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Abstract: This paper investigates the problem of consensus for one kind of sampled-data heterogeneous multi-
agent system. We first discretize the continuous-time networked system by the method of sampled-data. Then we
use a system transformation to transform the multi-agent system into the reduced-order error system. Two consen-
sus algorithms with and without velocity measurement will be considered respectively. We obtain two sufficient
conditions for the networked systems with and without velocity measurement to reach consensus through analyzing
the stable problem of the reduced-order systems. Simulations are given to verify the effectiveness of the results.
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1. INTRODUCTION

The multi-agent system has continued to receive con-
siderable attention over the last twenty years [1-5]. The
collaboration of multiple agents can solve many prob-
lems that single agent can not solve. Therefore, we may
find the wide-ranging applications of distributed control
of multi-agent systems, for example, mobile robots, sen-
sor networks, formation of aircrafts, smart tourism, and
many topics about multi-agent system have been consid-
ered. Sampled-data control plays a very important role
in practical systems, especially digital control systems
[6-8]. It also appears in the distributed control of multi-
agent systems, recently [9-13]. In [9], the protocol based
on aperiodic sampled-data was used to study the con-
tainment control of continuous-time multi-agent system.
Based on the sampled position data, the event-triggered
containment control problem was considered in [10]. In
[11], the authors also used the sampled position infor-
mation to design the consensus control algorithm, where
the group consensus problem for second-order multi-agent
systems with switching topologies and random link fail-
ures was studied. The sampled-data method was used to
studied the leaderless consensus problem of non-linear
multi-agent systems with random packet losses in [12].
Most samples in existed literature about multi-agent sys-
tems are synchronous. While the asynchronous phenom-
ena are common in the process of information transmis-
sion of multi-agent systems. Asynchronous sampled-data
multi-agent systems was considered in [13], where the

consensus problem was converted into the convergence
problem of products of infinite general sub-stochastic ma-
trices. For more results about distributed sampled-data
control of multi-agent systems, we refer the reader to [14],
where the authors summarized the results about sampled-
data multi-agent systems in the past decade years.

In the past few years, the heterogeneous networked
systems have a strong appeal to many academics in the
field of control. The heterogeneous networked systems are
used to depict the systems with different model structure
or different parameter, such as the time-delay [15-26].
In [15], the heterogeneous systems consisted of different
state equations, where the problem of output synchroniza-
tion was investigated. In [16], the heterogeneous multi-
agent systems considered were composed of first-order
and second-order integrator. In [17], the authors studied
the coordination problem of the continuous-time hetero-
geneous multi-agent system with a leader, where the in-
teraction topologies were switching jointly connected. In
[18], the authors considered the output consensus problem
for a kind of linear multi-agent systems. Where the re-
sults in forms of matrix equations are obtained by propos-
ing a new event-triggered protocol. The output regula-
tion problem for a kind of networked systems consisted
of some followers and one leader was studied in [19],
where the differential graphical game was used. Based
on output regulation, the containment control problem of
a class of heterogeneous multi-agent system was consid-
ered in [20]. On the other hand, we can find some results
on the problem of group consensus of heterogeneous net-
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worked systems in [21] and [22]. In [21], the authors con-
sidered the group consensus problem for a kind of hetero-
geneous multi-agent systems under the switching topol-
ogy and fixed topology. In [22], a new consensus algo-
rithm for group consensus of heterogeneous multi-agent
system was proposed on the basis of the point of agents.
In [23], the finite-time consensus problem of the high-
order heterogeneous multi-agent system was studied. Two
classes of consensus protocols on the basis of state feed-
back and output feedback ware provided, respectively. In
[24], the authors used the sampled-data method to con-
sider the problem of consensus for a kind of networked
systems, where a sampling delay was considered. While
the fixed-time convergence problem of nonlinear hetero-
geneous multi-agent systems was studied in [25]. To the
best of author’s knowledge, there are still many problems
in heterogeneous multi-agent systems which are worth
studying.

Inspired by the aforementioned literature, we will study
the problem of consensus for sampled-data networked
system with heterogeneous structure. We suppose that the
system considered is made up of several first-order in-
tegrators and second-order integrators. We transform the
continuous-time system to the discrete-time system by us-
ing the method of sampled-data. Moreover, we convert the
multi-agent system into the reduced-order error system.
The consensus algorithms with and without velocity mea-
surement will be considered respectively. We obtain the
conditions of consensus by studying the stable problem of
the reduced-order models.

The organization of this paper is as follows: In the fol-
lowing section, the problem formulation is given. In Sec-
tion 3, the model transformation method is given to con-
vert the multi-agent system into the reduced-order model.
The main consensus results are obtained based on linear
system theory. Section 4 provides simulation results, and
conclusions are stated in Section 5.

Notations: We use R to represent the real number set.
The spectral radius of matrix A is denoted as p(A). S, is
a index set, for example, S, = {1,2,...,r} and S,_, =
{r+1,r+2,...,n}, respectively, in this paper. We use
|M] to represent the determinant of matrix M. I, and 0 are
used to represent the n x n identity matrix and zero matrix
with appropriate dimension, respectively. For a complex
number m, the real part and imaginary part are denoted
as Re(m) and Im(m), respectively. Some necessary graph
theory notions are refer to [27], here is omitted.

2. PROBLEM FORMULATION

In this paper we suppose that the multi-agent system un-
der consideration is made up of r second-order integrators
and n — r first-order integrators (r < n). The second-order

integrator has the dynamics as follows:
pi(t) =vit), vi(t) =u(t), i €S, (1)

where u;(t) is the control input, p;(¢) and v;(¢) are the po-
sition state and velocity state of the ith agent, respectively.
The first-order integrator has the dynamics as follows:

pi(t) =ui(t), i €8,y 2)

By using the direct discretization method proposed in ref-
erence [6], we obtain the following discretized dynamics
of (2) and (1), respectively,

pl[k+ l] = p,[k] +Tu,[k], €S, ., 3)
T2
pilk+1] = pilk] + Tv;[k] +7Mi[k], ies,. @

Vl'[k+ 1] = Vi[k] —+ Tu,[k]7

where T is the sampling period.
In this paper, we select the following consensus algo-
rithm for the first-order agent,

wilk] = o Y aij(pj[k] — pilk]), i€ S, ., ©)

JEN;

where a > 0 is the control gain. Two different kinds of the
consensus protocols of the second-order integrator will be
considered in this paper.

uilk] = &' Y aij(pj[k] — pi[k]) — Bvilk], i€S., (6)

uilk] = « X;,V aij(p;[k] — pilk])
+BZaﬂwM—wMLie$, (7)

where o, B > 0 are the control gains. a;; is the weight of
the topology, if the graph contains the correspond edge,
then a;; > 0, otherwise, a;; = 0.

Remark 1: The algorithms in (6) and (7) can be found
in some existing literature, such as [2], where the authors
have considered a lot of cooperative control problems and
applied the theoretical results to practical multi-vehicle
systems. In our paper, we will study sampled-data consen-
sus problem for heterogeneous multi-agent system with
(6) and (7), which is different from the results in existing
literature. When the system is heterogeneous, the consen-
sus problem will become more complicated.

Let P[] = [p1[K]. ..., p/[K], pralK]. ... palk]]", VIK] =
[vi[k], ..., v, [K]]T. The discrete-time multi-agent systems
(3) and (4) with algorithms (5) and (6) can be expressed in
the following compact form respectively:

== )
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where
2
_ L-Cr, L, (-
= = —aT Ly I(n,r) —aT Ly 0
7(XT,C11 7(XT£12 (1 7BT)I,
L1, L12, L21, L2 have the following definitions:
L L2
L= ,
{521 ﬁzz}
and
[ l][ . llr
L= : o
L lrl e lrr
[ Ly o
L= : o
L lr(r+1) R
R Lrsnyr
Lo = : : )
L lnl e lnr
[ l(r+1)(r+1) l(r+1)n
EZZ — . .
ln(r+l) ce lnn

Here £ is the Laplacian matrix associated with topol-
ogy G which is defined as £ = [[;;] € R**", where [; =
Z;:l,#iaij and lij = —daij, Vi 7£ J

By using the same method to the above, the discretized
multi-agent systems (3) and (4) with algorithms (5) and
(7) respectively can be expressed in the following compact
form:

Plk+1] . PIk]
V) = Vi) ©
where
Ir—aTTzﬁn —aTTzﬁlz Tlr—BTTZ/Jr
\Pl = *OZT£21 I(,,,,) — (XT£22 0
—OZT,CH —(XT,Clz Ir—ﬁTﬁr

L1, L1z, L£o1, Lo, are the same as the aforementioned. o
and T are the control gain and sampling period respec-
tively. £, is the Laplacian matrix of a subgraph of G with
node set S,.

Definition 1: The heterogeneous multi-agent system
(8) is said to achieve consensus if for any initial condi-
tions, one has

lim |p;[k] — p;[k]| =0, Vi,j€S,,
k—roo
lim |v;[k] —v;[k]| =0, Vi, j €S,
k—roo

3. CONSENSUS ANALYSIS

In this section, we will apply linear system theory to an-
alyze the consensus problem of the aforementioned multi-
agent systems. First we convert the multi-agent system
under consideration into the reduced-order system by a
model transformation. Let z; = p; —p(, i=2, ..., 7, z; =
Di—DPr+1, J=r+2,..,n,w;=v;—v,i=2,...,r. Denote

Z[k] = [ZZa ceey ey Tr42s vy Ty W2, -, Wr]T-
It follows from (8) that
Zk+1] = .Z[K], (10)
where
_ 2 — 2
IH—QTT:EM = Ly (T—ﬁTT)IH
= _aTEZI ](nfrfl) _LXT‘CZZ 0 )
—(XT£11 —(XT£12 (1 —ﬁT)[r,l
and Ly1, L12, L51, L2, have the following definitions:
= [£Ln 512}
L=|5m tnp
{/321 Lo
with
[(lo—ly ... Ly—1y,
le = . . )
_lr2 - 112 e lrr - llr
_12(r+2) - ll(r+2) coo =1y
Z]Z = )
_lr(r+2) - ll(r+2) wor Ay — i
(22 = L1z - sy = L)y
Lo = : . )
L bo—lig1)2 bir — Lirg 1y
T2y 42) = Lrs1)42) -+ L2 =Lt
Ly = :
L b2~ 042) Lin =410

Similarly, we can deduce the reduced model of (9) as
follows:

Zlk+1] = ¥, Z[k], (1)
where

al> 7 al> 7
L1 —%-Ln —5 L v

Y= | —alLly v 0|, (12)
—aTLy  —aTLlyp ys
T?,
Vi3 = Tl — BTEry

Vo =Ijyr1)— 0T Ly,
Y33 = Im—l - ﬁTZH
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Ly — 11 Ly —1i,

Lo—11 Ly —1iy

In order to deduce the main results of this paper, we first
give some necessary assumptions and lemma as follows.
It is worth pointing out that the graph considered in this
paper is directed.

Assumption 1: The interaction topology G has a di-
rected spanning tree.

Assumption 2: If the (r+ 1)th agent can obtain the in-
formation of the kth agent, then the jth agent can obtain
the information of the kth agent k € {2,..,r},je{r+2,
ey I’l}, i.e., £21 =0.

Assumption 3: £, =L, £, and £, are as defined in
(12).

Lemma 1 [27]: If the graph G has a directed spanning
tree, then all the eigenvalues of £;; and L,, associated
with the graph G have positive real parts.

At this point, we have obtained the reduced order model
by transformation, and given relevant assumptions and
lemma. The similar transformation used in this paper can
be found in [28]. In the following section, we will analyze
the stability of the reduced-order model, and then deduce
the conditions for the system to achieve consensus.

Theorem 1: With Assumptions 1 and 2, the hetero-
geneous multi-agent system (8) can achieve consensus
asymptotically if a, B and T satisfy the following con-
ditions:

. . 2Re(m;)
1) (x<i:1’m1n { TP },
i) fi(o,B,u;,T) <256, j=1,...,r—1, (13)

where

fj(a7ﬁvﬂj7T)
= (aT?Re(u;) +2BT —4)?

+ OCTZIm(‘uj)(Z\/W“FZ””Zj)%
:F(aTzRe(uj)+2ﬁT—4)(2\/”m_zmw)%
-\ fmBy A+ T I (),

mi; = a*T*(2BT + aT?Re(u;) — 8)*Im*(1;),

my; = 4B>T*+4aT? (BT—4)Re () +0 T Im* (;),

ancL u; is the jth eigenvalue of L1, n; is the ith eigenvalue
of Ezz.

Proof: It followers from the above analysis we know
that the reduced model (10) is asymptotically stable im-
plies the heterogeneous multi-agent system (8) can reach
consensus. Therefore, we should verify that p(E,) < 1, &,

Huanyu Zhao, Lei Wang, Hongbiao Zhou, and Dongsheng Du

is in formula (10). Obviously, we can decompose E, into
the following form:

E:2 = In+r—3 + 337 (14)

2 — —_ 2
— L —aTTZEQ (T—ﬁTT)IrA
Ey = —(XT£21 —(XT£22 0
—(XTZH —OCTle —ﬁTIr,1

Then one has A(&;) = 1+ A(E3). Now we analyze the
eigenvalue of matrix E; as follows: Let [A,,_3 —Z3| =0.
That is

11r71+aTTZZ11 aTTZZu —(T—BTTZ)IH

(XTZzl AL i+ aTZ22 0 =0.
aTZ“ (XTZQ (A—‘rﬁT)]r,l
(15)
Define the following elementary matrices:
Ir—l 0 *glr—l
P1 = 0 Infrfl 0 s
0 0 I
i Ir—l 0 %Ir—l i
0= 0 Iy—r 0 R
| 0 0 It |
[ 1, 0 0 ]
O = 0 I r 0
L %Ir—l 0 Ir—l
[0 0 I,
03 = 0 L1 0
| 11 0 0

It follows that |Py (A1, +,—3 — Z3)010,03| = 0. Then, ac-
cording to primary transformation of matrix, one has

—TI, 0 0
0 Al —t(XTZn 0 =0 (16)
Wi, ol Ly, Wis

where
aT?—.
Wii = (A+ BTl + 7511,
. A.al?—
Wiz =aT Ly + ?[Tﬁu +(A+BT)I—].

Then, we have

|(ALy 1+ aTLy)|

A2 T _
x (7+AB)IH+(O‘7/I+05T)£11 —0. (17)

Denote the jth eigenvalue of £y as u; (j =1, ..., r—1)
and the ith eigenvalue of Ly as1; (i=1,...,n—r—1),
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respectively. According to the Lemma 1, one has Re(;) >
0, and Re(1;) > 0. Then we have

n—r—1 r—1 1

[T A+aTn;) T12+[M+ —A+aT)u,]
i=1 j=1

=0. (18)

It follows that

A+aTn; =0, i=1,....n—r—1, (19)
202+ (2BTA +06T2/.Lj)7L +2aT?p; =0,
j=1,...,r—1. (20)

In order to guarantee |A(E;)| < 1, it follows from (19) that

[1—oaTn| <1, i=1,...,n—r—1.
That is
(1 —aTRe(n;))* + &> T Im*(n;) < 1. 1)

Note Re(n;) >0, ct, B >0, one has o < 1Inln l{zﬁﬁgTé)},
J=1,..n—r— i

which is the condition (i) in Theorem 1.
By using the quadratic formula, it follows from (20) that

[4-2BT —aT?p;%\/(2BT +aT;)? ~ 16T,
<16, j=1,....r—1. 22)

Set\/(2BT + aT?u;)* — 16aT?u; = c;+id;, here i is the
imaginary unit. By some computations, one has
¢} —d; =4B>T* + 4T (BT — 4)Re (1))

+ T (i), (23)

cjd; = aT*(2BT + aT?Re(y;) — 8)Im(u;).
Denote
mij = &’T*(2BT +aT Re(p;) —8)*Im’ (i),

my; = 42T+ 4aT (BT ~4)Re(;)+ 0T *Im? ().

It is not difficult to deduce that

,/m%j+4m1j+m2j

v . 2 ’ (24)
It follows from (22) that
(aT*Re(u;) +2BT —4)?
F2¢;(aT*Re(p;) +2BT —4)
+ T Im* (1)) +2d,0T* Im(u;) + ¢ + d;
< 256, (25)

which combines with (24) implies the condition (ii) in
Theorem 1. O

Remark 2: The results in Theorem 1 give a sufficient
condition for system (8) to reach consensus. The alge-
braic graph theory and matrix analysis have been used
to prove the results. Compared with [1] and [2], this pa-
per studies heterogeneous multi-agent systems. Compared
with [17-23], this paper uses data sampling method to dis-
cretize continuous systems. In [15], the authors mentioned
that the emphasis is on the communication constraints in
consensus problems. The results in this paper gives how
the control gains and the interaction topology influence
the convergence problem of the system.

For the second algorithm with velocity measurement,
that is system (9), the following theorem will give the con-
sensus results.

Theorem 2: With Assumptions 1, 2, and 3, the hetero-
geneous multi-agent system (9) can reach consensus if o,
B and T satisfy the following conditions:

. . 2Re(n;)
@ a<i:1,Tlllr 1{ Tnil? }’

(i) gj(a,B,u;,T) <240, j=1,....,r—1, (26)
where

gj(o, B,u;,T)
=T°0*||* £ T(4 — ToRe(1;))

X (2W2j+2\/m)%
T2 0Im(i)(~ 2w, + 2, /wh + )
JrTz\/ym—STcoRe(/.tj),
o=0oT+2p,
wij = Im* (W) (@’ Re(;) — 8a)?,
waj = @*(Re? () — Im* (1)) — 160tRe (u;),

ancL u; is the jth eigenvalue of Ly, 1; is the ith eigenvalue
of Ezz.

Proof: The similar method to the above will be used
to prove this theorem. Here we need to prove p(¥;) < L.
The matrix W, can be decomposed into

Yy =13+, 27
with
ocT2 T
L **512 Tl — 5L,
Y; = —OCT,Czl —OCT£22 0

—(XTZH —OCTle —[))TZV

Then one has A (¥;) = 1+ A(¥3). Now we analyze the
eigenvalue of matrix W5 as follows. Let |AL, 4,3 — V3| =
0. That is

Al JraTTzle aTTzzlz ﬁTTZ =TI
OZTZZI Y — +O£T222 0 =0.
aTl L aT Ly, A,Ir,1+ﬁT£r

(28)
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Let P, Q1, O», O3 be the same elementary matrices as
the aforementioned. According to the properties of ele-
mentary transformation of matrix, we have |P; (AL ,—3 —
¥3)010,05| = 0. By some computations, one has

—TI,_4 0 0
0 AL, tOtTZzz 0[=0 29)
w, aT L A

where

_ _ aTzf
Wy =AL_1+BTL, + Tﬁll,

2

— A A — _
W, = Tl +OCT(§ + 1)Ly +BAL,.

Noticing Assumption 3, we have

| (/’Lln—r—l + aTZZZ)’

A2 A —
Denote the jth eigenvalue of £;; as u(j=1,..,r—=1)
and the ith eigenvalue of Lo as nG=1,...,n—r—1),
respectively. By applying Lemma 1, we know Re(u;) > 0,
and Re(7;) > 0. It follows from (30) that

r—1 r—1

(A+aTn) H[%/’Lz (aT +ar 4 A

n

i=1 j=1 2

=0. (31)
That is,

A+oaTn =0, i=1,....n—r—1 (32)

A%+ (2BT + aT?) ;A +2aT*u; =0,

j=1,...,r—1. (33)

In order to guarantee |A(¥,)| < 1, it follows from (32)
that

[l—aTn| <1, i=1,....n—r—1.
That is
(1—aTRe(n;))* + a*T*m*(n;) < 1. (34)

Note Re(n;) >0, a, B>0, one has ot < » min 1 {Zﬁmé)},

yeeny

which is the condition (i) in Theorem 2.
It follows from (33) that

4—T(2B +aT)u,iT\/(2ﬂ+aT)2u} — 16a)]
<16, j=1,....,r—1. (35)

Let \/(2B+OtT)2uf—16auj = ¢;+id;, here i is the
imaginary unit. Denote @ = 23 + oT. By some compu-
tations, one has
{ci — & = @ (Ré* () — Im? (1)) — 16aRe(1;),
¢;d; = Im(y1;)(Re(4;) — 8at).
(36)

Denote wyj = [lm(u.]’)(sze(,Uj) — 806)]2, Wy = ?
(Re*(uj) — Im?(u;)) — 16aRe(y;). 1t is not difficult to

obtain that
woj+ \/w%j—l—4w1j

;= ,
2 (37)
—Waj+ 4/ W%j—|—4w1]~
d? =
J ) )
which combines with (35) yields the condition (ii) in The-
orem 2. [l

4. SIMULATION RESULTS

In order to show the effectiveness of the obtained re-
sults, we will give two simulation examples in this sec-
tion. For simplicity, we suppose that a;; = 1 if (i, j) € £,
otherwise a;; = 0 in the following two examples.

Example 1: Let the multi-agent system be made up
of 8 agents. According to the Assumptions 1 and 2, we
choose the interaction topology for system (10) as Fig. 1.
Here agents 1 to 4 are second-order, agents 5 to § are first-
order. Let T = 0.1s. According to the conditions in Theo-
rem 1, we obtain a feasible o = 0.32, § = 0.67 by calcu-
lation. Then we get the trajectories of the agents as shown
in Figs. 2 and 3. The simulation results are consistent with
the theoretical results obtained in this paper.

Fig. 1. Topology G.

Positions of agents

“o 10 20 30 40 50
step (k)

Fig. 2. Position trajectories of case 1.
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Velocities of agents
iR o ~

'
ON

10 20 30 40 50
step (k)

Fig. 3. Velocity trajectories of case 1.

Positions of agents
o - N

o

10 20 30 40 50
step (k)

Fig. 4. Position trajectories of case 2.

0.5

Velocities of agents
o

10 20 30 40 50
step (k)

Fig. 5. Velocity trajectories of case 2.

Example 2: In this example, we also let the multi-
agent systems be made up of 8 agents. The Assumption
3 is necessary to the proof of Theorem 2. However, we
find it is not necessary to simulation. Hence the interac-
tion topology can be chosen as the same as Example 1.
Let T =0.1 s. We calculate a feasible o = 0.45, § = 0.78.
Figs. 4 and 5 give the position and velocity trajectories of
each agent respectively. The simulation shows that the po-
sition and velocity of each agent can quickly converge to
the value of the consensus state.

5. CONCLUSION

In recent years, the heterogeneous multi-agent system
has been becoming a hot topic in the field of control.
In this paper, we have studied the problem of consensus
for one kinds of heterogeneous multi-agent systems. The
continuous-time model under consideration was converted
into the discrete-time model by sampling. Then the dis-
cretized system has been transformed to a reduced-order
error model. Two consensus algorithms have been studied
respectively. We have deduced the sufficient conditions for
the systems considered to reach consensus. Finally, nu-
merical simulations have been provided to verify the ob-
tained results. The results obtained in this paper seem too
complicated. In future work, we will seek simpler results
and extend them to the case of switched topologies.
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