
International Journal of Control, Automation, and Systems 21(4) (2023) 1127-1142
http://dx.doi.org/10.1007/s12555-021-1095-8

ISSN:1598-6446 eISSN:2005-4092
http://www.springer.com/12555

Active Optimal Roll Control of Railway Vehicles in Curved Tracks Using
an Electrically Actuated Anti-roll Bar System
Benyamin Anafjeh, Hassan Moosavi, and Mohammad Danesh* �

Abstract: Active tilting control is now one of the technologies utilized widely in high-speed railway vehicles.
This paper tries to decrease the lateral acceleration on passengers (caused by high-speed motion in a curve) using
an electrical anti-roll bar (ARB) that provides a limited amount of carbody tilt. A dynamic model is employed
for a modern railway vehicle with its active anti-roll bar (AARB). Moreover, an attempt is made to design three
control approaches of Kalman filter-based Model Predictive Control, Linear Quadratic Gaussian servo control, and
proportional-integral regulator in such a way to be robust against noise and simultaneously improve ride comfort
and vehicle dynamic performance. The active anti-roll bar acts as an actuator with a brushless DC (BLDC) motor,
permitting active tilt control. Finally, the performance of the tilting vehicle and electric actuation system employing
different control structures is assessed based on numerical simulations. Furthermore, a helpful comparison is drawn
between the optimal and other simulated control approaches concerning ride comfort. The simulation results reveal
better competency of Kalman filter-based Model Predictive Control in achieving the reference pursuit plus noise
canceling and improving ride comfort.

Keywords: Brushless DC motor, lateral acceleration, LQG servo control, model predictive control, ride comfort,
tilt control system, tilting train.

1. INTRODUCTION

The active tilting train is an established method in high-
speed railway transportation. These modern railway vehi-
cles are successfully servicing various countries such as
Italy, Sweden, and Japan [1]. Moreover, there is a rising
interest in the tilting concept for metro systems [2]. The
passengers and carbody undergo a lateral force when a
train traverses a curve, causing the vehicle body to roll
outwards of the curve. In tilting trains, tilting the carbody
inwards of the turn reduces the lateral acceleration expe-
rienced by passengers. This movement is acted according
to a control system encompassing sensors and electronic
parts operated by a predominantly hydraulic or electrical
system. Such action does not usually influence the safety
of the train as long as the transversal position of the car-
body center of gravity is not tangibly changed. Of course,
the overturn torque is decreased in the turns due to the
centrifugal force [3].

There are various mechanisms, including air cushions,
hydraulic and pneumatic pistons, to make the vehicle per-
form such a roll movement (tilting) into the curve. Some
researches offered methods for tilting the carbody using
hydraulic actuators [4,5]. For instance, the method of tilt-

ing bolsters is currently being used extensively. In this
case, the tilting bolster is linked to a bogie. Actuators that
are placed between the bogie and bolster create a tilting
move under the secondary suspension system [6]. In addi-
tion, a paper presented an active suspension configuration
including a lateral actuator and airsprings that integrates
tilt and active lateral secondary suspension control in or-
der to improve the tilt control system efficiency [7]. In an
experimental study on tilting bolsters, a hydraulic tilting
actuator system was developed. The experiment was con-
ducted employing a proportional-derivative controller on
the Korean tilting train [8]. Goodall, Pearson, and Perret
proposed one applied approach that uses an active anti-
roll bar (AARB) [1]. Originally, the AARB is widely used
for passenger comfort and rollover prevention in vehi-
cles [9]. As an example, Vu et al. [10] applied an elec-
tronic servo-valve hydraulic AARB with the aim of im-
proving the vehicle roll stability. Using an active anti-roll
bar with an electrical motor as an electromechanical actu-
ator is deemed an appropriate solution for tilting the train
inwards on track corners, leading to the reduction of lat-
eral acceleration and increase of the passenger’s comfort.
Besides, it works faster than the hydraulic actuator, and it
is not accompanied by the hydraulic system breakdown,
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costs, and energy consumption [11]. Although hydraulic
actuators are convenient for high-force applications such
as carbody tilt, their speed is hard to control accurately,
and they may cause delays in tilting action on fast and
consecutive curved tracks. On the other hand, electric ac-
tuators offer repeatable abilities with ease, and the speed
is also quickly controlled and smooth on curved tracks.

Several studies have focused on semi-active and active
railway vehicle suspension systems and their effects on
dynamic performance and ride quality [12,13]. Nowadays,
tilting action in high-speed tilting trains is performed by
active control, and clearly, control engineering has con-
tributed to the improvement of active tilting train sys-
tems technology. Magalhàes et al. [14] obtained a lin-
ear model of the tilting system from the linearization of
a detailed multi-body model [15] and compared the re-
sults of some control algorithms for the tilting system.
A recent work presented in [16] employed the H∞ sen-
sitivity controller on the tilt control, considering the de-
terministic (curving acceleration response) and stochastic
(ride quality on straight track irregularities) trade-off. An-
other study on deterministic and stochastic trade-off was
performed by [5] utilizing PI/PID-type control structures.
Hassan et al. [17] discussed optimized Ziegler-Nichols
PID control on tilt control performance for non-precedent
rail vehicle tilt. Today’s industrial norm employs an ac-
celerometer on a non-tilting part of the precedent vehicle
(or front passenger vehicle) to provide the essential tilt-
ing angle. This method is called “tilt with precedence”
or “command-driven with precedence” and is more com-
mon than “nulling-tilt” or “non-precedent tilt,” which uses
feedback control from a lateral accelerometer mounted on
the carbody. A comparison between these two methods
can be found in [7]. The study [18] proposed two control
schemes, including a model-based estimation and a robust
H∞ based approach, which is applicable to each vehicle
independently, without the need for precedence control.
In the present work, the designed control systems use car-
body tilt angle feedback to ensure each vehicle rolls to
the indicated carbody tilt angle. This feedback might be
affected by noise, and such measurement noise can lead
to instability issues in the system. The system generates
the desired carbody tilt angle using the vehicle speed, in-
formation from an onboard track database, and data as-
sociated with the desired lateral acceleration perceived by
passengers. Thus, the exact location of the vehicle on the
track, as well as the curve data stored in the database, must
be known. A recent study has focused on rejecting the ef-
fects of measurement noise in an AC/DC interconnected
system using a Kalman filter [19]. The Kalman filter is
an optimal estimator which is easy to calculate and min-
imizes the error statistically. This filter has the advantage
that it is suitable for linear systems, and it can be used
widely in practical applications such as high-speed rail-
way vehicles [7]. Another recent research [20] presented

an adaptive optimal control approach that might be helpful
to achieve the desired disturbance rejection and tracking
performance for disturbed tilting train systems. This ap-
proach is based on reinforcement learning which can learn
both the optimal feedback control gain and the appropri-
ate feedforward control gain utilizing quantifiable data.
Implementing this approach on a LCL coupled inverter-
based distributed generation system (a linear continuous-
time system) showed the good performance of disturbance
elimination and reference tracking of this approach.

Despite many studies on controlling tilting vehicles, to
the best of our knowledge, no particular research can be
found that uses an active electrical anti-roll bar consider-
ing the behavior of the electric motor (in this case, Brush-
less DC Motor) on tilt control. Depending on the control
approach, actuators may show different responses, so it is
essential that the designed controller causes the actuation
system to have an appropriate response in the presence of
noises and disturbances. Further, the existence of different
stages and changes on a curve leads to variations in the ref-
erence signal. Due to the variability of the reference sig-
nal, it is essential to ensure that the control system follows
the reference command. Linear quadratic regulator (LQR)
or the conventional Linear quadratic Gaussian (LQG) con-
troller seems to be a viable solution for these conditions.
However, the former may not have proper performance in
a noisy system. Besides, the latter lacks the ability of ref-
erence tracking since it is designed based on fixed refer-
ences. Thus, this paper tries to introduce a new control
strategy with two main aims: (i) rejecting noises and pur-
suing the reference command (ii) leading to a proper re-
sponse of the BLDC motor. To achieve these objectives,
LQG servo control and Kalman filter-based model predic-
tive control (MPC-KF) have been used for gaining proper
tilting action. In this work, the applied LQG servo con-
troller is developed by incorporating a linear quadratic in-
tegrator (LQI) with a Kalman filter.

The LQG servo control and MPC are theoretically sim-
ilar in respect of the analytical form of the cost function
(quadratic weighting plant state) and control signal. How-
ever, the techniques applied for the minimization are sub-
stantially different. Regarding resolving the tracking is-
sue, The LQI part of the LQG controller has the ability to
improve the reference tracking for the system and operates
as a suited full state feedback compensator. In addition,
the Kalman filter can estimate the unknown states. MPC
integrates a prediction strategy and a control algorithm to
keep the system output at a reference signal by updating
the control signal. Since MPC cannot reject disturbances
and measurement noises satisfactorily, it is crucial to use
a combined MPC and Kalman filter (MPC-KF) for state
estimation and improving disturbance rejection [21,22].

As the second contribution, the present study designs a
modified LQG control system and MPC-KF considering
the brushless DC motor and assesses their performance
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using time-domain (simulation) analysis. As per the best
knowledge of the authors, using these two quadratic ap-
proaches for carbody tilt control, despite their benefits, has
not been reported in the literature. For a deeper assessment
of the designed approaches regarding the performance of
the electric actuation system, a conventional PI controller
is considered, and its results are compared with those of
the designed LQG servo and MPC-KF controllers in the
presence of measurement noise.

The structure of this paper is as follows: In Section 2,
the BLDC motor and ARB are modeled, as well as the
tilting railway vehicle. In Section 3, the modified LQG
servo control and MPC-KF are designed. The system per-
formance is further analyzed in Section 4. Finally, conclu-
sions are presented in Section 5.

2. MODELING

2.1. Anti-roll bar model
For deriving the relation between motor rotation and de-

viation angle produced by the actuator, consider Fig. 1. L1

and L2 are the bar and arm length, respectively. The ge-
ometrical relationship between the rotation angle of the
actuator φ and the tilting angle of the anti-roll bar δa can
be expressed by

L2φ =
L1

2
δa⇒ δa = 2

L2

L1
φ . (1)

Considering Fig. 2, F is the force exerted by the anti-
roll bar onto the carbody, kvr is the anti-roll bar stiffness,
and T is the torque created by the BLDC motor positioned
in the midsection of the anti-roll bar. Equation (2) demon-
strates the relationship between the tilting angle of the ac-
tuator and the torque produced by the motor. B is the force
of the two supports.

L1

kvrL2
T = δa. (2)
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Fig. 1. Scheme of an active anti-roll bar.
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Fig. 2. The electric active anti-roll bar model.

2.2. Model of BLDC motor

Active anti-roll bar includes a brushless DC motor
(BLDC) of three-phase trapezoidal type with a reducer
gearbox. The type of gearbox is a harmonic or strain wave
with a high reduction ratio (e.g., nr = 200) which amplifies
the motor torque and brings about a high output torque.

Fig. 3 shows different parts of this electromechanical
actuator. It is seen that the No. 2 stabilizer bar is linked
to the housing of the actuator. The output shaft of the mo-
tor and the No. 1 stabilizer bar are attached to each other.
Output torque is transferred in the opposite direction to the
No.1 stabilizer bar. A set of essential rotation sensors are
provided to control the rotational movement of the motor
[23].

A closed-loop speed control system of a BLDC mo-
tor consisting of 6 parts is shown in Fig. 4. These six
parts include the permanent magnet synchronous motor,
the three-phase inverter, the three-phase diode rectifier,
the speed controller, the braking chopper, and the cur-
rent controller. A PI regulator forms the structure of the
speed controller. Details of the speed controller are pro-
vided in Table 1. The sign “(-)” in the table indicates that
the corresponding parameter has no unit. For controlling
the speed, the command to the current controller block is a
torque setpoint defined based on the PI regulator. The cur-

Fig. 3. The electric actuator of active anti-roll bar [11].
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Fig. 4. Closed-loop BLDC motor speed control [24].

Table 1. PI parameters of the speed controller.

Proportional gain 18.64 (-)
Integral gain 7324.7 (s−1)

Torque output limit ±600 Nm

rent controller calculates the reference currents concern-
ing the reference torque, and it feeds the motor using a
three-phase current regulator [24].

Trapezoidal BLDC motor has a trapezoidal back elec-
tromotive force (EMF). The characteristic equations of
BLDC motors can be represented as [25]

Vapp = RsI +LSI
dI
dt

+ eem f , (3)

Te = B f γ + Jrot
dγ

dt
+Tl , (4)

Te = Λt

(
Ia f (Npβ )+ Ib f

(
Npβ − 2π

3

)
+ Ic f

(
Npβ +

2π

3

))
. (5)

The relation between the stator phase current and termi-
nal voltage is in the form of (3). The trapezoidal function
is shown in Fig. 5. This function depends on rotor position
(β ) and has a value between−1 and 1, as illustrated in Fig.
5, to show the distribution of back EMF. Periodically the
back EMF is fixed for 120◦ displacement and then varies
linearly for 60◦ displacement. The trapezoidal back EMF
of each phase can be obtained by

ea = Λeγ f (Npβ ) , (6)

eb = Λeγ f
(

Npβ − 2π

3

)
, (7)

ec = Λeγ f
(

Npβ +
2π

3

)
. (8)

The mechanical output torque of the electric motor can
be determined based on (4). Here Te is the total elec-
tromagnetic torque. Equation (5) shows the relationship
between the phases currents and electromagnetic torque,
where Λt is the torque constant. Ia, Ib, and Ic are the phase
currents. Table 2 shows the parameters of the BLDC mo-
tor.
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Fig. 5. Trapezoidal function based on the rotor position.

Table 2. Parameters of the BLDC motor.

Parameter Definition Value Unit
Vapp Terminal voltage 780 volt
Rs Stator resistance 0.19 Ω

LSI Stator inductance 4.6×10−3 H
B f Friction constant 0.005 N.m.s
Jrot Rotor inertia 0.116 Kg.m2

Λt Torque constant 7.15 Nm/Arms
Λe Back EMF constant 442.8 Vrms/krpm
Np Number of poles 8 -
I Stator phase current - A
Tl External load - Nm

eem f Induced back EMF - volt
β Electrical rotor angle - rad
γ Rotor speed rad/sec

f (·) Trapezoidal shape
reference function

- -

2.3. Mathematical model of tilting vehicle

The model used for design purposes is according to
an end-view model of a tilting railway vehicle (Fig. 6),
including both lateral and roll dynamics of both the ve-
hicle body and bogie. The airsprings and the bogie lat-
eral kinematics are also included in the modeling phase.
For simplicity, wheelset dynamics (interaction between
the wheels and rails) are not taken into account in the tilt
action and behavior of the secondary suspension. The ver-
tical suspension is represented by the pair of airsprings,
which only contribute to the roll motion of the vehicle de-
spite the fact that the vertical degrees of freedom are ig-
nored. The stiffness of an anti-roll bar placed between the
carbody and bogie is also depicted in the model. A rota-
tional displacement of the actuator provides the active tilt
(δδδ a) (assumed to be ideal), in series with the roll stiffness,
i.e., the concept of an active anti-roll bar [26].

The end-view model can be represented by (9) to (12)
and corresponds to curved track parameters, including R
as the curve radius and θo as the track cant angle. The
airspring model and all parameters/constants/variables are
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Fig. 6. End-view of a tilting railway vehicle [26].

provided in Appendix A [26]. The motion equations are
expressed as

Body lateral dynamics:

mvÿv =−2ksyyv +2ksyh1θv +2ksyyb

+2ksyh2θb−
mvv2

R
+mvgθo−mvhg1θ̈o. (9)

Body roll dynamics:

ivrθ̈v = (2h1ksy +mvg)yv

− [kvr +2h2
1ksy +2d2

1(kaz + ksz)]θv

− yb(2h1ksy +mvg)

+(kvr +2d2
1kaz−2h1h2ksy)θb

− cvrθ̇v + cvrθ̇b +2kszd2
1θr− ivrθ̈o + kvrδa.

(10)

Bogie lateral dynamics:

mbÿb = 2ksyyv−2h1ksyθv−2(ksy + kpy)yb

−2(h2ksy +h3kpy)θb−2cpyẏb

+2h3cpyθ̇b−
mbv2

R
+mbgθo−hg2mbθ̈o. (11)

Bogie roll dynamics:

ibrθ̈b = 2h2ksyyv

+
[
kvr−2h2h1ksy +2d2

1 (kaz + ksz)
]

θv

−2 [h2ksy−h3kpy]yb

−

[
kvr +2h2

2ksy +2h2
3kpy +2d2

2kpz

+2d2
1kaz

]
θb

+2h3cpyẏb−
(
2d2

2cpz +2h2
3cpy

)
θ̇b

−2kszd2
1θr +2h3kpyyo−2h3cpyÿo

− ibrθ̈o− kvrδa. (12)

Equation (10) includes an end moment effect mvg(yv−
yb), arising from the lateral movement of the body center
of gravity. This term shows the effect of body weight and
is neglected in (12) due to the high stiffness of the primary
suspensions. Clearly, the mathematical model indicates a
substantial coupling between the lateral and roll motions,
which causes complexity in the system [26]. The lateral
acceleration felt by the passengers can be calculated based
on Fig. 6 as

ÿ =
v2

R
cos(θo +θb +θv)−gsin(θo +θb +θv) . (13)

For system analysis and control design purposes, these
equations can be expressed in the noisy state-space form
with the state vector xxx. Additive terms of process distur-
bances (ωωω) with measurement noise (υυυ) in practice are
considered. In this model, there would be nine state vari-
ables. In (14), the control input denoted by uuu is the tilting
angle of AARB. The measurable system output is ξξξ which
includes carbody roll angle.
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Furthermore, ΠΠΠ, ΦΦΦ, and ΨΨΨ are the state matrix, con-
trol input gain matrix, and output matrix, respectively. The
plant noise gain matrix is shown by ΓΓΓ. The formation of
these matrices can be obtained from (9)-(12). In this study,
υυυ is considered as white Gaussian noise with zero mean
(EEE(υυυ) = 0).

ẋ = Πx+Φu+Γω, (14)

ξ = Ψx+υ , (15)

where

x =
[
yv θv yb θb ẏv θ̇v ẏb θ̇b θr

]T
,

u = δa,

ω =
[ 1

R θo θ̇o θ̈o yo ẏo
]T

.

It is assumed that the covariance matrices of υυυ and ωωω are
Vn (1×1 matrix) and WWWnnn (6×6 matrix).

E(υυ
T ) =Vn, (16)

E(ωω
T ) =Wn. (17)

In this study, VVVnnn and WWWnnn are selected as below

Wn = diag(2.1×10−7, 2.23×10−3, 5.4×10−4,

0, 0, 0),

Vn = 0.10.

Here, VVVnnn is based on the designer choice, and main di-
agonal entries of WWWnnn is obtained through calculating the
covariance of R−1 & θo, their first derivatives, and their
second derivatives, respectively.

Before designing any control system, the behavior of
the train must be first achieved in inactive mode. For
this purpose, the recent obtained equations are employed.
Since the simulation is associated with inactive suspen-
sion, the actuator displacement δδδ a is zero.

Deterministic track features are used in the simula-
tion to study the vehicle model. The deterministic track
consists of 3 segments, including straight, transient, and
steady-state. The deterministic track is a curved track with
a radius R of 1000 m and a maximum track cant angle (θo)
of 6 degrees, with a transition length of 108 m at the start
and end of the steady-state part (see Fig. 7). It is notewor-
thy that track cant and track curvature (R−1) rates increase
or decrease linearly during the curve transitions. In addi-
tion, a nominal vehicle curving speed (v) of 162 km/h is
assumed. The results of the simulation in the passive mode
are shown in Fig. 8.

Stochastic track irregularities are included in the model
as a uniformly distributed random signal which is added to
the track cant angle. This random signal is limited to±0.6
deg. These track features are typically hard to measure
and some data can be obtained through a recorded track

R-1

Track
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θ
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Fig. 7. Representation of deterministic track profile.
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Fig. 8. Passive (non-tilting) vehicle at 162 km/h. (a) Car-
body tilt angle. (b) Lateral acceleration felt by pas-
sengers.

database or a particular track condition measurement vehi-
cle. In this work, the track irregularity is mainly based on
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random irregularity data, which can be reflective of track
defects on high-speed lines.

It is seen that when the vehicle enters the curved track,
the carbody begins to roll outwards (negative values of the
roll angle) owing to the centrifugal force. Moreover, con-
sidering Fig. 8, the lateral acceleration is nearly 1.18 m/s2,
as expected. Based on the figures, the tilting angle and lat-
eral acceleration of the carbody increase due to entering
the curve, followed by an elevation in the track cant. Pro-
portionately, the lateral acceleration and the tilting angle
of the carbody become zero when the train exit the curved
part of the track. The following section presents the design
of a set of controllers.

3. CONTROL STRATEGIES

The goal of the tilt control system has been discussed
previously. It is noteworthy that this section aims to adopt
the model derived from the previous section to design an
effective controller. From a control system viewpoint, this
can be interpreted as tracking a reference carbody tilt an-
gle that is specified based on the curve geometry and the
vehicle speed. The equation for generating body roll angle
command (18) is derived based on (13) and defined on the
basis of vehicle speed and curve geometry. It is assumed
that the angles θo, θv, and θb are small enough, so “small-
angle approximation” can be used to derive this relation.

Here θ d
v and ÿd are body roll angle reference and de-

sired lateral acceleration felt by passengers, respectively.
In this paper, a 30 percent reduction in non-tilting lateral
acceleration is considered to specify the ideal lateral ac-
celeration perceived by the passengers ÿd on curves.

θ
d
v =

v2

gR
− ÿd

g
−θo. (18)

The maximum carbody tilt angle considered for this ap-
plication is 2 degrees; in addition, the maximum permitted
lateral suspension deflection is subject to the constraint of
±60 mm before reaching bump stops which prevents ex-
cessive motion of the carbody. This value is within the al-
lowed range for overturning issues. This section will prove
how the designed control strategies adapt to achieve the
control goals; it starts from designing the PI regulator and
proceeds to the LQG servo control and MPC-KF designs.
As illustrated in Figs. 9 and 10, the control systems are
cascade systems that consist of an inner loop with the ac-
tuator controller and an outer loop with the secondary sus-
pension roll angle controller. The inner control loop is de-
signed to guarantee that the desired rotor position angle
and rotor speed are achieved. Meanwhile, the outer con-
trol loop design takes the generated body roll angle into
account to improve ride comfort. The details of control-
ling AARB (inner loop) were clarified in Subsection 2.2.

Fig. 9. Block diagram of the closed-loop control system
using the Proportional Integral controller and con-
sidering the AARB control system in the presence
of sensor noise.

Table 3. PI parameters and step response characteristics.

Kp : 38.24 (-) Ki : 27.36 (s−1)
Overshoot: 43.1% Rise time: 0.019 s

3.1. PI control design
PID is usually the most straightforward popular con-

troller that can be used for active tilting control appli-
cations. It provides all three proportional, integral, and
derivative actions. The first forces the required amount of
acceleration reduction on the steady section of the curved
track, and other components can limit phase-lag at high
frequencies.

In this section, the derivative contribution is unneces-
sary because it amplifies high-frequency noise. The main
aim of the PI control system is to follow the reference car-
body roll angle θ d

v generated based on the desired lateral
acceleration, vehicle speed, and the geometry of the curve
being negotiated (see Fig. 9). In this paper, the propor-
tional and integral coefficients can be tuned to minimize
the overshoot in the system step response. Moreover, a
constraint is applied for the rise time to be less than 0.02
s. The chosen set of parameters from the tuning procedure
is listed in Table 3.

3.2. LQG servo control design
The forthcoming section applies the LQG control sys-

tem to curb and reduce the lateral acceleration of the tilt-
ing train in turns. The LQG servo controller is designed
with a Kalman filter and an LQI tracker to estimate vari-
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(a)

(b)

Fig. 10. Block diagram of the control system using the
LQG servo controller or MPC-KF. (a) The overall
closed-loop system considering the AARB con-
trol system and sensor noise (MPC-KF denotes
the MPC controller and an accompanying built-in
Kalman filter). (b) The modified LQG servo con-
troller structure including the Kalman filter and
LQI module.

ables and ensure a suitable reference signal tracking on the
control system. The LQI tracker consists of an integrator
and a separate gain added to the LQG servo control. In
reality, the measurement of all state variables is not a cost-
effective and feasible task. For example, when a sensor
gives too many noisy results, the system state must be es-
timated from the output data to implement the state feed-
back. The Kalman filter estimator acts as an optimal state
observer and a low-pass filter, then can reject the process
and measurement noises. Fig. 10 exhibits the overall con-
trol system block diagram. The inputs of the LQI tracker
are reference and feedback signals. As shown, the modi-
fied LQG approach associates the outputs of the Kalman

filter and LQI with optimal gain matrix KKKooop in (19) in or-
der to provide control command uuu.

Kop =
[
K f −KI

]
. (19)

The state-feedback controller output is in the form of
uuu = −KKKopzzz = −KKKooop[x̂xx xxxIII ]

T, where xxxIII is the integration of
the difference between the measured system output ξξξ and
the reference command rrr defined by (18) and x̂xx is the esti-
mated variables.

xI =
∫
(r(t)−ξ (t))dt. (20)

The following can be obtained by replacing ξξξ (t) with
(15).

ẋI = r−Ψx−υ . (21)

In order to analyze the whole closed-loop system, new
expressions using (19), (14), and (15) can be obtained[

ẋ
ẋI

]
= ΠI

[
x
xI

]
+ΦI

[
u
r

]
+

[
Γ 0
0 −I

][
ω

υ

]
, (22)

ξ = ΨI

[
x
xI

]
+
[
0 −I

][ω

ν

]
. (23)

The matrices as mentioned above are given as

ΠI =

[
Π 0
−Ψ 0

]
, ΦI =

[
Φ 0
0 I

]
, ΨI =

[
Ψ 0

]
.

The optimal state-feedback matrix KKKop can be obtained
by (25). JJJ(uuu) is the quadratic cost function which state
feedback law minimizes this function. PPPkkk is the solution
of the control algebraic Riccati equation.This equation re-
quires QQQwww and RRRwww as weighting matrices for calculating
PPPkkk. QQQwww is a symmetric positive semi-definite, and RRRwww is a
symmetric positive definite matrix. These weighting ma-
trices have been selected based on the viewpoint of the
controller designer as follows:

Qw =


0.1 0 01×7 0
0 1000 01×7 0

07×1 07×1 0.1∗ I7 07×1

0 0 01×7 1000

 ,
Rw = 1,

J(u) =
∫

∞

0

(
zT Qwz+uT Rwu

)
dt, (24)

Π
T
I Pk +PkΠI +Qw−PkΦIR−1

w Φ
T
I Pk = 0, (25)

Kop = R−1
w Φ

T
I Pk. (26)

The state-space equation of the Kalman filter is noted
in (27). Here KKKeeest is the Kalman filter gain. Noting that the
matrices ΠΠΠ, ΦΦΦ, and ΨΨΨ were described in (14) and (15).

˙̂x = Πx̂+Φu+Kest(ξ −Ψx̂). (27)
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In Fig. 10, it can be observed that the optimal state es-
timation gain KKKeeest can create full state feedback utilizing
estimated variables x̂xx. This gain could be calculated using
the equation illustrated in (29). Where solving the filter
algebraic Riccati produces PPPeee as a positive semi-definite
matrix [27]. Besides, WWWnnn and VVVnnn were mentioned in (16)
and (17).

ΠPe +PeΠ
T +ΓWnΓ

T −PeΦ
TV−1

n ΦPe = 0, (28)

Kest = PeΦ
TV−1

n . (29)

As mentioned earlier, the measurement noise is per-
ceived as white Gaussian noise. This noise affects the gy-
roscope output in measuring the tilting angle of the body.

3.3. MPC-KF control design
The goal of MPC is to calculate a future control se-

quence over a specific prediction horizon so that the plant
output prediction is closer to the desired output. The block
diagram of the MPC is illustrated in Fig. 10. MPC adapts
the control signal to meet the objectives while staying
within the control constraints, which can be considered
as the main superiority of MPC over other optimal control
systems, e.g., LQG controller. In MPC design, the con-
trol and state signals can be subjected to amplitude and
rate constraints. MPC begins predicting future control ac-
tion by selecting appropriate control horizon M, prediction
horizon p, and control-weighting factor λλλ . The discretized
model of the system is

x(k+1) = Πdx(k)+Φdu(k)+Γdω(k), (30)

ξ (k) = Ψdx(k)+υ(k), (31)

where υυυ(k) is the measurement noise assumed to be
white noise. The controller contains a built-in steady-state
Kalman filter which estimates the current states from the
available measurements. In practice, these measurements
can be affected by noise, and this issue is considered in
this study. In order to estimate the states, a Kalman filter
is used with the general form of

x̂(k | k) = x̂(k | k−1)+Lest(ξ (k)− ξ̂ (k)), (32)

ξ̂ (k) = Ψx̂(k | k−1). (33)

Control actions are calculated by minimizing the
quadratic objective function at time step k, which can
be simply defined as

J = min
∆u

p−1

∑
i=0

{ nξ

∑
j=1

λ
ξ

i+1, j(ξ j(k+ i+1 | k)

− r j(k+ i+1))2 +
nu

∑
j=1

λ
∆u
i, j ∆u j(k+ i | k)2

}
, (34)

where λλλ
ξξξ

iii, jjj is the weight for output j ( j = 0, ... ,nξ ), λλλ
∆∆∆u
iii, jjj

is the rate weight for control action j at i step (i = 0, ...,

p−1) ahead from the current step. rrr jjj(iii) is the reference at
time step i. nξ and nu are the number of outputs and control
signals, respectively. The regulation of control signal j at
time step k+ i based on the measurements at time step k
is indicated by ∆∆∆uuu jjj(kkk + iii | kkk). Finally, the control action
applied to the system can be expressed as

u(k) = u(k−1)+∆u(k | k), (35)

The weights in the controller design determine the
trade-offs and represent the priority of the related vari-
ables to the system’s overall performance. The parameters
M and p can be used for the tuning of MPC. A larger M
enhances the results of MPC at the cost of more calcu-
lations [28]. The prediction horizon p is the most impor-
tant design parameter in terms of control performance and
computation time. p is typically assigned long enough to
encompass the steady-state effects of all computed future
control actions [28]. Despite performance improvement,
the computation time increases by enlarging the predic-
tion horizon. To establish a fair balance between calcu-
lation time and system performance, p, M, and sampling
time are set to be 5, 2, and 0.05 s, respectively. The cho-
sen sampling rate is fast enough for online control of the
BLDC motor system. Overall, the chosen sampling rate is
fast enough in order that the sampled output of the sys-
tem captures the system full behavior. The weights on the
output variable (λλλξξξ

iii, jjj) and the control action rate (λλλ∆∆∆u
iii, jjj ) are

3.60 and 0.028, respectively. The Kalman gain Lest is cal-
culated as

Lest = [−0.18 1.21 −0.18 1.67 6.5 12.67

5.79 −19.73 2.26 0.5 ]T .

The optimization problem is solved by a quadratic opti-
mization solver based on the KWIK algorithm [29]. In
order to achieve the constraints, in addition to the fore-
going restriction, it is assumed that the control signal is
bounded and the operating range of the ARB (δa) is 3
degrees. The constraints on the outputs and control in-
put are presumed to be hard and soft constraints, respec-
tively. Besides, adding the constraint condition can in-
crease MPC solver computation speed which is essential
for high-speed movement situations [30]. In summary, the
constraints are

ulow =−3.5 deg and uhigh =+3.5 deg,

∆ulow =−0.5 deg and ∆ulow =+0.5 deg,

θ
low
v =−6 deg and θ

high
v =+6 deg.

4. RESULTS

This section reports the results of simulations for all
three the designed LQG, MPC-KF, and PI controllers con-
cerning the railway vehicle system in the presence of mea-
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Fig. 11. Nyquist diagram for the model and the LQG servo
controller.

surement noise. It is worth noting that the role of the elec-
tromechanical actuator is considered in the control system
in all of the following simulations.

Firstly, a numerical simulation study using an ideal de-
terministic track input (without above-mentioned stochas-
tic track irregularity) is conducted for PI, MPC-KF, and
LQG servo controllers presented in Section 3 to compare
their performance. The vehicle parameters and the charac-
teristics of active electric suspension for this assessment
were mentioned in the previous sections and Appendix A.
In addition, the curve geometry has the same specification
considered in Subsection 2.3. The results of this simula-
tion are presented in Figs. 11-17.

At first, Fig. 11 provides the Nyquist diagram of the
closed-loop model. This diagram makes a graphical con-
tribution to predicting the stability of a dynamic system
by the open-loop frequency response and open-loop pole
location. The Nyquist criterion is broadly used for ana-
lyzing systems with feedback control loops. It is conclu-
sive from Section 2 and model descriptions in (12) that the
open-loop system has no unstable poles. Moreover, from
Fig. 11, it is observed that the number of encirclements
of the critical point (−1, 0) is zero for both the studied
model and the LQG servo controller. These two criteria
indicate the stability of the closed-loop system according
to the stability criterion of Nyquist, i.e., if the open-loop
system has PPP unstable poles, the closed-loop system is sta-
ble if and only if the Nyquist plot encircles point (−1,0)
PPP times in a counter-clockwise direction.

According to Fig. 10 of Subsection 3.2, the LQG servo
and MPC controllers contain a Kalman filter estimator to
anticipate all states of the control system when there is
noise. Fig. 12 demonstrates the variation of carbody roll
angle (θv) and its estimation employing the modified LQG
and MPC-KF approaches, where the feedback signal is af-
fected by a white Gaussian noise with a power of 10−7 and
a sample time of 0.1 s. The “Actual” term refers to the case
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Fig. 12. Variation of actual and estimated carbody roll an-
gle using the designed (a) LQG servo controller
and (b) MPC-KF. “Actual” corresponds to the
plant considering noise; “Ideal” corresponds to
the plant without considering any noise.

that the measurement noise exists and the “ideal” term cor-
responds to the measurement noise free case. As Fig. 12
shows, both the LQG servo control and MPC represent an
appropriate response during the transient and steady-state
sections of the track in the estimation process. In these
sections, the variables have been estimated successfully
despite the existence of measurement noise, and the level
of measurement noise suppression is acceptable. How-
ever, as it can be observed from Fig. 13, the Kalman filter
associated with MPC provides a more precise dynamic re-
sponse in the estimating process compared to the modified
LQG method. The designed Kalman filter of LQG servo
control estimates θv with a delay time in contrast with that
of MPC-KF. This matter indicates the superiority of MPC-
KF over the modified LQG control in terms of estimation
error. This delay time will be justified in the following.

Fig. 14 compares the lateral acceleration profile asso-
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Fig. 13. Comparison of the estimated carbody tilt angle θv

by the Kalman filters associated with the modified
LQG control and MPC-KF.
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ciated with the PI controller with those of the MPC and
LQG servo controllers considering the reference and ac-
tual state of the system. The reference signal is depicted
as a red dotted line. Both the designed optimal controllers
performed well in terms of reference tracking. However,
there are clear pronounced overshoots with the LQG servo
controller at the beginning and end of the steady-state
stage of the curve. Despite the presence of noise, it is ob-
served that the LQI part of the LQG structure can keep
the output tracking the target signal. It is observed that the
designed MPC-KF exhibits a lower settling time, and al-
though the response of the modified LQG controller is still
acceptable, it is slower overall. Besides, it is evident that
the response of the PI controller contains many slight fluc-
tuations around the command signal rrr, while it achieved
the target on reference tracking with reasonable accuracy.
Overall, the MPC-KF produces the best performance in
terms of reference tracking and noise rejection.

Fig. 15 compares the lateral acceleration profile con-
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Fig. 15. Lateral acceleration for the different controllers.
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Fig. 16. Carbody roll angle for the different controllers.

cerning two vehicle structures: the passive and the active
vehicle taking into account three control approaches. It is
observed that the lateral acceleration is reduced to the in-
tended value by tilting the vehicle body. As it is clear, the
LQG servo control and MPC-KF have properly rejected
noise effects on the output. Nonetheless, as expected, mea-
surement noise has affected the lateral acceleration per-
ceived by passengers in the PI controller. Fig. 16 presents
a comparison between the carbody roll responses obtained
by the PI, MPC-KF, and LQG servo controller. Regarding
the time history of the carbody roll rotation of PI con-
troller, the dynamic fluctuations related to the noise are
more amplified than the lateral acceleration response. Due
to the minor delay in the roll angle response, the lateral ac-
celeration initially follows the uncompensated profile be-
fore being appropriately compensated when it reaches the
steady curve.

Fig. 17 shows the control signals of the MPC-KF and
LQG based controllers. In the case of MPC-KF, since the
controller must achieve the defined constraints, as shown
in the figure, the control signal is constrained to its limit.
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Fig. 17. Control signal for the cases of the modified LQG
and MPC-KF.

The green line depicts the defined constraint on the con-
trol signal. However, the modified LQG control is free
from constraint. In this scenario, a 50 percent reduction
in non-tilting lateral acceleration is demanded to evaluate
the performance of controllers in terms of satisfying the
constraint on the control input.

The obtained optimal gain in the LQG servo controller
is not time-varying. On the other hand, regarding MPC
based controller, the “gain” is permitted to change during
the time, and where possible, a higher gain can be used to
improve the performance. The LQG controller naturally
selects a small gain to keep the control signal bounded,
and consequently, it may increase the controller response
time.

In the case of the modified LQG controller, a delay is
seen in the control signal at the start of the transient sec-
tions of the curve. Because, as the train enters the curve,
the error of body roll angle θv is slight and hence the gain
in the controller is small, the force generated by the actua-
tor is not sufficient compared to the lateral force in order to
tilt the carbody inwards the turn. After the error increases,
the generated torque can overcome the lateral force and
lean the carbody inwards the turn. This matter also oc-
curs at the end of the steady-state section of the curve.
Whereas, this occurrence is not seen in the response of
MPC-KF due to the varying gain, which can compensate
for the delay. In the case of the PI controller, large selected
proportional gain reduces the time delay.

As stated before, controller assessment is also related to
how the actuator would effectively operate on the curved
track. Fig. 18 reports the performance of the electric mo-
tor, which determines the torque and the stator current of
the BLDC motor. As concerns the behavior of the elec-
tromechanical actuator, it can be seen that when the ve-
hicle enters the curve, the torque begins to increase, and
at the end of the turn, it reaches zero. Regarding the mo-
tor current and torque in Fig. 18, the PI controller shows
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Fig. 18. Performance of BLDC motor in various con-
trollers. (a) Electromagnetic torque and (b) motor
current.

a poor performance due to high-frequency oscillations of
electromagnetic torque in the BLDC motor. However, em-
ploying the modified LQG control and MPC-KF schemes
leads to a decent function of the BLDC motor since such
controllers provide an acceptable torque response and can
remove noise better (due to using the Kalman filter). In
terms of the current response, both the LQG servo and
MPC-KF controllers have a more appropriate electrical re-
sponse compared with the PI controller. Considering the
PI controller instead, it is apparent that the stator current
amplitude and frequency are high and might be destructive
for the motor.

For thoroughness, a sample of the carbody accelera-
tion profile stimulated by the integrated rail track is pre-
sented here, i.e., the behavior excited by both determin-
istic curved track and track irregularities, shown in Fig.
19. It is demonstrated that the designed control approaches
have no effect on the stochastic behavior of the tilt vehicle.
It is also worth noting that the tilt control system will re-
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Fig. 19. Carbody lateral acceleration (results with com-
bined deterministic curved track and track irregu-
larities as explained in Subsection 2.3).
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Fig. 20. Carbody roll angle (results with combined deter-
ministic curved track and track irregularities as
explained in Subsection 2.3).

spond primarily to deterministic track inputs, while reject-
ing any track misalignments as much as possible. On the
other hand, as shown in Fig. 20, the MPC-KF surpassed
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Fig. 21. Response of the MPC-KF in the presence of the
parameter uncertainty in the mass, inertia and sus-
pension components.

the modified LQG control in terms of lower oscillations in
the response of the roll body angle.

Here, the robustness of the MPC-KF is evaluated by
simulation of the system with modeling errors. The ro-
bustness of the control system is quite essential in an
actual situation. If the proposed approach has little ro-
bustness, the proposed control method is not helpful. An
amount of ±22% uncertainty in the inertia and mass pa-
rameters is considered in this simulation. Moreover, a
±22% variation in the suspension components (springs,
airsprings and dampers) in addition to the aformentioned
uncertanity was added to the actual dynamic model. The
results (see Fig. 21) show the robust performance provided
by the MPC-KF in the case of the presence of parametric
uncertainty.

Pct and r.m.s. of lateral acceleration as the factors for
ride comfort [6] and also other important details corre-
sponding to the performance of the schemes are compared
in Table 4. The control algorithms used as the reference
in this table are fundamentally the precedence scheme
[31,32], so it is proper to contrast the designed controllers

Table 4. Comfort assessment of various controlling approaches.

Deterministic
(as per given units)

PI compensator
with a low-pass

filter in [31]

PI
controller

Estimator-
based tilt

controller in [32]

Modified
LQG

controller
MPC-KF

Lateral
acceleration

RMS deviation (%g) 1.54 0.133 1.7 0.832 0.142

Peak value (%g) 12.18 8.491 7.24 9.796 8.287

Roll
speed

RMS deviation (rad/s) 0.018 0.033 0.02 0.008 0.002
Peak value (rad/s) 0.104 0.118 0.1 0.100 0.09

Pct related

Peak jerk level (%g/s) 6.8 4.373 5.17 4.893 5.096

Standing
(% of passengers)

47.62 35.975 29.85 36.412 23.944

Seated
(% of passengers)

13.455 8.397 7.5 9.448 6.289
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with the ones mentioned in Table 4. Besides, the proposed
algorithm in [32] uses tilting bolster as the actuator, which
is nowadays utilized by the majority of tilting body so-
lutions. Pct indicates the percentage of passengers who
feel uncomfortable during the negotiation of curve tran-
sition. Maximum vehicle body lateral acceleration, maxi-
mum lateral jerk, and the maximum carbody roll rate are
used to calculate Pct . Table 4 illustrates that the MPC-KF
controller outperformed the utilized algorithms in [31] and
[32] in terms of ride comfort indices, including the Pct and
r.m.s. lateral acceleration i.e., approximately 0.14% and
23.9%, respectively. Moreover, in comparison with other
designed controllers in this study, MPC-KF has the best
performance in the whole criteria, except the r.m.s. lat-
eral acceleration and peak jerk level. The tracking error
of lateral acceleration response in MPC-KF is about 0.01
m/s2 along the curve. For this reason, PI control obtained
a marginal improvement of the r.m.s. lateral acceleration
compared to the MPC-KF. The MPC-KF is less effective
than the other two controllers in terms of peak jerk level,
with 8.29%, due to the abrupt change of slope in the lat-
eral acceleration response at the end of the transition sec-
tion. This occurrence can be due to the fact that a discrete-
time MPC was adopted in this paper. The LQG servo con-
troller results in slightly worse Pct than the other two con-
trollers, owing to the delay in the controller action. De-
spite the acceptable PI controller performance, due to the
aforementioned cause associated with the performance of
the BLDC motor, this approach cannot be perceived as
an efficient controller to be employed for controlling tilt-
ing action. This information was achieved by simulating
the control system using these controllers and considering
previously mentioned assumptions. Overall, the MPC-KF
produces a superb response regarding the performance of
the electric actuator, with an outstanding level of ride com-
fort and reference tracking. However, it is a more com-
plicated and computationally demanding controller than
the designed LQG servo controller. It is also seen that the
proposed solution for the active tilting train, which uses
MPC-KF as the controller, and electrical active anti-roll
bar as the actuator exhibits a more satisfying performance
in comparison with the method proposed in [32], which
uses tilting bolster as a common tilting structure.

5. CONCLUSION

The current research has studied the performance of the
tilting trains in curved tracks. According to the fact that the
present study has used an anti-roll bar along with an elec-
tric motor as the active train actuator, each of them was
investigated separately regarding the dynamics governing
them. The electric motor used herein is a brushless DC
motor. In this study, the proportional-integral approach
was employed for the speed controller of the BLDC mo-
tor. Besides, this paper focused on a modified LQG con-

trol and MPC-KF approach for reducing non-compensated
lateral acceleration and improving the actuation system re-
sponse, especially in the presence of noise. The whole de-
signed controllers are analogous to the ‘precedence-type’
scheme, with the exception that the tilt command is gen-
erated using track data from an onboard track database.

Three various control strategies were performed for the
active suspension utilizing a multi-body model railway ve-
hicle. First, a PI control design was used for the active
anti-roll bar, and its parameters were selected on the ba-
sis of a tuning process. Then, a modified Linear Quadratic
Gaussian control system was designed, consisting of the
LQI tracker and Kalman filter in order to attain reference
tracking and estimation. Subsequently, an MPC controller
together with a built-in Kalman filter was applied to the
tilting system. The state variables are estimated using the
Kalman filter despite the existence of measurement noise.
Therefore, the system response is almost devoid of noise.
The electrical behavior and performance of the BLDC mo-
tor were taken into account in the control system of the
tilting railway vehicle and AARB so that the duty fulfill-
ment of the motor could be ensured.

A detailed assessment was carried out based on the
torque and current response of the actuator considering
three different controllers. As illustrated in the results, the
BLDC motor can have a decent and stable performance
when the LQG servo and MPC-KF controllers are applied.
On the other hand, in the case of using the PI controller,
the measurement noise has a negative effect on the con-
trol system response and the efficacy of the BLDC motor.
In the end, the ride comfort level was evaluated by com-
paring different controllers. The results indicate that the
MPC-KF can also provide significant passenger comfort
compared to the LQG servo controller and the algorithms
of previous studies.

APPENDIX A: SUPPLEMENTARY MATERIALS

A.1. Airspring model
Disregarding vertical motions and substituting d1θr for

zr, Fig. 22 shows the airspring model used in the sec-
ondary vertical suspension.

Fz =−kaz(d1θv−d1θb)− ksz(d1θv−d1θr), (A.1)

θ̇r =−
(ksz + krz)

crz
θr +

ksz

crz
θv +

krz

crz
θb + θ̇b. (A.2)

A.2. Notation
yv, yb, y0 Lateral displacement of body, bogie, and track

θv, θb, δa Roll displacement of body, bogie, and actuator

θ0, R Track cant (6 deg), curve radius (1000 km).

θr Airspring reservoir roll deflection

v Vehicle forward speed, 162 km/h
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Fig. 22. Airspring model [21].

mv Half body mass, 19000 kg

ivr Half body roll inertia, 25000 kgm2

mb Bogie mass, 2500 kg

ibr Bogie roll inertia, 1500 kgm2

kaz Airspring area stiffness, 210000 N/m

ksz Airspring series stiffness, 620000 N/m

krz Airspring reservoir stiffness, 244000 N/m

crz Airspring reservoir damper, 33000 Ns/m

ksy Secondary lateral stiffness, 260000 N/m

csy Secondary lateral damper, 33000 Ns/m

kvr Anti-roll bar stiffness/bogie, 2000000 Nm/rad

kpz Primary vertical stiffness, 2000000 N/m

cpz Primary vertical damper, 20000 Ns/m

kpy Primary lateral stiffness, 35000000 N/m

cpy Primary lateral damper, 16000 Ns/m

d1 Airspring semi-spacing, 0.90 m

d2 Primary vertical suspension semi-spacing,
1.00 m

h1 Secondary lateral suspension height (body
c.o.g), 0.9 m

h2 Secondary lateral suspension height (bogie
c.o.g), 0.25 m

h3 Height (bogie c.o.g), −0.09 m

hg1 Bogie c.o.g height (rail level), 0.37 m

hg2 Body c.o.g height (rail level), 1.52 m

L1 Length of anti-roll bar, 2 m

L2 Arm length of anti-roll bar, 0.7 m

nr Reduction ratio of harmonic gearbox, 200
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