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Nonlinear Cascade Control for a New Coaxial Tilt-rotor UAV
Shengming Li � , Zongyang Lv � , Lin Feng, Yuhu Wu � , and Yingshun Li* �

Abstract: This paper proposes a nonlinear control strategy for a newly-designed coaxial tilt-rotor (CTR) unmanned
aerial vehicle (UAV), which is a special class of tilt-rotor (TR) UAVs with two pairs of coaxial rotors, two servos, and
a rear rotor. The CTRUAV is an underactuated system, and the controller is designed in cascade form. The proposed
controller includes two sub-controllers: an inner-loop attitude controller and an outer-loop velocity controller. Each
sub-controller is proposed by using a backstepping-like feedback linearization method to control and stabilize the
CTRUAV. The developed control strategy can realize the motion control for the CTRUAV. The asymptotic stability
of the resulting closed-loop system is analyzed by the Lyapunov method. Finally, simulations and real flight tests
are performed to validate the effectiveness of the proposed control system.
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1. INTRODUCTION

Recently, the unmanned aerial vehicles (UAVs) have at-
tracted tremendous interests in the research field. Various
UAVs have been utilized in different missions, including
aerial photography, power line maintenance, plant protec-
tion, law enforcement, transportation, and surveillance in
disasters [1–5]. As a special kind of UAVs, different from
other UAVs like fixed-wing UAVs and quadrotor UAVs,
the tilt-rotor UAVs (TRUAVs) are mainly classified as fol-
lows: the V-22 UAV which includes two tiltable rotors
with variable blade pitch [6,7], the tilt-rotor UAV which
includes two tiltable rotors with fixed blade pitch [8,9],
the tilt tri-rotor UAV with two tiltable rotors and one rear
rotor [10,11], and the V-44 UAV with four tiltable rotors
[4]. Owing to the tiltable ability of the rotors, TRUAVs
can perform low-speed maneuver, take off and land verti-
cally like quadrotor UAVs, and move horizontally at a fast
speed [4,7].

Considering the advantages mentioned above, various
researches have been carried out on the control design for
the TRUAVs. Ta et al. [11] proposed a nonlinear controller
whose parameters were tuned by a neural network to con-
trol the attitude and altitude of a tilt tri-rotor UAV.

Lv et al. [12] designed a coaxial tilt-rotor UAV and de-
veloped an adaptive controller to realize motion control

for the UAV in the presence of external disturbance. How-
ever, it can only theoretically guarantees that the attitude
subloop system, velocity subloop system and the whole
resulting closed-loop system are asymptotically stable.
Papachristos and Tzes [13] used a PID controller to con-
trol a newly designed tilt tri-rotor UAV. In research [14],
Sridhar et al. designed a nonlinear controller to hover a
tilt-rotor quadrotor at any desired orientation. Amato et
al. [10] designed a dynamic inversion based controller to
achieve robust stability for a small scale tilt tri-rotor UAV
in the presence of model uncertainties. Xian and Hao [15]
proposed a fault-tolerant control strategy to deal with the
rear servo’s fault and exogenous disturbances on a tilt tri-
rotor UAV. Raffo et al. [8] developed a H2/H∞ controller
to realize path tracking for the UAV with two tiltable
rotors . Chowdhury et al. [16] designed a backstepping
based PD controller to enable the tilt-rotor UAV to hover
in one specific position.

To the best of our knowledge, in the research field, al-
though various controllers have been proposed for various
TRUAVs as mentioned above, the research concerning the
control problem of the coaxial tilt-rotor UAV (CTRUAV),
which consists of two coaxial-rotors whose axes can be
tilted by servos, and one rear rotor, as shown in Fig. 1,
is limited. The CTR scheme is a practical solution and
has been successfully used in various aircrafts like Air-
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Fig. 1. Schematic of the CTRUAV with the body-fixed
frame and inertial frame.

bus A400M [17], Kamov series helicopter [18], single-
axis coaxial-rotor UAV [19], and six-axis coaxial tilt-
rotor UAV [20]. Comparing to the single-rotor scheme,
the coaxial-rotor scheme has smaller rotor diameter and
rotational inertia. Hence the corresponding speed of the
rotate velocity of the coaxial rotors is faster, the overall
dimension of the CTRUAV is smaller, and the CTRUAV
can take off and land in a smaller ground and fly in a
narrower space. In addition, the Coriolis force and the
reaction torques, and the unbalanced torques caused by
airspeed difference on blades of the rotors are counter-
acted by its structural symmetry. Comparing to the six-
axis coaxial tilt-rotor UAV proposed in [20], which in-
cludes six pairs of tiltable coaxial rotors and can real-
ize omnidirectional flight, the structure of the proposed
CTRUAV is simpler, and follows simpler control strategy.

Despite the advantages of the CTRUAV mentioned
above, due to the underactuated property, it is challenging
to design an effective controller for the CTRUAV. In this
paper, the following problems are discussed. Firstly, the
CTRUAV is an underactuated system, its lateral maneu-
ver can only be realized by rolling the CTRUAV to the de-
sired direction. The proposed controller is designed in cas-
cade form to overcome the underactuated property of the
CTRUAV, so that the CTRUAV can track desired pitch an-
gle, yaw angle, and velocities in three directions, and sta-
bilize the roll angle. Furthermore, the CTRUAV’s strong
nonlinearity and coupled dynamics will increase the com-
plexity of control design, so we design feedforward com-
pensation for these dynamics. At last, since the control al-
location of CTRUAV is different from other TRUAVs, the
distributive law is newly designed according to the spe-
cial configuration of the CTRUAV. To evaluate the perfor-
mance of the proposed controller, simulations are firstly
carried out in Matlab/SimMechanics environment [21],
and then real flight tests are performed to further validate
the effectiveness of the designed controller outdoors.

The main contributions of this work are summarized

as follows. Firstly, a nonlinear cascade controller is pro-
posed using backstepping-like feedback linearization to
track outputs specified by the attitude and velocity of
the CTRUAV, and the special Lyapunov candidate func-
tions are designed to analyze the stability of the result-
ing closed-loop system. Secondly, the control allocation
is newly designed according to the special mechanism of
the CTRUAV.

The remainder of this paper is organized as follows: In
Section 2, the structure of the CTRUAV is introduced, and
its dynamical model is presented. A nonlinear controller
with a cascade structure is detailed in Section 3. In Sec-
tion 4, the performance of the designed closed-loop con-
trol system is evaluated in simulations, and its effective-
ness is further validated in real flight tests outdoors. At
last, conclusions are presented in Section 5.

2. THE STRUCTURE AND THE DYNAMIC
MODEL OF THE CTRUAV

In this section, the structure of the CTRUAV is intro-
duced, and its dynamic model is presented. The air drag
force which influences the dynamic of the CTRUAV is
taken into consideration in the dynamic model.

The general structure of the CTRUAV is illustrated in
Fig. 2, which consists of a carbon-fiber fuselage, two
tiltable coaxial-rotor modules, a rear rotor module, a flight
control system, a power source, and a distribution plate.
The carbon-fiber fuselage includes a main plate and three
arms. On the main plate, the flight control system, the
power system, and the distribution plate are installed.
The tiltable coaxial-rotor module consists of two coax-
ial 2208 DC motors, two 8040 rotors, two 20-Amp elec-
tronic speed controllers (ESCs), a 3D printing tilt motor
base, and a servo. The response speed of the chosen ESCs
and servos is fast, and their response time is neglected in
this work. The electronic flight control system utilizes an
STM32F405 microprogrammed control unit (MCU) with
a maximum working frequency of 168MHz to process the
designed control algorithm, an inertial measurement unit

Fig. 2. The general configuration of the CTRUAV.
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Fig. 3. The geometric distances of the CTRUAV.
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Fig. 4. The mechanisms of the CTRUAV’s maneuvers.

(IMU) integrated an accelerometer and a gyroscope, and a
control signal receiver. The flight control system processes
the control algorithm and outputs pulse width modifica-
tion (PWM) signals to servos to control the tilt angles and
ESCs to control the thrusts of the rotors. The IMU mea-
sures the velocity and the attitude of the CTRUAV and
communicates with MCU by I2C bus at the frequency of
100Hz.

The key geometric distances of the CTRUAV are de-
picted in Fig. 3. The overall mechanisms of the CTRUAV
are demonstrated in Fig. 4. The physical parameters of the
CTRUAV, such as mass, rotational inertia, and thrust coef-
ficients, are set in accordance with the real CTRUAV and
listed in Table 1. The coefficients of ct f , ct , and cq are
measured by the methods proposed in the previous work
in [22].

To construct the dynamic model of the CTRUAV, the
reference frames are firstly defined as follows. As shown
in Fig. 1, the inertial frame I {Xi,Yi,Zi} follows the
North-East-Down (NED) notation, and the body-fixed
frame B{Xb,Yb,Zb}, whose origin coincides with the cen-
ter of gravity (CoG) of the CTRUAV, follows the standard
aircraft notation where the Xb, Yb, and Zb points the longi-
tudinal flight direction, the right direction, and downward
direction, respectively.

Based on the two reference frames described above, the
variables are defined as follows:

Table 1. Physical parameters.

Parameter Description Value Unit
g Gravity 9.807 m/s2

mq Mass of CTRUAV 0.979 kg
l f Distance 0.078 m
lb Distance 0.24 m
ls Distance 0.151 m
Ix Roll inertia of CTRUAV 4.11×10−3 kg·m2

Iy Pitch inertia of CTRUAV 6.3×10−3 kg·m2

Iz Yaw inertia of CTRUAV 9.85×10−3 kg·m2

ct f
Lift coefficient of coaxial

rotors
1.63×10−5 N/(rad/s)2

ct
Lift coefficient of rear

rotor
9.6×10−6 N/(rad/s)2

cq
Torque coefficient of rear

rotor
2.4×10−7 N/(rad/s)2

• qqq = [ξξξ> ηηη>]> ∈ R6 - generalized coordinates;
• ξξξ = [x y z]> ∈ R3 - position of the origin of B mea-

sured in inertial frame I , where x, y, and z are posi-
tions along Xi, Yi, and Zi, respectively;
• ηηη = [φ θ ψ]> ∈R3 - attitude angle of CTRUAV in Eu-

ler coordinate system with the roll angle φ , the pitch
angle θ , and the yaw angle ψ , and they are limited as

φ , θ ∈ (−π/2, π/2), ψ ∈ (−π, π); (1)

• ΩΩΩ = [ωx ωy ωz]
> - angular velocity of B relative to

I expressed in B;
• ξ̇ḃξḃξb = [ẋb ẏb żb]

> ∈ R3 - linear velocity of the origin of
B relative to I expressed in inertial frame B, where
ẋb, ẏb, and żb are velocity along Xb, Yb, and Zb, respec-
tively.

The relationship between the velocity vectors ξ̇ḃξḃξb ,ΩΩΩ and
ξ̇̇ξ̇ξ , η̇̇η̇η are given as

ξ̇̇ξ̇ξ =RtRtRtξ̇ḃξḃξb,ΩΩΩ =RrRrRrη̇̇η̇η , (2)

where RtRtRt is the transformation matrix between the body
frame B and the inertial frame I [23], and is expressed
as

RtRtRt =

cccθcccψ sssφsssθcccψ−cccφsssψ cccφsssθcccψ +sssφsssψ

cccθsssψ sssφsssθsssψ +cccφcccψ cccφsssθsssψ−sssφcccψ

−sssθ sssφcccθ cccφcccθ

 ,
and RrRrRr =

1 0 −sssθ

0 cccφ sssφcccθ

0 −sssφ cccφcccθ

 is the rotation velocity matrix

[23].
Throught this paper, sss and ccc represent for sin and cos,

000m×n stands for m× n dimensional null matrix, and IIIn

stands for n-dimensional identity matrix, respectively.
In this work, the CTRUAV is simplified as a rigid body

with six degrees of freedom. The dynamic model of the
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CTRUAV is presented based on the work of [24] as fol-
lows:

RtRtRt
(
FFF +Dξ bDξ bDξ b

)
+mggg = mξ̈̈ξ̈ξ , (3a)

τττ +DΩDΩDΩ−ΩΩΩ× (IIIΩΩΩ) = III[RrRrRrη̈̈η̈η+(
∂RrRrRr

∂φ
φ̇ +

∂RrRrRr

∂θ
θ̇)η̇ηη ].

(3b)

where ggg = [0 0 g]>, with the acceleration due to gravity
g, m is the mass of the CTRUAV, III = diag(Ix Iy Iz) is the
rotational inertia matrix of the CTRUAV.

The details of system (3) are elaborated as follows. The
force FFF = [Fxb 0 Fzb]

> in (3a) and torque τττ = [τxb τyb τzb]
>

in (3b) are produced by the rotors of the CTRUAV, which
are given by

Fxb

Fzb

τφ

τθ

τψ

=


Frsssαr +Flsssαl

−Frcccαr−Flcccαl−Fb

(−Frcccαr +Flcccαl)ls + τrsssαr + τlsssαl

Frcccαrl f +Flcccαl l f −Fblb
−Frsssαrls+Flsssαl ls+τb− τrcccαr−τlcccαr

 ,
(4)

where αr and αl are the tilt angles of the right and left
coaxial-rotor modules, respectively, Fr, Fl , and Fb are the
thrusts produced by right coaxial rotors, left coaxial rotors,
and rear rotor, respectively, τr, τl , and τb are the reaction
torques produced by the right coaxial rotors, the left coax-
ial rotors, and the rear rotor, respectively. The forces Fr,
Fl , Fb and the reaction torques τr, τl , τb are given by

Fr = ct f (ω
2
1 +ω

2
4 ),Fl = ct f (ω

2
2 +ω

2
3 ),Fb = ctω

2
5 ,

τr = cq f (−ω
2
1 +ω

2
4 ),τl = cq f (−ω

2
2 +ω

2
3 ),τb = cqω

2
5

with the rotational speed ωi of rotor i(i= 1∼ 5) illustrated
in Fig. 1, the thrust coefficients ct f , ct , and the torque co-
efficients cq f , cq. The rotational velocities of each pair of
coaxial rotors are set to the opposite to counteract the re-
action torque on the coaxial rotors, which means the coax-
ial rotors produce no reaction torque, and ω1 = ω4 = ωr,
ω2 = ω3 = ωl . Then, (4) is rewritten as

Fxb

Fzb

τφ

τθ

τψ

=


2ct f 0 2ct f 0 0

0 −2ct f 0 −2ct f −ct

0 −2ct f ls 0 2ct f ls 0
0 2ct f l f 0 2ct f l f −ct lb

−2ct f ls 0 2ct f ls 0 cq



×


sssαrω

2
r

cccαrω
2
r

sssαlω
2
l

cccαlω
2
l

ω2
5

 . (5)

The air drag force Dξ bDξ bDξ b in (3a) and the drag troque DΩDΩDΩ

in (3b) on the CTRUAV are introduced, where Dξ bDξ bDξ b =
−[Dxbẋb|ẋb| Dybẏb|ẏb| Dzbżb|żb|]>, DΩDΩDΩ = −[Dwxωx|ωx|

Dwyωy|ωy| Dwzωz|ωz|]> with the drag torque force coef-
ficients Dxb, Dyb, and Dzb which are obtained by the meth-
ods proposed in the previous work [22], and the drag
torque torque coefficients Dwx, Dwy, and Dwz.

Then, for ease-of-use, the dynamic model (3) is rewrit-
ten as

ξ̈̈ξ̈ξ =FξFξFξ/m+hξhξhξ , (6a)

η̈̈η̈η = gηgηgητττ +hηhηhη , (6b)

where

FξFξFξ =RtRtRtFFF ,

hξhξhξ =RtRtRtDξ bDξ bDξ b/m+ggg,

gηgηgη =RrRrRr
−1III−1(RrRrRr

>)−1,

hηhηhη =RrRrRr
−1III−1

(
DΩDΩDΩ−RrRrRrη̇̇η̇η× (IIIRrRrRrη̇̇η̇η)

−III
(

∂RrRrRr

∂φ
φ̇ +

∂RrRrRr

∂θ
θ̇

)
η̇ηη

)
.

Remark 1: In this work, the deadzones of the servos
are not taken into consideration in control design for the
CTRUAV, and assume that the response speed of the ser-
vos is fast and the tilt angles αr and αl can always track the
desired values. To solve the problem caused by actuator
deadzones, the adaptive Fuzzy control method proposed
in [25] can be applied.

3. CONTROL DESIGN AND STABILITY
ANALYSIS

The main object of this section is to design a control
strategy to track the desired attitude ηdηdηd and velocity ξ̇ḋξḋξd .
The CTRUAV has six degrees of freedom (DoFs) with
only five control inputs Fxb, Fzb, τφ , τθ , and τψ , which
is known as the underactuated property [22]. The control
strategy is designed in a cascade structure to overcome this
property. The proposed controller includes an outer-loop
velocity controller and an inner-loop attitude controller.
The structure of the control strategy is described in Fig. 5.

The tracking errors for the velocity ξ̇̇ξ̇ξ and attitude ηηη will
be defined for the following controller design and stability
analysis.

Considering the attitude error and angular velocity error
of the CTRUAV, the attitude error and the angular velocity
error of the CTRUAV are defined as

eηeηeη ,ηηηd−ηηη , eη̇eη̇eη̇ , η̇̇η̇ηd− η̇̇η̇η , (7)

where eηeηeη = [eφ eθ eψ ]
>, eη̇eη̇eη̇ = [eφ̇ e

θ̇
eψ̇ ]
>, and ηηηd is the

desired attitude of the CTRUAV, η̇̇η̇ηd is the desired Euler
angular velocity and equal to zero.

Considering the velocity error of the CTRUAV, the ve-
locity error of the CTRUAV is defined as

e
ξ̇

e
ξ̇

e
ξ̇
, ξ̇̇ξ̇ξ d− ξ̇̇ξ̇ξ , (8)
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where e
ξ̇

e
ξ̇

e
ξ̇
= [eẋ eẏ eż]

> and ξ̇̇ξ̇ξ d is the constant desired ve-
locity of the CTRUAV.

3.1. Inner-loop attitude controller
For (3b), the inner-loop controller is applied to control

the attitude ηηη of the CTRUAV. We define

eη̇ ,ηeη̇ ,ηeη̇ ,η = eη̇eη̇eη̇ +aηaηaηeηeηeη , (9)

where aηaηaη = diag(aφ ,aθ ,aψ) is a positive definite diagonal
matrix. The torque τττ is designed as

τττ = gηgηgη
−1 (bηbηbηeη̇ ,ηeη̇ ,ηeη̇ ,η −hηhηhη +aηaηaηeη̇eη̇eη̇) , (10)

where bηbηbη =diag(bφ ,bθ ,bψ) is also positive definite.

Theorem 1: Consider the subsystem described in (3b),
the desired Euler angle ηηηd is a constant and η̇̇η̇ηd = 0. If the
control torque τητητη in (10) is applied, the zero equilibria of
the errors eηeηeη and eη̇eη̇eη̇ are asymptotically stable.

Proof: The Lyapunov candidate Vηηη is defined as

Vηηη(eη̇ ,ηeη̇ ,ηeη̇ ,η) = ‖eη̇ ,ηeη̇ ,ηeη̇ ,η‖2/2. (11)

Since η̇̇η̇ηd = 0, its derivative η̈̈η̈ηd = 0, and the derivate of
eη̇ ,ηeη̇ ,ηeη̇ ,η in (9) with respect to time is

ėη̇ ,ηėη̇ ,ηėη̇ ,η =−η̈̈η̈η +aηaηaηeη̇eη̇eη̇ .

Substituting (6b) into above equation, we have

ėη̇ ,ηėη̇ ,ηėη̇ ,η =−gηgηgητττ−hηhηhη +aηaηaηeη̇eη̇eη̇ .

Substituting (10) into above equation, the time derivative
ṡ̇ṡs is derived as

ėη̇ ,ηėη̇ ,ηėη̇ ,η =−bηbηbηeη̇ ,ηeη̇ ,ηeη̇ ,η . (12)

Then, the time derivative of the Lyapunov candidate (11)
is derived as

V̇ηηη = eη̇ ,ηeη̇ ,ηeη̇ ,η
>ėη̇ ,ηėη̇ ,ηėη̇ ,η =−eη̇ ,ηeη̇ ,ηeη̇ ,η

>bηbηbηeη̇ ,ηeη̇ ,ηeη̇ ,η =−ληVηηη , (13)

where λη = 2min(bφ , bθ , bψ) is a positive constant.
Hence, the zero equilibrium of Vηηη is exponentially sta-

ble. When Vηηη = 0, we have eη̇ ,ηeη̇ ,ηeη̇ ,η = 000, and ėηėηėη =−aηaηaηeηeηeη , the
zero equilibrium of the attitude error eηeηeη is exponentially
stable. Consequently, it can be concluded that zero equi-
librium of the attitude error eηeηeη is locally asymptotically
stable. �

3.2. Outer-loop velocity controller
The outer-loop velocity controller, as illustrated in Fig.

5, is applied to control the velocity ξ̇̇ξ̇ξ of the CTRUAV.
The desired force Fξ dFξ dFξ d of FξFξFξ in (6a) is designed as

Fξ dFξ dFξ d = [Fxd Fyd Fzd ]
> = mK

ξ̇
K

ξ̇
K

ξ̇
e

ξ̇
e

ξ̇
e

ξ̇
−mhξhξhξ , (14)

where K
ξ̇

K
ξ̇

K
ξ̇
= diag(kẋ, kẏ, kż) is positive definite.

Theorem 2: For the dynamical model of the CTRUAV
defined in (6a), with a fixed desired reference velocity ξ̇̇ξ̇ξ d ,
if the resultant force FFFξ is set as Fξ dFξ dFξ d in (14), the zero equi-
librium of the velocity tracking error e

ξ̇
e

ξ̇
e

ξ̇
is exponentially

stable.

Proof: The time derivative of the velocity error e
ξ̇

e
ξ̇

e
ξ̇

of

the CTRUAV is ė
ξ̇

ė
ξ̇

ė
ξ̇
= ξ̈̈ξ̈ξ d − ξ̈̈ξ̈ξ . Considering ξ̇̇ξ̇ξ d is constant,

we have ξ̈̈ξ̈ξ d = 0. Then, substituting dynamic model (6a)
into ė

ξ̇
ė

ξ̇
ė

ξ̇
=−ξ̈̈ξ̈ξ , we have

ė
ξ̇

ė
ξ̇

ė
ξ̇
=−FξFξFξ/m−hξhξhξ . (15)

Define

eeeFξFξFξ ,Fξ dFξ dFξ d−FξFξFξ , (16)

where Fξ dFξ dFξ d is given in (14). Substituting control input error
(16) and (14) into (15) yields

ė
ξ̇

ė
ξ̇

ė
ξ̇
(e

ξ̇
e

ξ̇
e

ξ̇
,eFξeFξeFξ ) =−K

ξ̇
K

ξ̇
K

ξ̇
e

ξ̇
e

ξ̇
e

ξ̇
+eFξeFξeFξ/m. (17)

Setting FξFξFξ as Fξ dFξ dFξ d , which means eFξeFξeFξ = 0, we can get

ė
ξ̇

ė
ξ̇

ė
ξ̇
(e

ξ̇
e

ξ̇
e

ξ̇
,0) =−K

ξ̇
K

ξ̇
K

ξ̇
e

ξ̇
e

ξ̇
e

ξ̇
. (18)

The Lyapunov candidate V
ξ̇̇ξ̇ξ

is defined to check the validity
of the outer-loop velocity controller,

V
ξ̇̇ξ̇ξ
(eee

ξ̇̇ξ̇ξ
) = ‖eee

ξ̇̇ξ̇ξ
‖2/2. (19)

Substituting (18) into the derivative of (19), we have V̇
ξ̇̇ξ̇ξ
=

(∂V
ξ̇̇ξ̇ξ
/∂eee

ξ̇̇ξ̇ξ
)ė

ξ̇
ė

ξ̇
ė

ξ̇
(e

ξ̇
e

ξ̇
e

ξ̇
,0) =−eee>

ξ̇̇ξ̇ξ
KKK

ξ̇̇ξ̇ξ
eee

ξ̇̇ξ̇ξ
. According to the previ-

ous content, K
ξ̇

K
ξ̇

K
ξ̇

is positive definite. Hence,

V̇
ξ̇̇ξ̇ξ
=

∂V
ξ̇̇ξ̇ξ

∂eee
ξ̇̇ξ̇ξ

ė
ξ̇

ė
ξ̇

ė
ξ̇
(e

ξ̇
e

ξ̇
e

ξ̇
,0)≤−λ

ξ̇̇ξ̇ξ
‖eee

ξ̇̇ξ̇ξ
‖2, (20)
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Fig. 5. The schematic of the controller of the CTRUAV system.
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where λ
ξ̇̇ξ̇ξ
= λmin(KKKξ̇̇ξ̇ξ

), λmin(·) denotes the minimum eigen-
value of a matrix. Therefore, if FξFξFξ =Fξ dFξ dFξ d , the zero equilib-
rium of the velocity tracking errors e

ξ̇
e

ξ̇
e

ξ̇
of the CTRUAV are

locally exponentially stable. �

Next, the desired roll angle φd and the rotors’ thrust
forces FFF = [Fxb 0 Fzb]

> will be obtained by transform-
ing from the desired resultant force Fξ dFξ dFξ d in (14). Noting
FξFξFξ = RtRtRtFFF in (6a), the relationship between FFF , φd , and Fξ dFξ dFξ d
satisfies

Fξ dFξ dFξ d =RRRdFFF , (21)

where RRRd =

cccψ −sssψ 0
sssψ cccψ 0
0 0 1

 cccθ 0 sssθ

0 1 0
−sssθ 0 cccθ

1 0 0
0 cccφd −sssφd

0 sssφd cccφd

.

Then, Fxb, Fzb, and φd is obtained as

φd =arctan
(

Fxdsss(ψ)−Fydccc(ψ)

Fxdsss(θ)ccc(ψ)+Fydsss(θ)sss(ψ)+Fzdccc(θ)

)
,

(22a)

Fxb = Fxdccc(θ)ccc(ψ)+Fydccc(θ)sss(ψ)−Fzdsss(θ), (22b)

Fzb =
Fxdsss(θ)ccc(ψ)+Fydsss(θ)sss(ψ)+Fzdccc(θ)

cccφd
. (22c)

Considering the constrains in (1) and the mechanisms
of the CTRUAV, we have Fzb ≥ 0 and Fxdsss(θ)ccc(ψ) +
Fydsss(θ)sss(ψ)+Fzdccc(θ) ≥ 0 in (22c). In (22a), if Fxdsss(θ)
ccc(ψ)+Fydsss(θ)sss(ψ)+Fzdccc(θ) = 0, we set φd as follows
to avoid the singularity problem

φd =


bφ , Fxdsss(ψ)−Fydccc(ψ)> 0,

−bφ , Fxdsss(ψ)−Fydccc(ψ)< 0,

φ , Fxdsss(ψ)−Fydccc(ψ) = 0,

where bφ is a given positive value less than π/2.

3.3. Stability analysis of the close-loop system
The stability of the inner-loop system and the outer-

loop system has been proved in the subsections. However,
the stability of the whole resulting closed-loop CTRUAV
system need to be further examined.

Theorem 3: For the dynamical model of the CTRUAV
in (6), with a fixed desired reference velocity ξ̇̇ξ̇ξ d . If the
designed controllers (10) and (14) are applied to control
the CTRUAV, the zero equilibria of the errors eee

ξ̇̇ξ̇ξ
and eηeηeη

are asymptotically stable.

Proof: The Lyapunov candidate Vt(eeeξ̇̇ξ̇ξ
,sss) is constructed

to analyze the stability of the CTRUAV system as follows:

Vt(eeeξ̇̇ξ̇ξ
,eη̇ ,ηeη̇ ,ηeη̇ ,η) = k1Vξ̇̇ξ̇ξ

(eee
ξ̇̇ξ̇ξ
)+ k2‖eηeηeη‖2 +‖eη̇ ,ηeη̇ ,ηeη̇ ,η‖2, (23)

where kηkηkη = diag(kφ , kθ , kψ) is positive definite, with

kχ =

(
aχ+bχ+

√
(aχ+bχ)2+4aχ bχ−k2

)
/2, (24)

for χ ∈ {φ , θ , ψ}, and

k1 < 2λ
′

ηηη λ
ξ̇̇ξ̇ξ
/L2,

k2 ≤ min
χ∈{φ ,θ ,ψ}

(
(aχ +bχ)

2 +4aχ bχ

)
, (25)

with λ
ξ̇̇ξ̇ξ

, L and λ
′

ηηη defined in equations (20), (27), and (28),
respectively. The time derivative V̇t of Vt in (23) is deduced
as

V̇t = k1
∂V

ξ̇̇ξ̇ξ

∂eee
ξ̇̇ξ̇ξ

ė̇ėe
ξ̇̇ξ̇ξ
(eee

ξ̇̇ξ̇ξ
,eeeFξFξFξ )+ k2eηeηeη

>eη̇eη̇eη̇

+(eη̇eη̇eη̇ +kηkηkηeηeηeη)
> (kηkηkηeη̇eη̇eη̇ − η̈̈η̈η) .

Substituting (6b) and (10) into above equation, we have

V̇t = k1
∂V

ξ̇̇ξ̇ξ

∂eee
ξ̇̇ξ̇ξ

ė̇ėe
ξ̇̇ξ̇ξ
(eee

ξ̇̇ξ̇ξ
,0)

+ k1
∂V

ξ̇̇ξ̇ξ

∂eee
ξ̇̇ξ̇ξ

[ė̇ėe
ξ̇̇ξ̇ξ
(eee

ξ̇̇ξ̇ξ
,eeeFξFξFξ )− ė̇ėe

ξ̇̇ξ̇ξ
(eee

ξ̇̇ξ̇ξ
,0)]+ k2eηeηeη

>eη̇eη̇eη̇

+(eη̇eη̇eη̇ +kηkηkηeηeηeη)
> ((kηkηkη −aηaηaη −bηbηbη)eη̇eη̇eη̇ −aηaηaηbηbηbηeηeηeη)

= k1
∂V

ξ̇̇ξ̇ξ

∂eee
ξ̇̇ξ̇ξ

ė̇ėe
ξ̇̇ξ̇ξ
(eee

ξ̇̇ξ̇ξ
,0)

+ k1
∂V

ξ̇̇ξ̇ξ

∂eee
ξ̇̇ξ̇ξ

[ė̇ėe
ξ̇̇ξ̇ξ
(eee

ξ̇̇ξ̇ξ
,eeeFξFξFξ )− ė̇ėe

ξ̇̇ξ̇ξ
(eee

ξ̇̇ξ̇ξ
,0)]

−eηeηeη
>kηkηkηaηaηaηbηbηbηeηeηeη +eηeηeη

>(kηkηkη
2− (aηaηaη +bηbηbη)kηkηkη

−aηaηaηbηbηbη + k2III)eη̇eη̇eη̇ −eη̇eη̇eη̇
>(aηaηaη +bηbηbη −kηkηkη)eη̇eη̇eη̇ .

Substituting (20) and (24) into above equation, we have

V̇t ≤− k1λ
ξ̇̇ξ̇ξ
‖eee

ξ̇̇ξ̇ξ
‖2 + k1

∂V
ξ̇̇ξ̇ξ

∂eee
ξ̇̇ξ̇ξ

[ė̇ėe
ξ̇̇ξ̇ξ
(eee

ξ̇̇ξ̇ξ
,eeeFξFξFξ )− ė̇ėe

ξ̇̇ξ̇ξ
(eee

ξ̇̇ξ̇ξ
,0)]

−eηeηeη
>kηkηkηaηaηaηbηbηbηeηeηeη−eη̇eη̇eη̇

>(aηaηaη+bηbηbη−kηkηkη)eη̇eη̇eη̇ . (26)

According to (17), ė
ξ̇

ė
ξ̇

ė
ξ̇
(eee

ξ̇̇ξ̇ξ
,eeeFξFξFξ ) is Lipschitz with respect

to eFξeFξeFξ . Considering the response speed of the rotors and
the servos is fast, we assume the force FFF in (21) can be
tracked all the time, and for bounded FFF θ , and ψ , eeeFξFξFξ

defined in (16) can be expressed as eFξeFξeFξ (eφ ,FFF ,θ ,ψ). It is
easy to prove that eFξeFξeFξ is Lipschitz with respect to eφ . Thus,
ė

ξ̇
ė

ξ̇
ė

ξ̇
(eee

ξ̇̇ξ̇ξ
,eFξeFξeFξ (eφ )) is Lipschitz with respect to eφ ,

‖ė
ξ̇

ė
ξ̇

ė
ξ̇
(eee

ξ̇̇ξ̇ξ
,eFξeFξeFξ (eφ ))− ė

ξ̇
ė

ξ̇
ė

ξ̇
(eee

ξ̇̇ξ̇ξ
,0)‖ ≤ L|eφ |, (27)

where L is a positive constant. According to the definitions
in (7), we have |eφ | ≤ ‖eηeηeη‖. Then, substituting inequality
(27) into (26), we have

V̇t ≤− k1λ
ξ̇̇ξ̇ξ
‖eee

ξ̇̇ξ̇ξ
‖2 + k1L‖eee

ξ̇̇ξ̇ξ
‖‖eηeηeη‖−λ

′

ηeηeηeη
>eηeηeη

−eη̇eη̇eη̇
>(aηaηaη +bηbηbη −kηkηkη)eη̇eη̇eη̇ , (28)
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where λ
′

η = λmin(kηkηkη aηaηaη bηbηbη). Defining QQQ,

[
2λ

ξ̇̇ξ̇ξ
−
√

k1L

−
√

k1L λ
′

η

]
,

(28) is rewritten as

V̇t ≤−

[√
2k1

2
‖eee

ξ̇̇ξ̇ξ
‖
√

2
2
‖eηeηeη‖

]
QQQ

[√
2k1

2
‖eee

ξ̇̇ξ̇ξ
‖
√

2
2
‖eηeηeη‖

]>
−eη̇eη̇eη̇

>(aηaηaη +bηbηbη −kηkηkη)eη̇eη̇eη̇ .

Recalling the upper bound of k1 in (25), QQQ is posi-
tive definite and λmin(QQQ)> 0, which implies that the time
derivative V̇t is bounded by

V̇t ≤ −λmin(QQQ)(k1‖eeeξ̇̇ξ̇ξ
‖2/2+‖eηeηeη‖2/2)

−eη̇eη̇eη̇
>(aηaηaη +bηbηbη −kηkηkη)eη̇eη̇eη̇ .

According to the definition in (24), aηaηaη +bηbηbη−kηkηkη is positive
definite. Consequently, the zero equilibria of the errors eee

ξ̇̇ξ̇ξ

and eηeηeη are locally asymptotically stable. �

4. SIMULATION AND EXPERIMENTAL
VALIDATIONS

In this section, simulations are carried out in Mat-
lab/SimMechanics environment to validate the effective-
ness of the proposed control strategy for CTRUAV system.
Then, the proposed control strategy is embed into the real
CTRUAV system and a real flight experiments are imple-
mented outdoors.

The drag force coefficients in (6) are obtained in a wind
tunnel by the measuring method proposed in the previ-
ous work [22] and listed as Dxb = 0.0242, Dyb = 0.0316,
Dzb = 0.0546. The influence of drag torque on the con-
trol performance is not obvious, the drag torque coeffi-
cients are given approximately as Dwx = 0.01, Dwy = 0.01,
Dwz = 0.005.

4.1. Simulation results
In the simulations, the CTRUAV tracks the desired ve-

locities and attitudes. For the sake of comparison, the PID
controller and sliding-mode controller (SMC) [26] is im-
plemented to deal with the same control tasks. The control
parameters of the PID controller are obtained by particle
swarm optimization algorithm [27]. In the simulation, the
CTRUAV firstly takes off and climbs at the velocity of
ż =−1 m/s. In the climbing process, the CTRUAV firstly
tilts its coaxial rotors forward and tracks the speed of ẋ= 3
m/s at 2 s, and then rolls the fuselage and moves laterally
at the speed of ẏ = 2 m/s at 5 s, and maintains the altitude
as 7s. Next, yaw motion is performed by adjusting the tilt
angles at 9 s, and pitch motion is carried out by adjusting
the tilt angles and rotors’ thrusts at 12 s. The control pa-
rameters of the proposed controller in the simulations are
given as aφ = 6, aθ = 5, aψ = 3, bφ = 6, bθ = 4, bψ = 3,
kẋ = 3.7, kẏ = 3.2, and kż = 6.5.

Table 2. Comparison of simulation results between the de-
signed controller, PID and SMC.

Rise
times

(s)

Settling
times

(s)

Maximum
overshoot

Rise
times

(s)

Settling
times

(s)

Maximum
overshoot

Designed PID
θ 0.245 0.370.370.37 3.33% 0.431 0.602 1.331.331.33%
ψ 0.2810.2810.281 0.450.450.45 2.5% 3.64 0.565 2.95%
ẋ 0.4050.4050.405 0.6130.6130.613 4.33% 0.406 0.623 2.5%
ẏ 0.484 0.7670.7670.767 4.65% 0.440.440.44 1.184 7.51%
ż 0.36 0.582 2.35% 1.84 2.2 000%

SMC
θ 0.20.20.2 0.42 9%
ψ 0.31 0.465 1.21.21.2%
ẋ 0.428 0.639 4.34.34.3%
ẏ 0.542 0.883 3.23.23.2%
ż 0.3090.3090.309 0.4980.4980.498 3.3%

The simulation results are depicted in Fig. 6. It is found
that the proposed control strategy manages to achieve the
attitude and velocity tracking for step control inputs ẋd , ẏd ,
żd , θd , and ψd , and stabilize φ . From Fig. 6(a), it is found
that the settling time of the proposed controller is shorter
than that of the PID controller and the SMC. In Fig. 6(b),
the convergence speed of the proposed controller is faster
than that of the PID controller and SMC in ẋ and ẏ, and
slower than that of the SMC in ż. However, in ẋ and ẏ, the
dynamic performance of the proposed controller is close
with that of the PID controller and SMC, this is reasonable
for the inherent dynamic characteristics of the CTRUAV.
The rotors’ rotational speeds and the tilt angles are illus-
trated in Figs. 6(c) and 6(d), respectively. Snapshots from
the simulation test are presented in Fig. 6(e).

Moreover, in order to make quantitative comparisons of
the controllers, some performance indexes are presented
in Table 2. The rise time and the settling time of the pro-
posed control strategy are less than that of PID and SMC,
e.g. the rise time 0.281 of the designed controller is 77.2%
of that of the PID and 90.6% of that of the SMC in ψ , the
settling time 0.767 of the designed controller is 64.8% of
that of the PID and 86.9% of that of the SMC in ẏ. On the
other hand, in direction ẏ, the maximum overshoot 4.65%
of the proposed controller is less than 61.9% of that of the
PID controller. Although, the maximun overshoot of the
SMC is smaller that of the designed controller, there ex-
ist obvious vibrations in different directions if the SMC
is applied to control the CTRUAV, e.g. from Fig. 6(b), it
is found that the error of the SMC is up to [−0.024 0.032]
m/s from 8 s to 12 s in direction ẏ. Hence, the performance
of the proposed controller has been verified.

Remark 2: There exist various method in control gain
selections, such as the particle swarm optimization algo-
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Fig. 6. Simulation results of multidirectional maneuver.

rithm [28], the gain selection rules proposed in [29] and
so on. In this work, the control gains of the proposed non-
linear controller are selected by the ergodic method ac-
company with manual parameter tuning method, and the
objective function is the time integral of the squared state
error

Jη =
∫

τ

0
eηeηeη
>eηeηeη dt,J

ξ̇
=
∫

τ

0
e

ξ̇
e

ξ̇
e

ξ̇

>e
ξ̇

e
ξ̇

e
ξ̇
dt,

with tuning time τ ,

4.2. Experimental results
To validate the effectiveness of the proposed control

strategy for CTRUAV system, the real flight experiments
have been carried out outdoors. The control parameters of
the experiments are tuned based on that of the simulation
and given as aφ = 5, aθ = 4, aψ = 2.5, bφ = 4, bθ = 4,
bψ = 2.5, kẋ = 3, kẏ = 3, and kż = 7. Although they are
slightly different from those used in the simulations, it is
also meaningful, because tuning parameters based on that
in the simulations can greatly reduced the crash risk and
the time of tuning parameters in real-flight tests.

In the experiment with the proposed nonlinear cascade
controller, as shown in Fig. 7, the CTRUAV firstly takes
off at 5 s and moves forward at 16 s, then it moves to the
right side laterally at 23 s, performs yaw motion at 30 s
and moves forward at 31 s, it lands at 45 s at last. The
rotors’ rotational speeds and the tilt angles are illustrated
in Figs. 7(c) and 7(d), respectively. From the experimen-
tal results, it is noticed that there is obvious attitude errors
3.4 deg and 3.9 deg in direction θ near 16 s and 33 s,
respectively, when the CTRUAV is tilting the coaxial ro-
tors and performing forward acceleration along direction
ẋ. Furthermore, the state error in φ is within 4.2 deg while
the CTRUAV is moving to the right side near 23 s. Snap-
shots from the real flight test by the proposed controller
are presented in Fig. 7(e). For comparison, we also use the
PID controller to perform similar flight experiment, and
the experimental results are presented in Fig. 8. From Fig.
8(a), we can find that the max attitude error in direction
θ reaches up to 10 deg near 32 s. From Fig. 8(b), we can
find that the CTRUAV losts altitude while it is performing
lateral movement near 23 s. The Root Mean Squard Errors
(RMSEs) of the flight tests are defined as follows:

xRMSE(t0, t1) =

√(∫ t1

t0
(xd(t)− x(t))2dt

)
/(t1− t0),

where x = ẋ, ẏ, ż, φ , θ , ψ . Then, the RMSEs of the
whole flight test with proposed nonlinear cascade con-
troller are ẋRMSE(5,45) = 0.385 m/s, ẏRMSE(5,45) = 0.332
m/s, żRMSE(5,45) = 0.587 m/s, φRMSE(5,45) = 1.273 deg,
θRMSE(5,45) = 1.222 deg, ψRMSE(5,45) = 16.886 deg,
and the RMSEs of the whole flight test with PID con-
troller are ẋRMSE(5,45) = 1.249 m/s, ẏRMSE(5,45) = 0.563
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(e) Experimental flight snapshots of CTRUAV.

Fig. 7. Experimental results of CTRUAV (by proposed
controller).

m/s, żRMSE(5,45) = 1.741 m/s, φRMSE(5,45) = 17.093
deg, θRMSE(5,45) = 13.793 deg, ψRMSE(5,45) = 115.7
deg. The RMSEs of the flight test with PID controller is
significantly greater than that of the flight test with pro-
posed nonlinear cascade controller, which means that the
control accuracy of the proposed nonlinear cascade con-
troller is better than that of the PID controller. From the
experimental results, the CTRUAV successfully performs
various maneuvers and tracks the desired velocity and at-
titude by the proposed controller, and the control perfor-
mance of the proposed controller is better than that of
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Fig. 8. Experimental results of CTRUAV (by PID con-
troller).

the PID controller. A video showcasing is accompanied:
https://youtu.be/pYLZne_WqoM.

5. CONCLUSION AND FUTURE WORK

In this paper, a cascade controller is proposed to real-
ize the motion control for the CTRUAV, and the exponen-
tial stability of the resulting closed-loop CTRUAV sys-
tem is proved. To validate the effectiveness of the pro-
posed control strategy for CTRUAV system, the simu-
lations and real flight experiments are performed. How-
ever, the proposed CTRUAV has some limitations, such
as lacking consideration of exogenous disturbance, model
inaccuracy, and component failures. These limitations are
related to adaptive, robustness, and fault-tolerant control
problems, which will be solved in our future work.

https://youtu.be/pYLZne_WqoM
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