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Fixed-time Fuzzy Adaptive Decentralized Control for High-order Nonlin-
ear Large-scale Systems
Bo Kang, Zhiyao Ma* � , Wei Zhang, and Yongming Li

Abstract: This paper studies a fuzzy adaptive fixed-time tracking control issue for nonlinear high-order large-
scale systems. Fuzzy logic systems (FLSs) are utilized to identify unknown nonlinearities. Through using adaptive
backstepping and adding a power integrator technique, the fixed-time decentralized control method is presented.
It is proved that the tracking errors converge to a small neighborhood of a fixed time. A simulation example is
presented to confirm the validity of the developed control method.

Keywords: Adaptive decentralized control, adding a power integrator technique, fixed-time control, fuzzy logic
systems, high-order large-scale systems.

1. INTRODUCTION

Backstepping control decomposes the high-order non-
linear system into multiple subsystems to reduce the com-
plexity of designing the system controller. The backstep-
ping method starts from the first subsystem to design the
virtual controller, and then step by step recursively un-
til the actual controller of the whole system is designed.
Therefore, the researchers frequently make use of back-
stepping method to handle the control issues for nonlinear
systems. Ma et al. [1] presented a novel adaptive control
strategy for nonlinear strict-feedback systems. Wang et al.
[2] studied the control issue of n-order semi-strict nonlin-
ear systems with uncertainty and constraint. Cai et al. [3]
presented a robust adaptive control scheme of nonlinear
systems. The authors in [4,5] studied robust output feed-
back control issues for a class of nonlinear systems. Hua
et al. [6] devised a state-feedback controller of nonlinear
time-delay systems, which indicated that this system is
asymptotically stable. Cui and Xie [7] considered adaptive
state-feedback stabilization control problem of stochas-
tic high-order nonlinear systems with state-constrained.
To solve synchronization problem of the systems, Peng
et al. [8] developed a Nussbaum-type adaptive distributed
controller for nonlinear high-order systems with uncer-
tainties. Davila [9] designed an exponential exact tracking
controller by using the backstepping method for nonlinear
high-order systems with disturbances.

As we know, the research results mentioned above are
only limited that the nonlinearities are known accurately

or can be linearly parameterized for control systems. The
design process has certain complexities and limitations. In
order to solve this issue, based on the universal approxi-
mation property of FLSs or neural network (NN), the re-
searchers have put forward many adaptive fuzzy and NN
backstepping control technologies of nonlinear systems
with completely unknown nonlinearities (see [10-14]).
Among them, in [10,11], the authors proposed backstep-
ping NN control schemes for nonlinear systems. Li et al.
[12] proposed the adaptive fuzzy output tracking control
scheme for nonlinear switched systems. Combining with
backstepping technology, Tong et al. [13,14] designed a
fuzzy adaptive output feedback controller of multi-input
and multi-output (MIMO) nonlinear systems.

It is worth noting that the literatures [1-14] studied
single-input and single-output (SISO) or MIMO nonlinear
systems. Different from these types of systems, the nonlin-
ear large-scale systems have the nature of multi-layered,
high-dimensional, time-distributed and space-distributed,
which lead to complex system construction, diverse ob-
jectives and limited information structure in the system.
Moreover, many practical control systems can be regarded
as the large-scale nonlinear systems, such as transporta-
tion systems, ecological systems, and digital communi-
cation networks, etc. Therefore, the decentralized control
theory has been proposed, as an important branch of large-
scale systems control theory (see [15-23]). Among them,
the authors in [15-18] proposed state-feedback and output-
feedback decentralized control algorithms for a class of
large-scale systems. Li et al. [19] discussed the issue of

Manuscript received December 10, 2021; revised January 20, 2022; accepted February 9, 2022. Recommended by Associate Editor Juixiang
Dong under the direction of Editor Guang-Hong Yang. This work was supported by the National Natural Science Foundation (NNSF) of
China under Grant U22A2043.

Bo Kang, Zhiyao Ma, and Yongming Li are with the Department of College of Science, Liaoning University of Technology, Jinzhou, China (e-
mails: k_booo_777@163.com, mazhiyao315@126.com, l_y_m_2004@163.com). Wei Zhang is with the Department of Dandong Dongfang
Measurement & Control Technology Co., Ltd., Dandong, China (e-mail: wzhang1028@163.com).
* Corresponding author.

©ICROS, KIEE and Springer 2022

http://www.springer.com/12555
https://orcid.org/0000-0003-0666-8661


Fixed-time Fuzzy Adaptive Decentralized Control for High-order Nonlinear Large-scale Systems 4101

adaptive fuzzy tracking fault-tolerant control for stochas-
tic large-scale systems with output-constrained. Li et al.
[20] designed an fixed-time fuzzy decentralized control
algorithm for stochastic large-scale nonlinear systems. In
[21-23], the authors studied adaptive NN and fuzzy decen-
tralized state-feedback control issues for nonlinear large-
scale systems. However, the existing literatures only stud-
ied the asymptotic stability for nonlinear large-scale sys-
tems. For systems like this one, it is still a challenge to
study fixed-time fuzzy decentralized control issue.

The stability analysis has always been a hot issue in
control field for nonlinear systems. According to the con-
vergence time, the system stability is usually divided into
infinite-time stability, finite-time stability and fixed-time
stability. For a class of discrete-time systems, the au-
thors discussed the issues of H∞ dynamic output feed-
back control and peak-to-peak filtering in [24,25]. Wang
and Zhu [26] designed a finite-time state-feedback con-
troller for high-order nonlinear system. Fan and Li pre-
sented an adaptive finite-time optimal control scheme of
switched nonlinear systems in [27]. The authors stud-
ied the issues of adaptive finite-time decentralized control
for large-scale nonlinear systems in [28-30]. In [31], the
authors studied a decentralised adaptive finite-time pre-
scribed performance control issue for large-scale nonlin-
ear interconnected systems. However, for finite-time con-
trol, the system convergence speed and performance de-
pend on the initial conditions, and the convergence time
will vary as the initial value of the state change. In order
to deal with this problem, Polyakov [32] first presented the
concept and basic theory of fixed-time control. Hong et al.
[33] considered distributed fixed-time consensus protocol
problem for multi-agent nonlinear systems. The authors in
[34,35] studied the adaptive fixed-time tracking control is-
sues for strict-feedback and nonstrict-feedback nonlinear
systems, and certified that the convergence time is uncon-
nected with the initial conditions. Zhou et al. focused on
the decentralized adaptive fuzzy fixed-time control issue
for a class of interconnected nonlinear systems in [36].
Zhang et al. [37] developed a fixed-time adaptive atti-
tude tracking controller for spacecraft. It is worth pointing
out that fixed-time control has not only faster convergence
rate, stronger robustness and higher control accuracy than
asymptotic stability, but also the convergence time is in-
dependent of the initial conditions, related to some design
parameters. These advantages make the fixed-time con-
trol have a broad application prospect in spacecraft track-
ing control [38,39], multi-robot formation tracking control
[40,41] and other fields.

Based on the above analysis, the literature [24-41] all
studied the finite time or fixed time control for a class of
nonlinear systems, there is no specific research for high-
order nonlinear large-scale systems, and the fixed-time
adaptive control for nonlinear systems still remains an
open issue. Therefore, this paper takes this as an innova-

tion point to discuss a fixed-time fuzzy adaptive tracking
control problem for high-order nonlinear large-scale sys-
tems. In the control design, the unknown nonlinearities are
recognized by utilizing FLSs. Under the fixed-time Lya-
punov stability theory, a fixed-time fuzzy adaptive decen-
tralized control scheme is proposed to guarantee the track-
ing performance is well within a fixed time.

2. SYSTEM DESCRIPTION AND PRELIMINARY
KNOWLEDGE

2.1. System description and assumption
Consider the following strict-feedback high-order non-

linear systems as

ẋi,1 = xpi,1
i,2 + fi,1(xi,1)+∆i,1(ȳ),

ẋi,2 = xpi,2
i,3 + fi,2(x̄i,2)+∆i,2(ȳ),

...

ẋi,mi = u
pi,mi
i + fi,mi(x̄i,mi)+∆i,mi(ȳ),

yi = xi,1,

(1)

where x̄i, ji = [xi,1, xi,2, . . ., xi, ji ]
T , (i = 1, . . ., N; ji = 1, . . .,

mi) are the system state vectors, ui ∈ R are the i-th sub-
system control input, yi ∈ R are control output. fi, ji(x̄i, ji)
are the unknown nonlinear functions, ∆i, ji(ȳ) (ȳ = [y1, . . .,
yN ]

T ) are interconnected functions and exist in every sub-
system, pi, ji ≥ 1 are the ratio of a positive even integer to
odd integer.

Remark 1: Compared with the current researches for
large-scale systems, the system (1) is an extension of this
class of nonlinear large-scale systems. The fixed-time con-
trol has been studied for nonlinear system, with the in-
dex of virtual controller input pi, ji = 1 in [26-31]. How-
ever, this paper considered fixed-time tracking control is-
sue for high-order nonlinear systems. In that case, the con-
trol methods developed by the previous researches are no
longer feasible.

Assumption 1 [19]: The nonlinear interconnected
terms ∆i, ji(ȳ) (i = 1, . . ., N; ji = 1, . . ., mi) satisfy

|∆i, ji(ȳ)| ≤
ni, ji

∑
r=1

N

∑
ι=1

qr
i, ji,ι |yι |r, (2)

where qr
i, ji,ι are unknown constants.

2.2. Preliminaries
The following several lemmas and definitions on fixed-

time control are given for high-order nonlinear large-scale
systems.

Definition 1 [42]: For the i-th subsystem ẋ = f (x, t),
the large-scale nonlinear systems are semiglobal practical
fixed-time stable (SGPFS). If for any xi(t0) = x0, there is a
positive constant ε and a settling time T (ε,x0) < ∞, such
that ‖xi(t)‖< ε and x(t) = 0 for all t ≥ t0 +T .
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Lemma 1 [35]: There is a function V (X)≥ 0, the con-
stants β1, β2 > 0, 0 < κ1 < 1, κ2 > 1, and λ > 0, such
that

V̇ (X)≤−β1V κ1(X)−β2V κ2(X)+λ , (3)

the system (1) is practically fixed-time stable and the set-
tling time T is bounded as

T ≤ Tmax =
1

β1δ (1−κ1)
+

1
β2δ (κ2−1)

, (4)

where the constant 0 < δ < 1.
Remark 2: Finite-time control strategies of nonlinear

systems have been presented in [43-45], which only can
ensure the system states converge to a region of equilib-
rium point. Thus, this paper provides a fuzzy adaptive
fixed-time control scheme of high-order nonlinear large-
scale systems (1). By applying Lemma 1, we can design
a fuzzy adaptive fixed-time controller, which reaches the
expected tracking precision in fixed time without relying
on initial states.

Lemma 2 [35]: For any constants d1, d2, φ > 0, and 0<
d3 < 1, real variables A and B, the following inequalities
hold

|A|d1 |B|d2 ≤ d1

d1+d2
φ |A|d1+d2+

d2

d1 +d2
φ
− d1

d2 |B|d1+d2 ,

(5)∣∣Ad3 −Bd3
∣∣≤ 21−d3 |A−B|d3 . (6)

Lemma 3 [18]: The unknown nonlinearity f (X) is con-
tinuous on a compact set Ω, for any constant ε > 0 , there
exists a FLS θ ∗T ϕ(X) such as

sup
X∈Ω

∣∣ f (X)−θ
∗T

ϕ(X)
∣∣≤ ε, (7)

where ε is the fuzzy minimum approximation error, θ ∗T =
[θ ∗1 , θ ∗2 , . . ., θ ∗l ]

T is the weight vector, the number of fuzzy
rules l > 1. ϕ(x) = [ϕ1(x), ϕ2(x), . . ., ϕl(x)]T , ϕi(x) is the
fuzzy basis function. The fuzzy basis functions and fuzzy
membership functions are designed Gaussian functions.

Remark 3: It should be mentioned that since neural
networks and Takagi-Sugeno fuzzy systems also have the
property of Lemma 3, the FLSs used in this paper can
be replaced by neural networks [10,11] or Takagi-Sugeno
fuzzy systems [46-48].

3. FUZZY ADAPTIVE FIXED-TIME
CONTROLLER DESIGN AND STABILITY

ANALYSIS

In this section, combining adaptive backstepping design
technique and adding a power integrator method, a fuzzy
adaptive fixed-time stabilization controller will be devel-
oped. Further, the stability of the controlled system (1)
will be proved by constructing the form of Lemma 1.

Before the adaptive backstepping design, for i = 1, . . .,
N; ji = 1, . . ., mi, we define Θ∗i, ji =

∥∥θ ∗i, ji

∥∥1+ν , Θ̃i, ji =

Θ∗i, ji − Θ̂i, ji , and Θ̂i, ji is the estimation of Θ∗i, ji . Then, in-
troduce coordinate transformation as follows:{

ei,1 = xi,1− yi,d ,

ei, ji = x
σi, ji
i, ji −α

σi, ji
i, ji ,

(8)

where ei, ji is the virtual error, yi,d is the reference signal,
αi, ji is a virtual controller, it is designed later. For conve-
nience, we can define 1+ pi, ji

σi, ji+1
= 1

σi, ji
+ν , the design pa-

rameter σi,1 = 1 and σi, ji > 1( ji = 2, . . ., mi), the constant
ν satisfies ν ∈ (0, 1).

Step i,1: Choose the Lyapunov function as

V1 =
N

∑
i=1

(
Wi,1 +

1
2

Θ̃
2
i,1 +

1
2

Ψ̃
2
i,1

)
, (9)

where Ψ̃i,1 = Ψ∗i,1 − Ψ̂i,1, Ψ̂i,1 is the estimation of Ψ∗i,1.
We can define the positive-definite function Wi,1 =∫ xi.1

αi.1
(sσi.1 −α

σi.1
i,1 )

2−1/σi,1 ds.
The time derivative of V1 is

V̇1 =
N

∑
i=1

[
ei,1ėi,1− Θ̃i,1

˙̂
Θi,1− Ψ̃i,1

˙̂
Ψi,1

]
=

N

∑
i=1

[
ei,1(x

pi,1
i,2 + fi,1(xi,1)+∆i,1(ȳ)

− ẏi,d)− Θ̃i,1
˙̂
Θi,1− Ψ̃i,1

˙̂
Ψi,1

]
. (10)

Since Fi,1(χi,1) = fi,1(xi,1)− ẏi,d is completely unknown
nonlinear function, a FLS is used to recognize Fi,1(χi,1).
One can get

Fi,1(χi,1) = θ
∗T
i,1 ϕi,1(χi,1)+ εi,1(χi,1), (11)

where |εi,1(χi,1)| ≤ ε∗i,1, ε∗i,1 is a positive constant, χi,1 =
[xi,1, yi,d , ẏi,d ]

T .
By using Young’s inequality, we can obtain

N

∑
i=1

ei,1Fi,1(χi,1)

=
N

∑
i=1

ei,1(θ
∗T
i,1 ϕi,1(χi,1)+ εi,1(χi,1))

≤
N

∑
i=1

[
1

1+ν
a1+ν

i,1 e1+ν

i,1

∥∥θ
∗
i,1

∥∥1+ν‖ϕi,1(χi,1)‖1+ν

+
ν

1+ν
a−(1+ν)/ν

i,1 +
1

1+ν
b1+ν

i,1 e1+ν

i,1

+
ν

1+ν
b−(1+ν)/ν

i,1 (ε∗i,1)
(1+ν)/ν

]
≤

N

∑
i=1

[
e1+ν

i,1 (a1+ν

i,1 Θ
∗
i,1‖ϕi,1(χi,1)‖1+ν +b1+ν

i,1 )+ωi,1
]
,

(12)
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where ai,1, bi,1 are positive design parameters, Θ∗i,1 =∥∥θ ∗i,1
∥∥1+ν and ωi,1 = a−(1+ν)/ν

i,1 +b−(1+ν)/ν
i,1 (ε∗i,1)

(1+ν)/ν .
Furthermore, invoking Assumption 1, Young’s inequal-

ity and Cauchy-Schwartz inequality yields

N

∑
i=1

ei,1∆i,1(ȳ)

≤
N

∑
i=1

{
1

2di,1
+

di,1

2
(ei,1∆i,1(ȳ))

2
}

≤
N

∑
i=1

{
1

2di,1
+

di,1

2
e2

i,1

( k

∑
r=1

N

∑
ι=1

qr
i,1,ι |yι |r

)2}
≤

N

∑
i=1

1
2di,1

+
N

∑
i=1

k

∑
r=1

N

∑
ι=1

di,1

2
e2

i,1(q
r
i,1,ι |yι |r)2kN, (13)

where di,1 is the design parameter. k=max{ni, ji |1≤ i≤N,
1≤ ji ≤ mi} is known.

From the inequality (
2
∑

i=1
xi)

2r ≤ 22r
2
∑

i=1
x2r

i , the above for-

mula can be transformed into

N

∑
i=1

k

∑
r=1

N

∑
ι=1

di,1

2
e2

i,1(q
r
i,1,ι |yι |r)2kN

≤ kN
N

∑
i=1

k

∑
r=1

N

∑
ι=1

dι ,1

2
e2

i,1q2r
ι ,1,i(e

2r
i,1 + y2r

i,d)×22r

≤
N

∑
i=1

k

∑
r=1

e2
i,1(e

2r
i,1 + y2r

i,d)q1,i,r, (14)

where q1,i,r = 22r−1× kNdι ,1
N
∑

ι=1
q2r

ι ,1,i.

Recalling (13) and (14) leads to

N

∑
i=1

ei,1∆i,1(ȳ)≤
N

∑
i=1

1
2di,1

+
N

∑
i=1

k

∑
r=1

e2
i,1(e

2r
i,1 + y2r

i,d)q1,i,r.

(15)

According to (12) and (15), (10) can be rewritten as

V̇1 ≤
N

∑
i=1

[
ei,1(x

pi,1
i,2 −α

pi,1
i,2 )

+ e1+ν

i,1 (a1+ν

i,1 Θ
∗
i,1‖ϕi,1(χi,1)‖1+ν +b1+ν

i,1 )

+ ei,1α
pi,1
i,2 +

k

∑
r=1

e2
i,1(e

2r
i,1 + y2r

i,d)Ψ
∗
i,1 +

1
2di,1

+ωi,1− Θ̃i,1
˙̂
Θi,1− Ψ̃i,1

˙̂
Ψi,1

]
, (16)

where Ψ∗i,1 = max
1≤r≤k

q1,i,r.

Design the virtual controller αi,2, the adaptive laws ˙̂
Θi,1

and ˙̂
Ψi,1 as

αi,2 =−e1/σi,2
i,1 (ci,1 + c′i,1e2+ν

i,1 +a1+ν

i,1 Θ̂i,1

×‖ϕi,1(hi,1)‖1+ν +b1+ν

i,1 +Di,1)
1/pi,1 , (17)

˙̂
Θi,1 = e1+ν

i,1 a1+ν

i,1 ‖ϕi,1(hi,1)‖1+ν − γi,1Θ̂i,1, (18)

˙̂
Ψi,1 =

k

∑
r=1

e2
i,1(e

2r
i,1 + y2r

i,d)− γ
′
i,1Ψ̂i,1, (19)

where Di,1 = e1−pi,1/σi,2
i,1 Ψ̂i.1

k
∑

r=1
(e2r

i,1 + y2r
i,d), the design pa-

rameters ci,1, c′i,1, γi,1 and γ ′i,1 are positive constants.
Substituting (17)-(19) into (16) yields

V̇1 ≤
N

∑
i=1

[−ci,1e1+ν

i,1 − c′i,1e3+2ν

i,1 + ei,1(x
pi,1
i,2 −α

pi,1
i,2 )

+ γi,1Θ̃i,1Θ̂i,1 + γ
′
i,1Ψ̃i,1Ψ̂i,1 + ω̄i,1], (20)

where ω̄i,1 = ωi,1 +
1

2di,1
.

Step i, ji ( ji = 2, . . ., mi − 1): Choose the Lyapunov
function as

Vji =Vji−1 +
N

∑
i=1

(Wi, ji +
1
2

Θ̃
2
i, ji +

1
2

Ψ̃
2
i, ji), (21)

where Ψ̃i, ji = Ψ∗i, ji − Ψ̂i, ji , Ψ̂i, ji is the estimation of Ψ∗i, ji ,

we can define Wi, ji =
∫ xi. ji

αi. ji
(sσi. ji −α

σi. ji
i, ji )

2−1
/

σi. ji ds.
The time derivative of Vji is

V̇ji = V̇ji−1 +
N

∑
i=1

[
∂Wi, ji

∂xi, ji
ẋi, ji

+
ji−1

∑
l=1

(
∂Wi, ji

∂xi,l
ẋi,l +

∂Wi, ji

∂ Θ̂i,l

˙̂
Θi,l +

∂Wi, ji

∂ Ψ̂i,l

˙̂
Ψi,l

)
− Θ̃i, ji

˙̂
Θi, ji − Ψ̃i, ji

˙̂
Ψi, ji

]
. (22)

According to Wi, ji =
∫ xi. ji

αi. ji
(sσi. ji −α

σi. ji
i, ji )

2−1
/

σi. ji ds and
Lemma 2, one has

|∂Wi, ji

/
∂xi,l ẋi,l |

≤ (2−1
/

σi. ji)|(x
σi. ji
i. ji )

1
/

σi. ji − (α
σi. ji
i. ji )

1
/

σi. ji |

× |(xσi. ji
i. ji −α

σi. ji
i. ji )|

1−1
/

σi. ji |∂α
σi. ji
i. ji

/
∂xi,l ẋi,l |

≤ (2−1
/

σi. ji)2
1−1

/
σi. ji

×
∣∣∣e1

/
σi. ji

i. ji

∣∣∣∣∣∣e1−1
/

σi. ji
i. ji

∣∣∣∣∣∣∂α
σi. ji
i. ji

/
∂xi,l ẋi,l

∣∣∣
≤ ψi. ji |ei. ji ||∂α

σi. ji
i. ji

/
∂xi,l ẋi,l |, (23)

∂Wi, ji

/
∂xi, ji ẋi, ji

= (x
σi. ji
i. ji −α

σi. ji
i. ji )

2−1
/

σi. ji ẋi, ji

= e
2−1

/
σi. ji

i. ji [x
pi, ji
i, ji+1 + fi, ji(x̂i, ji)+∆i, ji(ȳ)], (24)

where ψi. ji ≥ 21−1
/

σi. ji (2−1
/

σi. ji). Similarly to the previ-
ous step (23), one gets

|∂Wi, ji/∂ ĥi,l
˙̂hi,l | ≤ ψi. ji |ei. ji |

∣∣∣∂α
σi. ji
i. ji /∂ ĥi,l

˙̂hi,l

∣∣∣ , (25)
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where ĥi,l = [Θ̂i,l ,Ψ̂i,l ]
T and ˙̂hi,l = [ ˙̂

Θi,l ,
˙̂
Ψi,l ]

T .
Substituting (23)-(25) into (22) yields

V̇ji ≤ V̇ji−1 +
N

∑
i=1

[ψi. ji |ei. ji |
ji−1

∑
l=1

(
∣∣∣∂α

σi. ji
i. ji /∂xi,l ẋi,l

∣∣∣
+
∣∣∣∂α

σi. ji
i. ji /∂ Θ̂i,l

˙̂
Θi,l

∣∣∣+ ∣∣∣∂α
σi. ji
i. ji /∂ Ψ̂i,l

˙̂
Ψi,l

∣∣∣)
+ e

2−1
/

σi. ji
i. ji (x

pi, ji
i, ji+1−α

pi, ji
i, ji+1 + fi, ji(x̂i, ji)+∆i, ji(ȳ))

+ e
2−1

/
σi. ji

i. ji α
pi, ji
i, ji+1− Θ̃i, ji

˙̂
Θi, ji − Ψ̃i, ji

˙̂
Ψi, ji ]. (26)

Utilizing the inequailty (5), it follows that

e
2−1

/
σi. ji

i. ji−1 (x
pi, ji−1

i, ji −α
pi, ji−1

i, ji )

= e
2−1

/
σi. ji

i. ji−1 [(x
σi. ji
i. ji )

pi, ji−1
/

σi. ji − (α
σi. ji
i. ji )

pi, ji−1
/

σi. ji ]

≤ e1+ν

i. ji−1 + ςi, ji e
1+ν

i. ji , (27)

where ςi, ji = ν
/
(1+ν)× (21−pi, ji−1

/
σi. ji )1+ν/ν .

From (27), it follows that

V̇ji ≤
N

∑
i=1
{−

ji−1

∑
l=1

(ci,l− ji +1)e1+ν

i,l −
ji−1

∑
l=1

c′i,le3+2ν

i,l

+ e
2−1

/
σi. ji

i. ji α
pi, ji
i, ji+1 + e

2−1
/

σi. ji
i. ji (x

pi, ji
i, ji+1−α

pi, ji
i, ji+1)

+ |ei. ji |
[

ςi, ji e
ν

i. ji + e
2−1

/
σi. ji

i. ji fi, ji(x̂i, ji)

+ψi. ji

ji−1

∑
l=1

(∣∣∣∣∣∂α
σi. ji
i. ji

∂xi,l
ẋi,l

∣∣∣∣∣+
∣∣∣∣∣∂α

σi. ji
i. ji

∂ Θ̂i,l

˙̂
Θi,l

∣∣∣∣∣
+

∣∣∣∣∣∂α
σi. ji
i. ji

∂ Ψ̂i,l

˙̂
Ψi,l

∣∣∣∣∣
)]

+ e
2−1

/
σi. ji

i. ji ∆i, ji(ȳ)

+
ji−1

∑
l=1

(γi,lΘ̃i,lΘ̂i,l + γ
′
i,lΨ̃i,lΨ̂i,l + ω̄i,l)

− Θ̃i, ji
˙̂
Θi, ji − Ψ̃i, ji

˙̂
Ψi, ji}. (28)

Define the unknown nonlinear function Fi, ji(χi, ji) =

ςi, ji e
ν
i. ji + e

2−1
/

σi. ji
i. ji fi, ji(x̂i, ji) + ψi. ji

ji−1
∑

l=1

(∣∣∣∣ ∂α
σi. ji
i. ji

∂xi,l
ẋi,l

∣∣∣∣ +∣∣∣∣ ∂α
σi. ji
i. ji

∂ ĥi,l

˙̂hi,l

∣∣∣∣), a FLS can be utilized to identify the function

Fi, ji(χi, ji) and assumes that

Fi, ji(χi, ji) = θ
∗T
i, ji ϕi, ji(χi, ji)+ εi, ji(χi, ji), (29)

where |εi, ji(χi, ji)| ≤ ε∗i, ji with ε∗i, ji is a positive constant,

χi, ji = [x̄i, ji ,
¯̂
Θi, ji−1, ¯̂

Ψi, ji−1]
T with ¯̂

Θi, ji−1 = [Θ̂i,1, . . .,
Θ̂i, ji−1]

T , ¯̂
Ψi, ji−1 = [Ψ̂i,1, . . ., Ψ̂i, ji−1]

T .
By using Young’s inequality, we can get

N

∑
i=1
|ei, ji |Fi, ji(χi, ji)

=
N

∑
i=1
|ei, ji |(θ ∗Ti, ji ϕi, ji(χi, ji)+ εi, ji(χi, ji))

≤
N

∑
i=1

[
1

1+ν
a1+ν

i, ji e1+ν

i, ji

∥∥θ
∗
i, ji

∥∥1+ν‖ϕi, ji(χi, ji)‖
1+ν

+
ν

1+ν
a−(1+ν)/ν

i, ji +
1

1+ν
b1+ν

i, ji e1+ν

i, ji

+
ν

1+ν
b−(1+ν)/ν

i, ji (ε∗i, ji)
(1+ν)/ν

]
≤

N

∑
i=1

[
e1+ν

i, ji (a1+ν

i, ji Θ
∗
i, ji‖ϕi, ji(χi, ji)‖

1+ν +b1+ν

i, ji )

+ωi, ji

]
, (30)

where ai, ji and bi, ji are positive design parameters, Θ∗i, ji =∥∥θ ∗i, ji

∥∥1+ν , and ωi, ji = a−(1+ν)/ν
i, ji +b−(1+ν)/ν

i, ji (ε∗i, ji)
(1+ν)/ν .

Similar to (15)

N

∑
i=1

e
2−1

/
σi. ji

i. ji ∆i, ji(ȳ)

≤
N

∑
i=1

1
2di, ji

+
N

∑
i=1

k

∑
r=1

e
4−2

/
σi. ji

i, ji (e2r
i, ji + y2r

i,d)q ji,i,r, (31)

where q ji,i,r = 22r−1× kNdι ,1
N
∑

ι=1
q2r

ι , ji,i.

According to (30) and (31), (28) can be rewritten as

V̇ji ≤
N

∑
i=1

[
−

ji−1

∑
l=1

(ci,l− ji +1)e1+ν

i,l −
ji−1

∑
l=1

c′i,le3+2ν

i,l

+ e
2−1

/
σi. ji

i. ji (x
pi, ji
i, ji+1−α

pi, ji
i, ji+1)+ e

2−1
/

σi. ji
i. ji α

pi, ji
i, ji+1

+ e1+ν

i, ji (a1+ν

i, ji Θ
∗
i, ji‖ϕi, ji(χi, ji)‖

1+ν +b1+ν

i, ji )

+
k

∑
r=1

e
4−2

/
σi. ji

i, ji Ψ
∗
i, ji(e

2r
i, ji + y2r

i,d)+ωi, ji +
1

2di, ji

+
ji−1

∑
l=1

(γi,lΘ̃i,lΘ̂i,l + γ
′
i,lΨ̃i,lΨ̂i,l + ω̄i,l)

− Θ̃i, ji
˙̂
Θi, ji − Ψ̃i, ji

˙̂
Ψi, ji

]
, (32)

where Ψ∗i, ji = max
1≤r≤k

q ji,i,r.

Design the virtual controller αi, ji+1, the adaptive laws
˙̂
Θi, ji and ˙̂

Ψi, ji as

αi, ji+1 =−e
1
/

σi, ji+1

i, ji [(ci, ji − ji +1)+ c′i, ji e
2+ν

i, ji +b1+ν

i, ji

+a1+ν

i, ji Θ̂i, ji‖ϕi, ji(χi, ji)‖
1+ν +Di, ji ]

1
/

pi, ji ,

(33)
˙̂
Θi, ji = e1+ν

i, ji a1+ν

i, ji ‖ϕi, ji(χi, ji)‖
1+ν − γi, ji Θ̂i, ji , (34)

˙̂
Ψi, ji =

k

∑
r=1

e
4−2

/
σi. ji

i, ji (e2r
i, ji + y2r

i,d)− γ
′
i, ji Ψ̂i, ji , (35)

where Di, ji = e
πi, ji
i, ji Ψ̂i, ji

k
∑

r=1
(e2r

i, ji + y2r
i,d) with πi, ji = 2 −
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σi, ji+1+pi, ji σi, ji

σi, ji σi, ji+1

)
, the design parameters ci, ji , c′i, ji , γi, ji , and

γ ′i, ji are positive constants.
Substituting (33)-(35) into (32) yields

V̇ji ≤
N

∑
i=1

[
−

ji

∑
l=1

(ci,l− ji +1)e1+ν

i,l

−
ji

∑
l=1

c′i,le3+2ν

i,l + e
2−1

/
σi. ji

i. ji (x
pi, ji
i, ji+1−α

pi, ji
i, ji+1)

+
ji

∑
l=1

(γi,lΘ̃i,lΘ̂i,l + γ
′
i,lΨ̃i,lΨ̂i,l + ω̄i,l)

]
, (36)

where ω̄i,l = ωi,l +
1

2di,l
.

Step i,mi: Consider the Lyapunov function as

Vmi =Vmi−1 +
N

∑
i=1

(Wi,mi +
1
2

Θ̃
2
i,mi

+
1
2

Ψ̃
2
i,mi

), (37)

where Ψ̃i, ji = Ψ∗i, ji − Ψ̂i, ji , Ψ̂i, ji is the estimation of Ψ∗i, ji ,

we can define Wi,mi =
∫ xi.mi

αi.mi
(sσi.mi −α

σi.mi
i.mi

)
2−1

/
σi.mi ds.

The time derivative of Vmi is

V̇ji ≤
N

∑
i=1

[
−

mi−1

∑
l=1

(ci,l−mi +1)e1+ν

i,l −
mi−1

∑
l=1

c′i,le3+2ν

i,l

+ e1+ν

i,mi
(a1+ν

i,mi
Θ
∗
i,mi
‖ϕi,mi(χi,mi)‖

1+ν +b1+ν

i,mi
)

+ e
2−1

/
σi.mi

i.mi
u

pi,mi
i +

k

∑
r=1

e
4−2

/
σi.mi

i,mi
Ψ
∗
i,mi

(e2r
i,mi

+ y2r
i,d)

+ωi,mi +
1

2di,mi

− Θ̃i,mi
˙̂
Θi,mi − Ψ̃i,mi

˙̂
Ψi,mi

]
+

mi−1

∑
l=1

(γi,lΘ̃i,lΘ̂i,l + γ
′
i,lΨ̃i,lΨ̂i,l + ω̄i,l), (38)

where

Θ
∗
i,mi

=
∥∥θ
∗
i,mi

∥∥1+ν
,

ωi,mi = a−(1+ν)/ν
i,mi

+b−(1+ν)/ν
i,mi

(ε∗i,mi
)(1+ν)/ν ,

Ψ
∗
i,mi

= max
1≤r≤k

qmi,i,r.

Design the virtual controller ui, the adaptive laws ˙̂
Θi,mi

and ˙̂
Ψi,mi as

ui =−e
1
/

σi,mi+1

i,mi
[(ci,mi −mi +1)+ c′i,mi e

2+ν

i,mi
+b1+ν

i,mi

+a1+ν

i,mi
Θ̂i,mi‖ϕi,mi(hi,mi)‖

1+ν +Di,mi ]
1
/

pi,mi , (39)
˙̂
Θi,mi = e1+ν

i,mi
a1+ν

i,mi
‖ϕi,mi(hi,mi)‖

1+ν − γi,mi Θ̂i,mi , (40)

˙̂
Ψi,mi =

k

∑
r=1

e
4−2

/
σi.mi

i,mi
(e2r

i,1 + y2r
i,d)− γ

′
i,mi

Ψ̂i,mi , (41)

where Di,mi = e
πi,mi
i,mi

Ψ̂i,mi

k
∑

r=1
(e2r

i,mi
+ y2r

i,d) with πi,mi = 2−(
σi,mi+1+pi, ji σi,mi

σi,mi σi,mi+1

)
, the design parameters ci,mi , c′i,mi

, γi,mi , and
γ ′i,mi

are positive constants.

Substituting (39)-(41) into (38) yields

V̇mi ≤
N

∑
i=1

[
−

mi

∑
l=1

(ci,l−mi +1)e1+ν

i,l −
mi

∑
l=1

c′i,le3+2ν

i,l

+
mi

∑
l=1

(γi,lΘ̃i,lΘ̂i,l + γ
′
i,lΨ̃i,lΨ̂i,l + ω̄i,l)

]
, (42)

where ω̄i,l = ωi,l +
1

2di,l
.

Furthermore, we can recapitulate the controller de-
signed above as the following theorem.

Theorem 1: For high-order nonlinear large-scale sys-
tems (1), under Assumption 1, the controller (39), inter-
mediate control functions (17) and (33), adaptive laws
(18), (19), (34), (35), (40), and (41), can ensure that the
system (1) is SPFTS, and tracking errors convergence to a
small neighborhood of the origin within fixed time.

Proof: It follows from the definitions of Θ̃i,l , Ψ̃i,l (l = 1,
. . ., mi) that

γi,lΘ̃i,lΘ̂i,l ≤−
γi,l

2
Θ̃

2
i,l +

γi,l

2
(Θ∗i,l)

2, (43)

γ
′
i,lΨ̃i,lΨ̂i,l ≤−

γ ′i,l

2
Ψ̃

2
i,l +

γ ′i,l

2
(Ψ∗i,l)

2. (44)

In view of (43) and (44), one obtains

V̇mi ≤
N

∑
i=1

[
−

mi

∑
l=1

(ci,l−mi +1)e1+ν

i,l −
mi

∑
l=1

c′i,le3+2ν

i,l

−
mi

∑
l=1

(
γi,l

2
Θ̃

2
i,l +

γ ′i,l

2
Ψ̃

2
i,l)+

mi

∑
l=1

(
γi,l

2
(Θ∗i,l)

2

+
γ ′i,l

2
(Ψ∗i,l)

2 + ω̄i,l)

]
. (45)

According to the definition of Wi, ji ( ji = 1, . . ., mi) and the
inequality (5), it holds

Wi, ji =
∫ xi, ji

αi, ji

(sσi, ji −α
σi, ji
i, ji )

2−1
/

σi, ji ds

≤ |xi, ji −αi, ji | |ei, ji |
2−1

/
σi, ji

≤ 2|ei, ji |
2. (46)

Invoking (45) and (46) results in

V̇mi ≤
N

∑
i=1

[
−

mi

∑
l=1

(ci,l−mi +1)(e2
i,l)

k1 −
mi

∑
l=1

c′i,l(e2
i,l)

k2

−
mi

∑
l=1

{
γi,l

(
Θ̃2

i,l

4

)k1

+γ
′
i,l

(
Ψ̃2

i,l

4

)k1
}

−
mi

∑
l=1

{
γi,l

(
Θ̃2

i,l

4

)k2

+ γ
′
i,l

(
Ψ̃2

i,l

4

)k2
}

+
mi

∑
l=1

{
γi,l
( Θ̃2

i,l

4

)k1

+ γ
′
i,l

(
Ψ̃2

i,l

4

)k1}

+
mi

∑
l=1

{
γi,l

(
Θ̃2

i,l

4

)k2

+ γ
′
i,l

(
Ψ̃2

i,l

4

)k2}
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−
mi

∑
l=1

(
γi,l

2
Θ̃

2
i,l +

γ ′i,l

2
Ψ̃

2
i,l

)
+

mi

∑
l=1

{
γi,l

2
(Θ∗i,l)

2 +
γ ′i,l

2
(Ψ∗i,l)

2 + ω̄i,l

}]
. (47)

After that

V̇mi ≤
N

∑
i=1

[
− p
( mi

∑
l=1

e2
i,l

2

)k1

− p
( mi

∑
l=1

e2
i,l

2

)k2

− p
{ mi

∑
l=1

(
Θ̃2

i,l

2
)

k1

+(
Ψ̃2

i,l

2

)k1}

− p
{ mi

∑
l=1

(
Θ̃2

i,l

2

)k2

+

(
Ψ̃2

i,l

2

)k2
}

+
mi

∑
l=1

{
γi,l

(
Θ̃2

i,l

4

)k1

+ γ
′
i,l

(
Ψ̃2

i,l

4

)k1}

+
mi

∑
l=1

{
γi,l

(
Θ̃2

i,l

4

)k2

+ γ
′
i,l

(
Ψ̃2

i,l

4

)k2}
−

mi

∑
l=1

(
γi,l

2
Θ̃

2
i,l +

γ ′i,l

2
Ψ̃

2
i,l

)
+

mi

∑
l=1

{
γi,l

2
(Θ∗i,l)

2 +
γ ′i,l

2
(Ψ∗i,l)

2 + ω̄i,l

}]
, (48)

where k1 = (1+ν)
/

2, k2 = (3+2ν)
/

2, and p =
min{2k1(ci,l−mi +1),2k2 c′i,l ,2γi,l ,2γ ′i,l).
Due to Lemma 2, one has( mi

∑
l=1

Θ̃2
i,l

4

)k1

≤
mi

∑
l=1

Θ̃2
i,l

4
+(1− k1)k

τ1
1 , (49)( mi

∑
l=1

Θ̃2
i,l

4

)k2

≤
mi

∑
l=1

Θ̃2
i,l

4
+(1− k2)k

τ2
2 , (50)

where τ1 =
k1

1−k1
, τ2 =

k2
1−k2

are the design parameters, and

γ ′i,l(
Ψ̃2

i,l

4 )k1 , γ ′i,l(
Ψ̃2

i,l

4 )k2 are similar to (48) and (49).
Substituting (49) and (50) into (48) yields

V̇mi ≤−β1V k1
mi
−β2V k2

mi
+λ , (51)

where β1 = p, β2 = p
/
(mi +1)k2 and

λ =
N

∑
i=1

mi

∑
l=1
{ω̄i,l +(γi,l

/
2)Θ∗2i,l +(γ ′i,l

/
2)Ψ∗2i,l )}

+(1− k1)k
τ1
1 +(1− k2)k

τ2
2 .

Then, the settling time is

T ≤ Tmax =
1

β1δ (1− k1)
+

1
β2δ (k2−1)

. (52)

Moreover, from the definition of Vmi , one has

|yi− yi,d | ≤
√

2(
λ

(1−δ )β2
)1/2k2 . (53)

Thus, the tracking errors can converge to a small neigh-
borhood of zero within a fixed time by tuning the parame-
ters appropriately.

Remark 4: From the proof of Theorem 1, the conver-
gence rate of the tracking error ei,1 depends on the design
parameters β2 and λ . We can increase the design parame-
ters ci, ji and c′i, ji , or decrease the design parameters ν , γi, ji ,
γ ′i, ji , ai, ji , and bi, ji to better achieve the system performance
from (51). However, increasing the design parameters ci, ji
and c′i, ji , may make the control energy greater. Therefore,
a tradeoff should be considered between the system track-
ing performance and the control effort.

4. SIMULATION RESULT

In this chapter, one simulation example confirms the
feasibility of the fuzzy adaptive fixed-time decentralized
control scheme for nonlinear high-order large-scale sys-
tems.

Example: Consider the nonlinear high-order large-
scale systems as

ẋ1,1 = xp1,1
1,2 + f1,1(x1,1)+∆1,1(y1,y2),

ẋ1,2 = up1,2
1 + f1,2(x1,1,x1,2)+∆1,2(y1,y2),

y1 = x1,1,

(54)


ẋ2,1 = xp2,1

2,2 + f2,1(x2,1)+∆2,1(y1,y2),

ẋ2,2 = up2,2
2 + f2,2(x2,1,x2,2)+∆2,2(y1,y2),

y2 = x2,1,

(55)

where f1,1 = 0.2x1,1e−0.5x2
1,1 , f1,2 = −0.1x1,2 cos(1/1 +

x2
1,1), f2,1 = 0.07x2,1, f2,2 = −2x2

2,1x2
2,2, ∆1,1 = −0.12

sin(x1,1x2,1), ∆1,2 = −0.1(x2
1,1 − x2

2,1), ∆2,1 = 0.2 −
0.2cos(x1,1x2,1), ∆2,2 = −0.1(x1,1 + x2,1), y1,d = sin t, and
y2,d = sin t.

Choose the fuzzy membership functions as (i = 1, 2;
l = 1, . . ., 5)

µF l
i,1
(xi,1) = exp

[
− (xi,1−3+ l)2

2

]
,

µF l
i,2
(x̂i,2) = exp

[
− (xi,1−3+ l)2

2

]

× exp

[
− (xi,2−3+ l)2

2

]
.

Choose the design parameters as ν = 0.2; p1,1 = 2,
p1,2 = 1.2, p2,1 = 1.2, p2,2 = 1.2; σ1,1 = 1, σ1,2 = 10/9,
σ1,3 = 10/9, σ2,1 = 1, σ2,2 = 10/9, σ2,3 = 10/9; c1,1 = 8,
c1,2 = 16, c2,1 = 10, c2,2 = 16; c′1,1 = 0.3, c′1,2 = 1.2,
c′2,1 = 1.5, c′2,2 = 1.5; a1,1 = 0.3, a1,2 = 0.3, a2,1 = 0.5,
a2,2 = 0.3; b1,1 = 0.3, b1,2 = 0.1, b2,1 = 0.3, b2,2 = 0.1;
γ1,1 = 0.3, γ1,2 = 0.6, γ2,1 = 0.3, γ2,2 = 0.6; γ ′1,1 = 0.2,
γ ′1,2 = 0.3, γ ′2,1 = 0.3, γ ′2,2 = 0.3.
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Fig. 1. The trajectories of y1 and y1,d .
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Fig. 2. The trajectories of y2 and y2,d .

Let the initial conditions be x1,1(0) = x1,2(0) = −0.35,
x2,1(0) = x2,2(0) =−0.3, Θ̂i, ji = 0, Ψ̂i, ji = 0 (i = 1, 2; j =
1, 2).

Thus, the simulation results are shown in Figs. 1-7,
where Figs. 1 and 2 reflect the trajectories of outputs yi

and their tracking signals yi,d , respectively, it can be seen
that the outputs yi have excellent tracking performance;
Figs. 3 and 4 indicate the trajectories of u1 and u2, re-
spectively, which shows that u1 and u2 are saturated dur-
ing the initialization transient phase; Figs. 5 and 6 show
the trajectories of the adaptive parameters Θ̂i, ji and Ψ̂i, ji ,
(i = 1,2; j = 1,2); Fig. 7 gets the trajectories of states x1,2

and x2,2.
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Fig. 3. The trajectory of u1.
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Fig. 4. The trajectory of u2.
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Fig. 5. The trajectories of Θ̂i, ji .
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Fig. 6. The trajectories of Ψ̂i, ji .
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Fig. 7. The trajectories of x1,2 and x2,2.

5. CONCLUSION

This paper researches the problem of the fuzzy adap-
tive fixed-time tracking control for nonlinear high-order
large-scale systems. The fuzzy adaptive fixed-time decen-
tralized control scheme is proposed by using backstepping
design technology and adding a power integrator method.
The developed control algorithm can indicate that both the
tracking performance and the closed-loop stability are pre-
served within a fixed time.The simulation results show the
feasibility of the advanced control approach.
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