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Observer-based Sliding Mode Control for Fractional Order Singular

Fuzzy Systems

Bingxin Li, Xuefeng Zhang, Xiangfei Zhao, Yaowei Liu, and Xin Zhao*

Abstract: In the paper, observer-based sliding mode control (SMC) for fractional order singular fuzzy (FOSF)
systems with order 0 < a < 1 is studied. The non-fragile FOSF observer is designed to reconstruct the unmeasured
states, and a novel fractional order integral sliding function is formulated. Then, the admissibility condition of the
FOSF error system is derived, based on the linear matrix inequality (LMI) approach. By using the singular value
decomposition approach, the strict LMI-based admissibility condition is improved. Based on the fractional order
Lyapunov function and sliding surface, the fractional order SMC is constructed to ensure the reachability of the
sliding surface. Two examples are given to illustrate the effectiveness of the methods proposed in the paper.
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1. INTRODUCTION

Recently, fractional order systems have made great
progress in theoretical research and engineering appli-
cation [1,2], since fractional order systems can describe
the model of the real world phenomena with memory
more concisely and precisely. The linear matrix inequal-
ity (LMI) approach is widely used as an effective tool
in fractional order systems. Many LMI-based conditions
of stability analysis for fractional order systems have
been discussed in [3,4]. Furthermore, event-triggered con-
trol, sliding mode control, adaptive robust tracking con-
trol, and output tracking control have been studied for
fractional order systems in [5-9]. Observer-based control
has been wildly studied for fractional order systems in
[10-13]. The observer-based control for uncertain systems
has been developed in [11,12]. Wang et al. [10] studied
the observer-based control for nonlinear fractional order
systems. Moreover, Geng et al. [13] give the conditions of
the observer-based control for input delay systems.

Singular systems have been widely applied in eco-
nomics and electricity [14]. The key problem of singu-
lar systems is the admissibility analysis, including sta-
bility, regularity, and impulse-free. Admissibility condi-
tions for fractional order singular systems have been stud-
ied in [15-17]. Robust admissibility conditions for order

1 <a<2and 0 < o < 1 have been proposed in [15,16].
Wang et al. [17] studied the observer-based control for
fractional order singular switched systems.

The systems in the real world are mostly nonlinear.
The T-S fuzzy model is an effective way to approximate
the nonlinear system [18-20]. Since fractional order sys-
tems, singular systems and T-S fuzzy systems play signif-
icant roles in control theory and application, Therefore,
the study of fractional order fuzzy systems or fractional
order singular fuzzy (FOSF) systems has attracted more
and more researchers. The output feedback control for
fuzzy fractional order systems has been studied in [21,22].
Moreover, fault-tolerant control, observer-based control,
H.,, control, and adaptive fuzzy control for fractional or-
der fuzzy systems have been developed in [23-28]. Sta-
bility analysis for fractional order fuzzy delayed systems
has been studied in [29]. Compared with fractional or-
der fuzzy systems, FOSF systems are more complex be-
cause not only the stability analysis, but also regularity
and impulsiveness-free need to be considered. Authors of
[30,31] studied the output feedback and observer-based
control for FOSF systems. Furthermore, the adaptive slid-
ing mode control (SMC) has been developed for FOSF
systems in [32].

SMC as a strongly robust strategy has been widely used
in industrial [33,34] and electrical equipment [35], since
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its fast response, is particularly robust and insensitive to
model errors, matching uncertainties, and external pertur-
bations. Many results have been proposed for construct-
ing the sliding function and controller. In [36,37], the slid-
ing mode controller design and guaranteed cost SMC are
considered. Observer-based control is a frequently applied
technique to overcome the shortcoming of the unmea-
sured states. The observer-based SMC scheme has been
wildly studied, see [38-42]. In [43], vector integral SMC
for fuzzy singular systems has been studied. Many results
of SMC have been reported in the field of fractional or-
der control. Mani et al. [44] developed the adaptive frac-
tional fuzzy integral SMC for the permanent magnet syn-
chronous motor model. Moreover, adaptive backstepping
SMC, neural network SMC, and H.. adaptive output feed-
back for fractional order fuzzy systems have been stud-
ied in [45-47]. Some results have been published in en-
gineering, for example, admittance-based telerobotic sys-
tems [48], and LCL-type grid-connected converters [49].
SMC of FOSF systems as more general systems have
rarely been studied. [32] proposed the conditions of SMC
for FOSF systems. However, up to now, observer-based
SMC for FOSF systems has been studied.

Observer-based SMC strategy is designed and the ad-
missibility for FOSF systems is studied in the paper. The
main contributions of this paper are summarized as fol-
lows:

1) The new fractional order integral sliding function is
formulated for FOSF systems with order 0 < o < 1.
Compared with the sliding function in [29,44], the
constrained conditions of observer-based SMC are re-
laxed, which can allow us to build LMI-based condi-
tions that ensure the admissibility of FOSF systems.

2) A new non-fragile fractional order fuzzy singular ob-
server is represented. Based on the observer, system
state and output can be well estimated. Moreover,
the sliding motion of FOSF systems can be well dis-
played.

3) The condition of FOSF systems is derived to guaran-
tee admissibility for FOSF systems. Furthermore, by
using the singular value decomposition approach, the
strict LMI-based admissibility condition is improved.
Compared with the results in [31], it avoids solving
complex matrices.

4) Based on the fractional order Lyapunov function, the
fractional order SMC law is proved such that the
reachability of sliding function is guaranteed.

This paper is organized as follows: Problem formula-
tion and preliminaries are introduced in Section 2. In Sec-
tion 3, the non-fragile fuzzy observer and the fractional or-
der sliding surface are formulated. The LMI-based condi-
tions of admissibility are proved for FOSF systems. Then,
the fractional order SMC law is designed. In Section 4,

two examples are shown to verify the effectiveness of the
proposed methods. Section 5 concludes the paper.
Notations: In the paper, P > 0 represents the positive
definite matrix. Let R™*" and R" be m by n matrices and n
dimensional vectors. [ is the identity matrix. rank(P) de-
notes the rank of matrix P. ||P|| denotes the norm of P,

P W P W
sym(P) = P+ PT, and [WT P} = [* P}

2. PROBLEM FORMULATION AND
PRELIMINARIES

2.1. Problem formulation

In this paper, the T-S model FOSF system is represented
as follows:

Plant Rule i: IF z; is H}, - --
THEN

,22 18 Hj, ---, and z, is Hj,

ED%x(t) = (Ai+AA(1))x(1) + Bi(u(t) + f (1,x(1))),
(1) = Cix(2), ey

where 0 < o < 1, z31, 20, ..., Zs are premise variables, and
H;, i=1,2,....,r, j=1,2, ..., s are the fuzzy sets.
x(r) e R", u(t) € R" and y(r) € R” are the system state, the
control input and the measurement output. f(7,x(¢)) is a
nonlinear function satisfying || £ (¢,x(¢))|| < w1 + ||y,
u; and p are unknown constants. E € R"*" is the singu-
lar matrix where rank(E) = g < n. A;, B; and C; are known
matrices. AA(t) is the uncertain term satisfying

AA(t) = MA, ()N, AT (1A (1) < T, )

where M and N are real matrices, A;(z) denotes the un-
known matrix.

Remark 1: Electric circuit in Fig. 1 can be better de-
scribed by the FOSF system, see [16,30]. R can be a non-
linear resistance, the relation function between voltage
and current is Vg(t) = 3i —isin(i). f(¢) denotes external
environmental interference of source voltages e¢; and e;.
Based on Kirchhoff’s laws in [51], the system can be rep-
resented as

e1

tO
Ok

bo

Fig. 1. Electrical circuit illustration.
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The fuzzy basic function is shown as

(DiZ(t)
hiz(t)) = =l
(z(1)) D)
where wiz(1) = IT_ Hi(z(r)), Hi(z;(r)) are the grade of
membership of z;(t) in set Hj. Hence, hi(z(r)) > 0 and

Y hi(z(t)) =1, forallt > 0.
Then, the FOSF system (1) can be derived as

3

EDx(t) = (An+ AA(t))x(r) + B (u(t) + £ (t,x(1))),
y(t) :Chx<t)7 “4)

where
A, = ihi(z(t))Ai,Bh = ihi(z(t))Bi,
i=1 i=1
Ch= ih,»(z,(r))q.

2.2. Preliminaries

In the part, to obtain the desired results in this paper,
some preliminaries are given in the following. Firstly, the
following singular fractional order system is given

ED%x(t) = Ax(t), Q)

where 0 < o < 1, and rank(E) = ¢ < n.
Then, one definition and some necessary lemmas are
introduced.
Definition 1 [32]:
det(s*E —A) £ 0.
2) The system (5) is impulse-free if deg(det(sE —A)) =
rank(E).
3) The system (5) is asymptotically stable if all the roots
of det(s®E — A) satisfy |arg(A(E,A))| > &F.
4) The system (5) is admissible if it is regular, impulse-
free and stable.

1) The system (5) is regular if

Lemma 1 [16]: System (5) is admissible if and only
if there exist matrices X,X, € R, X5 € R"9%4 and
X, € R9%("=9) guch that

X X
[—Xz Xl] >0,

sym(aUAVX — bUAVY) < 0,

where U and V are nonsingular matrices satisfying

UEV = [I(’)I (O)],a:sin(”z"‘),b:cos(”z"‘),and
X 0], %o
i R e

Lemma 2 [50]: For given a scalar € > 0, FT(t)F(t) <1
and matrices P, Q, have

PF(t)Q+Q"F'(1)P" <ePP" +¢7'Q"Q.
Lemma 3 [18]: The following inequalities hold

® <0, d+HF 'HT <0,

if and only if
® H
2 o

Lemma 4 [44]: Let x(r) € R" be a smooth function of
for t > ty. Then there holds

%D"‘ (o (0)x()) < 7 ()D%x(1), YO < < 1.

3. MAIN RESULTS

In this section, a non-fragile observer is developed.
Based on the observer, the system state can be estimated,
and the fractional order sliding mode controller can be de-
signed.

3.1. Non-fragile fuzzy observer design
To measure unavailable state of the system (4), the non-
fragile observer is developed as follows:

ED%(1) = Ank(t) + (L + AL(1)) (y(2) — $(1)),
(1) = Cuk(1), (6)

where £(¢) and §(¢) are the estimations of x(z) and y(z). Ly,
are the gain matrices, and AL(t) satisfies

AL(t) = MA(1)N2, AS (1) Ao (1) < 1. 7
Let e(t) = x(t) — £(¢). From (4) and (6), obtain

ED%(t) = AA(1)x(t) + (A — LiCy — AL(t)Cp)e(1)
+ By (u(t) + f(2,x(t)))- ®)

Remark 2: In the paper, the non-fragile observer (6) is
designed for the FOSF system (4). In practice, the non-
fragile observer is often used [35]. If the error system (8)
is admissible, then the admissibility of the observer can
be ensured. To design the observer, the gain L; should be
determined.
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Then, the following sliding surface function is consid-
ered

s(t) = GLER(t) + GyEe(t)
+Ia[—Gh (Ah +BhKh)xA([)L ©

where I represents integration operator, Kj, is the gain ma-
trix, Gy, is the constant matrix such that G,B, # 0.

Assumption 1: G,E = HC}, holds if the following func-
tion holds

rank [GhE} = rank(Cy,). (10)
Gy

Remark 3: Since system state x(r) and estimation er-
ror e(t) are unknown, the sliding function (9) is not well
defined. However, e(t) = y(t) — J(¢) is available. If G,E =
HCpholds, s(r) = Hy(t) +1*[—Gn(A, + BrKj)£()] can be
designed. When Gy, is found such that G, B, # 0. Then, a
set G, can be found such that G;B; = G,;B;(i # j), where
G, = G, and G; = G,B(G;B;)"' G;. In the paper, G, can
be chosen as G, = Gy,

Based on the fractional order SMC law in [6,44], get

D%(t) = Gy(Ane(t) + AA(1)x(t)) + GyBy (u(t)
+ f(t,x(t)) — Kpk(2)). (11)

Let () be the equivalent control law, get

e (1) = Knt(t) = f(1,2(t)) — G(Ae(r) + AA(0)x(1)),
(12)

where éh = (GhBh)ilGh.
Substituting (12) into (4) and (8), assume G; = I —
Bhéh, we have

ED%x(t) = (An + GhAA(t) + B Ky )x(1)

— (ByGrAp+ BiKye(t), (13)
EDae(t) = (GhAA(t) +BhKh)x(t) + (Ah —LhCh
— AL(t)C, — B, K;,B,GrAp e(t). (14)

According to (13) and (14), obtain
EDx(1) = Ay(1)%(r), (15)

where

BiKy A —LiCp— ByKy — ByGrA,

- [GmM 0] o [N O
M_[_hM —M}’N_[O NZC,J'

—B,G1A; — BiKi, }

3.2. Admissibility analysis

In the subsection, the LMI-based conditions are devel-
oped to ensure (15) robustly admissible.

Theorem 1: The FOSF system (15) is robustly admis-
sible with gain matrices Kj, and L, if there exist matrices
Xi1i> X121, X13i> X14i» Xo1i» X221, X23i, X045, and the scalars ¢;,
i={L,2,...,r} such that

[ X X
>0, 16
| —X12i Xlli:| (16)
[ Xo1 Xoni
>0, 17
| — X2 X21i:| {17)
(@11 P NVIPy; 0
* Dy 0 MGV
* % —el 0 <0, (18)
| * * * —e;l

where a and b are given in Lemma 2, U; and V), are chosen
nonsingular matrices satisfying

Lol ., [uy 0] , [wo
wen=[g ol o=[3 5] v =[5 )

and

@y = sym(U,A,Vi Py + U By Ky Vi Pri)
+ U GiMM™ GLU]
@, = —UBGyAyV: Py — U By K,V Py
+PV{ K} BjU{ +U,G:MM" G, U/,
Dy = sym(U A,V Poi — Uy LyCiV Py
— U\ ByKy Vi Py — U1 By GrAyV: Pay)

+eUMMTUT,
S A R
TES [X(I)ZI 8} , D= [X(z)zi 8] )

Py = aXy; — bYy;, P = aXy — bYy;.
Proof: From the system (15), and Lemma 1, get that
sym(aUA;,(t)VX; — bUA,(t)VY;) <O0. (19)
Then, have

sym(aUAVX; — bUA,VY;) +sym(aUMA(t)NVX;
—bUMA(t)NVY;) < 0. (20)

Hence,

sym Ui 0
y 0 U
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« Ap+ BrK), ~B,GA; — BiK,
B, K;, A, — L,C, — B, K, — B;,GRA;,

S RI)
([ o) g [ k)
<[ sl 0w (o5 2

—b [’8!‘ YgD) <0, (21)

where

SB?}

Let P; = aXy; — bYy;, and P5; = aX,; — bY»;, obtain

svm Uu 0
Y 0 U
« A, +BK, ~B,G1A, — BiK,,
B,K, Ay — LGy, — ByK), — By GrA,,

% _Vl 0 Py; 0
0 vi||0 Py

4 U 0 G-hM 0 A](l) 0
YUMo u]|Gm —M[| 0 A
Ny 0 1[vi 0][P; ©

“1o NzCh] {o Vl] {0 P2,]> <0 @2

According to Lemma 2, get that

Ui B, KV Py

U1 (—BhGhAh - BhKh)YIPZi } )
Ui (An — LyCh — By K, — BrGyAp) Vi Py

Lo o o][Gm 0 (U 0][Gim 0 !
"o |G —M\ |0 U ||GiM —M
(M0 1w o]fPu 0 !
h 0 NG|l |0 V) 0 Py
Ny 0 Vi 0 P; 0
x {0 NZC;,] {0 Vl] {0 Pz,] <0. (23)
From (23), obtain
Ui (A + BuKy)Vi Pr;
”m<[ U\ ByK, Vi P
U, (—BiGA, — BhKh)Y1P2i ] )
Ui (An — LyCy — ByK), — B1,GrAj) Vi Py

U,G\M 0 U,G,M 0 T
uGM -UuM| |\UGM —UM

( |:U] (Ap+ ByKy) Vi Py
sym

+€h[

Ivvipe 0 1T [MwviPe 0
+e€
h 0 MGCViPy 0 MGCViPy

<O0. (24)

Then, according to Lemma 3, we have

Py P NVIP 0
* q)zz 0 NzChV1P2,'
* % —e;l 0 <0, (25)
* % * —e;l
where

@y = sym(U1A, Vi Py + Ui By Ky Vi Pri)

+ U GuMMTGTUT
@y = —UByGyAyV: Py — Ui ByK, Vi Py

+ PV K{BjU] +U,G:MM" G U/,
Dy, = sym(U A,V Py — U LG, Vi Py

— U1 ByK,\V1 Py — U1 ByGApVi Pay)

+ UMM U] .

From (25), (15) can be obtained. Therefore, the FOSF
system (15) is robustly admissible. ]

Remark 4: It is easy to see that there are some non-
linear terms in Theorem 1, such as U;B,K,V|P;; and
U, L,C,Vi P5;. Although some terms can be solved by
defining Z; = K,V P;;. The terms are still difficult to solve,
such as U, L,C,V, P»;. Hence, the singular value decompo-
sition approach will be used to solve the nonlinear terms
in [11,17].

Theorem 2: The FOSF system (15) is robustly admis-
sible with gain matrices K, and L, if there exist matrices
Xi1i> X121y X13is X1air X105 X22i5 X23is Xoai, Wii, Wi, Z; and
the scalars ¢;, i = {1, 2, ..., r} such that

[ X X
>0, 26
| —X12i Xlli:| (26)
[ X011 Xooi
>0, 27
| —X22i X21i:| 7)
(@11 P12 MViPy 0
* CI)QZ 0 NzChlez,-
* % —€l 0 <0, (28)
* * * —e;l

where a and b are given in Lemma 2, Uy, Vi, U,, Sj, and V,
are chosen nonsingular matrices satisfying

_ 4 0 _ Ui O 1 0
UIEVI_[O o}’U_[o UJ’V_[O VJ’

CVi =Us [S, 0]V,
and

@y = sym(U,A,Vi Py + U1 ByWy;)
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+ U G,MM" G UT,

@y = —UB,G1 ALV Py — U ByWo + WEBLUT
+U,GMM"GTUT

Dy = sym(U A,V Py — Ui ZiCyVi — Ui B, Wy,
— U ByGL AWV Py) + UMM UT

X, = [Xlli 0 ] X, = |:X21i sz}

Xi3i Xuail’ 0 Xoul|’
X2 0 X2 O
Yll_|:0 O:|7Y2l_|:0 O:|7

o Xi; 0 - Yii 0
=0 n) 5= 10 n)

P = aXy; — bYy;, Py = aXo; — bY>;,

Py 0

=V |:P22i P

:| VZT, P, = U2ShP215S;1U{1.

The gain matrices are

Ky =W (ViPy) ",
Ly = ZUsS Py, S, ' Uy . (29)

Proof: According to

Py 0| 7
CVi=U,|S, 0|V, Py =V |7
A4 2[;1 }2 ) 2|:P22iP23i
we can get that the matrix B, = UzSthl,-S;lUZ’ ! satisfies
CVi Py = PGV,
Let KyViPi = Wi, KpyViPoi = Wy, and thl =27, Theo-
rem 2 can be directly derived by Theorem 1. ]

Remark 5: By using singular value decomposition ap-
proach (see Lemma 6 in [17]), Theorem 2 based on the
strict LMI can be proved, and it can be easily solved. It is
worth mentioning that the above conditions are equivalent
to these of integer order systems, when o = 1.

3.3. Sliding mode control

In this subsection, the SMC control law is developed
based on fractional order Lyapunov function, which can
ensure the system trajectories can be kept on the sliding
surface.

For the FOSF system (15), there exist the unknown
scalars A1, Ay, € and &, satisfying

eIl < Aally(O)I + A2/ 9@) I,
ITHle@)]l < & lly@)] + &5,
where T = G,By,.

Then, assume that &, &, fi;, and fip are the estimates of

&1, &, W, and [t Theerrorsare & = &, — &, &, =&, &,,
fu = fiy — py and fi, = fi, — l. The SMC is

u(t) = Kud(t) =T~ GudA()x(t) = [T (& ly (1)

+ &)1+ p) + fu + B2 [y(1) l]sen(s(0)),
(30)

where

Dy = ey, [ T[Is()l, D*fia = e YO T sl

D& = cg IyO)|lIs()l, D*& = e, I9(0) 1 1s(0)ll,
&1y}

and ¢y, ¢y, e € and p are positive constants.
Theorem 3: From the sliding surface (9), the system
state can reach the sliding surface in a finite time based on
the SMC (30) with the gain matrices Kj and L;, solved by
Theorem 2.
Proof: The following Lyapunov function is chosen

V(t) =Vi(t)+Va(t) + Va(t) + Va(t) + Vs(t)

1 T 1 ~2 ~ 1 £2
= = t)s(t —
25 (t)s(t) + 2, Hy+ 2 Wy + 2z, &i
—&. (32)
2%2
Based on Lemma 4, have
DV (t) < sT(t)D%s(t) = 5" (t) x [Gr(Ape(t)

+AA(2)x(t)) + GuB (u(t) + f (1, x(t))
— K(1))]. (33)

From (30), the above inequality can be rewritten as

DV (1) < s"(1)[Gn(Ane(r) + By (f (2,x(1))
— Ki£(1))) = T(T ' & lly(0) | + & [5()]|
+p)+ i+ fally(1)])sgn(s(r))
— Kpx(1)]
<s" (1) [GrAne(t) + T (f(t,x(1)) — Kik(t))
(T~ (& y@)l| +&)90) (1 +p)
+ [+ fol|y(1) || )sen(s(t)) — Kuk(r)].
(34)

Then, we have

DV (1) <" (t)[Gu(Ane(r) + Bu(f(t,x(1))
— Kuk())) = T(T " & lly() | + &5 |
+p) + 4 a2 ly(1) [ )sen(s(?))
~ Kik(0)) + £ + 22D,
H H2
+ éDaél + éDaéz
Ce ¢,
< s ly@l + &)
+IsOINT [ (er + p2[ly(@)]])
— s Elly@)| + &9
+p) = IT|[Is@)(f1 + B2 ly(O)])
+ | T [Is@) ||+ D2 lly @I | []s(2)]]

+E @ s@) ) + &5l
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=—plls@)]. (35)
According to Lemma 3 in [7] and (35), have
DV (1) < —plls(t)| < —vV2pV2 (1) (36)

Then, according to Lemma 8 in [2] and (36), we can get
1
< (% V“"(O) rm)r(ﬁ)ﬁ such that the system states

V2p (a+3)
can reach the sliding surface (9) in finite time. This com-
pletes the proof. ]

Remark 6: If the system (4) has the same matrices, i.e.,
B=B;=...=B,,andC=Cj =...=C,. The results pro-
posed in the paper are still applicable. Hence, the results
are less conservative.

After the SMC design, the detailed process is outlined
below:

1) Choose appropriate matrices G, satisfying G,B), # 0,
and choose Uy, Us, Vi, and V, satisfying

I, 0
UEV, = {O 0

} CVi =U, Sy 0] Va.

2) Determine the gain matrices Kj and Ly, by solving the
(26)-(29) in Theorem 2.

3) Design the sliding surface (9), and choose the param-
eters P, ¢y, Cpy» Cg,» and cg, in (30), (31).
4) Apply the designed control law (30) to the plant.

4. ILLUSTRATIVE EXAMPLES

In the section, two examples to show the effectiveness
of our results.

4.1. Example 1
Consider the following FOSF system

3
y(1) =Y hi(z(1))Cix(1), (37
i=1
where
100 -210
E=]1010|,A=|-120],
000 -103
01 0 -21 0
Ar=1-21 —1|,A3=]-11 =2/,
0 0 -1 1 0 -2
0.1 0.3 1 0.3 0.2
M=102 0.1 05|,N=5L,N,= {02 0.1},
0.2 0.2 0.1 0.2 0.3

@00
MO =KH)=] 0 <=0 o |,
0 0 suz(t)
1 1.5 0
B =|1|,B,=|-05|,Bs=|2],
1 2 1

f(t,x(2)) = (sin®(t) — cos(t) — 0.1)x (),

303 202 101
G = ozz]’CF[o 1 1]’C3:[0 1 1}’

I (2(e)) = s1néx1)’ I (z(t)) = l—kczs(xl)7
hy(z(t)) = 1= hy (2(t)) — ha(2(1)).

It is worth mentioning that B; # B, # Bz and C; # G,
= C3. We can choose

G =Gy =G;3=

[111],

such that G1B; = G,B, = G3B3 = 3 is nonsingular, and

2 1 1
R R R _ 3 73 73
Gi=Ga=Gi=[3 $ 4. Gi= 4 1 -1,
1 1 2
3 73 3
05 —05 -0.5 0 O
G =| 1 1 1 Z 1 _2
R R
L™ 3 3 3 3 73 3
Choose
100 100
Uy=1010|,V,=1|01 0],
10 01 001
- 100
=y 1| va=101 0],
L 001
such that
100
U\EV; 010f,
000
30 2 0 1 0
o o=l sl 1]

By solving (26)-(29) in Theorem 2, the gain matrices
K, L;, and ¢; can be obtained

Ky =[0.1054 —52.9027 2.1942],

[0.0883  13.2260

L= [—8.7087 0.1871 |, ¢; =2.9694,
| —8.7510 13.1509

K, =1[0.5217 22231 —1.0883],
[0.2042 —5.6773

Ly= 127990 0.0357 |, e; =2.9342,
12,9439 —5.5744
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Fig. 2. State response x(z).
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Fig. 3. State estimation £(¢).

K3 =[-3.4123 —6.3039 —1.2016],

—0.5629 2.6542
Ly =|—19725 7.8628 |, €3 =9.9629.
0.6551  2.0097

Then, the parameters can be chosen as p = 0.1, ¢, =
0.15, ¢y, = 0.05, cg, =02, and cg, =0.1.

Figs. 2-4 show the state response, state estimation, and
estimation error of the FOSF system. Figs. 5-6 show the
sliding mode surface s(¢) and the control signal u(¢). From
Figs. 2-4, we can know that the FOSF system (37) is ad-
missible under the SMC scheme and the the initial condi-
tion xo = [—1,0.2,—0.5]. Fig. 7 shows that fi;, fi,, &, and
&, are bounded.

Remark 7: One advantage of Theorem 2 is that it is
based on strict LMI, which avoids the computation com-
plexity. The other one is that it can be viewed as a gen-

4.5

— (1)
— en(t)
es(t)

Time (s)

Fig. 4. Estimation error e(7).
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Fig. 5. Sliding mode surface function s(¢).
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Fig. 6. Control input u(z).
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Fig. 7. Parameter estimation.

eralization of the results of integer order systems. When
a = 1, the FOSF systems reduce to the integer order fuzzy
singular systems considered in [38-42]. Compared with
the results in [31], Theorem 2 avoids solving complex ma-
trices and reduces the computational cost.

4.2. Example 2
Consider the electrical circuit in Fig. 1. Let o¢ = 0.6,
inductor L = 1, capacitances C; = 1 C, = 2, x(t) =
[x1(t) xa2() xg(t)}T = [i ul]T, and membership
functions / (z(£)) = =500 py (2(1)) = 1 — hy (2(1)).
Then, obtain

100 4 0 —1
E=[0 —21|,4,=[1 0 0],
00 0 0 1 —1
2 0 -1 10
A,=1|1 0 0|,B=B=100]. (38)
0 —1 —1 01

Consider the system output, internal and external envi-
ronmental disturbances

Ci=C = [1 0 0] R f(l) = (sin(t)—i—O.l)xl(t),

0.3 04 0.48 0.1
M=10409 05|,N =5k, N,=|02],
0.1 0.2 0.3 0.3
sin3(t) 0 0
_ — (
M) =M()=1] 0 <V o<> . (39)
o 0 =
Choose
100
GI_GZ_[O 0 1]~

Then, the gain matrices K, L, and ¢; can be obtained

K _ [22:2464 ~36.2670 —18.7884
"7 -3.9176  —12.3690 —20.8654]°
[22.7262]
L= |—2.4684 ], ¢ =7.2249,
| —9.2483 |
o _ | 69307 25.6040  79.0750
>7 [-10.9817 —22.9383 —40.0365
[15.9354]
L= |-1.1346| , &, = 6.1437.
| —5.7224]

Fig. 8 shows the state response, state estimation, and
estimation error in Example 2, which implies the effec-
tiveness of the method about observer-based sliding mode
controller design in the paper.

5. CONCLUSION

In the paper, the problem of observer-based SMC for
FOSF systems has been studied. Firstly, the non-fragile
observer and sliding mode surface is designed for FOSF
systems. Then, the sliding motion of the error system has
been proposed. Furthermore, the condition with the bilin-
ear term of admissibility has been obtained for FOSF sys-
tems. Thus, by using the singular value decomposition ap-
proach, the condition based on LMI has been improved.
Moreover, by designing the SMC law, the system state
can reach the sliding mode surface in a finite time. Two
examples have been used to verify the effectiveness of the
proposed methods.

In the future, we will focus on H., observer-based SMC
for FOSF systems.
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