (k) =
LAUIGIT; u;(k) # 0; otherwise, 1;(k) = 1. Obviously,
0 < 1;(k) < 1. Therefore,

(@) >

V,‘(k+ 1)

Sy,

i

[vi(k) + ui (k)T

Sy, [(1 = piT)vi(k) + m(k)T]
u(k)vi(k ) u(k) (vi(k) pi — mi(k))T
vi(k) = Ti(k)vi(k)T + u(k)m(k) T,

where T;(k) = w Let y;(k) = x;(k) 4+ vi(k), for
i € Z,. Then,

xi(k+1) = P [xi(k) +vi (k)T
= (1 =T)xi(k) +Tyi(k) + pi(k),
where p;(k) = Py, [(1 = T)x;(k) + Tyi(k)] = [(1 = T)x;(k) +

Ty;(k)], and

yilk+1) =xi(k+1) +vi(k+1)
= (1 =T)xi(k) + Tyi(k) + pi(k) +vi(k)
— T(k)vi(k)T + u(k)m (k)T
= (t;(k)T — T)x;(k) + 1;(k)m; (k)T
+ (1 =5(k)T +T)yi(k) + pi(k).

Forie Z,., —ZL,, we have
xi(k+1) = Py [xi(k) + Sy, (u; (k)) T
= xi(k) + li(k)ﬂ'i(k)T —|—p,-(k),
where p;(k) = Py[xi(k) + u(k)m(k)T] — [x;(k) +

zl (k),---, 23, ,(k)]", where

(4)m(E)T]. Define Z(1)
e ZD(R)] = [x{<k>,~-,x;<k>] e

2] (k), -

23, (k)] = [ 1 (k ) IO [y (K), -, 25, (K)] =
P (K)s -y x,,,(K)]". Define p(k) = [pf (k),
Pimn ()] [pl( ): s Pu(k), pl(k), oy P (k)
p£+l(k)"' ’pern(k)]T’
D (k D, (k) 0
O(k) = | D3(k)y(k)T P7(k) Pa(k)y(K)T |,
Os(k)y(k)T 0 Do(k)y(k)T
where @, (k) = diag{1—-T,---,1 =T}, ®,(k) = diag{T,

..’T}’

D3 (k)
%) (k)a21 (k)

lz(k)(l]z(k) cee
D3, (k)

l|(k)a]m(k)

By (k) =  ulk)aal®)

b () (K) B3 (k)

D31 (k) = —u(k)Lenpar(k) + LU= Dy(k) =
12 (K) K jens o (k) + 29,y (k) = T”’(ZZ)
(k) L jenv, ) ami (k). [@4(K)]ij = [u(K)a;(K)], Vi € L,
j S Im+n 71—"’[7 [q)S(k)]lj = [li(k)aij(k)}’ Vie I”H‘" 71’"’
JjE€ Ly,

D (k)

cI)61 (k) Am+1m+2 (k) o Amt-lm+n (k)
Am4+-2m+1 (k) q)62 (k) © Am42m4n (k)
—ou)| RO
q)6n (k)

Am4-nm+1 (k)

1

D, (k) = diag{tms1(k), -, lm+n(k)}, D1 (k) = S —

L jeN, k) am+1(k), P (k) = 4 ’”*’(k =L jeN (k) am2j (k)
1

-, Pe(k) = l?}"(” Z;ex\fm )am+n,-(k)T, D, (k) =

diag{1 —_q(k> =T, (k)T +T}. Let §(k) =
[ng(k)’ 52 (k)’ §2m+n(k)]T = [07 s 0’ ng(k)’ )
147;+n(k)]T’
0 0 0
Ek) =0 - E 0T o 1
0 0 Eni ik)T
where &i(k) = [Eii(k), -+, Enm(K)]T, En(k) =

;(k)[ai (k), -+, aiv(k)]. Then the dynamics of HMASs
(1) and (2) with algorithm (3) can be rewritten as the
following compact form

Z(k+1)=

[@(k) @ 1L]Z(k) + p (k) + 7(k) Z (k)& (k).

“

To further analyze the convergence of algorithm, the fol-
lowing assumptions need to be satisfied.

Assumption 5: Suppose that there exists 0 < y; <
1, such that a;;(k) > p, if and only if a;;(k) > 0, and
Yien @ij(k) < 1—py, forall i, j € Ly 1 < pi < 7,
T <1foralliel,.

Assumption 6: Supposed that there exists a sequence
0=ko < k; < kp < --- such that the union graph of all sub-
graphs G(k;), G(k;+ 1), ---, G(k;+1 — 1) is strongly con-
nected, and k; — k;_; < B for all 1.
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Remark 3: Assumption 5 implies that information
from neighbor agent exists persistently. If the assumption
is absent, it may lead to the loss of information from cer-
tain agents. The conditions are easy to be satisfied and the
illustration is given in the following simulation example.
Assumption 6 shows that there exists a directed path be-
tween any two agents in a limited communication interval.

Lemma 3: Under Assumptions 1-6, let Y C X be arbi-
trary nonempty closed convex set, the following inequali-
ties hold for any sample path.

1) For all i € Z,, |xi(k+ 1) — Pr(xi(k+ 1))
(1= T)[l(k) — Py (i (k)| + Tllyi(k) — By (k)]
lpi(R)[1> < [(1 = T)lxi(k) — Py (xi(k)) || + T [lyi(k) —
Py (i () 12 = ik + 1) = Py (e (k+ 1)) 2

2) For all i € Z7,, there exist @u(k), @y(k),
Yieniw @ij(k), ki > 0 and @ (k) + @y(k) +
Yjenik) @ij(k) =1, such that ||y;(k +1) — Py (yi(k +

D)< @ik ||xi (k) = Py [xi ()] | + X jens o) 91 (K) 1
(k) — Pyl () + [v(k)die (k) || + %( yi(k) —

D <

Py[yi(k)]||, where k, satisfies y(k) < p( ; J) for all
k> k.

3) For all i € Ly — lxi(k + 1) — Prx(k +
DIl < xi(k)xi(k) — [ (N + llv(k) xie (K| +
Ljenin Zii (k) [[x(k) — Pyl (K]]I, Ipi(K )||2 <
[llv(k) 2ie (K | +xzx( )i (k) = By (Ol + Ljenico
xij (k )||x;( ) = Prlxj (R)]II]P = [|xi(k + 1) — Prli(k +

DII?, where xi(k) = 1 — u(k)Y(K)T Ljeni) aij (k).
Xie(k) = (k) Ejeni aij (k)&i (k)T Xu( ) =
ll(k)')/(k>Ta,j(k)
Lemma 4: Under Assumptions 1-6, x;(k), y;(k) are
bounded almost surely, and there exists a constant f§, >
0, such that Bo < (k) < 1 almost surely, where By =

mm{L], =L |i€Im’j€Im+n_Im}-

The proofs of Lemmas 3 and 4 can be found in Appen-
dices A and B, resepctively.

Remark 4: It is shown in Lemma 4 that the sequences
{xi(k)} and {y;(k)} almost surely converge to a non-
negative variable fori € Z,,,,, j € Z,,. Take the expectation
of both side of the inequality (B.1)-(B.3), it follows that
E|||x;(k) — s;]|*] and E[||y;(k) — s;]|*] are bounded by the
definition of convergence of a sequence, which means that
x;(k) and y;(k) are also bounded in mean square, hence, al-
most surely. Lemma 4 plays a very significant role in the
subsequent convergence analysis.

Lemma 5: Under the Assumptions 1-6, there exists
a constant k, such that ®(k) and ¥(k,s) are stochas-
tic matrices for all k > s > k, > k;. All nonzero ele-
ments of ®(k) and ¥(k,s) have a positive lower bound.
And there exist 6;(s) >0 and 0 < fB; < such that

I[P (k,5)]i; — 0;(s)|| <2Cu(1— 2[31)5’;5 almost surely, for
all i, j € Ly, where By = (N —1)B= (2m+n—1)B,
Cu = 135 P(k,s) = @(k)P(k—1)---D(s), for all k >
s>ky > k.

1
2m+n’

Proof: From 7;(k) = % and 1 < p; < 7, it
follows that 1 < p; < 7;(k) < 7. Note that limy_.. }/(k) =0
and 0 < 1;(k) < 1foralli € T, ,, then there exists k,, such

pi—1
that y(k) < mln{zzm\/ YIGE ZBOT):jg/\/ k)au(k)} for all k >
k.

Hence, for alli € Z,,,, 7;(k)T — T — 1;(k)y(k) Y jenik) i
(k)T = (pi = )T = 1(k)¥(k) ¥ jen; v aij (k)T = {poUT o,
0 and l,(k)y(k)a,j(k)T > ﬁ()'}/(k)[.hT >0, forie Im+,1 —
Ty 1= (k) Y(k) X jeni @ij(K)T > 1 >0 almost surely.
Therefore, all nonzero elements of ®(k) and ¥(k,s) have
a positive lower bounded and it is easy to verify that
@ (k)11 =1 and W(k,s)1p,+, = 1. Therefore, ®(k) and
Y (k,s) are stochastic matrices for all k > s >k, > k;. O

In the following, it is shown in Lemma 6 that the states
of system can converge to the interior of the intersection of
all position constraints in mean square. Then it is proved
in Theorem 1 that all position and velocity states of sys-
tem can reach mean-square consensus. the convergence
analysis is given in Corollary 1 that when considering the
case of a network containing only first-order agents and
second-order agents, respectively.

Lemma 6: Under Assumptions 1-6, I}im E[||Zi(k) —
—yo0

Px[Zi(k)] ]
The proof of Lemma 6 can be found in Appendix C.

=0, foralli e Z,.,.

Theorem 1: Under Assumptions 1-6, there exists a
random variable x* € X such that I}im E|||x;(k) —x*||*] =
—3o0

for all i, j € Z, I}imE[ij(k)Hz] =0, for all i € T4,
—yo0
J € Ly, and Var(x*) < oo,

Proof: Let x* = 51— ¥""" Z(k+ 1). From Lemma 3
to Lemma 6, ]llm E]||p:(k)||]* = 0. Note that ]lim y(k) =
—»00 —0

0. Therefore, for any @ > 0, there exist K > 0 such that
Ellp0II]? < @, 16[y()(2m+n)(1 — )T oe]* < @ for
all k£ > K. From the above analysis, we have

E [|Zi(k+1) —x||*]

2m+n 2
<12 [ Y 4c (1-2B)% ] 1Z;(s)[I?

Jj=

2
k  2m+n
+12| Y Y 4G (1-28)% | @+280
r=s+1 j=
2m+n e 2
Z Y 4Cu(1-2By) "
r=s+1 j=I

x [(2m+n)(1—p)Tog)*.
Hence, ]!imE[HZ,-(k + 1) —x*||?] < 7®. According to
—yo0
the arbitrariness of @, we have ]!im E|||lx:(k) —x*||*] = 0,
—yoo0
lim E||lyi(k) —x*||*] =0 for all i € Z,,,. Note that y; (k) =
o0
x;(k) + vi(k), then ]}imE[||vi(k)||2} =0, for all i € Zyp.
—yo0
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*

Morover, E(x") = Y, Z?ZT”PP( Niipi(r — 1) +
LI (k,5)]ijZ5(s )+Pz( ). Var(x) = E[|| iy X7
Wy — DERE( — DLENr — 1) +
y(k) Z?m{”"[u( )ij 5 (k)||?] < 0. Therefore, all states of
the agents can reach consensus in mean square. Since

xi(k) € X; and X; is a bounded closed convex set, it means

that x* € X = "' X;. |

Remark 5: From the above analysis, it is easy to ob-
tain that constrained consensus can also be achieved in
mean square by alogrithm (3) for first-order or second-
order agents, i.e., n =0 or m = 0.

Corollary 1: For second-order agent systems, i.e.,

n = 0, there exists a random variable x* such that
lim E[[lxi(k) = x*|") = 0, lim E[|v;(0)[*] = 0, i = 1,
oo —oo

2, ---, m. For first-order agent systems, ie., m = 0,
I}imE[Hx,(k) —x*?]=0,i=1,2,--,n
—00

Proof: For n = 0, Let y;(k) = x;(k) + v;(k), then
xi(k+1) = Py [xi(k) +vi(k)T] = (1 = T)xi(k )+Tyt(k)
pi(k), and y;(k+ 1) = (t:(k)T — T)xi(k) + 1:(k)m;(k)T
(1 = %(k)T + T)yi(k) + pi(k), where pi(k) = Px,[(
(k) +Tyi(k)] — [(1 = T)xi(k )+Tyl( )]. Define Z(k) =
Zy ()T = [x] ( )

2] (k), - . xn(k), yi(k), -,
@), plk) = [p] (k), - (k)} = [p{ (k), -,
P (k) pi (k). -, pr (K],
@, (k) Dy(k)
0= an) onl))
where @ (k) = diag{1 —T 1 —T}, @,(k) =diag{T,
LT
@3 (k)  an()y(k)T -

an (k)y(k)T P (k)

am ()Y(K)T
aim(k)y(k)T
ar (k) y(k)T

q)3m (k)

@) = diagln (0. -, tn(R)). Pl = 2T -
YK Ejerna @ ()T, @n(k) = 2EL — y() ¥ jenaim
aZj(k)T’ - D3 (k) = % —y(k )Z]EM" amj(k)

T, ®4(k) = diag{l — 1 (k)T +T, ---, 1 — Tm(k)T +T}.
Then the dynamics of second-order MASs with algorithm
(3) can be rewritten as a compact form

Z(k+1) = [@(k) @ L]Z(k) + p (k) + v(k) Z (k)& (k),

whereE(k) diag{0, -, 0, ET (K), -+, BT (k)}, Ei(k) =
a1 (k), - a,m(k)] (k) = [&] (k), -+, &, (K)]" =0, -,
0, &/ (k), - ég(k)]T, Ei(k) =[G (k), -, Em(K)]".
For m = 0, x;(k+ 1) = Px[x;(k) + Sy.(w;(k))T] =
xi(k) + u(k)m (k)T + p;(k), where p;(k) = Px[xi(k) +
() i(k)T) = [xi(k) + 1(k)m;(k)T]. Define Z(k) = [x{ (k),
x5 ()T, p(k) = [p (k), -+, py (K)]",
D (k) u(k)y(k)an (k)T -
(k) = 12(k>7(k:)6121(k)T ¢2.(k)
4 (k) y(K)an (K)T
1 (k)y(k)ay, (k)T
(k) y(k)ax (k)T
®, (k)
Q1(k) = 1 — uk)y(b)Ljenwar(K)T, Pa(k) =
1 — u(k)y(k) Ljenvmw a2j(K)T, -, @u(k) = 1 —

(k) Y(k) ¥ jen, (k) @nj(k)T. Then the dynamics of first-
order MASs with algorithm (3) can be rewritten as a
compact form

Z(k+1) = [®(k) ®1,|Z(k) + p (k) + y(k) E (k)& (k),
where E (k) = diag{EZT (k), ---, ET (k)}, Zi(k) = [an (k),
s ain(K)], E(k) = [§] (k), -+, & (K)]T, &i(k) = [Eu (K),

-, &n(k)]T. Hence, by Lemmas 3-6, we obtain the same
result as Theorem 1, i.e., when the networks contains only
first-order agents, ]ll_r)I;E[Hx,(k) —x*?]=0,Vi=1,2,---,
n; when the networks contains only second-order agents,
lim E||x; (k) fx*||2] =0, 1imE[||vi(k)||2] =0,Vi=1,2,
kjoom k—roo g

4. SIMULATION

In this section, a numerical simulation example is given
to verify the correctness of theoretical results. The com-
munication graph of HMASs switches among three sub-
graphs shown in Fig. 2, which includes four second-order
agents (1)-(4) and two first-order agents (5) and (6). It is
obvious that each digraph does not have a spanning tree,
but the union graph is strongly connected. Take 7 = 0.85,
p1 = 1.12, p, = 1.14, p3 = 1.16, py = 1.15. It is easy
to verify that Assumptions 5 and 6 are satisfied. Sup-
pose that nonconvex constraint sets V; = {x]||x|| < 0.8,

0.6 < LTS
@ 08 @ @ 0 05 ’ 04 ’
5] 1

OO O

Fig. 2. Communication graph.
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Fig. 3. Trajectories of the first component of position.
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Fig. 4. Trajectories of the second component of position.

% < 1}U{x|||x|| <04, Ilic[[[l)i(l)]];\ > 1} and convex con-
straint sets X; = Xg = {(x1,%2)7 |0<x <2, -1 <x, <
2L, X3 =X4 = {(x1,x)T | 2<% <2, -3<x <1},
X, =Xs = {(x1,%0)7 | -5<x <3, -1<x <1} cR%
Take initial values x;(0) = [1, —0.5]" € X, x2(0) = [—4,
1]T € X, X3(0) = [—2, —S}T EX3,)C4(0) = [1, —Z}T € Xy,
XS(O) = [—2, 3}T € Xs, x6(0) = [1, Z}T € Xs, Vl(O) = [0,
0]". v2(0) = [0, O] v3(0) = [0, O] v4(0) = [0, O],
y(k) = 1/k. Suppose that the noise sequences {&;;(k)} is
white noise with zero mean and bounded variance. By tak-
ing algorithm (3), the position and velocity trajectories are
given in Figs. 3-6, from which it is easy to see that the
position states of the agents converge to a point and the
velocity states of second-order agents converge to zero.
Moreover, the velocity states of the second-order agents
and the input states of first-order agents in the phase plane
are given in Fig. 7, from which we can see that these states
are constrained in the nonconvex sets of two concentric
circles and straight lines. The position states of all agents

———v

11

\%

31

=== V|4

. . . .
300 400 500 600 700
Time(s)

Fig. 5. Trajectories of the first component of velocity.

0.6 I I I I I I
0 100 200 300 400 500 600 700

Time(s)

Fig. 6. Trajectories of the second component of velocity.
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Fig. 7. The velocity states of all second-order agents and
input states of all first-order agents in phase plane.
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Fig. 8. The position states of all agents in phase plane.

in the phase are given in Fig. 8. It is easy to see that the po-
sition states of different agents are constrained in different
convex sets. It reveals that our algorithm can solve con-
strained consensus problems with communication noises.

5. CONCLUSION

In this paper, stochastic consensus problems with
bounded convex position and nonconvex constraints have
been considered over jointly strongly connected graph.
The dynamical models of HMASs were built based on
the projection operator and nonconvex constraint oper-
ator. A novel algorithm with diminishing step size was
designed under communication noises. By control the-
ory and stochastic analysis, it was proved that the pro-
posed algorithm can guarantee that mean-square consen-
sus was achieved. Moreover, the same results have been
obtained when considering the case of a network contain-
ing only first-order agents or second-order agents, respec-
tively. The simulation example was verified the correct-
ness of theoretical results.

APPENDIX A: PROOFS OF LEMMA 3
The proof of Lemma 3 is given as follows:
Proof: 1) By Lemma 1, we have

[xi(k+1) = Py (xi(k+ 1)) [|*
= [P [(1 = T)x;(k)
+ Tyi(k)] = Py (P [(1 = T)i (k) + Tyi(K)]) |12
< ||(1=T)xi(k) + Tyi(k) — Pr[(1 = T)x;(k)
+Tyik)]|1? = [l (k)17

< (1 =T)|xi(k) = Py (xi(k)) || + T [lyi (k)
— By (i) 1” = llpi (k)12

Therefore, ||x;(k+1) — Py (x:(k+1))|| < (1 =T)||x:(k) —
Py (xi (k)| + T |lyi(k) = Pr (i)l [lpi(k)|[* < —[lxi(k +
1) = Pr(xi(k + DI+ [(1 = T)|lxi(k) — Pr(xi(k)]| +
Tlyi(k) = Py (vi(k)|I]%, Vi € L.

2) Let op(k) = (1 — T)x;(k) + Tyi(k) = x;(k) +
T(yi(k) = xi(k)), 0ip(k) = Py[ic(k)]. 0g(k) = xi(k) +
Tqi(k) (yi(k) — xi(k)), qi(k) = max{g € [0, 1] | xi(k) +
Tq(yi(k) — xi(k)) € Xi}, 6i(k) = 0jy(k) — 0j4(k). First,
consider the situation of g;(k) < 1. Obviously, p;(k) =
Oip(k) — Oic(k) = Py[0ic(k)] — Oic(k) = ai(k) — (1 —
qi(k))T (yi(k) — xi(k)).

yilk+1) = 8;(k)xi(k) + &y (k)yi(k

+ Y 85k (K) + 0 (k) + ¥(k) 8 (K)
JEN;(K)

=[8i(k)+ Y, 8;j(k)]xi(k) + 8y (k)yi(k)

JEN;(K)
+ ), Gikxi(k)— Y, &(k)x(k)
JENi(k) JENi(k)
+ (k) Sie (k) + 0; (k)
= Gy (k)85 (k )+(1 — 85(k)) By (Kk)yi(k)
+ ), 8(k)x; (k) + oi(k) + (k) Sie (k)
JEN;(K)
= &s(k) & (k )+(178iv(k))6"(k))’i(k)

+ ) Gik)x;(k) + y(k)Se (k),
JENi(K)

where  §;i(k) = T(K)T — 4(k)Y(k) X en; @ij(K)T —
Tqi(k), &y(k) = 1 — w(k)T + Tqi(k), §;(k) =
u(k)y(k)ai;(k)T, &ig(k) = u(k)Ljenpaij(k)8;i(k)T,
Oic(k) = [Zje/\fi(k) 8ij(k) + 8i(k)]|xi(k) + 8y(k)yi(k),
8p(k) = 8e(k) + §5. 8ulk) = grreaswm. Note
that 8 (k) + X jen;e 6ij(k) = (k)T — Tq;(k). Hence,
ZjEM(k) 5,/(]() + (1 - 6,3(]())6,}(]() + 6,3(/() =1land 0 <
Yienik) 0ij(k), (1= 6;5(k)) 0y (k), &;5(k) < 1. By Lemma
1, we have

[yilk+1) = Py (yi(k+1))]]
<51s( )||51p(k) PY[ ( )]

+ (1= 8is(k)) 8y (k )Ilyz( ) =By

+ ) 80l (k) = Prlx; (k)] + [17(K) &g (K) |-
JENI(K)
It follows that J;.(k) = [0ii(k) + X jen: (k) 6ij(k)]xi(k)
Sy (k)yi(k) = (n(k)T — Tqi(k))xi(k) + (1 - t(OT +

T‘b(k)) l(k) = xl(k) [l - T,(k)T + qu( )]( (k) -
xi(k)) > Tqi(k) 0r qi(k) < 1. Hence §,.(k) ¢ X;. Let
8y (k) = 220 15 (k). Note that &, (k) = 8ic(k) +

Opt) =0 k) triangles (8 (k), 8c(k), 8ip(K))

];’_J ® Therefore,
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and (0j.(k),0;(k),0i,(k)) is similar, and vectors
0ip(k) — 8c(k) and o;,(k) — 0;4(k) have same the direc-
tion. Therefore, the angle between Py[d; (k)] — &, (k)
and (k) — ,(k) belongs to the interval [Z, 7].
Hence, ||, (k) — Py [8iy (K)][| < [[8iy(k) — Py[8yy (k)][| and

()T +

Siy(k) = 8ec(k) + W = x(k) + [1 — n(k
Tqi(k)] ik — xi(k)) + 2200 = & (k)xi(k) + (1 -
8ic(K))i(k), where &;.(k) = (k)T — Tq;(k) — "ot

From 1 < p; < L and 7;(k) = Z4®0=2T) e follows
that 1 < p; < (k) < +, and by Assumptions 3 and 5,
there exists a constant k; > 0 such that y(k) < (’(’/1 21)
for all kK > k,. Then, we have 1% < O;(k) < 1. Hence,
Oic(k) < 5 (k)T — Tqi(k) <1—Tgq;(k) < 1 and &;.(k) >
G()T — Tqi(k) — T8 > (p; — 1)T > 0. There-
fore, ||5,p() B[y (K| < [[8p(k) = B[Sy (K)]]| <
||5,,(k) P[5, ( < e (k) [lxi(k) — Prlxi(k )]ll + (-

Oic (k) [1yi(k) — P [yi(K)][|. Then,

[lyitk+1) = By (yi(k + 1))
<6m( )||6tp(k) PY[ ( )]H
+ (1= 855 (k) 8y (k )Ilyz( )~
+ ) 6,,(k [lx(

JEN;(Kk
< @k )||x,»( ) = Py [xi(k)J | 4 @iy (k) [[vi (k)

—Prlyi()]l + Z (PU Mixj (k) — Pr[x; (k)|
JEN:(Kk

+ [17(k) Sie (K1,

where @y, (k) = 85(k) e (k), @y (k) = 8is(k) (1 — & (k) +
(1 — 5,5(]())6,)(](), (Plj(k) = 6,j(k) It is easy to ob-
)
(

Pylyi(k)]|
= Bl ()] + (k) e (K) |

tain that 0 < (P,'x(k , (piy(k)» (plj<k) <1 and (P1X<k) +
Yjeni) @ij(k) + @iy (k) = 1. Next, let us consider the
51tuat10n of gi(k) = 1, then o,.(k) € X; and o(k) =
0. Take @i(k) = (k)T — T — u;(k)Y(k) Ljen;@) aij(k),
¢;j(k) = 1(k)Y(k) ¥ jens) aij(k), @iy(k) =1 —7(k) + T,
then [|y;(k+1) — Py(yz(k+1))|| < Xjenik) Pij (k) |lx; (k) —
Py (K| + [ly(k) 8 ()| + @i (k) [|i (K ) Py (k)] +
@iy (k)i (k) — Py | i(k)]ll where @i(k), @;y(k) and @;;(k)
are nonegative and @, (k )+):JEN i (k) + @y (k) =1

3) Let xig(k) = t(k) Ljeni au( )8 (k)T xij(k) =
y(k)y(k)Taij(k), xix(k) =1~ li(k)Y(k)TZ_;eN,-(k) a;j(k),
for all i € Im+n Z,.. Note that Zjej\/,»(k) Clij(k) <1- My,
Xin(k) + X jenco 2ij(k) = 1, and 0 < w; < 1, we have
Xix(k) = 1T (1—u1) > 0. Then, x;.(k) > 0,

||xi(k+1)— [ '(k+1)]||2
HPX sz + Z XU +7( ) ( )]
JEN:(k
— Py [Py, [ (k) xi (k) + Z %ij (k)x; (k)
JENI(K)

+y(k) 2 (0] 1P

< ||Py, [t (k)i (k) + j{v: 2ij(k + 1(k) 2ie (k)]

JENI(K)

- PY th 1 + th
JEN;(K)

+ (k) e (k)] |2
<P (k) + Y i (k)x; () + (k) e (k)]

JEN(K)
_ch + Z th +}/( )11§(k)‘|2
JEN:(k
—llpi(k)|1?
< [ (R)[|xi (k) — Py [xi (k)] |
+ Z XU ij PY[xj(k)]H
JENi (k)
+ 7002 (] = Ll (K) |

Hence, |xi(k + 1) — Py[xi(k + DI < [[v(k)xi (K[| +
Xic(K)[lxi(k) - = Py[a(K)][| 4 Xjenion Xk )||XJ() -

Pyl (0]l lp(R)IIP < [ (K)|xi (k ) - Py[x,( )]H +
Ljeni 2 (006 — Bl (0] + [v()xe()]]*
[|xi(k+ 1) Py [x;(k+ 1)]||*>. The proof is completed O

APPENDIX B: PROOF OF LEMMA 4
The proof of Lemma 4 is given as follows:

Proof: Define V (k) = max {11Z:(k) — s]|*}, where s; €
€T
X.Foriel,,

E[||lxi(k+1) = s]|*| F (k)]

< (1=T)|lxi(k) —si||* + T |[yi (k) — 54>

< [Jxi(k) — s (B.1)
By Lemma 3, there exist @;.(k), @iy (k), ¥jen: ) ij(k) >
0 and @ (k) + @iy(k) + Xjeni @ij(k) = 1, such that
lyi(k+1) —s1]| < @i (k) [ (k )—Sz\|+<Pz>( Myi(k) —si]| +
[|7(k)Sie () || + X jenv ) @i (k) lIx;
(k)fs1|| Then

E[|lyi(k+1) = s |*|F (k)]

< @i (k) [|xi (k) — 811> + @iy (K) [yi (k) — 1|

+ Z @ij(k)||x; (k) ) —sil?
JEN(k)
+E[||y(k) &z (k)[|> If( )]
< lyi(k) = si||* + (k) (B.2)

Fori € Ly — Lo, ||Xi(k+1) = s1]| < g (k)| 2i (k) — 4| +
Y jenik) Xij (k) llx; (k) — sil| 4[| (k) xie (k) ||, then
E[|lxi(k+1) = s> F (k)]
< x(Bllxik) —sil>+ Y, ik

JEN;(K)

)l (k) —sil?
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+E[[|v(k) xie (k )Ilzlf( )l
< lxi(k) = s[> + 7 (k) (B.3)

By Lemma 2, the sequence {||Z,<(k) —s;||} almost surely
converges to a nonnegative random variable, i.e., x;(k),
yj(k) are bounded almost surely for all i € Z,,1,, j € L.
Hence, v;(k) + u;(k)T is bounded almost surely, Vi € Z,,,.
Let its boundary be L, > f;. Note that ||Sy,(y)|| > &; for
all y ¢ Vi, we have ||Sy,(y)|| = & for all ||y|| < &; and
IS, ) || > A; for all ||y|| > h;. Hence, for all i € Z,,,, 1;(k) =
L if vi(k) +ui (k)T < By (k) > 2 if vi(k) + i (k)T > .
Similarly, for alli € Z,,., — i € Z,,, there exist L, > h; such
that 1;(k) = 1 if u;(k )T < Iy and (k) = & i w;(k)T > B,
Let By = rnin{g’ , z’ li € Zn,j € Tynyn — Zm}- Then 0 <
Bo < land By < l,( ) <1 fori € Zyyin, k, almost surely..]

APPENDIX C: PROOF OF LEMMA 6

The proof of Lemma 6 is given as follows:

Proof: By Lemma 4, x;(k) and y;(k) are bounded.
Hence, E[||Zi(k) — Px[Z;(k)]||*] is bounded. If Lemma
6 is not true, there exist a sequence {k;} and M > 0,
hmsupmax{E[HZ (k) — Px[Zi(k)]||*]} = M. Moreover,

f—3o0
I}lm Y(k)E[|| 8z (k)||*] = 0. Then, for any € > 0, there ex-
—oo
ist ig, k, ly N > (2m+n—1)B+1, such that M — e <
E[||Z;, (k) — Px[Z,(K)]||*] < M + ¢ for all k—1Iy > N,
E[1Zi(ke) = Py [Zi(k0)] 7] < M +e. E[[ox(k))" [or(k)]] <
€, for all i € Z,,.,, k > ly. Define y(k) = [y (k), -+,
Y (k) Y1 (k) - s Wngn(K)]" = [[1Z1 (k) = P[Zy ()],
N Zomn(k) = Pe[Zomin (K)][]]". Let pu(k) be a (2m +
n) X (2m+ n) matrix.

pi(k) ua(k) O
p(k) = | pa(k) pa(k) usgk) 7
k

ps(k) O (k)
where W (k) = diag{1 —T 1 =T}, up(k) = diag{T,
T,
s (k)
o1c(k) + @i (k) @ia(k) -+ P1n (k)
_ ¢ (k) Pn(k) - P2 (k)
(pml‘(k) (Pm2‘ (k) ! ' ‘me(k) + (Pmm(k)
Ha(k) = diag{@iy(k), -, Quy(k) }. (s (k)];j = @;;(k), Vi €
Im7j € Im+n _Ims ["16(k)]lj = Xij(k), Vie In1+n —Ima ] S
Ly,
(k) Xmeim2(k) - Xmimin (k)
Amizmi1 (k) W2 (k) -+ Guamia (k)
pa (k) = : : : : '
Xt (k) Xm+nm+2(k) e H7n (k)

Un (k) = Xm-Hx(k) + Xm+lm+l(k), ,u72(k) = Xm+2x(k) +

Xmtom+2(K)s -y M7a(K) = Xmgne(k) + Xmsnmn (k). De-
fine C()(k) = [ml(k)’ T a)ZmJﬁn(k)}T = }/(k)[O, -, 0,
181 (K, =5 1 8me OIs [ 2mr1z K, = | Xomsme (RN

By Lemma 5, we have y;(k+1) < Z?Z"T"[ﬂ(kﬂijll’i(k) +
o;(k), p(k) and ®(k,s) are stochastic matrices, where
Ok,s) = pk)u(k — 1)---u(s) for all k > s > k,.
Hence, we have w;(k + 1) < Y "[O(k,k)]ijw;(k) +
Y i IOk, )]0, (r) + ai(k), for all k > k > Iy,
Note that E[w; (k)" wi(k)] < M + € if k; > Iy, we have

[Wlo(l_{) Wiy ()]
<E[[(1 =[Ok~ 1,k)]ivi) v (k)
+ Ok = 1,k i i (k)] [(1 — [O(k — 1, &)1
% W (ke) + [©(k = 1,k i i (ke)]] +5e
< (1 =[Ok — 1, k)i Elll wi (ko) 1]
+ Ok — 1 k)i [llwi (k)] + e
—[O(k—1,k)]igi) (M +e)
(k

= L&) [y (k) |I] + Se,

<
+[®

for any k> IA<,. Similar to Lemma 5 in [31], there ex-
ists ft > 0, such that ®(k — l,lAc[)]iO[ > fi forall [y <k <
k—1—(2m+n—1)B and i € Z,,. Note that M — ¢ <
Ey;, (k)" y;, (k)], we have

E[||yi(k)|]
E[va (I =S¢ (1= [0(—1,k)]a) (M +)
Ok — 1,k )]s [O(k— 1,k)]ii
S M—e—(1—[@(k—1 k,)],ol)(M—I-e) Se
- Ok — 1,k,)]i0,-
76

Foralli€Z, andly <k, <k—1— (2m+n—1)B, we have

20 ) = o)

(k) — Py (i (ko)) [117]

— E[|lxi(k +1) = Py (ke + 1))
Te Te
06~ 5=

~Tnandly <k <k—1—(2m+n—1)B,

Ellpi(k0)I”] < E[I(

<(M+e€)—

Foralli € Z,,,,
we have

E[||pi(k:)[]
< B[ (ko) i (ke) — Py P (ke 1|+ | 7(ke) e () ]2

m+n

+ Zi %ij(i(z) ||xj(i<r) —PY[xj(lA‘z)] H]

— E[ ik +1) = Prlik + D)]|17]
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Te Te
<M+e)+e—M+e)—=]|<e+—.
( ) (( ) #] 7
>

IN

Since € is arbitrarily small, for any @ > 0, we can
take large enough N such that E[|p;(k)|*] < @.
By Lemma 5, there exist 6;(k) > 0 and 0 < fB; <
1/(2m + n), such that ||[¥(k,s)];j — 0,;(k)|| < 2Cyu(1 —
2B1)%, where By = (2m+n— 1)B, Cy = 1/(1 —
2B1) and k > s > k,. From (4), we have Z(k—|—
1) = L @K)]);Z(k) + (k) X3 E R)]iE] (k) +
pz( ) - All(k> + A21(k> + A’%z k) + A41(k> + ASl(k>
where  Aji(k) = YWk 9)]iZi(s),  Au(k) =
Yoot L (k)]s (r — 1), Asi(k) = pik), Agi(k) =
bt T () y(r = DL (B (r = D]l (r =
1), Asi(k) = y(k) T [E(K)];E] (k). Let Z(k+1) =

s Lo Zi(k 4 1). Hence,

1Zi(k+1) = Z;(k+1)||?
<dmax||Zi(k+1)—Z(k+ 1) (C.1)

Take the expectation for each term of the expansion on the
right-hand side of the inequality,

E[HAli(k) T §'1A1i<k>|2}
< E[ »gn {([‘P(k,s)],-j —0(s))
L :’g'z[awk,s)],.,_ej(s))} sgp{z,-<s>||2}]

2m+n 2
[24@12,31) ]mjaxuz,-(s)nZ}. ©2)

And similarly, we can obtain

1 2m+n 5
2m-+n Z A ()| }

y ¥ (e :

r=s+1 j

E| a0 -

|

- 2m—+n

—6;(r))

1 2m+n 2

Y (k)] —

i=1

xs;lp{mr—l)nﬂ

@»(r))}

|: k  2m+n

2
) Z4CHI—ZB1) } : (C.3)

r=s+1 j=

E| a0 -

1 2m+n
} <2B, (C4)

Ass 2
1 2m+n )
E|la - 5.1 3 aull]

i=1
|: k  2m+n

Y ) cu4- 8B,) ™ r

r=s+1 j=1

x [(2m+n)(1 - )T o:)?, (C.5)
1 2m+n )
E|||Asi(k) — As;(k
1459 3 X AsI)
< 8[y(k)(2m+n)(1 - p)T o). (C.6)
Using the inequality 2xy < x> +y?, and (C.2)-(C.6), we
have
2m+n 2m+n
L Ayi(k) '21 Agi(k)
E|2[A:(k)— = 0TA (k) - &2
Au) = ST~ ]

[Minétcu (1-2)% rz,(s)nz

k  2m+n
{Z 24@ 1-2B) % } . (C.7)
r=s+1 j=
And similarly, then
2m+n 2m+n
_Zl Ay (k) '21 Asi(k)
E |2[A(k) — S——]"[Asi(k) - —=————
(41400 = S [43(0) ~ S

2m+n & 2
[ 3 acu(1-28) % ] 12, + 20,

2m+n 2m+n
L 4ai(k) L 4s(k)
E |2[A(k) — ———]"[Asi(k) - =———
[40) ~ S ()~ ]
2m+n ke
[ ) Z 4C,(1-2p) B} o +2m, (C.8)
r=s+1 j=
2m+n 2m+n
'):1 Ayi(k) '21 Asi(k)
E|2[A0 (k) — =2 TTA (k) - &2
[Au) — S T[]
k  2m+n s 2
[ Y Z 4C, ( 1—2[51)80}
r=s+1 j=

< [(2m+n)(1 - p)T o]

+8[y(k)(2m+n)(1 — p)To: ], (C.9)
r 2m+n 1Tr 2m+n 7
X Ayi(k) '):1 Ayi(k)
E|llA:(k) - 0o — Api(k) — 22X
i (k) 2m—+n (k) 2m—+n
= 0’
M 2m+n 1Tr 2m+n 1]
21 Ayi(k) ):1 Asi(k)
E||A;(k)— -2 Asi(k) — =
1l(k) 2m-+n 51<k) 2m—+n
= 0’
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- T A

2m+n 2m-+n
L As(k) L Au(k)
B4tk =S| AR -
= O,
r 2m+n 1Tr 2m+n 1]
¥ An(k) L Asi(k)
E AZi(k) B l_2m—|—n ASi(k) B l_2m+n
= O’
r 2m+n 1 Tr 2m+n 1]
L Ax(k) L Aq(k)
E ASi(k) 172m +n Aui <k) 172m +n
= O’
r 2m+n 1Tr 2m+n 1]
;1 31 (k) );1 si(k)
E ASi(k) 172m +n Asi (k) 172m +n

Therefore, taking expectation on the both side of (C.1),
by (C.2)-(C.9), we can get

E[|Zi(k+1)=Z;(k+1)|?]

2m+n &
<12[ ) 4Cu(1-2B) % ]*|1Z;(s)|?
J=1
k  2m+n br 2
+12{ Y Y 4C,L(1—2ﬁ1)”o] @ +24@
r=s+1 j=I1
k  2m+n fer 2
+8{ Y Y 4Cu(1—2ﬁ1)ﬂo}
r=s+1 j=1

x [(2m+n)(1—u)Toe)

+64[y(k)(2m+n)(1— pn)To:]*.
It is easy to obtain that for any @; > 0, we can take
small enough @ and large enough N such that E[||Z;(k) —
Zj(k)||2} < @, forany k > k; > N, i € L\, Let X; =
{xeX)|(M+¢)— 7#—6 < E[|]x— Px(x)|*] < M +¢€]}. Since
(M+e) =% >0,XiNX = 2. Let k = minmax{E[x -

i

Px,(x)*|x € X;]}. If we choose @y < k, then

E[|lai(k+ 1) —x; (k+ 1))
<@ < < max{E[ | (k+ 1) — Py [u(k-+ ]|}

< max{E[|lxi(k+1) —x;(k+ DI},

fori, j € Z,,.,, which is a contradiction. Therefore, M =0,
ie., ]}imE[HZ,-(k) —PX[Z,-(k)]HZ} =0. O
—yo0
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