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H∞ Control Problem of Discrete 2-D Switched Mixed Delayed Systems Us-
ing the Improved Lyapunov-Krasovskii Functional
Zhaoxia Duan, Imran Ghous* � , Yuanqing Xia, and Jahanzeb Akhtar

Abstract: This paper deals with the problem of exponential stability and H∞ control of two-dimensional (2-D)
switched discrete systems with mixed time-varying delays. Firstly, this work suggests some improvements to
Lyapunov-Krasovskii functional (LKF) discussed in the previous literature. Such improvements have been achieved
by introducing some new terms containing the summations of state vector in single and double forms in an effort to
capture the extra information related to time delays. Secondly, delay-dependent conditions based on the improved
LKF are derived for the exponential stability and H∞ performance of 2-D switched systems in the form of linear
matrix inequalities (LMIs) by virtue of the average dwell time approach. Thirdly, a state-feedback controller is
designed to ensure the exponential stability of the overall closed-loop system under consideration with a desirable
H∞ disturbance attenuation level γ . Finally, a suitable example is provided which highlights the benefits of the
proposed results by comparing them with the results available in literature both in terms of conservativeness and
computational burden.

Keywords: Average dwell-time approach, exponential stability, H∞ control, switched systems, time delays, 2-D
systems.

1. INTRODUCTION

2-D systems have many applications in several fields
such as geographical data processing, electrical circuit
networks, power systems, energy exchange processes,
multi-body mechanics, process control, aerospace engi-
neering, and chemical and physical processes [1–3]. Most
commonly utilized state-space models for the representa-
tion of 2-D systems are the Roesser model, the Fornasini-
Marchesini (FM) local model and the Attasi model [1, 4,
5].

Switched systems are the type of hybrid systems that
contain multiple subsystems and a switching rule. These
systems have applications in many vital areas such as mo-
tor engine control, the automotive industry, and networked
control systems [6–8]. In recent years, 2-D switched sys-
tems have attracted the attention of many theoretical sci-
entists who have made the significant contributions in
investigating the stability analysis and controller design
problems. In this regard, the first contribution appeared in
[9, 10], where the concept of switching among 2-D sys-
tems was discussed in details and some solvable condi-

tions were derived in terms of inequalities by utilizing
the common quadratic Lyapunov functional and the mul-
tiple Lyapunov functional approaches. Later, the concept
of dwell time approach was extended to 2-D switched sys-
tems in [11], where the exponential stability and the con-
troller synthesis problems were discussed.

During the analysis and synthesis problems, the main
challenge and complexity are due to the inherent existence
of time delays in practical systems. These delays can af-
fect the system’s performance and can even lead to the
instability. There exist many useful studies in the litera-
ture that have investigated the stability problem for 2-D
switched discrete systems in the presence of time delays
[12–18]. It is essential to state here that the time delay can
be classified into the discrete and the distributed ones, in
general [19, 20]. It is also quite possible that these delays
possess the properties which are not identical. The dis-
tributed time delays are incorporated into the system dy-
namics in conjunction with discrete delays especially in
communication-related applications to represent the de-
lays in parallel pathways that have different axon sizes
and lengths [21]. Some relevant interesting studies can be
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found in [22–32].
On the contrary, the H∞ technique is well known in

control theory that helps the system to achieve the de-
sired performance even in the presence of an exogenous
input. This technique has been utilized extensively for 2-D
switched systems. For instance, one can refer to the results
derived in [33–35], where H∞ control problem for such
systems are studied. It is important to highlight an obser-
vation at this point that most of the aforementioned 2-D
switched system results have not considered the mixed de-
lays during their analysis and synthesis. However, a few 2-
D systems results have also appeared in the literature that
have considered mixed delays, for instance authors in [36],
solved H∞ filter design problem for 2-D mixed-delayed
systems with saturation and nonlinearities. The authors in
[37] solved the robust H∞ filter design problem for the 2-D
fuzzy systems in the presence of mixed delays. Recently,
the authors in [38] have studied the stability analysis prob-
lem of 2-D descriptor systems in the presence of mixed
delays, where an improved LKF was proposed in order to
deal with the inherent conservativeness of the Jensen-type
inequalities. It is important to mention that the reduction
of the conservativeness of the stability conditions has al-
ways been an essential issue in control engineering appli-
cations.

The above-stated observation related to 2-D switched
systems and the conservativeness fact associated with the
Jensen-type inequalities are the main motivating factors
behind the current study. The results in this paper improve
the LKF proposed in [38] and investigate the H∞ controller
synthesis problem for the 2-D discrete switched systems in
the presence of the mixed delays via average dwell time
approach which to the best of our knowledge have not
been directly investigated in the literature till date.

The main contributions of this paper are encapsulated as
follows: Firstly, by proposing a more improved LKF than
the one considered in [38], we study the exponential sta-
bility problem for 2-D switched systems in the presence
of mixed delays via average dwell time approach. Sec-
ondly, based upon the exponential stability results, some
sufficient conditions for the H∞ performance analysis of
such systems have been derived. Thirdly, some inequali-
ties based solvable conditions have been derived for de-
signing a state feedback controller that promises the ex-
ponential stability of the closed-loop system under inves-
tigation with a desired H∞ performance level γ . Finally,
in the example section, we show that the improved LKF
based results enjoy less conservativeness without the sub-
stantially increasing the computational burden.

Notations: Z denotes the set of integers, Z[a,b] ,
{a,a + 1, . . . ,b} for a,b ∈ Z, a ≤ b. Rn×m denotes the

set of n×m real matrices and diag{A,B} ∆
=

[
A 0
0 B

]
represents two matrices A, and B of appropriate dimen-
sions. A matrix M ∈Rn×n is semi-positive definite, M≥ 0,

if x>Mx ≥ 0, ∀x ∈ Rn; M is positive definite, M > 0, if
x>Mx > 0, ∀x ∈ Rn, x 6= 0.

2. PROBLEM FORMULATION AND
PRELIMINARIES

Consider the following 2-D switched Roesser model
with mixed state delays, which is commonly used to repre-
sent the dynamics of many practical systems such as trans-
mission lines, heat exchangers, chemical reactors, pipe
furnaces [2] and also has broad applications in image en-
hancement, signal processing, and image deblurring ap-
plications [39]:

xι+1,κ+1 = Aσ(ι ,κ)xι ,κ +Aσ(ι ,κ)
τ xτ(ι ,k)

+Aσ(ι ,κ)
d xd(ι ,κ)+Bσ(ι ,κ)wι ,κ +Cσ(ι ,κ)uι ,κ ,

(1a)

zι ,κ = Dσ(ι ,κ)xι ,κ +Dσ(ι ,κ)
τ xτ(ι ,k)+Eσ(ι ,κ)wι ,κ , (1b)

with xι+1,κ+1 =
[
xhT

ι+1,κ xvT
ι ,κ+1

]T
, xι ,κ =

[
xhT

ι ,κ xvT
ι ,κ

]T ,

xτ(ι ,k) =
[

xhT
ι−τh(ι),κ

xvT
ι ,κ−τv(κ)

]T
, xd(ι ,κ) =

[(
dh(ι)

∑
s=1

xh
ι−s,κ

)T

(
dv(κ)

∑
r=1

xv
ι ,κ−r

)T ]T

, and where ι ,κ ∈ Z+; xh
ι ,κ ∈ Rnh and

xv
ι ,κ ∈ Rnv are the horizontal state vector and the verti-

cal state vectors, respectively; uι ,κ ∈ Rm, zι ,κ ∈ Rp and
wι ,κ ∈Rq represent the control input, the controlled output
and the disturbance which belongs to l2 {[0,∞) , [0,∞)},
respectively; σ(., .) : Z+ ×Z+ → Z[1,N] represents the
switching signal. Ak,Ak

τ , Ak
d , Bk, Ck, Dk, Dk

τ and Ek, ∀k ∈Z
are known constant matrices with appropriate dimensions.
τh(ι), dh(ι) and τv(κ), dv(κ) are the time-varying delays
along the horizontal and vertical directions respectively,
satisfying:

τhL ≤ τh(ι)≤ τhU , τvL ≤ τv(κ)≤ τvU , (2a)

dhL ≤ dh(ι)≤ dhU , dvL ≤ τv(κ)≤ dvU , (2b)

where τhL,τhU , τvL, τvU , dhL,dhU , dvL and dvU are known
non-negative integers. Denoting µh = max(τhU ,dhU) and
µv =max(τvU ,dvU), the initial conditions of system (1) are
defined as:

xh
ι ,κ = φι ,κ , ι ∈ Z[−µh,0], 0≤ κ ≤ z1,

xv
ι ,κ = ψι ,κ , κ ∈ Z[−µv,0], 0≤ ι ≤ z2,

xh
ι ,κ = 0, κ > z1; xv

ι ,κ = 0, ι > z2,

(3)

where φι ,. ∈ l2(Z+),∀ι ∈ Z[−µh,0] and ψ.,κ ∈
l2(Z+),∀κ ∈ Z[−µv,0]; z1 < ∞ and z2 < ∞ are the non-
negative integers. This paper assumes that the switch
occurs only at each sampling point of ι or κ , and the
switching sequence is described as

(
(ι0,κ0), σ(ι0,κ0)

)
,(

(ι1,κ1), σ(ι1,κ1)
)
, ...,

(
(ιχ ,κχ), σ(ιχ ,κχ)

)
, ...; where
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(ιχ ,κχ) represents the instant at which switch occurs that
in this case is χth. It is essential to mention at this stage
that the value of σ(ι ,κ) is only dependent on the value of
ι +κ (please see [11], for details).

Remark 1: If we assume that there is only one subsys-
tem then the switched system (1) will reduce to the fol-
lowing system:

xι+1,κ+1 = Axι ,κ+Aτ xτ(ι ,k)+Adxd(ι ,κ)+Bwι ,κ+Cuι ,κ ,

zι ,κ = Dxι ,κ +Dτ xτ(ι ,k)+Ewι ,κ , ι ,κ ∈ Z+.

Definition 1 [40]: For switching signal σ(ι ,κ) and any
Γ > κ0, let Nσ(ι ,κ)(κ0,Γ ) be the switching numbers of
σ(ι ,κ) over the interval (κ0,Γ ). For any given N0 ≥ 0
and ta > 0, if

Nσ(ι ,κ)(κ0,Γ )≤ N0 +
Γ −κ0

ta
, (4)

then the constant ta is called the average dwell time and
N0 is the chatter bound. Here, we assume N0 = 0 for sim-
plicity which is very common assumption adopted in the
literature.

Definition 2 [12]: System (1) is said to be exponent-
ially stable under the switching signal σ(ι ,κ), if for a
given κ0 ≥ 0, there exist positive constants c and η such
that ∑ι+κ=Γ ‖xι ,κ‖2 ≤ ηe−c(Γ−κ0) ∑ι+κ=κ0

‖xι ,κ‖2
C, holds

for all Γ ≥ κ0, and ∑
ι+κ=κ0

‖xι,κ‖2
C

∆
= sup
−µh≤Θh≤0
−µv≤Θv≤0

∑
ι+κ=κ0

{∥∥∥xh
ι−Θh,κ

∥∥∥2

+
∥∥∥xv

ι ,κ−Θv

∥∥∥2
,
∥∥∥ηh

ι−Θh,κ

∥∥∥2
+
∥∥∥ηv

ι ,κ−Θv

∥∥∥2
}

, where ηh
ι−Θh,κ

=

xh
ι−Θh+1,κ − xh

ι−Θh,κ
, ηv

ι ,κ−Θv
= xv

ι ,κ−Θv+1− xv
ι ,κ−Θv

.

Definition 3: [40] If the following conditions are sat-
isfied, then 2-D switched system (1) under any switching
signal σ (., .), is said to have a desired H∞ disturbance at-
tenuation performance γ , for any given scalar γ > 0:

(i) If wι ,κ = 0 then the system (1) is asymptotically or
exponentially stable.

(ii) The inequality
∞

∑
ι=0

∞

∑
κ=0

(β ι+κ)‖zι,κ‖2
2<γ2

∞

∑
ι=0

∞

∑
κ=0
‖wι ,κ‖2

2,

∀0 6= w ∈ l2 {[0,∞) , [0,∞)}, and 0 < β < 1 holds under
the zero boundary condition.

Lemma 1 [41]: For a symmetric positive definite
matrix R ∈ Rn×n, positive integers h,v and a function
x : Z[ι − h,κ]× [ι − v,κ]→ Rn, ι ,κ ∈ Z+, the inequali-

ties
ι−1
∑

l=ι−dh

ηhT
l,κ Rηh

l,κ ≥ 1
dh
[xι ,κ − xι−dh,κ ]

T R [xι ,κ − xι−dh,κ ],

and
κ−1
∑

l=κ−dv

ηvT
ι ,l Rηv

ι ,l ≥
1
dv
[xι ,κ − xι ,κ−dv ]

T R [xι ,κ − xι ,κ−dv ]

hold, where ηh
l,κ = xl+1,κ − xl,κ , ηv

ι ,l = xι ,l+1− xι ,l .

Lemma 2 [23]: For any vector ϖt ∈ Rn, two positive
integers l1 and l2, and a symmetric positive definite ma-

trix H ∈ Rn×n, the inequality −(l2− l1−1)
l1
∑

t=l2
ϖT

t Hϖt ≥

[
l1
∑

t=l2
ϖT

t

]
H
[

l1
∑

t=l2
ϖt

]
holds.

3. MAIN RESULTS

In this section, firstly we shall discuss the stability anal-
ysis problem of 2-D switched systems with mixed delays.
Then, the controller synthesis problem will be solved such
that resultant closed-loop system is not only exponentially
stable but also possesses a desired H∞ performance level
γ .

3.1. Stability and H∞ performance analysis
Let us consider the system model of the form:

xι+1,κ+1 =Aσ(ι ,κ)xι ,κ +Aσ(ι ,κ)
τ xτ(ι ,k)

+Aσ(ι ,κ)
d xd(ι ,κ), ι , κ ∈ Z+. (5)

The stability analysis problem for the system of the form
(5) is being presented in the Theorem 1 stated below.

Theorem 1: For some given positive constants τhL,
τvL, τhU , τvU , dhL, dvL, dhU , and dvU , if there exist sym-
metric positive definite matrices ℘k = diag{℘kh,℘kv},
Qk

1 = diag{Qkh
1 ,Qkv

1 }, Qk
2 = diag{Qkh

2 ,Qkv
2 }, Qk

3 =
diag{Qkh

3 ,Qkv
3 }, Rk

1 = diag{Rkh
1 ,Rkv

1 }, Rk
2 = diag{Rkh

2 ,Rkv
2 },

W k
1 = diag{W kh

1 ,W kv
1 }, W k

2 = diag{W kh
2 ,W kv

2 }, W k
3 =

diag{W kh
3 ,W kv

3 } with appropriate dimensions and 0 <
β < 1, such that with k ∈ Z[1,N], the following inequality
holds:

Π̄0 =

 Φk ĀkT℘k DkT Ξ

∗ −℘k 0
∗ ∗ −Ψ

< 0, ∀k ∈ Z[1,N],

(6)

where Φk =


Φk

11 0 β̄LW k
1 β̄UW k

2 0
∗ Φk

22 β̄UW k
3 β̄UW k

3 0
∗ ∗ Φk

33 0 0
∗ ∗ ∗ Φk

44 0
∗ ∗ ∗ ∗ Φk

55

, Ξ =

[Ξ1 Ξ2 Ξ3], Ψ = diag{Ξ1,Ξ2,Ξ3}, and Φk
11 =

β̄ (−℘k + Qk
1 + Qk

2 + Qk
3 + r(1)d Rk

1 + r(2)d Rk
2 + rτ Qk

2) +
β̄L(−W k

1 − W k
2 ), Φk

22 = β̄U(−Qk
2 − 2W k

3 ), Φk
33 =

β̄L(−Qk
1 − W k

1 − W k
3 ), Φk

44 = β̄U(−Qk
3 − W k

2 − W k
3 ),

Φk
55 = β̄dL(−Rk

1 − Rk
2), r(1)dh = dhU .dhL, r(1)dv = dvU .dvL,

rτ = diag{rτhInh ,rτvInv}, τL = diag{τhLInh ,τvLInv},
τU = diag{τhU Inh ,τvU Inv}, r(1)d = diag{r(1)dh Inh ,r

(1)
dv Inv},

r(2)d = diag{r(2)dh Inh ,r
(2)
dv Inv}, Ξ1 = τ2

L β̄W k
1 , Ξ2 = τ2

U β̄W k
2 ,

Ξ3 = (rτ)
2
β̄W k

3 , β̄dL = diag{β 1+dhL Inh ,β
1+dvL Inv}, β̄U =

diag{β 1+τhU Inh ,β
1+τvU Inv}, β̄ = diag{β Inh ,β Inv}, β̄L =

diag{β 1+τhL Inh ,β
1+τvL Inv}, r(2)dh = dhU (dhU+dhL)(dhU−dhL+1)

2 ,
r(2)dv = dvU (dvU+dvL)(dvU−dvL+1)

2 , Āk = [Ak Ak
τ 0 0 Ak

d ], Dk =
[Ak− I Ak

τ 0 0 Ak
d ]. Then, the exponential stability of sys-

tem (5) can be guaranteed for any switching signals with
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average dwell time satisfying:

ta > t∗a =
lnλ

− lnβ
, (7)

where λ ≥ 1, satisfies

℘
k ≤ λ℘

l , Qk
1 ≤ λQl

1, Qk
2 ≤ λQl

2, Qk
3 ≤ λQl

3,

Rk
1 ≤ λRl

1, Rk
2 ≤ λRl

2, W k
1 ≤ λW l

1 , W k
2 ≤ λW l

2 ,

W k
3 ≤ λW l

3 , ∀k, l ∈ Z[1,N]. (8)

Proof: With no loss of generality, it is supposed that
the kth subsystem is in active state, for which the following
type of new suitable LKF is considered:

V k
x(ι ,κ) =V kh

x(ι ,κ)+V kv
x(ι ,κ), (9)

where V kh
x(ι ,κ) = xhT

ι ,κ℘khxh
ι ,κ +

ι−1
∑

s=ι−τhL

xhT
s,κ Qkh

1 xh
s,κ β ι−s +

ι−1
∑

s=ι−τh(ι)
xhT

s,κ Qkh
2 xh

s,κ β ι−s+
−τhL

∑
m=−τhU+1

ι−1
∑

s=ι+m
xhT

s,κ Qkh
2 xh

s,κ β ι−s+

ι−1
∑

s=ι−τhU

xhT
s,κ Qkh

3 xh
s,κ β ι−s+τhL

−1
∑

m=−τhL

ι−1
∑

s=ι+m
ηhT

s,κW kh
1 ηh

s,κ β ι−s+

τhU
−1
∑

m=−τhU

ι−1
∑

s=ι+m
ηhT

s,κW kh
2 ηh

s,κ β ι−s+rτh

−τhL−1
∑

m=−τhU

ι−1
∑

s=ι+m
ηhT

s,κW kh
3

ηh
s,κ β ι−s+dhU

dh(ι)

∑
s=1

ι−1
∑

m=ι−s
xhT

m,κ Rkh
1 xh

m,κ β ι−m+dhU

dhU

∑
m=dhL

m
∑
s=1

ι−1
∑

p=ι−s

xhT
p,κ Rkh

2 xh
p,κ β ι−p, and V kv

x(ι ,κ) = xvT
ι ,κ℘kvxv

ι ,κ +
κ−1
∑

r=κ−τvL

xvT
ι ,r

Qkv
1 xv

ι ,rβ
κ−r+

κ−1
∑

r=κ−τv(κ)
xvT

ι ,rQkv
2 xv

ι ,rβ
κ−r+

−τvL

∑
m=−τvU+1

κ−1
∑

r=κ+m
xvT

ι ,r

Qkv
2 xv

ι ,rβ
κ−r+

κ−1
∑

r=κ−τvU

xvT
ι ,rQkv

3 xv
ι ,rβ

κ−r+τvL
−1
∑

m=−τvL

κ−1
∑

r=κ+m
ηvT

ι ,r

W kv
1 ηv

ι ,rβ
κ−r + τvU

−1
∑

m=−τvU

κ−1
∑

r=κ+m
ηvT

ι ,r W kv
2 ηv

ι ,rβ
κ−r + rτv

−τvL−1
∑

m=−τvU

κ−1
∑

r=κ+m
ηvT

ι ,r W kv
3 ηv

ι ,rβ
κ−r + dvU

dv(κ)

∑
r=1

κ−1
∑

m=κ−r
xvT

ι ,mRkv
1 xv

ι ,m

β κ−m + dvU

dvU

∑
m=dvL

m
∑

r=1

κ−1
∑

p=κ−r
xvT

ι ,pRkv
2 xv

ι ,pβ κ−p, where rτh =

(τhU − τhL), rτv = (τvU − τvL), ηh
ι ,κ = xh

ι+1,κ − xh
ι ,κ and

ηv
ι ,κ = xv

ι ,κ+1 − xv
ι ,κ . Clearly, V k

x(ι ,κ) ≥ 0, ι ,κ ∈ Z+. With
respect to 2-D system model (5), ∆V k

x(ι ,κ) is defined as
follows:

∆V k
x(ι ,κ)

∆
=V kh

x(ι+1,κ)−βV kh
x(ι ,κ)︸ ︷︷ ︸

∆V kh
x(ι ,κ)

+V kv
x(ι ,κ+1)−βV kv

x(ι ,κ)︸ ︷︷ ︸
∆V kv

x(ι ,κ)

.

(10)

By using (10), the following inequality can be obtained
from (9):

∆V kh
x(ι ,κ) ≤xhT

ι+1,κ℘
khxh

ι+1,κ−βxhT
ι ,κ℘

khxh
ι ,κ+βxhT

ι ,κ Qkh
1 xh

ι ,κ

−β
1+τhL xhT

ι−τhL,κ
Qkh

1 xh
ι−τhL,κ

+βxhT
ι ,κ Qkh

2 xh
ι ,κ

−β
1+τhU xhT

ι−τh(ι),κ
Qkh

2 xh
ι−τh(ι),κ

+
ι−τhL

∑
s=ι+1−τhU

xhT
s,κ Qkh

2 xh
s,κ β

ι+1−s+β rτhxhT
ι ,κ Qkh

2 xh
ι ,κ

−
ι−τhL

∑
s=ι+1−τhU

xhT
s,κ Qkh

2 xh
s,κ β

ι+1−s +βxhT
ι ,κ Qkh

3 xh
ι ,κ

−β
1+τhUxhT

ι−τhU ,κ
Qkh

3 xh
ι−τhU ,κ

+τ
2
hLβη

hT
ι ,κ Wkh

1 η
h
ι ,κ

− τhLβ
1+τhL

ι−1

∑
s=ι−τhL

η
hT
s,κW kh

1 η
h
s,κ

+ τ
2
hU βη

hT
ι ,κW kh

2 η
h
ι ,κ

− τhU β
1+τhU

ι−1

∑
s=ι−τhU

η
hT
s,κW kh

2 η
h
s,κ

+(rτh)
2
βη

hT
ι ,κW kh

3 η
h
ι ,κ

− rτhβ
1+τhU

ι−τhL−1

∑
s=ι−τhU

η
hT
s,κW kh

3 η
h
s,κ

+ r(1)dh xhT
ι ,κ Rkh

1 xh
ι ,κ β

−dhU

dh(ι)

∑
s=1

xhT
ι−s,κ Rkh

1 β
s+1xh

ι−s,κ

+ r(2)dh βxhT
ι ,κ Rkh

2 xh
ι ,κ

−dhU

dhU

∑
m=dhL

m

∑
s=1

xhT
ι−s,κ Rkh

2 xh
ι−s,κ β

s+1,

and

∆V kv
x(ι ,κ) ≤xvT

ι ,κ+1℘
kvxv

ι ,κ+1−βxvT
ι ,κ℘

kvxv
ι ,κ+βxvT

ι ,κ Qkv
1 xv

ι ,κ

−β
1+τvL xvT

ι ,κ−τvL
Qkv

1 xv
ι ,κ−τvL

+βxvT
ι ,κ Qkv

2 xv
ι ,κ

−β
1+τvU xvT

ι ,κ−τv(κ)
Qkv

2 xv
ι ,κ−τv(κ)

+
κ−τvL

∑
r=κ+1−τvU

xvT
ι ,rQkv

2 xv
ι ,rβ

κ+1−r+β rτvxvT
ι ,κ Qkv

2 xv
ι ,κ

−
κ−τvL

∑
r=κ+1−τvU

xvT
ι ,rQkv

2 xv
ι ,rβ

κ+1−r +βxvT
ι ,κ Qkv

3 xv
ι ,κ

−β
1+τvU xvT

ι,κ−τvU
Qkv

3 xv
ι,κ−τvU

+τ
2
vLβη

vT
ι,κ W kv

1 η
v
ι,κ

− τvLβ
1+τvL

κ−1

∑
r=κ−τvL

η
vT
ι ,r W kv

1 η
v
ι ,r

+ τ
2
vU βη

vT
ι ,κW kv

2 η
v
ι ,κ

− τvU β
1+τvU

κ−1

∑
r=κ−τvU

η
vT
ι ,r W kv

2 η
v
ι ,r

+(rτv)
2
βη

vT
ι ,κW kv

3 η
v
ι ,κ

− rτvβ
1+τvU

κ−τvL−1

∑
r=κ−τvU

η
vT
ι ,r W kv

3 η
v
ι ,r

+ r(1)dv xvT
ι ,κ Rkv

1 xv
ι ,κ β

−dvU

dv(κ)

∑
r=1

xvT
ι,κ−rR

kv
1 β

r+1xv
ι,κ−r+r(2)dv βxvT

ι,κ Rkv
2 xv

ι,κ
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−dvU

dvU

∑
m=dvL

m

∑
r=1

xvT
ι ,κ−rR

kv
2 xv

ι ,κ−rβ
r+1.

The terms −τhLβ 1+τhL
ι−1
∑

s=ι−τhL

ηhT
s,κW kh

1 ηh
s,κ , −τhU β 1+τhU

×
ι−1
∑

s=ι−τhU

ηhT
s,κW kh

2 ηh
s,κ , and −τvLβ 1+τvL

κ−1
∑

r=κ−τvL

ηvT
ι ,r W kv

1 ηv
ι ,r,

−τvU β 1+τvU
κ−1
∑

r=κ−τvU

ηvT
ι ,r W kv

2 ηv
ι ,r in ∆V kh

x(ι ,κ) and ∆V kv
x(ι ,κ), can

be written as the inequalities (11)-(14), respectively, by
virtue of Lemma 1, which are stated below:

≤ xhT
τL

[
−β 1+τhLW kh

1 β 1+τhLW kh
1

∗ −β 1+τhLW kh
1

]
xh

τL, (11)

≤ xhT
τU

[
−β 1+τhU W kh

2 β 1+τhU W kh
2

∗ −β 1+τhU W kh
2

]
xh

τU , (12)

≤ xvT
τL

[
−β 1+τvLW kv

1 β 1+τvLW kv
1

∗ −β 1+τvLW kv
1

]
xv

τL, (13)

≤ xvT
τU

[
−β 1+τvU W kv

2 β 1+τvU W kv
2

∗ −β 1+τvU W kv
2

]
xv

τU , (14)

where xh
τL = [xhT

ι ,κ xhT
ι−τhL,κ

]T , xh
τU = [xhT

ι ,κ xhT
ι−τhU ,κ

]T , xv
τL =

[xvT
ι ,κ xvT

ι ,κ−τvL
]T , and xv

τU = [xvT
ι ,κ xvT

ι ,κ−τvU
]T .

The terms −dhU

dh(ι)

∑
s=1

xhT
ι−s,κ Rkh

1 β s+1xh
ι−s,κ , −dhU

dhU

∑
m=dhL

m
∑

s=1

xhT
ι−s,κ Rkh

2 xh
ι−s,κ β s+1, −rτhβ 1+τhU

ι−τhL−1
∑

s=ι−τhU

ηhT
s,κW kh

3 ηh
s,κ , and

−dvU

dv(κ)

∑
r=1

xvT
ι ,κ−rR

kv
1 β r+1xv

ι ,κ−r, −dvU

dvU

∑
m=dvL

m
∑

r=1
xvT

ι ,κ−rR
kv
2 xv

ι ,κ−r

β r+1, −rτvβ 1+τvU
κ−τvL−1

∑
r=κ−τvU

ηvT
ι ,r W kv

3 ηv
ι ,r in ∆V kh

x(ι ,κ) and

∆V kv
x(ι ,κ), can be written in terms of inequalities (15)-(20),

respectively, after utilization of Lemma 2, which are stated
below:

≤−dh(ι)
dh(ι)

∑
s=1

xhT
ι−s,κ Rkh

1 β
s+1xh

ι−s,κ

≤−

(
dh(ι)

∑
s=1

xh
ι−s,κ

)T

Rkh
1 β

dhL+1

(
dh(ι)

∑
s=1

xh
ι−s,κ

)
, (15)

≤−dh(ι)
dh(ι)

∑
s=1

xhT
ι−s,κ Rkh

2 β
s+1xh

ι−s,κ

≤−

(
dh(ι)

∑
s=1

xh
ι−s,κ

)T

Rkh
2 β

dhL+1

(
dh(ι)

∑
s=1

xh
ι−s,κ

)
, (16)

≤ xhT
τLUV0⊗

(
β

1+τhU W kh
3

)
xh

τLU , (17)

≤−dv(κ)
dv(κ)

∑
r=1

xvT
ι ,κ−rR

kv
1 β

r+1xv
ι ,κ−r

≤−

(
dv(κ)

∑
r=1

xvT
ι ,κ−r

)
Rkv

1 β
dvL+1

(
dv(κ)

∑
r=1

xv
ι ,κ−r

)
, (18)

≤−dv(κ)
dv(κ)

∑
r=1

xvT
ι ,κ−rR

kv
2 β

s+1xv
ι ,κ−r

≤−

(
dv(κ)

∑
r=1

xv
ι ,κ−r

)T

Rkv
2 β

dvL+1

(
dv(κ)

∑
r=1

xv
ι ,κ−r

)
, (19)

≤ xvT
τLUV0⊗

(
β

1+τvU W kv
3

)
xv

τLU , (20)

where xh
τLU =

[
xhT

ι−τh(ι),κ
xhT

ι−τhL,κ
xhT

ι−τhU ,κ

]T
, xv

τLU =[
xvT

ι ,κ−τv(ι)
xvT

ι ,κ−τvL
xvT

ι ,κ−τvU

]T
, V0 =

−2 1 1
∗ −1 0
∗ ∗ −1

 and

the symbol ⊗ represents the Kronecker product. For sim-
plicity, we denote xτL =

[
xhT

ι−τhL,κ
xvT

ι ,κ−τvL

]T , xτU = [xhT
ι−τhU ,κ

xvT
ι ,κ−τvU

]T , ηι ,κ =
[
ηhT

ι ,κ ηvT
ι ,κ

]T , Γι ,κ =
[
xT

ι ,κ xT
τ(ι ,k) xT

τL xT
τU

xT
d(ι ,κ)

]T .
Thus, the terms ∆V kh

x(ι ,κ)+∆V kv
x(ι ,κ), together with

(11)-(20) imply that ∆V k
x(ι ,κ) ≤ xT

ι+1,κ+1℘
kxι+1,κ+1 +

ηT
ι ,κ (Ξ1 +Ξ2 +Ξ3)ηι ,κ +ΓT

ι ,κ ΦkΓι ,κ . That is

∆V k
x(ι ,κ) ≤ Γ

T
ι ,κ Π0Γι ,κ , (21)

where Π0 = ĀkT℘kĀk +DkT (Ξ1 +Ξ2 +Ξ3)Dk +Φk.
By Schur complement, the inequality (6) simply implies

Π0 < 0. Consequently, by (21), we obtain:

V kh
x(ι+1,κ)+V kv

x(ι ,κ+1) ≤ β

(
V kh

x(ι ,κ)+V kv
x(ι ,κ)

)
, (22)

where ι ,κ ∈ Z+. For any non-negative integer Γ > κ0 =
max(z1,z2), one has that V kh

x(0,Γ) = V kv
x(Γ,0) = 0. Then, sum-

mation of both sides of (22) from Γ−1 to 0 with reference
to κ and from 0 to Γ−1 with reference to ι , the following
can be obtained:

∑
ι+κ=Γ

V k
x(ι ,κ) = ∑

ι+κ=Γ

(V kh
x(ι ,κ)+V kv

x(ι ,κ))

=V kh
x(0,Γ)+V kh

x(1,Γ−1)+ ...+V kh
x(Γ−1,1)

+V kh
x(Γ,0)+V kv

x(Γ,0)+V kv
x(Γ−1,1)+ ...

+V kv
x(1,Γ−1)+V kv

x(0,Γ)

<β
(
0+V kh

x(0,Γ−1)+V kh
x(1,Γ−2)+ ...

+V kh
x(Γ−2,1)+V kh

x(Γ−1,0)+V kv
x(Γ−1,0)

+V kv
x(Γ−2,1)+ ...+V kv

x(1,Γ−2)+V kv
x(0,Γ−1)

+0
)

=β ∑
ι+κ=Γ−1

V k
x(ι ,κ)

<... < β
Γ−κ0 ∑

ι+κ=κ0

V k
x(ι ,κ). (23)

Now, suppose that ϑ = Nσ(ι ,κ)(κ0,Γ) represents the
switching number of σ(ι ,κ) over the interval (κ0,Γ), and
consider mρ−ϑ+1 < mρ−ϑ+2 < ... < mρ−1 < mρ which ac-
tually represents the switching points over the correspond-
ing interval, and therefore for Γ ∈

[
mρ ,mρ+1

)
, it follows

from (23) that

∑
ι+κ=Γ

V
σ(mρ)

x(ι ,κ) < β
Γ−mρ ∑

ι+κ=mρ

V
σ(mρ)

x(ι ,κ) . (24)
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Using (8) and (9), at switching instant mρ = ι + κ , we
obtain

∑
ι+κ=mρ

V
σ(mρ)

x(ι ,κ) ≤ λ ∑
ι+κ=mρ

V
σ(mρ−1)

x(ι ,κ) . (25)

Then, according to (4), we may write ϑ =Nσ(ι ,κ) (κ0,Γ)≤
N0 +

Γ−κ0
ta

, and by (24) and (25), we may obtain

∑
ι+κ=Γ

V
σ(mρ)

x(ι ,κ)

< β
Γ−mρ ∑

ι+κ=mρ

V
σ(mρ)

x(ι ,κ)

< λβ
Γ−mρ β

mρ−mρ−1 ∑
ι+κ=mρ−1

V
σ(mρ−1)

x(ι ,κ)

= λβ
Γ−mρ−1 ∑

ι+κ=mρ−1

V
σ(mρ−1)

x(ι ,κ)

≤ ... < λ
ϑ−1

β
Γ−mρ−ϑ+1 ∑

ι+κ=mρ−ϑ+1

V
σ(mρ−ϑ+1)

x(ι ,κ)

< λ
ϑ

β
Γ−mρ−ϑ+1 β

mρ−ϑ+1−κ0 ∑
ι+κ=κ0

V σ(κ0)
x(ι ,κ)

≤ λ
ϑ

β
Γ−κ0 ∑

ι+κ=κ0

V σ(κ0)
x(ι ,κ)

≤ λ
N0 e(

lnλ

ta
+lnβ)(Γ−κ0)

∑
ι+κ=κ0

V σ(κ0)
x(ι ,κ) . (26)

On the contrary, two positive scalars ξ1 and ξ2 can be
found from (9), such that the following inequality holds

ξ1‖xι ,κ‖2 ≤V σ(ι ,κ)
x(ι ,κ) ≤ ξ2 ‖xι ,κ‖2

C , (27)

where

ξ1 = min
k∈Z[1,N]

{λmin(℘
kh)+λmin(℘

kv)},

ξ2 = max
k∈Z[1,N]

{
λmax(℘

kh)+λmax(℘
kv)+τhLλmax(Qkh

1 )

+ τvLλmax(Qkv
1 )+τhU λmax(Qkh

2 )+τvU λmax(Qkv
2 )

+ r(2)dh λmax(Qkh
2 )+r(2)dv λmax(Qkv

2 )+ τhU λmax(Qkh
3 )

+ τvU λmax(Qkv
3 )+r(2)dh λmax(Qkh

2 )+r(2)dv λmax(Qkv
2 )

+ τhU λmax(Qkh
3 )+τvU λmax(Qkv

3 )+τ
2
hLλmax(W kh

1 )

+τ
2
vLλmax(W kv

1 )+τ
2
hU λmax(W kh

2 )+τ
2
vU λmax(W kv

2 )

+ r2
τhλmax(W kh

3 )+r2
τvλmax(W kv

3 )+d2
hU λmax(Rkh

1 )

+d2
vU λmax(Rkh

1 )+
(

r(2)dh

)2
λmax(Rkh

2 )

+
(

r(2)dv

)2
λmax(Rkv

2 )

}
.

Denoting η = ξ2λ N0

ξ1
> 0, then the following can be de-

duced from (26) and (27):

∑
ι+κ=Γ

‖xι ,κ‖2 ≤ ηe−(
− lnλ

ta
−lnβ)(Γ−κ0)

∑
ι+κ=κ0

‖xι ,κ‖2
C.

Definition 2 implies that if the average dwell time satis-
fies

(
ta > t∗a = lnλ

− lnβ

)
then 2-D switched system (5) in

the presence of mixed delays is exponentially stable. This
concludes our proof. �

Remark 2: It is worth mentioning that the results in
Theorem 1 have been obtained by improving the LKF of
the results given in [38]. We have introduced the terms

ι−1
∑

s=ι−τhU

xhT
s,κ Qh

3xh
s,κ β ι−s, dhU

dh(ι)

∑
s=1

ι−1
∑

m=ι−s
xhT

m,κ Rh
1xh

m,κ β ι−m,
κ−1
∑

r=κ−τvU

xvT
ι ,rQv

3xv
ι ,rβ

κ−r, and dvU

dv(κ)

∑
r=1

κ−1
∑

m=κ−r
xvT

ι ,mRv
1xv

ι ,mβ κ−m, which

contain the summations of the state vector in single and
double forms and ultimately enables one to take into ac-
count the extra information related to time delays into the
corresponding augmented vectors. Therefore, the obtained
results are expected to enjoy less conservativeness. Now,
let us exclude the aforesaid newly introduced terms from
the LKF, then one may obtain the results of Corollary 1.

Corollary 1: For some given positive constants τhL,
τvL, τhU , τvU , dhL, dvL, dhU , and dvU , if there exist symmet-
ric positive definite matrices ℘k = diag{℘kh, ℘kv}, Qk

1 =
diag{Qkh

1 , Qkv
1 }, Qk

2 = diag{Qkh
2 , Qkv

2 }, Rk
2 = diag{Rkh

2 ,
Rkv

2 }, W k
1 = diag{W kh

1 , W kv
1 }, W k

2 = diag{W kh
2 , W kv

2 }, W k
3 =

diag{W kh
3 , W kv

3 }, with appropriate dimensions and 0 <
β < 1, such that with k ∈ Z[1,N], the following inequality
holds

Π̃0 =

Φ̄k Āk℘k DkT Ξ

∗ −℘k 0
∗ ∗ −Ψ

< 0, ∀k ∈ Z[1,N] (28)

where Φ̄k =


Φ̄k

11 0 β̄LW k
1 β̄UW k

2 0
∗ Φk

22 β̄UW k
3 β̄UW k

3 0
∗ ∗ Φk

33 0 0
∗ ∗ ∗ Φ̄k

44 0
∗ ∗ ∗ ∗ Φ̄k

55

, Φ̄k
11 =

β̄ (−℘k +Qk
1 +Qk

2 + r(2)d Rk
2 + r(1)τ Qk

2) + β̄L(−W k
1 −W k

2 ),
Φ̄k

44 = β̄U(−W k
2 −W k

3 ), Φ̄k
55 = −β̄dLRk

2 and rest of the pa-
rameters are similar to ones defined in Theorem 1. Then,
the exponential stability of system (5) can be guaranteed
for any switching signals with average dwell time satisfy-
ing (7), and the following inequalities ∀k, l ∈ Z[1,N]:

℘
k ≤ λ℘

l , Qk
1 ≤ λQl

1, Qk
2 ≤ λQl

2, Rk
2 ≤ λRl

2,

W k
1 ≤ λW l

1 , W k
2 ≤ λW l

2 , W k
3 ≤ λW l

3 . (29)

Proof: The proof of Corollary 1 is similar to the proof
of Theorem 1. Thus, detailed proof is omitted. �

Remark 3: It can be noticed that Theorem 1 requires
more number of decision variables (NODV) as compared
to the Corollary 1. Therefore, one may state that the results
of Theorem 1 are expected to enjoy less conservativeness
at the cost of an increase in the computational complexity.
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Thus, our aim should be to achieve less conservativeness
without increasing the computational burden which is also

possible if we exclude the terms
ι−1
∑

s=ι−τhL

xhT
s,κ Qh

1xh
s,κ β ι−s,

κ−1
∑

r=κ−τvL

xvT
ι ,rQv

1xv
ι ,rβ

κ−r, and take Rh
1 = Rh

2,R
v
1 = Rv

2 in LKF

of Theorem 1. As a result the following corollary can be
obtained.

Corollary 2: For some given positive constants τhL,
τvL, τhU , τvU , dhL, dvL, dhU , and dvU , if there exist symmet-
ric positive definite matrices ℘k = diag{℘kh, ℘kv}, Qk

2 =
diag{Qkh

2 , Qkv
2 }, Qk

3 = diag{Qkh
3 , Qkv

3 }, Rk
1 = diag{Rkh

1 ,
Rkv

1 }, W k
1 = diag{W kh

1 , W kv
1 }, W k

2 = diag{W kh
2 , W kv

2 }, W k
3 =

diag{W kh
3 , W kv

3 }with appropriate dimensions and 0< β <
1, such that with k ∈ Z[1,N], the following inequality
holds

Π̂0 =

Φ̂k Āk℘k DkT Ξ

∗ −℘k 0
∗ ∗ −Ψ

< 0, (30)

where, Φ̂k =


Φ̂k

11 0 β̄LW k
1 β̄UW k

2 0
∗ Φk

22 β̄UW k
3 β̄UW k

3 0
∗ ∗ Φ̂k

33 0 0
∗ ∗ ∗ Φk

44 0
∗ ∗ ∗ ∗ Φ̂k

55

, Φ̂k
33 =

β̄L(−W k
1 −W k

3 ), Φ̂k
55 = −2β̄dLRk

1, Φ̂k
11 = β̄ (−℘k +Qk

2 +

Qk
3 + r(1)d Rk

1 + r(2)d Rk
1 + rτ Qk

2)+ β̄L(−W k
1 −W k

2 ) and rest of
the parameters are similar to ones defined in Theorem 1.
Then, the exponential stability of system (5) can be guar-
anteed for any switching signals whose average dwell time
satisfies (7), and the following inequalities ∀k, l ∈ Z[1,N]:

℘
k ≤ λ℘

l , Qk
2 ≤ λQl

2, Qk
3 ≤ λQl

3, Rk
1 ≤ λRl

1,

W k
1 ≤ λW l

1 , W k
2 ≤ λW l

2 , W k
3 ≤ λW l

3 . (31)

Proof: The proof of Corollary 2 is similar to the proof
of Theorem 1 and therefore the details are omitted. �

Let us consider the following system:

xι+1,κ+1 = Aσ(ι ,κ)xι ,κ +Aσ(ι ,κ)
τ xτ(ι ,k), ι ,κ ∈ Z+.

(32)

The stability analysis problem for system (32) is presented
in the Corollary 3 stated below.

Corollary 3: For some given positive constants τhL,
τvL, τhU , τvU , dhL, dvL, dhU , and dvU , if there exist symmet-
ric positive definite matrices ℘k = diag{℘kh, ℘kv}, Qk

1 =
diag{Qkh

1 , Qkv
1 }, Qk

2 = diag{Qkh
2 , Qkv

2 }, Qk
3 = diag{Qkh

3 ,
Qkv

3 }, W k
1 = diag{W kh

1 , W kv
1 }, W k

2 = diag{W kh
2 , W kv

2 },
W k

3 = diag{W kh
3 , W kv

3 }, with appropriate dimensions and
0 < β < 1, such that with k ∈ Z[1,N], the following in-
equality holds

Π1 =

Φ̃k Ãk℘k D̃kT Ξ

∗ −℘k 0
∗ ∗ −Ψ

< 0,∀k ∈ Z[1,N], (33)

where Φ̃k =


Φ̃k

11 0 β̄LW k
1 β̄UW k

2
∗ Φk

22 β̄UW k
3 β̄UW k

3
∗ ∗ Φk

33 0
∗ ∗ ∗ Φk

44

, D̃k = [Ak− I Ak
τ

0 0], Ãk = [Ak Ak
τ 0 0], Φ̃k

11 = β̄ (−℘k +Qk
1 +Qk

2 +Qk
3 +

r(1)τ Qk
2)+ β̄L

(
−W k

1 −W k
2

)
, and rest of the parameters are

same as those in Theorem 1. Then system (32) is expo-
nentially stable for any switching signals with the average
dwell time satisfying (7), and the following inequalities
∀k, l ∈ Z[1,N]:

℘
k ≤ λ℘

l , Qk
1 ≤ λQl

1, Qk
2 ≤ λQl

2, Qk
3 ≤ λQl

3,

W k
1 ≤ λW l

1 , W k
2 ≤ λW l

2 , W k
3 ≤ λW l

3 . (34)

Proof: The proof of Corollary 3 is similar to the proof
of Theorem 1 and therefore the detailed proof is omitted.�

Theorem 2: For some given positive constants τhL, τvL,
τhU , τvU , dhL, dvL, dhU , and dvU , if there exist symmet-
ric positive definite matrices ℘k = diag{℘kh, ℘kv}, Qk

1 =
diag{Qkh

1 , Qkv
1 }, Qk

2 = diag{Qkh
2 , Qkv

2 }, Qk
3 = diag{Qkh

3 ,
Qkv

3 }, Rk
1 = diag{Rkh

1 , Rkv
1 }, Rk

2 = diag{Rkh
2 , Rkv

2 }, W k
1 =

diag{W kh
1 , W kv

1 }, W k
2 = diag{W kh

2 , W kv
2 }, W k

3 = diag{W kh
3 ,

W kv
3 }, with appropriate dimensions and 0 < β < 1, such

that with k ∈ Z[1,N], the following inequality holds ∀k,
l ∈ Z[1,N]:

Π2 =


Φk

1 AkT
1 ℘k DkT

1 Ξ ΦkT
2

∗ −℘k 0 0
∗ ∗ −Ψ 0
∗ ∗ ∗ −I

< 0, (35)

where Φk
1 = diag{Φk, −γ2I}, Ak

1 = [Ak Ak
τ 0 0 Ak

d Bk],
Dk

1 = [Ak− I Ak
τ 0 0 Ak

d Bk], Φk
2 = [Dk Dk

τ 0 0 0 Ek] and
rest of the parameters are similar to the ones defined in
Theorem 1. Then, system (1) with uι ,κ = 0 and any non-
zero disturbance satisfying wι ,κ ∈ l2{[0,∞), [0,∞)}, has a
desired H∞ disturbance attenuation level γ for any switch-
ing signals with the average dwell time satisfying (7) and
(8).

Proof: Now, we attempt to establish the H∞ perfor-
mance analysis for the system (1), when uι ,κ = 0 and any
non-zero disturbance satisfying wι ,κ ∈ l2 {[0,∞) , [0,∞)}.
By keeping in mind (9), let us consider ψx(ι ,κ) = ∆V kh

x(ι ,κ)+

∆V kv
x(ι ,κ)+ zT

ι ,κ zι ,κ − γ2wT
ι ,κ wι ,κ ,∀k ∈ Z[1,N]. Now, follow-

ing the proof line of Theorem 1, we obtain

ψx(ι ,κ) ≤ Γ̃
T
ι ,κ Π2Γ̃ι ,κ ,

where Π2 = AkT
1 ℘kAk

1 + DkT
1 (Ξ1 + Ξ2 + Ξ3)Dk

1 + Φk
1 +

ΦkT
2 Φk

2, Γ̃ι ,κ = [xT
ι ,κ xT

τ(ι ,κ) xT
τL xT

τU xT
d(ι ,κ) wT

ι ,κ ]
T and by the

virtue of Schur complement (35) implies Π2 < 0, which
means

V kh
x(ι+1,κ)−βV kh

x(ι ,κ)+V kv
x(ι ,κ+1)−βV kv

x(ι ,κ)+ zT
ι ,κ zι ,κ
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− γ
2wT

ι ,κ wι ,κ < 0. (36)

We set Λι ,κ = zT
ι ,κ zι ,κ − γ2wT

ι ,κ wι ,κ , then (36) becomes

V kh
x(ι+1,κ) + V kv

x(ι ,κ+1) < β

(
V kh

x(ι ,κ)+V kv
x(ι ,κ)

)
− Λι ,κ , which

can be stated as follows under the zero boundary condi-
tions:

∑
ι+κ=Γ

V
σ(mρ)

x(ι ,κ)

< β ∑
ι+κ=Γ−1

V
σ(mρ)

x(ι ,κ) − ∑
ι+κ=Γ−2

Λι ,κ

< β
Γ−mρ ∑

ι+κ=mρ

V
σ(mρ)

x(ι ,κ) −
Γ−2

∑
m=mρ−1

∑
ι+κ=m

β
Γ−2−m

Λι ,κ

< λβ
Γ−(mρ−1)

∑
ι+κ=mρ−1

V
σ(mρ−1)

x(ι ,κ)

−λβ
Γ−mρ ∑

ι+κ=mρ−2
Λι ,κ −

Γ−2

∑
m=mρ−1

∑
ι+κ=m

β
Γ−2−m

Λι ,κ

= ∑
ι+κ=mρ−1

λ
Nσ(ι+κ,Γ)β

Γ−(mρ−1)V
σ(mρ−1)

x(ι ,κ)

−
Γ−2

∑
m=mρ−2

∑
ι+κ=m

λ
Nσ(ι+κ+1,Γ)β

Γ−2−m
Λι ,κ

< ∑
ι+κ=mρ−1

λ
Nσ(ι+κ,Γ)β

Γ−(mρ−1)V
σ(mρ−1)

x(ι ,κ)

−
Γ−2

∑
m=mρ−2

∑
ι+κ=m

λ
Nσ(ι+κ+1,Γ)β

Γ−2−m
Λι ,κ

< ∑
ι+κ=mρ−1

λ
Nσ(ι+κ,Γ)β

Γ−mρ−1V
σ(mρ−1)

x(ι ,κ)

−
Γ−2

∑
m=mρ−1−1

∑
ι+κ=m

λ
Nσ(ι+κ+1,Γ)β

Γ−2−m
Λι ,κ

< ... < ∑
ι+κ=1

λ
Nσ(ι+κ,Γ)β

Γ−1V σ(1)
x(ι ,κ)

−
Γ−2

∑
m=0

∑
ι+κ=m

λ
Nσ(ι+κ+1,Γ)β

Γ−2−m
Λι ,κ .

Under the zero initial condition, it holds that
∑

ι+κ=1
λ Nσ(ι+κ,Γ)β Γ−1V σ(1)

x(ι ,κ) = 0. Therefore, we have

Γ−2
∑

m=0
∑

ι+κ=m
λ Nσ(ι+κ+1,Γ)β Γ−2−mΛι ,κ < 0. That implies

Γ−2

∑
m=0

∑
ι+κ=m

λ
Nσ(ι+κ+1,Γ)β

Γ−2−m ‖zι ,κ‖2
2

<
Γ−2

∑
m=0

∑
ι+κ=m

λ
Nσ(ι+κ+1,Γ)β

Γ−2−m
γ

2 ‖wι ,κ‖2
2. (37)

By multiplication of λ−Nσ (1,Γ) on both sides of

(37), we obtain
Γ−2
∑

m=0
∑

ι+κ=m
λ−Nσ(1,ι+κ+1)β Γ−2−m ‖zι ,κ‖2

2 <

Γ−2
∑

m=0
∑

ι+κ=m
λ−Nσ(1,ι+κ+1)β Γ−2−mγ2 ‖wι ,κ‖2

2. On the other

hand, from (4) it follows Nσ(ι ,κ)(1,ι+κ+1) ≤ ι+κ

ta
. There-

fore, we obtain λ−Nσ(ι ,κ)(1,ι+κ+1) = e−Nσ(ι ,κ)(1,ι+κ+1) lnλ ≥
e−

ι+κ

ta
lnλ ≥ e(ι+κ) lnβ . Thus,

Γ−2
∑

m=0
∑

ι+κ=m
e(ι+κ) lnβ β Γ−2−m

‖zι ,κ‖2
2 < γ2

Γ−2
∑

m=0
∑

ι+κ=m
λ−Nσ(1,ι+κ+1)β

Γ−2−m‖wι ,κ‖2
2

⇒
Γ−2

∑
m=0

∑
ι+κ=m

β
Γ−2 ‖zι ,κ‖2

2 < γ
2

Γ−2

∑
m=0

∑
ι+κ=m

β
Γ−2−m ‖wι ,κ‖2

2.

For Γ runs from 2 to ∞, we have ∑
∞

Γ=2

Γ−2
∑

m=0
∑

ι+κ=m
β Γ−2‖zι ,κ‖2

2

< γ2
∑

∞

Γ=2

Γ−2
∑

m=0
∑

ι+κ=m
β Γ−2−m ‖wι ,κ‖2

2

=⇒
∞

∑
m=0

∑
ι+κ=m

β
ι+κ ‖zι ,κ‖2

2

∞

∑
Γ=2+m

β
Γ−2−m

< γ
2

∞

∑
m=0

∑
ι+κ=m

‖wι ,κ‖2
2

∞

∑
Γ=2+m

β
Γ−2−m

=⇒ 1
1−β

∞

∑
m=0

∑
ι+κ=m

‖zι ,κ‖2
2

<
1

1−β
γ

2
∞

∑
m=0

∑
ι+κ=m

‖wι ,κ‖2
2.

=⇒
∞

∑
m=0

∑
ι+κ=m

β
ι+κ ‖zι ,κ‖2

2 < γ
2

∞

∑
m=0

∑
ι+κ=m

‖wι ,κ‖2
2.

That is
∞

∑
ι=0

∞

∑
κ=0

β ι+κ ‖zι ,κ‖2
2 < γ2

∞

∑
ι=0

∞

∑
κ=0
‖wι ,κ‖2

2, which by

Definition 3 implies that system (1) with uι ,κ = 0 is expo-
nentially stable and has a prescribed H∞ disturbance atten-
uation level γ . The proof is completed. �

3.2. Controller design
Let us consider system (1) under the state feedback con-

troller uι ,κ = Kσ(ι ,κ)xι ,κ , which results in the following
system:

xι+1,κ+1 =
(

Aσ(ι ,κ)+Cσ(ι ,κ)Kσ(ι ,κ)
)

xι ,κ

+Aσ(ι,κ)
τ xτ(ι,κ)+Aσ(ι,κ)

d xd(ι,κ)+Bσ(ι,κ)wι,κ ,

zι ,κ = Dσ(ι ,κ)xι ,κ +Dσ(ι ,κ)
τ xτ(ι ,κ)+Eσ(ι ,κ)wι ,κ . (38)

Now, we present some sufficient inequality based con-
ditions in the following theorem for the existence of a state
feedback controller uι ,κ =Kσ(ι ,κ)xι ,κ , such that the closed-
loop system (38) is exponentially stable.

Theorem 3: For some given positive constants τhL, τvL,
τhU , τvU , dhL, dvL, dhU , and dvU , if there exist symmet-
ric positive definite matrices ℘k = diag{℘kh, ℘kv}, Qk

1 =
diag{Qkh

1 , Qkv
1 }, Qk

2 = diag{Qkh
2 , Qkv

2 }, Qk
3 = diag{Qkh

3 ,
Qkv

3 }, Rk
1 = diag{Rkh

1 , Rkv
1 }, Rk

2 = diag{Rkh
2 , Rkv

2 }, W k
1 =

diag{W kh
1 , W kv

1 }, W k
2 = diag{W kh

2 , W kv
2 }, W k

3 = diag{W kh
3 ,
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W kv
3 }, and any matrices Kk, for all k ∈Z[1,N], with appro-

priate dimensions and 0 < β < 1, such that the following
inequality holds ∀k, l ∈ Z[1,N]:

_

Π2 =


Φk

1 AkT
2 DkT

2 DkT
2 DkT

2 ΦkT
2

∗ Ψ℘ 0 0 0 0
∗ ∗ ΨΞ1 0 0 0
∗ ∗ ∗ ΨΞ2 0 0
∗ ∗ ∗ ∗ ΨΞ3 0
∗ ∗ ∗ ∗ ∗ −I

< 0, (39)

where Ak
2 = [(Ak +CkKk) Ak

τ 0 0 Ak
d Bk], Dk

2 =
[(Ak +CkKk)−I Ak

τ 0 0 Ak
d Bk], Ψ℘= JT

1 ℘kJ1−2J1, ΨΞ1 =
JT

2 Ξ1J2− 2J2, ΨΞ2 = JT
3 Ξ2J3− 2J3, ΨΞ3 = JT

4 Ξ3J4− 2J4,
and rest of the parameters are already defined in Theo-
rem 1 and Theorem 2. Then, the closed-loop system (38)
has a specified H∞ disturbance attenuation level γ for any
switching signal with average dwell time satisfying (7)
and (8).

Proof: Replacing Ak in (35) by Ak +CkKk and pre and
post multiplying by diag{I, I, I, I, I, I, (℘k)−1, (Ξ1)

−1

(Ξ2)
−1, (Ξ3)

−1, I}, results:

Π̃2 =



Φk
1 AkT

2 DkT
2 DkT

2 DkT
2 ΦkT

2
∗ Φk

℘ 0 0 0 0
∗ ∗ ΦΞ1 0 0 0
∗ ∗ ∗ ΦΞ2 0 0
∗ ∗ ∗ ∗ ΦΞ3 0
∗ ∗ ∗ ∗ ∗ −I

< 0, (40)

where Φk
℘ =−

(
℘k
)−1, ΦΞ1 =−(Ξ1)

−1, ΦΞ2 =−(Ξ2)
−1,

and ΦΞ3 = −(Ξ3)
−1. The following can be obtained for

any matrices J1 > 0, J2 > 0, J3 > 0 and J4 > 0; JT
1 ℘kJ1 ≥

2J1 +Φk
℘, JT

2 Ξ1J2 ≥ 2J2 +ΦΞ1 , JT
3 Ξ2J3 ≥ 2J3 +ΦΞ2 , and

JT
4 Ξ3J4 ≥ 2J4 +ΦΞ3 . Then, (39) holds if (40) is satisfied.

This completes our proof. �

In what follows, we present a procedure that may prove
helpful for finding the controller gains from Theorem 3.

Step 1: Input the matrices Aσ(ι ,κ), Aσ(ι ,κ)
τ , Aσ(ι ,κ)

d ,
Bσ(ι ,κ), Cσ(ι ,κ), Dσ(ι ,κ), Dσ(ι ,κ)

τ , and Eσ(ι ,κ).
Step 2: Choose the appropriate parameters τhL, τvL, τhU ,

τvU , dhL, dvL, dhU , dvU , γ , then by solving the inequalitlity
(39) in Theorem 3 by LMI toolbox in MATLAB, one may
obtain controller gains.

Remark 4: To understand the fruitfulness of the pro-
posed results, we present a discussion of relevant studies
here. For instance, the results put forward in [33] have
solved the similar problem for the 2-D switched system
without delays by the common and the multiple Lyapunov
functional approaches. By considering the time-varying
delays, authors in [34,35] presented a solution of the simi-
lar problem by utilizing the multiple Lyapunov functional
approaches. In [40], average dwell time approach was

used to solve the similar problem by considering the con-
stant time delays in the system states. In comparison to the
results proposed in the studies [33–35, 40], the choice of
mixed type of time delays, the improved LKF and dwell-
time approach makes our results more general and dif-
ferent from the ones stated above. Moreover, due to the
reasons stated in Remarks 2-3, the choice of an improved
LKF would help in achieving less conservativeness with-
out significantly increasing the computational burden as
compared to LKF considered in [38].

Remark 5: It should be stated that the results presented
in Theorem 3 may also bring some computational com-
plexities which are evident because we need to solve 10N
matrix inequalities to obtain 19N +1 matrix variables.

4. AN ILLUSTRATIVE EXAMPLE

This section validates the usefulness of the proposed re-
sults with the help of an example. In practice, the Darboux
partial differential equation is very commonly used in the
modeling of thermal processes in pipe furnaces, chemical
reactors and heat exchangers [2]. A typical representation
of such operation is shown in Fig. 1. Here, we also con-
sider a similar thermal process with multiple subsystems
which can be modeled by the following partial differential
equation:

∂Ts,t

∂ s
=−∂Ts,t

∂ t
+aσ(s,t)

0 Ts,t+aσ(s,t)
1 Ts−τs,t+aσ(s,t)

2 Ts,t−τt

+bσ(s,t)
1

s f∫
0

Ts−x,tdx+bσ(s,t)
2

t f∫
0

Ts,t−θ dθ

+ cσ(s,t)
1 ws,t + cσ(s,t)

2 us,t , (41)

where Ts,t represents an unknown function (e.g temper-
ature) at s ∈ [0, l] (space) and t ∈ [0,∞) (time); ws,t and
us,t describe the L2-norm bounded disturbance and the
control input, respectively. aσ(s,t)

0 , aσ(s,t)
1 , aσ(s,t)

2 , bσ(s,t)
1 ,

bσ(s,t)
2 , cσ(s,t)

1 , cσ(s,t)
2 are real numbers with σ (s, t) repre-

senting the active subsystem at (ι ,κ); τs, s f , and τt , t f
 

 

 

 

 

 

 

 

 

 

 

 

                                  Fig. 1. Heat Exchanger [2, 41]. 
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Fig. 1. Heat Exchanger [2, 41].
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denote the delays in space and time, respectively. More-
over, zs,t in the Fig. 1 represents the output of the system.
Given the increments ∆s, ∆t, we denote Tι ,κ = Tι∆s,κ∆t ,
wι ,κ = wι∆s,κ∆t , uι ,κ = uι∆s,κ∆t , σ(ι ,κ) = σ (ι∆s,κ∆t) and
use the approximation ∂Ts,t

∂ s
∼= Tι ,κ−Tι−1,κ

∆s ,
∂Ts,t

∂ t
∼= Tι ,κ−Tι ,κ−1

∆t to
compute the derivatives ∂Ts,t

∂ s and ∂Ts,t

∂ t , respectively. We de-
fine xh

ι ,κ = Tι−1,κ , xv
ι ,κ = Tι ,κ , then the following system

can be obtained as the result of corresponding discretiza-
tion:

xι+1,κ+1 =Aσ(ι ,κ)xι ,κ +Aσ(ι ,κ)
τ xτ(ι ,k)

+Aσ(ι ,κ)
d


dh

∑
s=1

xh
ι−s,κ

dv

∑
r=1

xv
ι ,κ−r

+Bσ(ι ,κ)wι ,κ

+Cσ(ι ,κ)uι ,κ , (42)

where ι ,κ ∈ Z+, τh(ι) =
[
τs
/

∆s
]
, τv(κ) =

[
τl
/

∆t
]
, dh =[

s f
/

∆s
]
, and dv =

[
t f
/

∆t
]
. System (42) is similar to sys-

tem (1), so just for illustrative purpose let us consider the
system (1) with following parameters:

Subsystem 1: A1 =

[
0.02 −0.03

0 −0.01

]
, A1

τ =

[
−0.3 −0.2

0 0.2

]
,

A1
d =

[
−0.1 0

0 −0.02

]
, B1 =

[
0.04
0.06

]
, C1 =

[
0.08

0

]
, D1 =[

−0.1 0.06
]
, D1

τ =
[
0.11 0.02

]
, E1 = 1.

Subsystem 2: A2 =

[
0.01 0.5

0 −0.01

]
, A2

τ =

[
0.21 0.6

0 0.4

]
,

A2
d =

[
0.09 0.01

0 0.01

]
, B2 =

[
0.02
0.01

]
, C2 =

[
0.04
0.06

]
, D2 =[

−0.01 −0.1
]
, D2

τ =
[
−0.2 0.1

]
, E2 =−0.01.

Now, to prove the less conservativeness of the proposed
results, this section is furnished with Table 1, which esti-
mates the maximum upper bound of the delay and com-
pares the results of Theorem 1, Corollary 1 and Corol-
lary 2 both in terms of conservativeness and computational
burden. Keeping in view Remarks 2-3, Theorem 1 pre-
sented in Table 1 suggests less conservativeness and rela-
tively high computational effort as compared to Corollary
1. However, Corollary 2 allows us to achieve less conser-
vativeness as compared to Corollary 1 without increasing
the computational burden. Therefore, it can be concluded
that the improved LKF based proposed results in Theo-
rem 1 and Corollary 2 are better in terms of conservative-
ness as compared to the LKF chosen in [38]. Moreover,
for system parameters stated in our example, the results
established in [11, 12] cannot guarantee the feasible so-
lution to the inequalities stated in Theorem 1 due to the
presence of mixed delays while Corollary 3 in our paper
can be employed to study the switched systems of the form
considered in [11, 12].
In order to observe the usefulness of the results proposed
in Theorem 3, we consider the same system parameters
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Fig. 2. The state trajectory of horizontal state.
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Fig. 3. The state trajectory of vertical state.

and take τhL = τvL = 1, τhU = τvU = 2, dhL = dvL = 1, dhU =
dvU = 2, β = 0.87, γ = 3, J1 = diag{0.11,0.001}, J2 =
diag{14,7}, J3 = diag{10,10} and J4 = diag{15,10}.
Then, by solving the inequalities in Theorem 3 we may
obtain controller gains K1 =

[
−0.0661 0.4749

]
, and

K2 =
[
−0.5812 0.4371

]
. Moreover, from (12)-(13),

we can get λ = 509.9796 and t∗a = 44.7672. Choose ta =
45, τh (ι) = dh (ι) = 1.5+ 0.5sin

(
πι

2

)
, τv (κ) = dv (κ) =

1.5+0.5sin
(

πκ

2

)
, wι ,κ = 5e(−.025π(ι+κ)) and the boundary

conditions xh
ι ,κ = 3, ι ∈Z[−2,0], 0≤ κ ≤ 8; xh

ι ,κ = 0,κ >
8; xv

ι ,κ = 4, κ ∈ Z[−2,0], 0≤ ι ≤ 10; xv
ι ,κ = 0, ι > 10.

We have plotted the state trajectories of the closed-loop
system (38) in Figs. 2-3, and the corresponding switching
signal has been shown in Fig. 4. The control input and the
controlled output are depicted in Figs. 5-6, respectively. It
can be noticed from Figs. 2-3 that the designed controller
ensures the exponential stability of the closed-loop system
(38) along with a desired H∞ performance γ , which shows
the usefulness of the established results.

5. CONCLUSION

For 2-D systems with the mixed type of state delays, the
exponential stability and H∞ control problems have been
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Table 1. Maximum upper bound of delays τhL ≤ τh(ι) ≤ τhU , τvL ≤ τv(κ) ≤ τvU , dhL ≤ dh(ι) ≤ dhU , dvL ≤ τv(κ) ≤ dvU

along with the feasibility of corresponding LMIS for fixed values of τhL = τvL = 1, dhL = dvL = 1.5 and β = 0.98.

NODV

Theorem 1 τhU = τvU 2 3 4 4.5 4.8 4.9 5 37
dhU = dvU 2 3 4 4.5 5.2 5.3 5.4

Corollary 1 τhU = τvU 1.4 1.8 2.2 2.6 3 3.1 3.2 29
dhU = dvU 1.8 2.1 2.4 2.7 3.1 3.2 3.3

Corollary 2 τhU = τvU 1.4 1.8 2.2 2.6 3.2 3.3 3.4 29
dhU = dvU 1.9 2.3 2.7 3.1 3.6 3.7 3.8

Feasibility X X X X X × ×

ι+ κ
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Fig. 4. Switching signal.
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Fig. 5. The control input.

solved in this paper. At first, by proposing an improved
LKF, some sufficient stability conditions were proposed
along with the H∞ performance analysis. Secondly, a state
feedback-based controller method was put forward that
promises the exponential stability and the desired H∞ dis-
turbance attenuation level γ for the system under consid-
eration. Finally, the derived results based on the proposed
LKF were compared with the results obtained by using
the LKF considered in [38], both in terms of conserva-
tiveness and computational burden. It was shown that pro-
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Fig. 6. The controlled output.

posed LKF degenerates better results. One possible future
extension of the derived results could be to 2-D continuous
systems, for which this problem still remains unsolved.
The output feedback controller design for 2-D continuous
systems in presence of mixed delays could also be another
interesting future problem.
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