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Anti-swing and Positioning for Double-pendulum Tower Cranes Using
Improved Active Disturbance Rejection Controller
Xinyu Kang � , Lin Chai* � , and Huikang Liu �

Abstract: In most working scenarios of tower cranes, the load swings around the hooks, resulting in a double-
pendulum effect. This makes the tower crane more underactuated and nonlinear, and thus more difficult to control.
To solve these problems, we design an improved Active Disturbance Rejection Controller (I-ADRC). First, we
propose a smooth and non-linear function to reduce the high-frequency oscillation of the system at steady-state and
avoid the “chattering” phenomenon. Second, we construct a new type of Extended State Observer (ESO) to improve
the dynamic response performance of the system. Then we prove that the closed-loop system is asymptotically stable
under reasonable parameters by using the Hurwitz criterion and Lyapunov technique. Numerical simulation results
show that our proposed controller has superior control performance and strong robustness.
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1. INTRODUCTION

Tower crane, as widely used transportation equipment
in ports, construction sites, factories, etc, is being de-
veloped towards intelligence and full automation. In the
working process of tower crane, the load will swing due
to trolley/jib accelerates and decelerates movement or the
interference of external forces. As yet, tower cranes are
manually operated and usually static or reverse-driven to
eliminate load swing, which affects efficiency and is prone
to human injury accidents. In many cases: 1) When the
hook and the load quality are similar or the hook qual-
ity is too heavy to be ignored; 2) When the load quality
is not uniform and the size is too large to be regarded as a
particle, there will be double-pendulum effect between the
load and the hook [1]. That is, the load will swing around
the hook with lesser independent inputs than the degrees
of freedom, and the system has higher coupling, which
brings great challenges to the design of rapid positioning
and anti-swing control method of the system.

As a typical crane, tower crane has the advantages of
underactuated system, that is, low power consumption and
simple mechanical structure. In recent years, the design of
tower crane controllers has been studied deeply by many
scholars. The various types of existing control methods
can be divided into open-loop methods and closed-loop
methods according to whether there is closed-loop state
feedback in the proposed methods. Input shaping [2-4]

and trajectory tracking control [5,6] based on optimal ve-
locity are widely utilised in practical production as easy-
to-implement open-loop control strategies. Closed-loop
methods such as Lyapunov-based energy analysis meth-
ods [7,8], model predictive control (MPC) [9-12], adaptive
control [13-17], sliding mode control [18-21], fuzzy con-
trol methods [22,23], observer-based methods [24], intelli-
gent control [25-27], and so forth. However, the aforemen-
tioned methods ignore an inevitable rope length between
the hook and the load, therefore, the quality of the hook is
disregarded. Compared with the single-pendulum crane,
the double-pendulum effect crane is closer to the actual
condition, i.e., the load will rotate irregularly around the
hook. So it is challenging to design controller for tower
crane with double-pendulum effect.

Tower cranes with double-pendulum effect are mechan-
ical systems with complex dynamics characteristics, and
few effective control methods have been proposed. Zhang
et al. first established the dynamic model of tower cranes
with double-pendulum effect [1]. After analyzing and val-
idating the model, then designed an energy-based con-
troller. Moreover, the effectiveness and correctness of the
proposed controller were verified by simulations. Ouyang
et al. designed a controller using energy-shaping-based,
which ensures actuator output is physically constrained
[28]. A partial enhanced-coupling nonlinear controller is
proposed by Tian, to avoid the model uncertainties and ex-
ternal disturbances affecting controller performance [29].
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In case of model parameters uncertained, Ouyang et al.
proposed an adaptive tracking controller to address the
influence of non-zero initial swing angles and external
disturbances on system [30]. Through numerous simula-
tions, the controller shows good performance. Neural Net-
work (NN) has excellent nonlinear control ability and ro-
bust characteristics when solving models with unknown
parameters [31], Zhang et al. presented an adaptive neu-
ral network tracking control method, which controls the
trolley and jib quickly track their predetermined trajecto-
ries [32]. The controller was compared with other con-
trollers and brought out robustness regarding uncertain
model dynamics. Ouyang et al. introduced a controller to
increase the coupling of actuated and underactuated parts
with a simple structure, it also ensures the positioning and
anti-swing performance when initial output of actuators
is zero. Various experimental results are implemented to
validate the control effectiveness [33].

After analyzing and comparing a large number of liter-
ature sources, this paper identifies the following problems
that need to be solved by existing research.

1) Most of the research regards the tower crane double-
pendulum as two-dimensional motion or focuses on
a simple single-pendulum, and there are few re-
searches on the three-dimensional complex model of
the double-pendulum effect.

2) Despite the above methods can control the position-
ing of the trolley and jib, the swing angle at all levels
can be further reduced.

3) Open-loop control methods such as trajectory track-
ing and input shaping can achieve control objectives
and are widely used, but such methods without state
feedback are difficult to deal with unknown distur-
bances.

4) The influence of “chattering” caused by design de-
fects or external disturbances on the steady-state per-
formance of the system has been ignored in most ex-
isting researches.

To this end, the main contributions of this paper are as
follows:

1) Based on the ADRC, the designed controller achieves
both jib/trolley positioning and rejection of double-
pendulum swing angels, meanwhile, a function with
nonlinear and smooth characteristics is designed to
avoid “chattering”.

2) After analysis and a series of comparative simula-
tions, it is verified that the proposed controller has
superior robustness concerning model parameters un-
certained and significant control performance.

2. TOWER CRANE DYNAMIC MODEL AND
CONTROL OBJECTIVE

2.1. Tower crane dyamic model
The structure diagram of the tower crane with under-

actuated double-pendulum effect is shown in Fig. 1. By
using the Lagrange’s kinematics equation, the dynamic
model is described as follows [1]:
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Fig. 1. Tower crane model.
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+gm2l2C3S4 = 0, (6)

where Mt , m1, m2 represent the trolley mass, the hook
mass, the load mass, respectively. θ1 and θ3 are the an-
gles of the hook and load in the plane of the mast and
jib, respectively. θ2 and θ4 are the angles of the hook and
load out of that plane, respectively. The length of the rope
and rigging are represented as l1 and l2, respectively. The
moment of inertia of the jib is denoted as j0, and g is the
gravitational acceleration. α represents the jib slew angle,
and x is the trolley displacement. Tα denotes the slew driv-
ing torque, Fx is the trolley motion driving force, and Tf ,
Ff are the friction torque and force, respectively.

Tf = f11 tanh
(

α̇

ε1

)
+ f12|α̇|α̇, (7)

Ff = f21 tanh
(

ẋ
ε2

)
+ f22|ẋ|ẋ. (8)

The friction model can be derived as follows by using
friction compensation [28,29]: f11, f12, f21, f22, ε are the
friction-related parameters, which are 5.2, 0.6, 4.4, 0.5
and 0.01 after offline experiments and data fitting, respec-
tively.

In order to keep generality and facilitate controller de-
sign and stability analysis, the tower crane system often
has the following assumptions:

1) The mass of the rope and rigging is ignored and con-
sidered as a rigid link, then their deformation and
twist and other non-linear factors can be regardless.

2) In the practice case, the load cannot exceed the jib ,
and load usually swings below the hook, that is, the
values of swing angles are limited θ1, θ2, θ3, θ4 ∈(
− π

2 , π

2

)
.

3) When the state of the tower crane is close to the equi-
librium point, the hook and load swing angles (θi,
i = 1, 2, 3, 4) are very small, therefore, cosθi = 1
and sinθi = 0 are reasonable, θ̇iθ̇ j = θ̇ 2

i = 0(i 6= j, j =
1,2,3,4),and α̇ ẋ = α̇2 = ẋ2 = 0 are also logical.

2.2. Control objective
The control objective of the tower crane is to quickly

transport the load from the initial position to the desired
position. At the same time, minimizing the swing angle as
much as possible and eliminating residual swing angles.
Therefore, the control shall achieve the following objec-
tives:

1) The jib/trolley must reach the desired position, and
the mathematical expression is as follows:

lim
t→∞

α = αd , lim
t→∞

x = xd , (9)

where αd and xd are the positions planned for jib and
trolley.

2) The swing angles of hook and load must also be re-
strained during positioning, and the expressions are
as follows:

lim
t→∞

θ1 = 0, lim
t→∞

θ2 = 0, lim
t→∞

θ3 = 0, lim
t→∞

θ4 = 0. (10)

3. CONTROLLER DESIGN AND STABILITY
ANALYSIS

In this section, to achieve suppress the swing angles
of the double-pendulum effect, and eliminate “chatter-
ing” on the system output, while accurately positioning
the jib/trolley. An improved Active Disturbance Rejection
Controller (I-ADRC) will be proposed. Then, the stability
of the closed-loop controller is proved by Hurwitz Crite-
rion and Lyapunov technique.

ADRC is a nonlinear controller independent of param-
eters certained model. Its idea is to synthesize the internal
and external disturbances of the system into a “total distur-
bance” to compensate for the feedback loop. ADRC does
not require a prior model of directly measured external
disturbances and has excellent disturbances resistance and
robustness [27,34].

Based on the theory of linearization and decoupling, a
simplified model is derived in this paper [35]. The model
is presented as follows for the purpose of facilitating the
controller design and system

(J0 +Mtx2
d +m1x2

d +m2x2
d)α̈ +(m1 +m2)l1xd θ̈2

+m2l2xd θ̈4 = Ta, (11)

(Mt +m1 +m2)ẍ+(m1 +m2)l1θ̈1

+m2l2θ̈3 = Fx, (12)

(m1 +m2)l1ẍ+(m1 +m2)l2
1 θ̈1 +m2l1l2θ̈3

+(m1 +m2)gl1θ1 = 0, (13)

(m1 +m2)l1xdα̈ +(m1 +m2)l2
1 θ̈2 +m2l1l2θ̈4

+(m1 +m2)gl1θ2 = 0, (14)

m2l2ẍ+m2l1l2θ̈1 +m2l2
2 θ̈3 +m2gl2θ3 = 0, (15)

m2l2xdα̈ +m2l1l2θ̈2 +m2l2
2 θ̈4 +m2gl2θ4 = 0. (16)

The dynamic model can also be changed into{
q̇qq2 = [ f (t)f (t)f (t)+w(t)w(t)w(t)]+bUabUabUa,

q̇qq1 = q2q2q2,
(17)

where UaUaUa represent system inputs; q1q1q1 represent state vari-
ables; bbb is the control signal gain coefficient; the f (t)f (t)f (t)+
w(t)w(t)w(t) were related to the system state, the unknown exter-
nal disturbance represents real-time action, and its deriva-
tives are classified as the “total disturbance”. They are ex-
plicitly included in Appendix A.

3.1. Controller design
The designed tower crane with double-pendulum effect

controller (ADRC) consists of three modules: tracking dif-
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ferentiator (TD), improved nonlinear state error feedback
control rate (NLSEF), and improved extended state ob-
server (ESO). This subsection describes the design of the
controller for the trolley luffing subsystem of the tower
crane.

3.1.1 Tracking differentiator
The TD is utilised to arrange the input signal transition

process and smooth the signal to avoid excessive over-
shoot caused by the large difference between the given
value and the actual feedback value. Its discrete form can
be expressed as

u(k) = f han(x1(k)− v(k),x2(k),r1,h0) ,

x1(k+1) = x1(k)+h1x2(k),

x2(k+1) = x2(k)+h1u(k).

(18)

In the formula, f han(x1,x2,r1,h0) is the fastest compre-
hensive function, which is utilised to fast track the input
of the target value, and its formula can be expressed as

d = r1h0
2,

j0 = h0x2(k),

y = x1(k)+ j0,

j1 =
√

d(d +8|y|),
j2 = j0 + sign(y)( j1−d)/2,

j = ( j0 + y) f sg(v,d)+ j2(1− f sg(y,d)),

f han =−r
(

j
d

)
f sg( j,d)

− r · sign( j)(1− f sg( j,d)).

(19)

The f sg( j,d) for eliminating high frequency signals is de-
fined as

f sg( j,d) = (sign( j+d)− sign( j−d))/2, (20)

where h is the sampling period; r is the rate factor of the
tracking input signal; h0 = n∗h, n is an integer between 1
and 20, and h0 determines the ability of the controller to
eliminate the noise component in the tracking signal.

3.1.2 Improved nonlinear state error feedback control
rate

NLSEF transforms the control law of system with un-
known external disturbances into a PI series-type process
using a nonlinear function.

The NLSEF and ESO in traditional ADRC use a non-
linear piecewise f al(e,γ,δ ) to eliminate high frequency
“chattering” near the error zero. Among them, e is the er-
ror signal; γ is the given nonlinear factor; δ determines
the interval span of the nonlinear segment.

However, after analysis, it is found that f al(e,γ,δ )
is continuous but not smooth near the ±δ . In order to
avoid the “chattering” of the system due to f al(e,γ,δ ),

a kas(e,γ,δ ) with better global smoothness is designed
to improve controller steady-state accuracy and perfor-
mance.When the jib/trolley is controlled near the con-
trol target, the tracking error hovers around zero, and the
kas(e,γ,δ ) is the judgment condition for the magnitude
of the error. kas(e,γ,δ ) is fitted by a linear segment and a
sinusoidal segment, during |e| ≤ δ the kas(e,γ,δ ) can be
expressed as

kas(e,γ,δ ) = G1e+G2e2 +G3 sine. (21)

When |e| ≤ δ , it is consistent with the f al(e,γ,δ ),
then,gain functions G1, G2, and G3 can be calculated by
ensuring that the piecewise function satisfies the bound-
ary condition and is smooth and continuous when |e|= δ .
Finally, the complete kas(e,γ,δ ) can be represented as

kas(e,γ,δ ) =


(aδ

γ−1− (1− γ)δ γ cosδ

sinδ −δ cosδ
)e

+
(1− γ)δ γ

sinδ −δ cosδ
sine, |e| ≤ δ ,

|e|γ sign(e), |e|> δ .

(22)

In order to verify the improvement of the kas(e,γ,δ )
function compared to the f al(e,γ,δ ) function, Fig. 2
shows the respective response of them at δ = 0.1; γ = 0,
0.25, 0.5, 0.75 and the comparison response at δ = 0.1;
γ = 0.25. It can be clearly seen from the comparison re-
sults that, compared with f al(e,γ,δ ), kas(e,γ,δ ) not only
has global smoothness throughout the entire interval but
also has better continuity. By using kas(e,γ,δ ), the “chat-
tering” caused by the traditional function with high fre-
quency switching to the state variables of the system at all
levels can be effectively avoided. Furthermore, the perfor-
mance of the controller is correspondingly improved.

Then the improved discrete form of NLSEF is as fol-
lows:

e1(k) = v11(k)− z1(k),e2(k) = v12(k)− z2(k),

e3(k) = v21(k)− v31(k),e4(k) = v22(k)− v32(k),

e5(k) = v41(k)− v51(k),e6(k) = v42(k)− v52(k),

ua = k1 · kas(e1,γ1,δ0)+ k2 · kas(e2,γ2,δ0) ,

ub = k3 · kas(e3,γ1,δ0)+ k4 · kas(e4,γ2,δ0) ,

uc = k5 · kas(e5,γ1,δ0)+ k6 · kas(e6,γ2,δ0) ,

u1 = ua +ub +uc,

Fx = u1−
z3(k)

b1
,

(23)

where 0< a1 < 1< a2; k1, k3 and k5 are proportional regu-
lating factors; k2, k4 and k6 are differential regulatory fac-
tors; b1 is the compensation factor; kas(e,γ,δ ) is the new
nonlinear function; ei (i = 1, 2, ..., 6) are the state errors
of the system; u1 is the superposition output of three cas-
caded nonlinear PD control laws.
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Fig. 2. f al(e,γ,δ ) and kas(e,γ,δ ) comparison.

3.1.3 Improved extended state observer
ESO uses higher-order state variables to dynamically

compensate for real-time estimated total system distur-
bances. In the classical extended state observer, z1(k)
tracks the system input signal, z2(k) tracks the differen-
tial component of the system output signal, and z3(k) is
the “total disturbances” estimated value. Considering that
the trolley variable amplitude displacement x differential
dispersion form x2(k) also has a physical reference in the
design process of the controller, x2(k) should be used as
the target variable of the observed value z2(k). The ex-
pression of the designed improved ESO is as follows:

e1(k) = z1(k)− x1(k),e2(k) = z2(k)− x2(k),

z1(k+1) = z1(k)+h[z2(k)−β01e1(k)],

z2(k+1) = z2(k)+h[z3−β02e2(k)]+b1 ·Fx,

z3(k+1) = z3(k)−h[β03kas(e1(k),γ01,δ1)

+β04kas(e2(k),γ02,δ1)],

(24)

where β01, β02, β03, and β04 are the gains of the state er-
ror feedback, which determine the dynamic performance
of the ESO convergence. The four parameters are coupled
with each other and play a key role in the stability of the
system. x1(k) is the discrete quantity of the trolley dis-
placement.

The z3(k) in the improved ESO can more effectively
estimate the “total disturbance”, which includes changes
in model parameters (double-pendulum mass and rope
length) and external disturbances, i.e., the disturbances
that can affect the output of the system (the swing angles
of all levels, the position of trolley and arm), or the distur-
bances that can be observed by the system output. After
z3(k) is compensated by the error feedback in NLSEF, the
robustness of the controller is enhanced.

In order to reduce the difficulty of manual tuning pa-
rameters, the concept of observer bandwidth proposed
by Gao [36] is utilised in this paper, that is, β01 = 3ω1,
β02 = 3ω2

1 , β03 = ω3
1 , β04 = β03, and ω1 defined as the

observer bandwidth.

The rotary controller is exactly the same as the above
structure, only the key parameters need to be adjusted
again according to the control objective. Hence, the struc-
ture schematic diagram of tower crane with double-
pendulum effect I-ADRC is shown in Fig. 3.

3.2. Controller stability analysis
In the design of the expansion observer in the above sec-

tion, all poles of ESO are configured as −ω1, which sat-
isfies ω1 > 0, then set up the observer’s closed-loop poles
to ensure stability, they satisfy the following relation:

v(s) = s3 +3ω1s2 +3ω
2
1 s+ω

3
1 . (25)

According to the dynamic model, let ξ1 = x, ξ2 = ẋ, ξ3 =

f1(t)f1(t)f1(t), ξξξ =
[
ξ1 ξ2 ξ3

]T , f1(t)f1(t)f1(t) is the “total disturbances”
of the internal and external disturbances of the trolley x
displacement system. Assuming f1(t)f1(t)f1(t) is bounded and dif-
ferentiable, then

∣∣∣ ˙fff 1(t)
∣∣∣=RRR≤ s, and s > 0. According to

(17). The state vector equation of trolley control subsys-
tem is as follows:{

ξ̇ξξ =AξAξAξ +BU1BU1BU1 +ERERER,

xxx =CξCξCξ ,
(26)

where AAA=

0 1 0
0 0 1
0 0 0

, BBB=


0
1

Mt

0

,U1U1U1 =Fx ,CCC =
[
1 0 0

]
,

EEE =
[
0 0 1

]T . And, set DDD =
[
3ω1 3ω2

1 ω3
1

]T , then
d1 = 3ω1, d2 = 3ω2

1 , d3 = ω3
1 . Performing simple math-

ematical operations on (26) gives the following results:
˙̃

ξξξ 1 = ξ̃ξξ 2−d1ξ̃ξξ 1,

˙̃
ξξξ 2 = ξ̃ξξ 3−d2ξ̃ξξ 1,

˙̃
ξξξ 3 =RRR−d3(ξ̃ξξ 1 + ξ̃ξξ 2).

(27)
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Fig. 3. Control scheme of the tower crane system.

Let ζiζiζi = (ξ̃ξξ i)/
(
ω

i−1
1

)
(i = 1,2,3) be as follows:

ζ̇ζζ = ω1Aζ ζAζ ζAζ ζ +
BζBζBζ

ω1
2 RRR (28)

where AζAζAζ =

−3 1 0
−3 0 1
−1 −ω1 0

 is verified to be a Hurwitz

matrix, BζBζBζ =
[
0 0 1

]T And AζAζAζ should satisfy the fol-
lowing formula:

AζAζAζ
TPPP+PAζPAζPAζ =−WWW . (29)

When WWW is any positive definite constant and symmetric
matrix, then PPP must exist as a positive definite symmetric
matrix, then the system is asymptotically stable.

The following Lyapunov candidate function V is intro-
duced to analyze the stability of the closed-loop system

V1V1V1 = ζ̃ζζ
T
PPPζ̃̃ζ̃ζ . (30)

The derivative of the proposed Lyapunov function V with
respect to time is obtained as follows:

V̇VV 1 =
˙̃
ζζζ

T
PPPζ̃ζζ + ζ̃ζζ

T
PPP ˙̃

ζζζ

=
1

ω1

˙̃
ζζζ

T (AζAζAζ
TPPP+PAζPAζPAζ

)
ζ̃ζζ +2 ˜ζζζ T PBζ f1(t)

≤− 1
ω1

ζ̃ζζ
T
WWW ζ̃̃ζ̃ζ +2

∥∥PBζPBζPBζ

∥∥ · ‖ζ̃ζζ‖ ·RRR
≤− 1

ω1
λλλ min(WWW )‖ζ̃ζζ‖2 +2s

∥∥PBζPBζPBζ

∥∥ · ‖ζ̃ζζ‖, (31)

where λλλ min(WWW ) is the minimum eigenvalue inWWW matrix. If
the closed-loop system is Lyapunov asymptotically stable,
the following inequalities must be satisfied

‖ζ̃ζζ‖ ≤
2sω1

∥∥PBζPBζPBζ

∥∥
λλλ min(WWW )

. (32)

In this case, V̇1V1V1 ≤ 0, V1V1V1 is positive definite matrix,
according to the boundedness theorem, when VVV (ζ̃ζζ ) is
bounded, ζ̃ζζ as its domain should also be bounded. As men-
tioned above, f1(t)f1(t)f1(t) is bounded and differentiable as the
“total disturbance”, and it can be known from (27), ζ̇ζζ is
bounded. From the above analysis of bounded conditions
and (32), we can know that V̇1V1V1 is bounded. Finally accord-
ing to Barbalat’s lemma, when t → ∞, then ζ̃ζζ → 0, so the
system is Lyapunov asymptotically stable [37].

Similarly, the closed-loop controller of the jib is proved
to be asymptotically stable, that is, V̇2V2V2 ≤ 0, then V̇VV = V̇1V1V1 +
V̇2V2V2 ≤ 0.

According to the above analysis and conclusions, the
proof of the proposed controller stability analysis can
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be accomplished by using LaSalle’s invariance principle
[38].

4. SIMULATION RESULTS AND DISCUSSION

In this section, we use MATLAB&Simulink to build
a mathematical model of the double-pendulum of the
tower crane. The parameters of tower crane with double-
pendulum are shown in Table 1. Then, the effectiveness
and robust performance of the proposed controller is ver-
ified by a series of simulations. Firstly, an LQR, a sliding
mode controller (SMC), and a partial enhanced-coupling
nonlinear controller with initial saturation (PENCIS) [29]
are compared to the proposed controller. Then, consider-
ing model in different load mass and rope lengths, and ex-
ternal disturbances, we verified the robustness of the pro-
posed controller.

4.1. Simulation conditions
The controller parameters for the double-pendulum

tower crane are obtained through careful tuning and are
given as follows:

Trolly subcontroller:

r1 = 2.82, h1 = 0.01, ω1 = 11.9, b1 = 36.23,

k1 = 0.10, k2 = 2500, k3 = 0.50,

k4 = 0.10, k5 = 9.90, k6 = 0.01. (33)

Jib subcontroller:

r2 = 2.21, h2 = 0.01, ω2 = 2.88, b2 = 4.81,

k7 = 0.10, k8 = 0.60, k9 = 0.01,

k10 = 0.10, k11 = 0.10, k12 = 0.01. (34)

And for the kas(e,γ,δ ), their nonlinear parameters are
pre-given and generic, therefore we chose the following
value for them:

δ = 0.01, γ1 = 0.75, γ2 = 1.25, γ01 = 1, γ02 = 0.5.
(35)

4.2. Comparative simulations
For the sake of verifying the superiority of the proposed

controller, it is compared with a SMC, a LQR and a PEN-
CIS in simulations.

The nonlinear SMC can be introduced from the lin-
earized matrix (17), and it is that

SSS = q1q1q1 +ΛΛΛ(qqq−qdqdqd),

Table 1. Tower crane model.

Mt 5.6 kg m1 5 kg m2 5 kg
J0 6.8 kg·m2 l1 1 m l2 2.5 m
g 9.8 m/s2 xd 0.6 m αd 30 m

ΛΛΛ = diag{χ1 χ2 χ3 χ4 χ5 χ6}. (36)

Set χiχiχi, (i = 1, ..., 6) are positive elements, then the slid-
ing mode convergence law can be defined as

ṠSS =−µSµSµS−ηηη tanh(SSS). (37)

In summary, the specific expression of SMC is as fol-
lows:

Ua =
(
bTbTbTbbb
)−1 (

bTbTbT (ddd +ΛΛΛq1q1q1−µµµSSS−ηηη tanh(SSS))
)
.

(38)

The LQR controller of linearized tower crane model is de-
signed as follows:

Ta =−ϑ11e1−ϑ12ė1−ϑ13θ2−ϑ14θ̇2

−ϑ15θ4−ϑ16θ̇4 +Tf , (39)

Fx =−ϑ21e2−ϑ22ė2− k23θ1−ϑ24θ̇1

−ϑ25θ3−ϑ26θ̇3 +Ff , (40)

and the QQQ and RRR matrices were set as QQQ = diag(40, 40, 40,
40, 40, 40, 1, 1, 1, 1, 1, 1) and RRR = [1 1] to achieve control
object, where the controller gains ϑ11 = 6.32, ϑ12 = 12.54,
ϑ13 = 0.09, ϑ14 = 3.25, ϑ15 = 1.17, ϑ16 = 4.78, ϑ21 =
6.32, ϑ22 = 13.89, ϑ23 = 1.68, ϑ24 = 6.55, ϑ25 = 2.39,
ϑ14 = 7.94.

The PENCIS proposed in [29] is as follows:

Tα =−kt p tanh(eϖ1)− ktd tanh(ėϖ1)

− ε1κ1
(
λ1θ̇2 + θ̇4

)
+Tf , (41)

Fx =−k f p tanh(eϖ2)− k f d tanh(ėϖ2)

− ε2κ2
(
λ2θ̇1 + θ̇3

)
+Ff , (42)

where kt p = 15.00, ktd = 21.00, k f p = 16.00, k f d = 32.00
are gain factors. The above Tf and Tf are defined in (7) and
(8). eϖ1 =ϖ1−αd , eϖ2 =ϖ2−xd , ėϖ1 = ϖ̇1, ėϖ2 = ϖ̇2, and
the expressions for ϖ1 and ϖ2 are as follows:

ϖ1 = α +µ11θ2 +µ12θ4 +κ1

∫ t

0
(λ1θ2 +θ4)dτ,

(43)

ϖ2 = x+µ21θ1 +µ22θ3 +κ2

∫ t

0
(λ2θ1 +θ3)dτ, (44)

where κ1 = −0.25, κ2 = −3.50, µ11 = −0.40, µ12 =
−0.50, µ21 =−0.72, µ22−0.90

Firstly, the comparative simulation results were in-
cluded by Fig. 4, which contains the trolley and jib po-
sitioning state information α and x, the hook swing an-
gles θ1 and θ2, load swing angles θ3 and θ4. Moreover, we
also listed significant control indicator data in Table 2 as
a quantitative comparative analysis to report the superior
control performance of the proposed controller.

It is obviously seen from the figure that the proposed
controller can quickly position and eliminate the swing of
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Table 2. Quantified analysis results.

Control method Reaching time txr (s) Reaching time tαr (s) Maximum value θ1max (deg)
Proposed 6.87 6.05 0.35
PENCIS 5.92 4.41 0.92

SMC 6.73 7.22 3.22
LQR 10.29 6.45 1.60

Maximum value θ2max (deg) Maximum value θ3max (deg) Maximum value θ4max (deg)
Proposed 0.43 0.44 0.49
PENCIS 0.55 1.24 0.48

SMC 1.00 3.83 1.47
LQR 0.72 1.94 0.83

Fig. 4. Comparative simulation results.

the double-pendulum effect. As shown in the figure and
table, both SMC and LQR controllers fail to position the
jib and trolley in a short time, and their responses exhibit a
large overshoot. Meanwhile, the compared controllers can
not effectively eliminate the maximum swing angles and
then produce serious residual swings. As for the PENCIS,
it has better positioning and anti-swing performance than
the above controllers, but we think there is still room for
suppressing all levels of swing angles. At the same time,
the steady-state characteristics are relatively satisfactory
but still cannot suppress the “chattering” after eliminating
the maximum swing angles. The weakness is that “chatter-
ing” phenomenon may increase the energy consumption
of the actuator, or induce tower resonance in severe cases.

As shown in Table 2, four performance indicators are
utilised as criteria for evaluating the pros and cons of the
controllers, that is, tαr (s) and txr (s) are the attaining time
of jib and trolley, and θimax (deg) is the maximum value of
θi, (i = 1, 2, 3, 4).The proposed controller can position the
jib and the trolley in 6.05 s and 6.87 s, respectively, which
are 1.17 s and 3.42 s shorter than the maximum reach-
ing time. Moreover, the swing angles quantization ampli-

tude presented by the proposed controller is 0.35 deg, 0.43
deg, 0.44 deg and 0.49 deg, respectively. And all swing
angle values are almost minimum compared to other con-
trollers, and there is decreased by about 81%, 43%, 82%,
and 47% respectively compared with the average value
of other controllers. From the details of Fig. 4, the pro-
posed controller can effectively suppress the “chattering”
after eliminating the swing angles of all levels. To sum-
marize, the quantitative data shows that the proposed con-
troller can not only position the jib/trolley efficiently but
also has the best anti-sway control performance among all
controllers mentioned.

4.3. Robust performance
In this part, three simulations in different aspects were

conducted to verify the robustness performance of the pro-
posed controller when model parameters uncertained and
external disturbances. Firstly, considering the uncertainty
of the model parameters, we changed the mass of the load
and the length of the rope (m2, l1) with still using con-
troller gains in (33) and (34). As shown in Fig. 5, Change
50% of the load mass on the basis of 5 kg, that is, 2.5 kg

Fig. 5. Simulation results with different load mass.
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Fig. 6. Simulation results with different rope length.

Fig. 7. Simulation results with external disturbances.

and 7.5 kg. And controller performance has not deterio-
rated. Similarly, the rope length was changed from 0.7 m
to 1.3 m, still no obvious interference to the system, the
results are obtained in Fig. 6. To sum up, when the model
parameters are uncertained, the proposed controller still
maintains remarkable control performance and has robust-
ness.

Next, we added continuous white Gaussian noise with
power 10−8 to simulate actual sensor noise and assess the
proposed controller’s resistance to external disturbances.
We also introduced a sinusoid signal between 2 s and 3
s and a random signal between 8 s and 9 s with a maxi-
mum amplitude of 3 deg as swing angle disturbances. The
results are shown in Fig. 7. From the figure, the state vari-
ables of the system are oscillating during suffering exter-
nal disturbances, but the system can still converge the state
variables immediately after the disturbances without los-
ing the ability of positioning and anti-swing.

5. CONCLUSION

An improved Active Disturbance Rejection Controller
with a new nonlinear function was proposed, which
achieves robust control for tower crane with double-
pendulum effect. In particular, the jib/trolley can elimi-
nate tracking errors quickly and restrain double-pendulum
swings effectively. This study presents the first time to ad-
dress anti-swing and positioning with “chattering” prob-
lems for double-pendulum tower crane based on ADRC.
Moreover, the proposed controller can perform well in
scenes with model parameters uncertained and external
disturbances. Hurwitz Criterion, Lyapunov technique, and
LaSalle’s invariance theorem were utilized to prove the
closed-loop system is asymptotically stable. Eventually, a
series of comparative simulations are provided to indicate
the significant controller performance and strong robust-
ness. In the future, time-varying rope lengths tower crane
controller with an algorithm to optimize its gains will be
properly designed.

APPENDIX A: THE DETAILED TERMS OF (17)

UaUaUa =
[
Tα Fx

]T
,

q1q1q1 =
[
α x θ1 θ2 θ3 θ4

]
,

f (t)f (t)f (t) =
[
d1 d2 d3 d4 d5 d6

]
,

bbb =

[
b11 b21 b31 b41 b51 b61

b12 b22 b32 b42 b52 b62

]T

,

b11 =
1

Mtxd + J0
, b12 = b21 = 0, b22 =

1
Mt

,

b31 = 0, b32 =−
1

M1l1
, b41 =−

xd

Mt l1xd
2 + J0l1

,

b42 = b51 = b52 = b51 = b62 = 0,

d1 =
(m1 +m2)gxdθ2

Mtx2
d + J0

, d2 =
(m1 +m2gθ1)

Mt
,

d3 =
((Mt +m1)(m1 +m2)θ1−Mtm2θ3)g

Mtm1l1
,

d4 =−

((
Mtx2

d + J0 +m1x2
d

)
(m1 +m2)θ2

−
(
Mtx2

d + J0
)

m2θ4
)

g

m1l1
(
Mtx2

d + J0
) ,

d5 =
(m1 +m2)(θ1−θ3)g

m1l2
,

d6 =
(m1 +m2)(θ2−θ4)g

m1l2
.
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