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Enhanced-coupling-based Tracking Control of Double Pendulum Gantry
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Abstract: Gantry cranes are mostly regarded as single pendulum models to research. However, gantry cranes will
produce a double pendulum effect during the actual operation when the hook mass or cable length between the
load and hook cannot be ignored. Aiming at the problems of working inefficiency, poor positioning accuracy and
violent hook/load swing during the lifting process of gantry cranes, an enhanced-coupling-based tracking control
method is proposed. By referring to a smooth tracking trajectory, the proposed method ensures that the trolley runs
steadily. And by combining with the passivity analysis of the gantry crane system, a coupling signal, which en-
hances the relationship between system variables, is constructed. The system stability is proved strictly by Barbarat
theorem and Lyapunov method. Experiments and simulations are performed to demonstrate the feasibility of the
proposed method. The final results reflect that the proposed method, which can not only ensure the precise position-
ing of the trolley, but also restrain and eliminate the system swings promptly, has excellent control performance.
When the system parameters are changed or external disturbances are added, the proposed method can also obtain
outstanding control performance and has excellent robustness. Not only does the proposed method provide an anti-
swing strategy for double pendulum underactuated gantry cranes, but also it provides a possibility for the research
and development of the automatic driving of gantry cranes, which has great practical significance and application
prospects.

Keywords: Double pendulum, Lyapunov method, nonlinear anti-swing, tracking control, underactuated cranes.

1. INTRODUCTION

Gantry cranes, as a type of large-scale lifting equip-
ment, have the obvious characteristics of flexible ap-
plication, high reliability and economy. Therefore, they
are widely used in various industries such as port logis-
tics, workshop transportation, urban and rural construc-
tion [1,2]. As a typical underactuated system, the number
of degrees of freedom of gantry crane is more than the
number of input variables [3]. Due to the underactuated
characteristic, the trolley is prone to produce large system
swings during rapid lifting, which affect the precise posi-
tioning of the load and the lifting efficiency of the trolley
to a certain extent. If not properly controlled, it will even
cause serious safety accidents. Therefore, a large number
of erudite scholars are devoted to the research of crane
anti-swing control, and put forward many anti-swing con-
trol strategies, such as sliding mode control [4–6], en-
ergy (passive) control [7–9], trajectory planning control

[10–12], partial feedback linearization control [13], etc. It
is worth considering that in practical engineering, gantry
cranes will produce double pendulum swings of the hook
and load when there is a cable connection between the
hook and load, the length of the cable can not be ignored,
and the hook mass can not be much less than the load
mass [14]. However, most existing control strategies sim-
plify gantry cranes to single pendulum models for the con-
venience of dynamic model establishment and anti-swing
method design. Therefore, the current researches of single
pendulum cranes anti-swing control strategies are mostly
difficult to apply to double pendulum cranes. If applied
forcedly or operated manually, it will cause low lifting ef-
ficiency, poor positioning accuracy, and large hook/load
swing, which will cause engineering accidents and affect
construction safety. Under this circumstance, relevant do-
mestic and foreign scholars have begun to study the anti-
swing strategies of double pendulum cranes successively,
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and have achieved some remarkable results.
At present, the open-loop control strategy based on in-

put shaping is widely applied in double pendulum cranes
[15], however, this control strategy has done partial lin-
earizations of the dynamic model and method, which may
have large system errors. The partial feedback lineariza-
tion technology, which reduces the design difficulty of
anti-swing controller, is also used in [16] and [17]. Al-
though [15–17] made partial linearizations in the process
of designing the anti-swing method, they played a certain
role in restraining the hook/load swing, and laid a theo-
retical foundation for the subsequent anti-swing research.
Zhang and Jing proposed a novel adaptive neural network
tracking control method [18], which considered several
core control problems simultaneously, such as robustness,
input dead zone, etc., and achieved excellent control per-
formance. Sun et al. proposed an adaptive method [19]. It
is worth pointing out that this method does not need exact
system model parameters. Chen et al. proposed a strategy
based on model predictive control for system constraints
and input saturation problems [20]. To achieve low energy
consumption of the crane system, Wu et al. [21] proposed
a strategy based on model predictive control. In [22], Sun
et al. proposed a saturation method, which achieved excel-
lent control effect. However, this method is prone to cause
sudden changes in the system swing angles and driving
force when the trolley is started. Zhang et al. proposed
a tracking strategy with reference to a smooth expected
trajectory [23]. Not only can this method ensures the sta-
ble operation of the trolley, but also it reduces the lifting
time and restraints the hook/load swing effectively. How-
ever, driven by this method, large residual swing angles
still exist when the trolley stops running. Shi et al. pro-
posed a control strategy based on energy improvement by
enhancing the coupling relationship between system vari-
ables [24]. Although this method [24] causes the sudden
change of driving force when the trolley is started, it plays
an active role in the effective anti-swing and precise po-
sitioning of the trolley. Moreover, the robustness analy-
sis by Shi et al. [24] is more comprehensive. Interest-
ingly, Zhang and Jing proposed a bioinspired dynamics-
based adaptive fuzzy SMC method [25], which consid-
ered input dead zone and saturation control. Zhang et al.
proposed a bioinspired nonlinear dynamics-based adap-
tive neural network control method [26], which consid-
ered uncertain/unknown dynamics and input delay. It is
worth pointing out that these advanced control methods
[25,26] have guiding significance for the development of
crane controller.

An enhanced-coupling-based tracking control method
is proposed for gantry cranes. In this method, an undeter-
mined coupling function, which includes the information
of the trolley displacement, cable length and swing an-
gles, is constructed by energy analysis, and the function is
determined by stability analysis. The proposed method en-

sures that the trolley starts and runs steadily by referring to
a smooth tracking trajectory. Then, the system stability is
verified by using Barbalat theorem and Lyapunov method.
Ultimately, the performance of the proposed method is an-
alyzed comprehensively, and the effectiveness is proved
through a series of simulations and experiments.

The contributions of this paper can be described as fol-
lows:

1) In this paper, the double pendulum effect of gantry
cranes is considered adequately, and in the process
of dynamic model establishment, method design and
stability analysis, linearizations or approximations
are not applied, which makes the proposed method
more accurate in controlling gantry cranes.

2) Not only does the proposed method ensure the
smooth operation of the trolley, but also it can restrain
and eliminate the system swing angles. The final re-
sults reflect that the proposed method has an excellent
control effect.

3) Under the condition that the gains remain unchanged,
the proposed method has strong robustness to resist
the influence caused by the changes of system param-
eters and external disturbances.

The structure of this paper is stated as follows: The
double pendulum gantry crane dynamic model is built in
Section 2; an enhanced-coupling-based tracking control
method is designed in Section 3, and the system stability
is analyzed strictly; the superior control effect and strong
robustness of the proposed method are verified through
experiments and simulations in Section 4; the conclusion
is stated in Section 5.

2. DOUBLE PENDULUM GANTRY CRANE
DYNAMIC MODEL

The underactuated gantry crane system is described in
Fig. 1, and the system parameters are stated in Table 1. In
practice, the mass and elasticity of the cable have negli-
gible impact on the system dynamics [27]; moreover, the

Fig. 1. Double pendulum underactuated gantry crane sys-
tem.
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Table 1. Double pendulum underactuated gantry crane
system parameters.

Symbol Implication Unit
M Trolley mass kg
m1 Hook mass kg
m2 Load mass kg
x Trolley displacement m
l1 Cable length 1 m
l2 Cable length 2 m
θ1 Hook swing angle deg
θ2 Load swing angle deg
Fx Driving force N

load does not move to the top of gantry cranes [28–30].
Hence, before establishing double pendulum gantry crane
dynamic model, the assumptions are made as follows:

Assumption 1: Ignore the mass and elasticity of the
cable.

Assumption 2: The system swing angles should
meet:−π/2 < θ1, θ2 < π/2.

The gantry crane system dynamic model is established
by using the Euler-Lagrange equation , and the result is as
follows [23,31,32]:

M (q) q̈+V(q, q̇) q̇+G(q)= U+Fd, (1)

where q denotes the system state vector, M (q) denotes the
system inertia matrix, V (q, q̇) ∈ R3×3 denotes the system
centripetal Coriolis force matrix, G(q) ∈ R3 denotes the
system gravity potential energy vector, U denotes the sys-
tem control vector, and Fd ∈ R3 denotes the system dis-
turbance vector. They are described as follows:

M =

 M+m1 +m2 (m1 +m2) l1c1 m2l2c2

(m1 +m2) l1c1 (m1 +m2) l12 m2l1l2c1−2

m2l2c2 m2l1l2c1−2 m2l22

 ,
V =

0 −(m1 +m2) l1s1θ̇1 −m2l2s2θ̇2

0 0 m2l1l2s1−2θ̇2

0 −m2l2l1θ̇1s1−2 0

 ,
G = [0 (m1 +m2)gl1s1 m2gl2s2]

T ,

U = [Fx 0 0]T ,

Fd =
[
−Frx−dxẋ −dθ1 θ̇1 −dθ2 θ̇2

]T
,

q = [x(t) θ1 (t) θ2 (t)]
T ,

where si = sinθi, ci = cosθi, si± j = sin(θi±θ j), ci± j =
cos(θi±θ j), i, j = 1,2(i 6= j). dx ∈ R+ represents the co-
efficient of air resistance of the trolley, g stands for the ac-
celeration of gravity, dθ1 ∈ R+ and dθ2 ∈ R+represent the
coefficients of air resistance of the hook and load respec-
tively [23,33]. Frx, which represents the friction between

the trolley and track, is defined as [31,32,34]:

Frx = fr0x tanh
(

ẋ
εx

)
+ krx |ẋ| ẋ, (2)

where fr0x, εx ∈R refer to coefficients related to static fric-
tion, krx ∈ R refers to coefficient related to viscous fric-
tion.

The underactuated gantry crane system has the proper-
ties as follows [35]:

Property 1: Matrix M (q) is a positive definite sym-
metric matrix.

Property 2: Matrix M (q) and matrix V (q, q̇) meet the
following anti-symmetric relationship:

yT

[
1
2

Ṁ (q)−V (q, q̇)
]

y=0, ∀y ∈ R3. (3)

To make the method design and stability analysis easier,
the dynamic model is rewritten as follows:

(M+m1 +m2) ẍ+(m1 +m2) l1
(
θ̈1c1− θ̇

2
1 s1
)

+m2l2
(
θ̈2c2− θ̇

2
2 s2
)
= Fx−Frx−dxẋ, (4)

(m1 +m2) l1
(
ẍc1 + l12

θ̈1 +gs1
)

+m2l1l2
(
θ̈2c1−2 + θ̇

2
2 s1−2

)
=−dθ1 θ̇1, (5)

m2l2

(
l1θ̈1c1−2− l1θ̇ 2

1 s1−2

+gs2 + l2θ̈2 + ẍc2

)
=−dθ2 θ̇2. (6)

For the underactuated gantry crane system, its control
objectives are as follows [36,37]:

1) The motor drives the trolley from the initial position
x(0) to the expected position pdx.

2) The hook/load swing angle θ1 (t)/θ2 (t) is suppressed
and eliminated.

In other words, they can be stated as follows:

lim
t→∞

[x(t) θ1 (t) θ2 (t)]T = [pdx 0 0]T. (7)

3. MAIN RESULTS

An undetermined function is constructed to strengthen
the relationship between the variables of the system, and
a smooth S-shape trajectory, which ensures that the trol-
ley starts and runs steadily,is applied. Then, an enhanced-
coupling-based tracking control method is proposed. Fi-
nally, the system stability is demonstrated by Barbalat the-
orem and Lyapunov method. The gantry crane control sys-
tem is described in Fig. 2.

3.1. Method design
Based on the physical analysis of the system shown in

Fig. 1, its energy equation can be obtained

E(t) =
1
2

q̇TM(q)q̇+m2gl2(1− c2)
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Fig. 2. Double pendulum underactuated gantry crane con-
trol system.

+(m1 +m2)gl1 (1− c1) . (8)

The first derivative equation of the energy equation
shown in (8) is derived. By using the anti-symmetric re-
lation in Property 2 and substituting (4)-(6) into this equa-
tion, the following results can be obtained:

Ė(t) = q̇T

(
M(q)q̈+

1
2

Ṁ(q)q̇
)

+(m1 +m2)gl1θ̇1s1 +m2gl2θ̇2s2

= ẋ(Fx−Frx−dxẋ)−dθ1 θ̇
2
1 −dθ2 θ̇

2
2 . (9)

It can be seen from (9) that the underactuated crane sys-
tem with Fx as input and ẋ as output remains passive. The
system has 3 degrees of freedom, but only 1 control quan-
tity. Therefore, to achieve the purpose of restraining the
hook/load swing angle, it is of necessity to control the
hook/load swing angle in conjunction with the trolley mo-
tion. However, if the system swing angles are coupled with
the trolley motion rashly, it may lead to poor transient con-
trol performance, and even the crane system stability can-
not be guaranteed, which may lead to engineering acci-
dents.

To solve this problem, a generalized displacement sig-
nal χ , which contains the information of the trolley dis-
placement, the cable length and the system swing angles,
is constructed

χ = x+λ1l1
∫ t

0
g(θ1)dt +λ2l2

∫ t

0
h(θ2)dt, (10)

where λ1, λ2 ∈ R+ stand for the control gains to be ad-
justed. g(θ1), h(θ2) stand for the undetermined functions.

In order to ensure smooth start-up and stable operation
of double pendulum underactuated gantry crane system,
an S-shaped expected trajectory xr is quoted here [38]

xr (t) =
pdx

2
+

kv
2

4ka
ln
[

cosh
(

2kat
kv
− ε

)]
+

kv
2

4ka

{
− ln

[
cosh

(
2kat
kv
− ε

− 2pdxka

kv
2

)]}
, (11)

where kv, ka, ε are the corresponding expected trajectory
parameters. The expected trajectory xr satisfies the follow-
ing principles [38].

Principle 1: The expected trajectory xr will gradually
converge to the expected position pdx, that is, the ex-
pected trajectory xr is bounded; the first three derivatives(
ẋr (t) , ẍr (t) ,xr

(3)
)

of the expected trajectory xr, are also
bounded and converge to zero. Namely,

|xr (t)| ≤ pdx, 0≤ ẋr (t)≤ vxmax,

|ẍr (t)| ≤ axmax,
∣∣∣xr

(3) (t)
∣∣∣≤ jxmax,

where vxmax, axmax and jxmax stand for the maximum val-
ues of the expected trajectory velocity, acceleration and
jerk respectively.

A generalized enhanced-coupling-based tracking error
signal is constructed by combining (10) with the expected
trajectory xr, as shown below

eχ = χ− xr = x− xυ , (12)

where xυ = xr−λ1l1
∫ t

0 g(θ1)dt−λ2l2
∫ t

0 h(θ2)dt.
Then, a coupling tracking error signal vector e(t) is de-

fined

e(t) =
[
eχ θ1 θ2

]T
. (13)

In view of the form of the energy (8), combining (8) and
(13), a positive definite scalar equation is constructed for
the underactuated gantry crane system

V (t) =
1
2

ėTM(q)ė+(m1 +m2)gl1 (1− c1)

+m2gl2(1− c2)+
1
2

kpxeχ
2, (14)

where kpx ∈R+ represents the control gain to be adjusted.
Combining (1), (12) and (13), the first derivative equa-

tion of (14) with respect to time is obtained by virtue of
Property 2

V̇ (t) = ėT

[
M(q)ë+

1
2

Ṁ(q)ė
]
+m2gl2θ̇2s2

+(m1 +m2)gl1θ̇1s1 + kpxeχ ėχ

= ėχ

[
Fx−Frx−dxẋ− kpxeχ

−(M+m1 +m2) ẍυ

]
− ẍυ (m1 +m2) l1c1θ̇1− ẍυ m2l2c2θ̇2

−dθ1 θ̇
2
1 −dθ2 θ̇

2
2 . (15)

To meet the practical requirements of the gantry
crane system, combining the structural form of
V̇ (t) in (15), the following conditions shall be met:
ėχ

[
Fx−Frx−dxẋ− (M+m1 +m2) ẍυ − kpxeχ

]
≤ 0.

Therefore, the closed-loop feedback anti-swing method
of the underactuated gantry crane system is designed as
follows:

Fx = Frx +dxẋ− kpxeχ − kdxėχ
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+(M+m1 +m2) ẍυ , (16)

where kdx ∈ R+ represents the control gain to be ad-
justed, and the determination of function g(θ1) and func-
tion h(θ2) in xυ will be given in combination with stability
analysis.

Remark 1: In the actual control of the gantry crane
system, the state constraint problem is very important to
ensure the safety of the system. The proposed method
refers to a smooth S-shaped expected trajectory xr. How-
ever, although the expected trajectory xr can be con-
strained by setting its maximum velocity and maximum
acceleration, the trolley displacement and load position
are difficult to be constrained. Fortunately, Chen and Sun
successfully solved both actuated and unactuated state
constraints for a class of underactuated systems in [39].
When controlling the crane system actually in the fu-
ture, the proposed method can constrain the system states
by the following methods: 1) Combined with the ac-
tuated state constraint function ∆1(t) in [39], the pro-
posed method can consider quoting function ∆1(t) =
α

2
ex

2

(ex−ζM)2(ex+ζm)
2 to constraint the trolley displacement x,

where α ∈ R+ represents the positive control gain, ex is
the simple expression of x− xr, ζm and ζM represent the
lower and upper bounds of ex, respectively; 2) combined
with the unactuated state constraint function ∆2(t) in [39],
the proposed method can constrain the unactuated states
θ1 and θ2; 3) combined with the composite variable con-
straint function ∆3(t) in [39], the proposed method can
constrain the load position. For the design and analysis of
specific actuated and unactuated state constraint functions,
please refer to [39].

3.2. Stability analysis
Theorem 1: The enhanced-coupling-based tracking

control method (16) can ensure that the trolley arrives the
expected position precisely, while restraining and elimi-
nating the system swing angles effectively, namely

lim
t→∞

[
x(t) ẋ(t) θ1 (t) θ̇1 (t) θ2 (t) θ̇2 (t)

]T
= [pdx 0 0 0 0 0]T .

Proof: The positive scalar function V (t) in (14) is cho-
sen as the Lyapunov candidate function, its first derivative
equation with respect to time is derived, and the enhanced-
coupling-based tracking control method (16) with xυ is
substituted into the equation. After sorting out, the follow-
ing equation can be obtained

V̇ (t) = λ1 (m1 +m2)

[
c1θ̇1 +

m2l2
(m1 +m2) l1

c2θ̇2

]
×
(

g′ (θ1) θ̇1 +
λ2l2
λ1l1

h′ (θ2) θ̇2

)
l12

−
[
(m1 +m2) l1c1θ̇1 +m2l2c2θ̇2

]
ẍr

− kdxė2
χ −dθ1 θ̇

2
1 −dθ2 θ̇

2
2 . (17)

It is known that the cable length between the trolley and
hook satisfies l1 (t) > 0, then combining with (17), and
finally using the properties of arithmetic geometric mean
inequality, the following conclusions can be deduced

−
[
(m1 +m2) l1c1θ̇1 +m2l2c2θ̇2

]
ẍr

≤ (m1 +m2) l1

[
c1θ̇1 +

m2l2
(m1 +m2) l1

c2θ̇2

]2

+
1
4
(m1 +m2) l1ẍ2

r . (18)

Combining (17), (18) can be expanded and contracted. Af-
ter sorting out, the result is as follows:

V̇ (t)≤ λ1l12
(

g′ (θ1) θ̇1 +
λ2l2
λ1l1

h′ (θ2) θ̇2

)
× (m1 +m2)

[
c1θ̇1 +

m2l2
(m1 +m2) l1

c2θ̇2

]
+(m1 +m2) l1

[
c1θ̇1 +

m2l2
(m1 +m2) l1

c2θ̇2

]2

−dθ1 θ̇
2
1 −dθ2 θ̇

2
2 − kdxė2

χ

+
1
4
(m1 +m2) l1ẍ2

r . (19)

Taking into account the actual operating conditions of
gantry cranes, the term, which containing the system
swing Angle θ̇1, θ̇2 in V̇ (t), shall be non-positive value,
and then the relation can be determined as follows:{

g′ (θ1) =−cosθ1,

h′ (θ2) =−cosθ2,
⇒ λ2 =

m2

(m1 +m2)
λ1. (20)

By substituting (20) into (19), it can be seen that

V̇ (t)≤ (m1 +m2)

[
c1θ̇1 +

m2l2
(m1 +m2) l1

c2θ̇2

]2

× (1−λ1l1) l1 +
1
4
(m1 +m2) l1ẍ2

r

− kdxė2
χ −dθ1 θ̇

2
1 −dθ2 θ̇

2
2

≤ − kdxė2
χ +

1
4
(m1 +m2) l1ẍ2

r

−dθ1 θ̇
2
1 −dθ2 θ̇

2
2 , (21)

where λ1l1 > 1.
By deducing the first-order integral of both sides of (21),
it can be deduced as follows:

V (t)≤V (0)− kdx

∫ t

0
ė2

χ dτ

−dθ1

∫ t

0
θ̇

2
1 dτ−dθ2

∫ t

0
θ̇

2
2 dτ

+
1
4
(m1 +m2) l1

∫ t

0
ẍ2

r dτ. (22)
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Through the analysis of Principle 1, the following conclu-
sions can be drawn as follows [38]:

xr, ẋr, ẍr,xr
(3) ∈ L∞. (23)

According to Principle 1, and then by using partial in-
tegration and scaling it, the result can be stated [38]∫ t

0
ẍ2

r dτ ≤
∫

∞

0
ẍ2

r dτ

≤ ẋrẍr|∞0 −
∫

∞

0
ẋrxr

(3)dτ

< 2vxmaxaxmax +2 jxmax pdx

⇒ ẍr ∈ L2∩L∞. (24)

In combination with (23)-(24), (22) is scaled and collated
as follows:

V (t)≤V (0)+
1
4
(m1 +m2) l1

× (vxmaxaxmax + jxmax pdx)

� +∞. (25)

Based on Principle 1 and (14), (22), (24)-(25), the results
can be obtained

V (t) ∈ L∞⇒ eχ , ėχ , θ̇1, θ̇2 ∈ L∞

⇒ x, ẋ, Fx, Frx ∈ L∞. (26)

Equations (23)-(25) are combined, and the term of (22) is
shifted, the following equation can be deduced

kdx

∫ t

0
ė2

χ dτ +dθ1

∫ t

0
θ̇

2
1 dτ +dθ2

∫ t

0
θ̇

2
2 dτ

≤V (0)−V (t)+
1
4
(m1 +m2)

× l1 (vxmaxaxmax + jxmax pdx)

�+∞

⇒ ėχ , θ̇1, θ̇2 ∈ L2∩L∞. (27)

By substituting the relevant conclusions of (24)-(26) into
the system dynamics model of double pendulum under-
actuated gantry crane, the following conclusions can be
drawn

ẍ, θ̈1, θ̈2, ëχ ∈ L∞. (28)

The conclusions of (27)-(28) are combined, and the ex-
tended Barbalat theorem is used [40], and then the con-
clusions are as follows:

lim
t→∞

[
ėχ (t) θ̇1 (t) θ̇2 (t)

]T
= [0 0 0]T . (29)

By substituting (16) and (29) into (4)-(6), the following
conclusions can be drawn at that time

(M+m1 +m2) ëχ +m2l2θ̈2c2

+(m1 +m2) l1θ̈1c1 =−kpxeχ ,

m2l2θ̈2c1−2 +(m1 +m2)

×
[
ëχ c1 + l1θ̈1 +gs1

]
= 0,

ëχ c2 + l1θ̈1c1−2 + l2θ̈2 +gs2 = 0,

(30)

where lim
t→∞

ëχ = lim
t→∞

ẍ− ẍr−λ1l1θ̇1−λ2l2θ̇2 = ẍ.
The first derivative of (30) is derived, and then the

conclusions of (26) and (29) are substituted into the
first derivative. It can be inferred that: lim

t→∞
x(3), lim

t→∞
θ1

(3),

lim
t→∞

θ2
(3) ∈ L∞.

The conclusions in (29) are combined, and then the ex-
tended Barbalat Theorem [40] is used. It can be seen that

lim
t→∞

ëχ (t) = lim
t→∞

ẍ(t) = 0,

lim
t→∞

θ̈1 (t) = lim
t→∞

θ̈2 (t) = 0. (31)

In connection with (30)-(31), the following results can be
deduced:

lim
t→∞

[
eχ (t) θ1 (t) θ2 (t)

]T
= [0 0 0]T . (32)

ėχ = ẋ−λ1l1 sinθ1−λ2l2 sinθ2− ẋr is known, and then the
conclusions of (29), (32) and lim

t→∞
ẋr (t) = 0 are combined,

the equation can be deduced

lim
t→∞

ėχ = lim
t→∞

ẋ = 0. (33)

Equations (12) and (32) are combined simultaneously, and
then, with the help of Principle 1, it can be inferred that

lim
t→∞

x(t) = pdx. (34)

When the conclusions of (29), (31)-(33) are combined, the
conclusions can be obtained

lim
t→∞

[
x(t) ẋ(t) θ1 (t) θ̇1 (t) θ2 (t) θ̇2 (t)

]T
= [pdx 0 0 0 0 0]T .

According to the above equations, it can be known that
the state variables of the double pendulum underactuated
gantry crane system approaches to the equilibrium stable
described in Theorem 1 gradually.

At this point, the proof is complete. �

4. NUMERICAL SIMULATION AND
EXPERIMENTAL VERIFICATION

In MATLAB/SIMULINK, The double pendulum un-
deractuated gantry crane system dynamic model is built,
and a series of simulations are performed in this environ-
ment to prove the control effect of the proposed method.
Firstly, the tracking method [23], saturation method [22]
and time-varying sliding mode control method of variable
parameter (VP-TVSMC method) [41] are compared with
the proposed method to attest the excellent effect of the
proposed method; and then, the crane experiment system
is built. Combined with the simulation results, the actual
feasibility is verified by hardware experiments. Finally,
the robustness of the method against the uncertainties of
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Table 2. Simulation test parameters of double pendulum
underactuated gantry crane system.

Symbol Implication Unit
M 10 kg
m1 0.5 kg
m2 1 kg
g 9.8 m/s2

pdx 1.5 m
fr0x 4.4 NA
εx 0.01 NA
krx -0.5 NA
dx 0.3 NA
dθ1 0.05 NA
dθ2 0.05 NA

the system parameters and external disturbances is tested
under the condition that the gains remain constant. The
system parameters are shown in Table 2. Without special
instructions, the initial displacement x(0), initial system
swing angles θ1 (0), θ2 (0) are set to 0; the cable lengths
are set as l1 = 0.8 m and l2 = 0.3 m respectively.

The control gains, which ensure that the proposed
method can achieve excellent control effects in simula-
tions and experiments, are selected through the following
steps:

1) The control gain λ1 in (10) shall ensure the validity
of (21), that is, λ1 shall meet the condition: λ1l1 > 1.
Moreover, the control gain λ2 in (10) must satisfy the
condition in (20): λ2 =

m2
(m1+m2)

λ1.
2) To guarantee the system stability, the position gain

kpx in (14) needs to ensure the positive definiteness
of Lyapunov function, that is, kpx should be a positive
value; the velocity gain kdx in (17) needs to ensure that
(22)-(25) hold, kdx should also be a positive value.

4.1. Comparative simulation analysis
In MATLAB/SIMULINK, the proposed method, track-

ing method, saturation method and VP-TVSMC method
are fully debugged, and a set of control gains with opti-
mal control performance are selected respectively. Among
them, the gains of the proposed method are λ1 = 3, kpx =
8, kdx = 16; the gains of tracking method are adjusted
to kpx = 1, kdx = 80; the gains of the saturation method
are selected as α = −1, kpx = 6, kdx = 17.5; the gains of

Fig. 3. Comparative simulation results of the four meth-
ods.

VP-TVSMC method are set as K = 10, ε = 0.35, Kc = 2,
Kα = 2, α =−26.3, β = 20. Finally, the desired trajectory
parameters are selected as kv = 0.9, ka = 0.5, ε = 3.5.

Then, the four methods are compared and verified, and
the comparison results (see Fig. 3) and the quantitative
performance index results (see Table 3) were obtained.

The indicators are described as follows:

1) θimax, i = 1, 2 stands for the maximum hook/load
swing angle when the crane is in operation .

2) θires, i = 1, 2 stands for the maximum hook/load
swing angle after the crane stops lifting.

3) tst is the time taken for the crane to lift the load.

From the quantitative performance indicators in Table
3 and the comparative simulation results in Fig. 3, the po-
sitioning of the proposed method, tracking method, satu-
ration method and VP-TVSMC method is all extremely
accurate, and the final errors are controlled within 2 mm.
Moreover, these four method spend a little time to com-
plete the lifting load. The proposed method can ensure
that the hook/load swing angle is controlled within 3 deg

Table 3. Quantitative performance index results.

Methods pdx (m) θ1max (deg) θ2max(deg) θ1res(deg) θ2res(deg) tst (s)
Proposed method 1.5 2.88 2.97 0.34 0.33 6.1
Tracking method 1.502 4.4 4.6 1.2 1.33 6.1

Saturation method 1.5 3.43 5.44 0.09 0.09 7.2
VP-TVSMC method 1.5 3.21 3.44 0.12 0.12 6.5
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during the lifting process, and on the premise of ensur-
ing that the load move to the expected position promptly
and precisely, the hook/load residual swing angle decays
to 0 rapidly. Compared with the proposed method, the
hook/load swing angle remains larger under the opera-
tion of the other three methods. It is worth pointing out
that under the action of the saturation method, although
the hook/load swing angle and driving force have different
degrees of mutation when the trolley starts, the hook/load
swing angle decays to 0 rapidly. And the proposed method
and tracking method are guaranteeing the smooth start-up
and stable operation of trolley, and the hook/load swing
more smooth. After the tracking method makes the trolley
reach the expected position, there are still large hook/load
residual swing angle, and there is repeated load swing phe-
nomenon after the trolley reaches the expected position,
the proposed method can ensure that the residual swing
angle is attenuated without repeated swing. In summary,
combined with the comparative simulation results and
quantitative performance indicators, the proposed method
has excellent anti-swing characteristics, high security and
efficient lifting.

4.2. Experimental analysis
The proposed method has achieved preeminent con-

trol effect in MATLAB/SIMULINK environment, and has
been verified in simulation. However, its actual control
performance has not been proved strongly in the real en-
vironment. Therefore, the crane experimental system is
built, and the practical control effect is tested under the
condition that the gains and crane system parameters re-
main constant. The experimental system is described in
Fig. 4. As shown in Fig. 4, the crane experimental system
mainly consists of a 1000 W AC servo motor with coaxial
encoder (2000 PPR), a trolley, a PC with motion control
aboard, a gantry with tracks, a hook and a load. The for-
ward and back movement of the trolley is driven by the AC
servo motor, and its horizontal displacement is obtained
and converted by the coaxial encoder connected to the AC
servo motor. The displacement signal is collected and pro-
cessed by the motion control aboard (high-speed DSP as
the motion control core) in the motor braking and encoder
control system, and then uploaded to PC.

The swing angle signals of the hook and load are mainly
collected by the high precision angle sensor (SINDT02) in
Fig. 4. Since the two measuring devices are the same, only
the process of measuring the swing angle of the hook is
introduced here. The angle sensor (horizontal installation)
transmits the collected and processed hook swing angle
signal to the PC in the form of data, and the PC uses the
MATLAB/SIMULINK module to achieve the real-time
window target. The PC generates control input commands
according to the proposed method, and the motion control
aboard in the motor braking and encoder control system
transmits the input commands to the AC servo motor, and

Fig. 4. Crane experimental system.

Fig. 5. Experiment results.

the control cycle is 10 ms.
Specifically, the designed control method is imple-

mented by programming in C++ language on a PC. The
trolley displacement signal, hook swing angle signal, load
swing angle signal, driving force signal, etc. are trans-
mitted to the PC in hexadecimal format and stored as txt
files in real time. The program written in MATLAB soft-
ware converts hexadecimal data into decimal data in real
time, and displays them in graphical form through MAT-
LAB/GUIDE and MATLAB/SIMULINK modules.

The experiment results are shown in Fig. 5. Through ex-
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perimental measurement and data quantification, it can be
seen that the actual final positioning errors of the trolley
remain within ±1 mm, and the actual transportation time
of the trolley is similar to the simulation result. The actual
maximum hook swing angle is 3.22 deg, and the actual
maximum load swing angle is 3.63 deg. Compared with
the simulation results, the actual system swing angles re-
main larger due to the existence of objective factors such
as hardware accuracy and external interference, the swing
curves of the hook and load have small fluctuations, but
the overall curves tend to be smooth. In general, not only
can the proposed method ensures the exact positioning of
the trolley and effective anti-swing in the experiment, but
also it ensures efficient lifting, and has certain practical
application value.

4.3. Robustness verification
During the working process of gantry cranes, the work-

ing conditions are more complicated. Some system param-
eters (such as the load mass, expected displacement, cable
length, and hook/load initial swing angle, etc.) are often
difficult to measure accurately, and bridge cranes are in-
evitably affected. In addition, gantry cranes are inevitably
affected by external factors (such as wind load and colli-
sion, etc.), which poses new challenges to the anti-swing
effect of the proposed method. To test the robustness in re-
sponse to these conditions, a series of comparative simu-
lations are performed in MATLAB/SIMULINK under the
condition that the control gains remain unchanged. The
tests are divided into the following five situations:

Case 1: In the actual operation of gantry cranes, the
mass of the load (such as the port container, etc.) varies
greatly and is difficult to be measured accurately, which
may affect the precise positioning of the trolley, lead to
large system swing angles, and even affect the security
of the operation. Therefore, it is of necessity to test the
robustness against different load masses. For this purpose,
the following three different load masses are used:

1) m2 = 1 kg; 2) m2 = 0.2 kg; 3) m2 = 5 kg

The results of the first case are shown in Fig. 6. Un-
der the condition of different load masses, the proposed
method can still ensure that the load reaches the expected
position accurately, and can suppress and eliminate system
swing angle effectively. To be precise, the final positioning
is 1.5 m, the transportation time is 6.1 s, and the hook/load
swing angle is controlled within 3 deg. And under the op-
eration of the proposed method, the changes of the load
mass do not make the effect of the proposed method at-
tenuated. Therefore, the proposed method has strong ro-
bustness when dealing with different load mass.

Case 2: When gantry cranes transports, the expected
position of the trolley, which cannot be generalized,
changes according to the difference of the expected po-

Fig. 6. Results of the first case.

Fig. 7. Results of the second case.

sition of the load. To test the robustness against different
expected displacements, three different expected displace-
ments are adopted as follows:

1) pdx = 1.5 m; 2) pdx = 3 m; 3) pdx = 5 m

The results of the second case are shown in Fig. 7. Un-
der the action of the proposed method, the load is trans-
ported to different expected positions accurately, and the
final positioning displacements are 1.5 m, 3 m and 5 m
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respectively. Moreover, the lifting is fast and efficient, and
the lifting time is 6.1 s, 7.7 s and 10 s respectively. Dur-
ing the whole lifting process, the maximum hook/load
swing angle is controlled within 3 deg, and the residual
hook/load swing angle decays to 0 rapidly after the trol-
ley reaches the expected position. Therefore, the proposed
method still has strong robustness when the expected dis-
placements remain changed.

Remark 2: It is worth noting that in Fig. 7, driving
force Fx is not always positive. Because its negative val-
ues are small, the negative values are not clearly shown
in Fig. 7. In addition, in order to prevent frequent positive
and negative changes of the motor, the negative values of
driving force Fx are avoided as far as possible when ad-
justing the control gains.

Case 3: When establishing the gantry crane dynamic
model and method design, to guarantee the system sta-
bility, it is of necessity to assume that the system swing
angles remain 0. However, in most cases, it is inevitable
that the system swing angles are not 0. Therefore, it is of
necessity to test the robustness for various initial system
swing angles. For this reason, the following three differ-
ent sets of initial swing angles are used:

1) θ1 = 0 deg, θ2 = 0 deg;
2) θ1 = 3 deg, θ2 = 5 deg;
3) θ1 =−3 deg, θ2 =−5 deg

The results are shown in Fig. 8. When the system has
different initial swing angles, the proposed method can
still guarantee that the trolley reaches the expected posi-
tion precisely, and the final positioning error can be con-

Fig. 8. Results of the third case.

trolled within ±1 mm. And the lifting time has no obvi-
ous change. Under the action of the method, the hook/load
swing angle is eliminated quickly. During the lifting pro-
cess, the system swings remain smooth, and the residual
swing angles are eliminated rapidly. The proposed method
has excellent robustness when dealing with different ini-
tial swing angles.

Case 4: When gantry cranes work at high altitude, in
order to avoid collision and ensure secure operation, the
hook height often changes to different degrees, and the
change of the cable length is prone to cause the large
swing of the system greatly. To test the robustness for var-
ious cable lengths, these cable lengths are used as follows:

1) l1 = 0.8 m; 2) l1 = 0.4 m; 3) l1 = 1.6 m

The results are shown in Fig. 9. Under the condition
of changing the cable length, the proposed method can
still ensure the trolley to reach the expected position pre-
cisely, and the difference in arrival time is negligible. The
hook/load swing angle remains guaranteed within a secure
range, and the swing curve is relatively smooth. The pro-
posed method still has excellent robustness to different ca-
ble lengths.

Case 5: Gantry cranes are often operated in non-
laboratory environments (such as port container lifting,
etc.), and are inevitably affected by external disturbance
such as wind load or load collision, which can easily cause
violent system swings, and the swings are difficult to elim-
inate quickly. To test the robustness in dealing with ex-
ternal disturbances, a sinusoidal disturbance signal with
amplitude of 5 deg is added to the load swing angle of

Fig. 9. Results of the fourth case.
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Fig. 10. Results of the fifth case.

the double pendulum underactuated gantry crane system
at 10-12 s.

The results are shown in Fig. 10. When the double pen-
dulum underactuated gantry crane system is disturbed by
external disturbance, the proposed method can eliminate
the external disturbance and restore the system to the equi-
librium state without disturbance. To be precise, when the
system is subjected to these disturbances, the position of
the trolley does not fluctuate more than 20 mm, and the
trolley can be restored to an accurate position after 5 s
of the disturbance disappears. When the load is subjected
to a sinusoidal disturbance with amplitude of 5 deg, the
maximum hook swing angle is 1.76 deg, and the maxi-
mum load swing angle is 5 deg. The system swing angles
are controlled within a secure range, and after 5 s of the
external disturbance disappears, the system swing angles
remain eliminated and restored to the original equilibrium
state quickly. Therefore, when the system is given external
disturbances, the proposed method has strong robustness
to resist these external disturbances.

5. CONCLUSION

Aiming at the problems of low lifting efficiency, large
hook/load swing angle, poor anti-interference ability and
inaccurate positioning in the lifting process of double
pendulum underactuated gantry cranes, an enhanced-
coupling-based tracking control method is proposed.
Compared with the tracking method, saturation method
and VP-TVSMC method, the proposed method, which
greatly improves the lifting efficiency of the gantry cranes,
can restrain and eliminate the hook/load swing while en-

suring the exact positioning of the trolley. To be precise, 1)
under the action of the proposed method, which can save
15% of the lifting time, the final positioning error can be
guaranteed within ±1 mm, and the system swing angles
are guaranteed within 3 deg; 2) the proposed method en-
sures the smooth start and stable operation of the trolley,
and the system does not swing violently when the trolley
starts/stops; 3) after crane stops lifting, the residual sys-
tem swing angles is tiny and eliminated quickly; 4) the
proposed method can still ensure the effective anti-swing
and accurate positioning of the trolley with strong robust-
ness under the condition of changing system parameters
or adding external disturbances. In general, the proposed
method, which has great practical significance and good
application prospects, improves the working efficiency of
the gantry cranes significantly, restrains and eliminates the
system swings effectively, and provides a possibility for
the research and development of the automatic driving of
gantry cranes.
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