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Adaptive Output Feedback Control for Switched Stochastic Nonlinear
Systems with Time-varying Parameters and Unknown Output Functions

Hui Ye, Bin Jiang*{% , and Hao Yang

Abstract: In this paper, we discuss the adaptive output feedback control problem for switched stochastic nonlinear
systems which involve uncertain time-varying parameters and unknown output functions. The drift terms together
with diffusion terms meet the conditions for linear growth with unknown rate. Firstly, an adaptive output feedback
controller is proposed based on the backstepping method. Then, by using the stochastic Lyapunov stability theorem,
all signals of the closed-loop system are proven to be bounded in probability and the system states are almost certain
to reach the origin under arbitrary switching. Finally, a numerical example is provided to test the reliability of the

proposed method.
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1. INTRODUCTION

In recent years, research on nonlinear systems has been
attracted considerable attention [1-7] and the references
therein. Switched systems as a significant branch of hy-
brid systems. Switched stochastic nonlinear systems are
considered as a major player in physical as well as engi-
neering systems that involve stochastic disturbances [8].
With this regard, stability theory was proposed in [9], and
further discussion on the stabilizer design was given in
[10]. Subsequently, the problem of global stabilization
for switched stochastic nonlinear lower-triangular systems
subject to arbitrary switching was addressed in [11]. As it
well known, the use of backstepping design is an essential
part of the global output-feedback stabilization for nonlin-
ear systems, such as [12]. When the growth rate of non-
linearities is unknown, [13] designed an adaptive observer
and controller by using this method. [14] proposed a new
adaptive output feedback controller by using the meth-
ods of backstepping and universal control. [15] proposed
a novel universal adaptive control scheme for nonlinear
systems under lower-triangular and upper-triangular ho-
mogenous growth condition with unknown growth rates.
For switched stochastic nonlinear systems, it is important
to build a common Lyapunov function for all subsystems
subject to arbitrary switching.

However, the above works require the precise out-

put functions. In the presence of unknown output func-
tions, how to handle global output feedback control prob-
lem? With this issue, an approach of global stabilization
was proposed for non-switched nonlinear systems in [12],
where the upper and lower bounds conditions were given
for the partial derivative of the output function. [16] de-
veloped an adaptive output feedback controller for a class
of stochastic nonlinear systems with unknown output gain
and growth rate. [17] investigated the problem of global
output feedback stabilization for a class of switched non-
linear systems with unknown control coefficients. To the
best of authors’ knowledge, no results are available on the
control for switched stochastic nonlinear systems that in-
volve uncertain output functions. In this paper, we will
consider the problem of switched stochastic nonlinear sys-
tems described by

= Lixidt + fio() (t,x,d(t))dt
+gio( (£, x,d(t))dw, i=1,. -1,
dx, = Lot dt + fro() (t,x,d(t))dt
+&no(n (1,%,d(1))d@,
Y= ho (1), (1
where x = (x1,...,x,)T € R" is system state, u € R is con-

trol input, and y € R is measured output, respectively. The
control coefficients ¢; > 0, i = 1,...,n are unknown con-
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stants. d : R — R’ is a continuous function denoting a pa-
rameter or disturbance that varies with time. &(¢) is the
switching signal, with its values taken in a finite set M =
{1,...,m} and m being the number of subsystems. The
uncertain drift functions f; : RT x R" x R® — R and the
diffusion functions gj; : R* x R" x R* — R are Borel mea-
surable and continuous functions, where fi(7,0,d(t)) =
0,8i(#,0,d(t)) =0fori=1,...,nand k € M. The uncer-
tain function / : R — R, k € M, is C! and /4 (0) = 0. @ is
a standard Wiener process which defined on the complete
probability space (Q,F,P)( Q is the sample space, F is
the o-field and P is probability measure). In addition, as-
suming no state-jump of system (1) occurs at the moments
of switching, which suggests that the trajectory x(¢) is un-
interrupted. To construct an adaptive controller for system
(1), a new common coordinate is first introduced with a
dynamic gain, and a novel observer is constructed with-
out using the unmeasurable state information. Then, by
using the backstepping design method, an adaptive out-
put feedback controller is designed to globally regulate
the states of the switched stochastic nonlinear systems to
the origin. The main contribution of this paper are high-
lighted as follows: (i) Different from [12, 18, 19], in spite
of unknown growth condition and unknown control co-
efficients, an entirely new dynamic high-gain observer is
created. (ii) Compared with [3, 17], a different adaptive
controller is designed to deal with the unknown output
function.

2. PRELIMINARIES AND PROBLEM
STATEMENT

The following notations will be used throughout the pa-
per: R” stands for the real n-dimensional space; R* de-
notes the set of nonnegative real numbers; C! denotes the
set of all functions that have continuous ith partial deriva-
tives. For consistent denotation, []i_ ;() =1 is taken
for j > i. |X| is the absolute value of scalar X; X7 de-
notes its transpose, Tr{X} represents its trace when X
is square, and ||X|| is the Euclidean norm of a vector X.
In A € R™™, |A| is the Frobenius norm, described by
Al = (X1 X1 A%)'2. K denotes the set of all func-
tions: RT — R*, which are continuous, and increase and
vanish strictly at zero. K. stands for the set of all class-
K and unbounded functions. /CL is the set of all functions
B(s,t) : RT x R* — R*: these are class K functions for
each fixed ¢, and they decrease to zero as t — oo for each
fixed s.

Consider the following stochastic nonlinear system:

drx = f(x)dt + g(x)"dw, xo € R, 2)

where x € R"” is the system state, @ € R” is an r-
dimensional independent standard Wiener process defined
on the complete probability space (Q,F,P). f: R" — R"
and g’ : R" — R™" are Borel measurable and continuous

functions satisfying f(0) = 0, g(0) =0, V¢ > 0 and x is
the initial value.

The following definitions and a lemma are introduced,
which play important roles in this paper.

Definition 1 [20]: For any given V (x) € C2, associated
with stochastic system (2), the infinitesimal generator L is
given by

v =2 gl Wl W)

where Tr{ g’ (x)?;T‘{ g(x)} is the Hessian term of L.

Definition 2 [20]: The equilibrium x(z) = 0 of sys-
tem (2) with f(0) =0, g(0) = 0 is featured by global
asymptotic stability in probability, provided that there is
a class ICL function B(-) for if any € > 0, in which case
P{x(t) < B(Jxo])} > 1—¢€,Vt >0, x5 € R"\ {0}.

Lemma 1 [20]: For system (2), if there is a C? function

V(x), class K. functions o and @, constants ¢; > 0, ¢, >
0, and a nonnegative function W (x) satisfy

o ([x]) <V(x) < a(lr), LV < —aW(x)+c2 (4)

then

(i) For system (2), a unique solution on [0,) for each
xo € R" is almost sure to exist;

(i) When ¢; =0, f(0) =0, g(0) =0, and W(x) =
o5(]x]) is a class K function, the equilibrium equation
x(t) = 0 is globally asymptotically stable in the sense of
probability and P{lim,_,. |x(#)| =0} = 1.

This paper aims to develop an output feedback con-
troller for system (1) so as to perform global regulation
of each state to origin from any initial condition. To do
that, the following scenarios are assumed.

Assumption 1: For i = 1,...,n, control coefficients /¢;
satisfy £ < ¢; < ¢, where £ and ¢ are known positive con-
stants.

Assumption 2: Fori=1,...,nand k € M, there are un-
known nonnegative constants A;; and Ay exist, such that

|ﬁk(t7x7d(t))| < Zlk(|xl|+' -+ |xi|)7
g (t,x,d(1)] < Aax (1| + -+ |x]). )

Assumption 3: There are known positive constants M,
and [, k € M such that

< Iy (x1)

—k = 8x1

< [, ¥x; €R. (6)

Remark 1: Assumption 1 suggests that the control co-
efficients are limited by the positive constants. From As-
sumption 2, it is shown that the drift and diffusion terms
rely on unknown growth rate and unmeasurable states,
which is a general linear growth condition. As shown in
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[21], the sensor output y is a nonlinear uncertain func-
tion of the real displacement x; in the working region.
However, the derivative of the nonlinear function /(x;)
actually is bounded, which implies that Assumption 3
is a natural assumption. For example, some nonlinear
output functions with bounded first derivative, such as
h(x;) = 3x; + 2sin(x,), satisfy Assumption 3 as well.

Given the above, the scaling transformation is intro-
duced:
gn
Zi=——x, i=1,...,n. 7)
H?:l‘ é] ) ) 9

Based on the transformation (7), system (1) becomes

dZi = Zi+1dt + (pia(r)(t7zvd(t))dt

+ 0 (t,z,d(0)do, i=1,....n—1,
20 = Lt ()dt + Qo) (1,2,d(t))dt
+ Gro () (t,2,d(1) )d o,
y=he(z1), (®)
where z = (z1,...,2,)", £ = ( [Tj-145)/2", (sz =
(" /Tj=il)) fur and @ = (£"/TT] é )g,k, i=1,.

ke M.

From Assumptions 2 and 3, it can be found unknown
positive constants Ay, and Ay, and positive constants ¢,
Ck, such that

| @i (t,2,d (1)) < Aw(lza] + -+~ + |zi),

|0 (,2,d(1))| < Am(|z1] + -+ |zi]), ©)
< &) oy em, (10)
97
where ¢, = p_and & = (0/0") i

3. MAIN RESULTS

In this section, an adaptive output feedback controller
will be developed to globally stabilize system (1). The
main result is outlined in the following theorem.

Theorem 1: Under Assumptions 1-3, system (1) under
arbitrary switching undergoes global adaptive regulation
via the observer and controller:

dzi= (5 —Laig))dt, i=1,....n—1,
dz, = (L"u—L"a,z,)dt,

dL= (& +ni +g;)dt, L(0)=1,

u=—0"L""'p,¢,, (11)
where 2 = (21,...,2,)7. @; > 0,i=1,...,n is the coeffi-
cient of the Hurwitz polynomial p(s) = s" +ays" ' +---+
an—1s+a,. Lis a dynamic high gain. &,i=1,...,n are
given by

y
& =7, &1 = MNiv1 — O

L?

= big, M= i=1,...n (12)

Ll

with by, ...,

Proof: For system (8), we introduce the following the
change of coordinates:

b, being positive constants.

i — Zi
Li
Then, it can be verified that

Li=1,....n (13)

e =

de = (LAe+ @y (-) + Wi (-) + Y (-))dt — %dL,

o
dn = (LA + ; Bu)dt——"dL (14)
where
€= (61,...,€n)T, cbk() = ((Plk/L7"'a(pn-,k/Ln)T7
n:(nlv'“unn)T?Yk:(alzlan-vanzn)Ty
W) = (¢u/L,- ... 9ui/L")T,
and
—a; 1 -0 0
U IR I
—a, 1 0 - 1 0
—a, 0 -0 1
nxn nxl1
10 ---0
02 ---0
D=1|. . .
0.0
00 ---n

nxn

Clearly, A is Hurwitz matrix through its construction.
Thus, there exists a positive definite matrix P satisfying
ATP+PA < —Iand DP+PD > 0.

By constructing the Lyapunov function V = e Pe with
a simple calculation, one has

e’ (PD+DP)e
L

LVy =Le" (PA+ATP)e — dL

8 Vo
de?

+2e"P(®p+3) + tr{‘Pk

()}
< —L\|e|2 +2¢" Py +2eTPYk

l 1j= 18 &ej
< —Llle|* +2e" PO, +2e" PY +2e" PY;. (15)

(e)Pi(e)

Since L(t) >0, L(0) = 1, then L(¢) > 1 for V¢t > 0. For
i=1,...,n, k€M, it follows from (9) that

; A
12y < ‘WWF+m<mz',

¢zk le

Z
Lqu—+m<M2“ﬂ
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which leads to

() < Lol ol e

L 12 L
ii
— L
\¢1k| |92 | Ot |
o < 2l 10l 1O

Snﬂmz%, keM. (16)
j=1

Based on the definitions of e; and 7;, it can be obtained
that

Y 71 < L' 17

gL <E Y+ Vel ()
According to (10), it can be deduced that

clzi] <yl < élzl, keM. (18)

Combining (16), (17) with (18), it yields

8 n
20" P, <2P) e (1 a3 Innvilel)

1 1 n n2 P 2
sfe%+fznf+nen2<lk—””

i Ck
+27ukn\fHP||+4/11kn (n=D)]I1PI),

Le, 2WMH

2¢" PYy <2| el | Pall| = —1=3 || I+

1,
7k

2P gzzzknPnuen(nQ “nInnvilel)
P

1 223.n*||P|?
<5e L0l ||(Az I
k

+lzk”(”+\f)||P||+4A22k”2(”_ D[IP[?).

(19)
Substituting (19) into (15) yields
2L||Pa|?
o3 <~ (G- llel+5 i+ (5+ )t
Sk
(20)

where py = 2n% (Afj + A5 ||PI? /i +2(Aae+ Aok )n/n]| P +
4n*(n—1)(A{, +2A3,)||P||* is an unknown constant depen-
dent on Ay and Ayy.

3.1. Controller design
Step 1: Choose the Lyapunov function Vi (e,11,€) =

Vole) + g—i + %‘2 From the definitions of €, and 1, one has

ohy 1,0h
71 (L62+Ln2+%)+ ( k)¢1k¢1k
1 9%h

+ a 2¢lk¢1k

g =

Hui Ye, Bin Jiang, and Hao Yang

il =L~ Laymy — L. @1

By a simple calculation, one has

B . n . L ,
LV —£V0+81£1+*n1 _ﬁnl
<- (

2LHPa||2
2, P1x
+< Z Lez +Lm+ )

>|| P (3 + g e

1 8hk

+( (5, )¢Ik¢lk 818 2¢|k¢1k)81

_582+ (2 —a _L )_L
AL m{M2—am Lzm 2L2711-

(22)
By completion of square and (9)-(10), one has
ﬂLelez < Gllgey| < Le2 +ciLe}
dzi 4
< el + e},
ahk Pu

Ck)vlk 2
& 1
9z L Cr

1
2 2
nl+2a1n2a
lck)qk 2
< - =
2(8 )¢1k¢1k1_2 o 1

1 2& hk lck)uzk
19, 2¢1k¢1k72 Q( &

mn <
1, dh.,

2

(23)

By construction, one has —
ing (23) into (22), one has

2%7112 < 0. Then, substitut-

L 1 GAux+A
cvlg—(f—pk)llell2+(f+7c" et
Cr

2||Pal?

+(=a

Sk

+c )L) ——el+ Zn,

_ﬂzlz

+— —&—%Lsa
2 Moy T g mar

oh
+ JLS] (T]z — 061).

24
271 o
Choose the virtual controller as
1 2||Pal* |
o = —bi&, by > —(1+—

1 1€1, 1_1;15}{6 (1+ p +é)},

(25)
which leads to

L 1 &(Aug + Aok

v S—(*—pk)llellz—(L—g—i( et

C
8 ): a2 1 2
1 nz 2 Uk 2 1”2
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hy
a " L£1 (T]z — 061) (26)
Due to & = 1, — 04 = 12 + b €;, one has 7 < 2b%e? +
2¢3. Hence
L 1 1
LV, <— (= (L= )€+ (=+—)€e
<= (Epllel - (L-ne)ed + (5 + )
1” 2 L, o
——&+=—Lgeg 27
; 1 2 1+8X1 1€2, ( )

where 1y = 1/2 4 & (Aie + Ae) /e, + (1/24 1/ar)bi is a

constant but unknown.

Step 2: Select the Lyapunov function Vs (e, n1,€1,&) =
o1Vile,m, &)+ %822 where o7 > 1 is a constant to be de-
termined later. Based on the definition of &, one has

_p, T dhy ohy .,

a ) ¢1k¢lk

1
(L€I+Lﬂ2+-¢w)4-5b1«

82
+& ﬁ‘i’fk‘l)lk) +Lns +ax(Ley —z1)

2L L
R — —g. 2
2 82—|-b1L£1 (28)

By a direct calculation, one has

[

L
LV, <oy (- (*—Pk)He (L _llk)glz_ielz

1 dhy
+(5 T —)&+ Z - a1 +7L£182)

oy
+82(b1 92, (L€2+L772+%)
ah
+§b1(( k) ¢1k¢lk+81 a 2¢lk¢1k)

20
+Lns +ax(Ley —z1) — T82+bli£l)' (29)

Similar to (23), one has

Jhy L, 3GL ,
o —Leg <o1=€ +0 e
15, Laes 161+1 2 25
L 2
a6 (Ley —x1) < 0 681 +Gl || [
1 3a2L 2N 2
+a( 20 +4a3L) €3,
Jhy L 2 4b? 2L£2
b —Leye, < 6] — i i
11921 €y < ]16”8” o
oh
517;1482112 < biccL|&||e, — bi&|
1
L 3b4c
< o=+ (b1&L CkL)e
< Op 6 1 +( 16 L+ 2(7 ) 2
8hk D1k b )leck 2 o1 »
bj=—-— & +—¢
lazl L - 20'1 l% l+ 4 2

bLee <b%L£—|—~e
1L12_4L1

oh
gb](( k

2126 o
k2, Ol 2
&+ —&, 30
—271](1 2 ()

) ¢1k¢1k+ 18 2¢1k¢1k)

4

under which (29) becomes

L
LV, < -0 (g —P1<)||€H2 — (o1 -

L b3(A% +
BPE N 52 1
Ck

\_/_';

Ol ¢ cia
+ZIZ Z_Qn] +L82062+L82(T]3 )
i=3

3016 3d3

o1 2.0
+(ol+;+( 5 +F+4 Rt
3bic?
b1G+ K ) g2, 31)
Then, we can design the virtual controller
30162  3d3
0 = —by&, by >max{l + 1% +i§—|—4a%
keM 2 2§k

3pic?
L 62

+ 4b%5£ + b+
then (31) becomes

L L
LV, <—o0 (g —Pk)”eH2 — 0 (E - le)£12

01\ 2 bi\L ,
—(L-—0o1——)& — ——)=€
(Lo al) 7~ (o1 4)L 1
L 2 (6] 1 ) o1ay o,
— —& . s
L 2+ 4 ;nl 2 711
+ L&y (3 — o), (33)

where 1 =ty + b (Af + AJ) ¢}
positive constant.

From & = N3 — 0 =
2¢2. Hence

(2¢2) is an unknown

N3 + b2 &, one has n32 < 2b%822 +

L L
vy <= o1(g —pullel* — o1(5 — )t

2

b L L
_(L— 2 AP NP
(L-v)g—(on- )78 18
O (o} oja
+4%+122 1'm+wm,6®

2

where 1, = 0] + 01 /a; + 01b3 /2 is a positive constant.
Inductive Step: Assume in step i — 1, we choose the
Lyapunov function V,_; = 6;_,V;_» + %81271 with the con-
stant 0;_, > 1 and virtual controllers «;, ..., o;_; are ex-
pressed as follows:
oy =—bi&, =m—o0,
0 =—by&, & =1;—,
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Oi_1=—bi_1&_1, &=10;—04i_1, (35)

where by >0, ..., bj_1 > 0, and thus we have

LVir<— HGI *—Pk)|| I”?

i—2 L
o e
=1
i1i-2
L 2
— O(s—— — )€
Py ty 2i—1—j J
i2 2 2
- 6,(61 +ZHb ) &
Jj=2 p=21=
i—-2 -2 1 i-2 p L
A
- a (o _72 bi) z J
j=21=j+1 p Jjl=j
L, TZoa , IIZio,
A 112 ni + 121 &
i—2 n
e
+% Y n}+Le e, (36)
j=itl

where 1;_j); is a constant but unknown and 1;, j =
1,...,i—1 are constants.

In what follows, we will show that (36) also
holds at step i. Select the Lyapunov function V; =
Ci—1Vi_i(e,m,€,&...,6-1)+ %812 From the expression
of &, one has

i—1i—1
& =Lniy — (a,‘+ ZHb[ﬂj) (Lel —Zl)
j=21=j
i i1 i—1
¢
2y I b+ [T (L82+Lz+%>

-1 7
— 178, Z H 1T 37)
1=
Hence, one has
i1
LV; < —H o

—1i-1

ZHGI 2i— Di—1—j —Jj lj)gj2

L - /L
E—Pk) ||9H2_ch(p—l(i71)k)£12
j=1

j=21=j
1 p2 p
—HG,(61 —1 +2Hb2 )
i—2 i—1 1l 2
Y [[ ale ZH
J=2l=j+1 p Jl=j

i i i—1
L &2 H[:lclal S b e g2

_o-llel 2 m 2 i

210 N
+=5— L onlaag
Jj=i+1
i—1i—1
+ & (LT],‘_H — (a,~|— an,aj)fl
j*21—j

[
+LZ H blnj—'_Hbla 2 (Ley+Lz 2“!‘&)
j=31=j—

Similarly, due to the factthat o; > 1,1=1, ...

O 30;_
i 1L8i271+ é 1

6
| i 2i-1 72 7
L b b’ L
bieie < (i—1)=ed+ =271 = 02
Jllle]l_l )L+ 4 L

o;_1Lg 1§ <

Le?,

i—1i—

i—1 bL2
LJ

Oi 2
6 gi*l’

L|| ||2+2’Hb2
=1

H1:2 (o]
2i71

Lbi_mig; < (bioy + Eb?fl)

i1 i
Hbz?l@& < M.,

2+2

Le;

o5

LTI281 =

Olrey

2l

(38)

,i—1and
based on (9)-(13), the following is obtained by completing
the square.

i—1
+ (27%ble + 27 ey [ [ biLe?

1=2
i—1 1
SHbszllk*\ﬁ'lHSJ
1 1
2)“121( bl o TZio,

ST e + L

dhy, (Plk
Hb 9 L

o (2

=1

V0l 01+ € 18 2¢1k¢1k)

i—1
<Hblck12k*‘81|‘gz|
=212 112 i—1
e L 82+H;:1 01 2
2¢2 ! 2 P

i—1

i—1
1
LZ H b[nj&'[ < 8(7,;1148[-2,1 +
Jj=31=j-1

i—1
=
i1

Le}

i—1
o I biLe

i—1
+3) 27 (1 +p7
j=3 I=j—1

ljl

I
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i—1i-1

_(ai+z

b,aj)el-(Lel —xl)

J=21=j
i—1i-1 | I
a,—I—Z bia;)|&|( )
j=21=j
oL i 1(SL
<Hoobye, Moot
21 2 iflifl 2
+ 2+ =) (ai+ Y [[baj) Le- (39)
Sk j=21=)

Substituting (39) into (38) yields
i—1 L 5
LV, < — HGJ(W —pi) lell
J=

i—1 L )
- HGJ(F — L) €

j=21=j

= b Ny
*HGj(G] *Z(IJFZHI’I))ZSI

Jj=2 p=21=2

i1 i1 1[ 1 p 2
_Z H Gl( anl

j=21=j+1 p 1171

L il

— 8- H"lzclaln2 oy 2

Jj=i+1

i—1 - ) 21—2
+ez(noz+L(3"—"+<z’+ -)
I=1 2 Sk

i—1i—1

a,+ZHb,a, + b+ ib

j=21=j
+ (277G 270G+ 20 ) Hb2

i—1

+3F212"*f*1(1 +02) ] b,z))

=3 1=j-1
+Leo; + Leg g, (40)

where 1y = 11y + G (Af, + A3,)
known constant.

iZ1b?/(2¢}) is an un-

Clearly, we can design the virtual controller as o; =
—b;€& with

i—1i—1

a,—i—z b/aj 2

J=21=j
i—1

3 -1
+bi o+ Eb;‘,l +3Y 27 (1483 ) I b7
j=3 I=j—1

b; > max{ ! + (2i
keM

i—1
+27028 + 202 [ 7 )}
=2

+ (2" %bie}
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and N, <2e?, +2b’e?, one has

[t A

i—1 L

H 21 ~i—1 lk 82

i i—1

ZHo, )€

2[*]

—1

- GJ(I Zl(1+ZH )

j=2 p=21=2

i—1 i—1 lzlp L2
i}

le;[rl Gl(o-j

j=2 p Jjl=j

_, 0y
101,
s 5 G

é 2 H1:11 014
A 2
Hz:l o n

+ Y 0 L, @1

=2

where 1; = (1+5%/2)T1/_} 0.

This concludes the proof by induction.

Finally, at Step n, we choose the Lyapunov function
Vi=06,-1Vu_1+ %8,% Then, one has

L

n—1
LY, <— HGj(W _®k)HeH2
j=1

L
- ch(zn—l - l”k)£12
=1

n—1n—1

L
,ZHG](Wflj)SJg
Jj=21=j
n—1 % n—1 5
—j_I:[sz(Gl Z(1+2Hb ))
n—1 n—1 p L
=Y [l alo- Zl—Ib2 78
j=21=j+1 p jl=j
L 2 101,
L 2 !
1 36,1, \ on 2
+e,f(Eo7+L< 5 L2+ 2 ) x
n—1i—1 )
(an+ZHblaj)
Jj=21=j

n—1
+ (2" 2bic; + 2" bicy +2"bic;) Hb,z

n—1 n—1
3y 2 a+n ) [ &
j=3 I=j—1

n

3 g
+ b1+ 55 1)) + e 42)

where Ly = 1,1 + & (A% + A ) TT/Z) b7 /(2¢}) is an un-
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known constant. Then, we design the controller

n n
—é_” Z L"Jfl*./ Hblzj
=2 I=j

U= —ﬁ_"L"Hb,len _

_ﬁinLnglyv
=1
where
b >max{ —|—3
"= keM 2 ) b
n—1n—1
+ (2” a,, + Z Hblaj
j=21=j

+ (2" %ble; +2"  bieg +2"bie;

n—1

) I1v0
=2
n—1

i1 #)

n—1
+3Y 271+ )
j=3 I=j—1

under which (42) becomes

n—1 L
LV, <— HG]‘(F —pi)lel?
=1

n—1 L )
—HGj(p—lnk)fl
j=1
n—1 L )
J=21=]
n—1 n—1 lnfl P L
- GI(GJ*Z anlz)igjg
Jj=21=j+1 p=jl=j
n—1 % n—1 p 5 L 5
— G/(GI_Z<1+ZHb1))ZSI
=2 p=21=2
L o
- Zgr%_ Hl_lz lal TI]25
where 1, = ;’:—,] o).
In the end, we choose 0}, j=1,...,n—1 as
p
61>max{1 — l—l—ZHb,z }
p=21=2
>max{ ZHblz}, j=2,...,n—1,
=jl=j
and for j = 2,...,n, define

n—1

IgleaX{HO'IPk, Hﬁzlnk, Ho-ll]}

1
? o) Hl 1 014y H[ j (o]
on+l ’ 2 ’ on—j ’

such that (44) becomes

’E:min{

LV, < —(tL—p)(|le]*+|e]*) — Tni.
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3.2. Stability analysis

For any initial condition (x(0),2(0)) € R" x R" and
L(0) = 1, we want to prove the existence and unique-
ness of the solution (x(z),2(¢),L(t)) of the closed-loop
system on [0,0). Moreover, lim,_, .. (x(¢),2(f)) = 0 and

@) im. L) =LeR,.

First, we need to demonstrate the boundedness and
uniqueness of the solution (x(¢),2(¢),L(¢)) on the maximal
interval [0,7) for 0 < t; < 4-e0. To achieve this, a contra-
diction argument is applied. Suppose that lim, ., L(t) =
+o0. As L(t) > 0, L(t) is monotonic non-decreasing func-
tion. There exists a finite time T € [0,77), such that
L(t) > (t+p)/7,Vt € [T,t7). Thus, (46) yields

LV, < —(llel® +[le]®) —ni, Vi e[T.rp). @47

Then, one has

r LV (¢ (T
/ <yﬁz ><+w
T T T
which leads to a contradiction. It can be concluded that
L(t) is bounded on [0,7¢).

Next, we will show that 1 is bounded on [0,7y).
With considerations given to the Lyapunov function, i.e.,
V(n) = n? Pn for system (14), it can be obtained through
simple calculations

2
LV (z) =Ln" (PA+ATP)n + EnTPBu
Ly
— ZZ (PD+DP)n
L
<~ ZInlP + 2L PIPe]
1 ,
(44) §_§||17H2+2b;%||P||2LL' (48)
Thus, for Vr € [0,17), one has
"1
n’WPn@) <’ (©)Pn(0)= [ Sln(o|Pds
+0;|[P|*(L3(r) — L*(0))
<n"(0)Pn(0) + by || P|*L>.
(45) This leads to the conclusion that on [0,75)
1 -
In@)|* < " (0)Pn(0) +b;|PI*L?),
Ain (P) ( )
1
| In@Rds <2(n” ©Pn(0) + BPIPL).  (49)
which indicates 1(t) and [;||n(s)||*ds are bounded on
[Oa tf)'

Then, e is claimed to be bounded on [0,7,). On account

of which the coordinates are changed as follows:
_ =%
(46) e = i=1,...,n

L’
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where L* = maxgey {L, pr + 3} is a positive constant.
Then, the error dynamic system (14) becomes

e = L*Ae'—l—L*aé] —LAlclé] +A2@Zl + q)z +‘P]t,
(50
where e = (éy,...,8,)T, Ay =diag{1,L/L*,...,(L/L*)" '},
Ao =diag{L/L",...,(L/L*)"}, @ = (Qu/L", -+ , /L"),

and TZ = (¢1k/L*a o 7¢I‘Lk/L*n)T-
Now, we choose the Lyapunov function V (é) = &’ Pe
for system (50). A direct calculation yields

LV (&) <—L*||é|* +2L"&" Paé, — 2Le" PA,aé,
+ 2éTPA2az1 + 2éTPc1>;;
n o n 82‘/ T
~ ‘Pi ¥
lzszi dé;dé;
<—L*|e||*+ 2L*éTPaE] —2Lé" PAaé

+2e" PAsazy + 28" PO} +2& P¥Y;.  (51)
By completing the squares and L/L* < 1, one has
2L*e" Pag, < L**||Pa|*&* + ||&||%,

2LETPA161€_1 < LzHPAlaHZ_2 + ||e_||27

HPAzaII

28" PAsaz; < + el (52)

7k

_ |81|L -
28" P < 2h0e|P | (L*) i
+ny/nle])
11<"2||P||2L2

1, 1¢ 2,
S ety Mt ;
8; 2L2

#2232 1) () 1P el

il < et g Yot piklel?

~ |81‘L - L
ZeTPlPk < 2;sz||P||||e||( o L* +n Z (L*) i
+n\/ﬁ||é||)

1 2n2 P 2 2
<getr gL il

+zz/§kn2<n—1>(y) 1PIP) el

1
< ety Zn, + plle]*. (53)

Substituting (52) and (53) into (51), it yields

* ~ 1 ¢
LV (@) <(L" = pe=3)lle* + 3 Y n?
i=2

1 L?||PAsal?
+(7+ | 2zall )812
2 i

+ (L*ZIIPaHz +L2|PAal?) e}

L2||PA2a||2
el + (5 + R e

+ 2@+ (L2 )Pal + L2 PAal?) x

<2L2§12 20°n? )
L*zgl% L2

oy ] 2
<= el + 3 In)I*+pet +pni
_ 1 .
<= el*+ 7m0l +AL, (54)
where p = maxkeM{z +L2HPAzaH2 o2 lel nPau +2L2\\PA1a\\2

212||Pal]? + 202 || PA a2 } From (54), it Follows that on

[OJf)
JNEEIRE
0

1 t
LIRS
0

e’ (r)Pe(t) <é' (0)Pe(0) —
+p(L(t) -

which implies

2 1 _T _ <7
e < = 5y (¢ 0)Pe(0) +pL

+3 [ IneIas),

[ llets)s <& @pe(0) + 51
0
1
+3 | InG)Pas. 53

Since 1(¢) and [; ||1(s)||*ds are bounded on [0,7;), one
can obtain &(¢) and [, ||&(s)||?ds are also bounded on [0,/)
from (55). From the definitions of ¢é;, ¢;, i = 1,...,n,
one obtains e(¢) and [ |le(s)||*ds are bounded on [0,#/)
as well. So far, (1(#),e(¢),L(z)) has been proven to be
bounded on [0,#/). With the definitions of z; and &,
i=1,...,n, it is easy to know that (x(¢),2(¢),L(t)) is
bounded on [0,7/).

Moreover, ty = +oo. This can be further verified by
contradiction. In the case where ty < oo, t; is a finite-
escape time. This indicates that the component of solution
(z(¢),2(z),L(r)) approaches infinity if t — ;. The contra-
diction here, however, is that the continuity of the solution
ensures (z(t),2(¢),L(t)) is bounded when r = t;. Hence,
the closed-loop system involves a solution that is bounded
over [0, +o0).

Finally, based on the boundedness of (1(¢),e(t),L(t))
on [0,+e0), the conclusion can be drawn that 7)(z)
and é(¢) are bounded on [0,+). It should be noted
that [;"|In(1)|%dt < +e and [, |le(t)|?dt < oo,
by Barbalat’s Lemma, one has lim, ., .z(r) = 0 and
lim,_, .. €(¢) = 0. From the definitions of L(r), 1; and
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e, i=1,...,n, it holds lim, , . x(¢) = lim,, . z(t) = 0,
lim, 0 2(f) =0 and lim,, ;. L(t) = L € Ry.

4. A SIMULATION EXAMPLE

Consider the switched uncertain nonlinear system
dxy = Lixadt + fio((t,x,d(t))dt
+ &l (1,%,d(1))do,
dxy = Loudt + foo(r)(t,x,d(t))dt
+ 8o (1,x,d(1))d @,
Y = Cig(n)X1 + Cao(r) SiNX] (56)

where o(t) : [0,4) = M = {1,2}, fu(t,x,d(t)) =
Aixy + d”(t)xl Sin2X2, le(t,x,d(t)) = Appxpsinx; +
d]z(l‘)lnln(l +114X%), f]g(l‘,)(,d(l‘)) = )Lz]dm (t)xl sinxq,
fo(t,x,d(t) = lllfi;? +dn(t)x, gn = 02,81 = 1,
g12 =0.1,g2 = 1.2 with M1, A2, Aot A being unknown
constants and dy1,d2,d»1,d> being uncertain bounded
parameters. 0.4 < cy1,¢01 < 1.4, 1.1 < c¢pp,620 <2 and
1 < /4,0, < 1.5. By verification, the switched stochastic
nonlinear system (56) satisfies Assumptions 1-3. Accord-
ingly, based on Theorem 1, we can design a dynamic
high-gain observer and a universal output feedback con-
troller as

dz) = Zpdt —2L7,dt,
d%y, = udt — L?3,dt,
u=—12.546L%, — 426.828L%y,

.5 2 b4 2
L=2 45+ (5+b7)" (57)

The simulation is carried out with parameters as:
b =1, =12, A;1 = 1.5,A1 = 08,413 = 0.5,14 =
07,41 = 0.5, = 0.2, dy; = L,di, = 0.6,dy; =
0.4,d22 = 0.3, bl = 100 and Cc11 = 0.2,6‘21 = 1,6‘12 =
1.1,c2; = 1.5. The initial condition is (x1(0),x,(0)) =
(0.1,—0.3) and (2,(0),22(0),L(0)) = (0,0,1). The effec-
tiveness of the proposed control scheme is confirmed in
Figs. 1-5.

5. CONCLUSION

This paper has discussed the problem of adaptive output
feedback control for a class of switched stochastic nonlin-
ear systems under arbitrary switching. A new observer
with a dynamic gain has been designed to estimate the
states. An adaptive output feedback controller has been
proposed based on the backstepping method to guarantee
that all the signals of the closed-loop system are bounded
in probability and the system states converge to the ori-
gin almost surely. However, some problems need to be
solved in the future, such as the design of an adaptive out-
put feedback controller for high-order switched uncertain
stochastic nonlinear systems under weaker conditions.

Hui Ye, Bin Jiang, and Hao Yang
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