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Interval Observer-based Output Feedback Control for a Class of Inter-
connected Systems with Uncertain Interconnections

Zhi-Hui Zhang, Shujiang Li*(® , and Hua Yan

Abstract: This paper studies the output feedback controller design problem for a class of interconnected systems
with uncertain interconnections. First, the interval observers are built to guarantee the interval property between
the system states and their estimations. Then, the state feedback controller is designed for each observer system
other than output feedback controller for original system. A cyclic-small-gain condition is used to deal with the
bound functions of the uncertain interconnections. The original closed-loop system is robust stable since that the
interval properties are satisfied. The non-convex conditions caused by traditional observer-based output feedback
are avoided by transforming the output to state feedback problem. Finally, the main results are demonstrated by

numerical simulations.
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1. INTRODUCTION

As a practical matter, many systems appear in the form
of several interacting subsystems, for instance, power net-
works and process control systems [1-5]. Hence, many
researchers have devoted themselves to the control prob-
lem of such interconnected systems [6-9]. In [10], a con-
troller was designed for large-scale systems subject to
power constraint. In [11], an event-triggered controller
was presented for interconnected linear systems. How-
ever, most of the results focused on state feedback control
for interconnected systems. Unfortunately, in most cases,
states are unmeasurable. Output feedback control is more
suitable for such actual situation. Recently, many output
feedback control schemes have been proposed for inter-
connected systems. For example, in [12], a static output-
feedback method has been proposed for large-scale T-S
fuzzy systems. Furthermore, the robust H. dynamic out-
put feedback control problem has been studied in [13].
But only the linear interconnections were considered in
the above paper. It is well known that the linear ones are
hard to describe the practical complex cases. Therefore,
studies on the output feedback controller for intercon-
nected systems with nonlinear interconnections are still
insufficient.

Observer-based output feedback is an effective control
method when only the output of the system is measurable
[14-16]. Many observer design algorithms have been pro-

posed to estimate the system states, for instance, interval
observers. In [17], the exponentially stable linear inter-
val observer was built for linear systems. Furthermore,
the interval observer with Luenberger observer structure
was developed in [18]. Besides, coordinate transforma-
tion has proved to be a significant way to guarantee the
interval property [19-22]. At the same time, [23] and
[24] studied the output stabilization problem for nonlin-
ear systems subject to parametric and signal uncertainties
and extended the method to linear time-varying and linear-
parameter-varying systems. Furthermore, [25, 26] pre-
sented the interval observer-based output feedback con-
trollers for time-varying input delay systems and switched
systems, respectively. However, the above methods are
proposed without consideration for the external distur-
bances. Therefore, interval observer-based output feed-
back control for a class of interconnected systems with un-
certain interconnections and external disturbances is still
an open problem.

In this paper, the output feedback controller for inter-
connected system with uncertain interconnections and ex-
ternal disturbances is designed. For each subsystem, an
interval observer is built firstly by considering the up-
per and lower bounds of the interconnections and distur-
bances. Then, the output feedback controllers are built
and the design conditions are derived in the formulation
of linear matrix inequalities (LMIs). It is shown that the
original closed-loop system can be proved to be robust sta-
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ble since that the interval properties are satisfied. The
main contributions are as follows: 1) The state feedback
controller is designed for observer system other than out-
put feedback controller for original system. The non-
convex conditions caused by traditional observer-based
output feedback are avoided by transforming the output
to state feedback problem. 2) A cyclic-small-gain condi-
tion is introduced to address the bound functions of the
uncertain interconnections.

Note that the nonlinear uncertain interconnections are
considered in this paper. Many methods have been pro-
posed to control the system with nonlinear interconnec-
tions. For example, in [27], a sliding mode observer-based
output feedback controller was presented for linear sub-
systems with nonlinear interconnections. In [28] and [29],
the adaptive control techniques were developed for large-
scale nonlinear systems. However, there results were ob-
tained based on the assumption that the interconnection
matching condition is satisfied, which makes its applica-
tion too inflexible. In addition, the neural networks have
been introduced to deal with the nonlinear interconnec-
tions. In [30-32], the adaptive neural network output-
feedback control problem has been solved by backstep-
ping technique. Furthermore, by a combination of the
neural network and graph theory, the fault-tolerant con-
trol scheme has been developed in [33]. But the neural
networks may considerably increase the complexity of the
controller design. Different from the above mentioned re-
sults, the interconnection matching condition is removed
and the proposed control scheme without employing the
neural network simplifies the design process.

The structure of this paper is as follows: The system de-
scription is presented in Section 2 and the main results are
proposed in Section 3. An example is given in Section 4
and conclusions are drawn in Section 5.

Notations: For vectors & = [@]ux1, B = [Bilmx1, We
define o < B (v = B) by a; < Bi (o > B), V1 < i <m.
Q > 0 (Q < 0) means the matrix Q is positive (nega-
tive) definite. For given matrix I' € R”*4, define I't =
max{0,['} and"" =T" —T.

2. SYSTEM DESCRIPTION

Consider a system consisting of N interconnected sub-
systems S;, i = 1,2,--- ,N. Each of which is described by
the following dynamic model:

%i(1) = Aixi(t)+Bjui () + Wi (x (1), y(t), 8 (1)) +Didi(1),
yi(t) = Cixi(t), )

where u;(t) € R¥ is the control input vector, x;(¢) € R
and y;(¢) € R% are the state and output vectors of the ith
subsystem. x(¢) = [x] (t), x (1), ---, x,C(t)]T eR"
and y(r) = [y[ (1), ¥5(0), -, yh(n]" € R are the

state and output vectors of the overall system. The non-
linear function ¥;(x(¢),y(¢),8(t)) : R"T9T" — R™ repre-
sents the interconnection between the ith subsystem and
other subsystems. 6(7) € A C R” is the uncertain possibly
time-varying parameter vector, the set A is assumed to be
given, ¥;(0,0,6(r)) = 0 for any 6(z) € A. d;(t) € RP is
the external disturbance vector. A; € R"*"% B; € R™"*5,
D; € R%*Pi| C; € R%*" are known constant matrices.
YN, n=n, Y¥ ¢ = q. Moreover, it is assumed that
(A;,G;) is observable and (A;, B;) is controllable.

The main idea of this paper is to design the interval
observer-based output feedback controller, the following
assumptions are considered firstly.

Assumption 1: There exists a matrix L; such that A; —
L,C; is Metzler.

Assumption 2: There exist the known bound functions
d;(t) € R” and d,(t) € R belong to L,[0, ) such that

di(t) 2 di(t) X di(t). @)

Assumption 3: There are known functions ¥;(x(z),
x(2), y(2)), W;(x(t), x(t), y(t)) : R*"*4 — R™ such that

—1

Wi (x(),x(1),y(1)) = Wix(t),¥(2),8(2))
= i(x(1), x(1), (1)) 3

is satisfied if x(r) < x(¢) <x(t) and 6(¢) € A

Assumption 4: There are constants a;1, an, a3, dia, a;s,
aje such that for all X(¢),x(r) € R",y(r) € RY, the following
inequalities hold

[ (x(2),x(0),y(0) || <@ [lx(e) | + @i ||%(2) |
+ai|y@)

[P (x(2),x(6), (1) <aaal|x(e) || + s ||%(2)]]
+aio|ly(1)]] 4)

Remark 1: Assumption 1 is common in [18-22]. It
can be relaxed by coordinate transformations and will be
discussed in Subsection 3.3. Assumption 2 means that the
external disturbances are bounded with the known bound-
ary functions. Assumptions 3 and 4 characterize the class
of interconnections being considered.

3. MAIN RESULTS

3.1. Interval observer design

First, the following interval observer is designed for the
ith subsystem (1).

0 <A — LiC)x, (1) + Liyi(t) + B (1)
W (%(1), (1), (1)) + D di{1) — D; d,(t),
0 <A — LG (t) + Lyi(0) + B (1)
W (%(0),x(0), (1)) + D} (1) — D; di ), 5
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where L; is the observer gain matrix to be determined. The
interval property between the states of the system (1) and
(5) is presented in the following lemma.

Lemma 1: Under Assumptions 1, 2 and 3, if the ini-
tial condition x;(0) < x;(0) < X;(0) is satisfied, then the
relation x;(7) = x;(¢t) < %;(¢) holds for any control law.

Proof: Lete,(t) =x;(t) —x;(¢) and g;(r) = X;(¢) — x;(t),
from the system and interval observer dynamics (1) and
(5), it yields the following ith estimation error dynamics,

&(1) = (A —LiCi)e;(t)+Didi(t) ~ Dy d;(t)— Dy di(t)]
Wi(x(1), (1), 8(2)) = ¥; (x(1),x(0), ())

ei(t) = (A —LiCi)ei(t)+[D; di(t) —D; d;(t)]— Didi(t)
@i(%(1),x(1), (1)) — Pi(x (),y(t) ())

(6)

From Assumptions 2 and 3, one gets

Did(t) — D/ d;(t) — D; di(t)] = 0,
[D;"di(t) — D; d;(t)] — Didy(1) = 0,

Wilx(2),y(1), 8(t)) = Wi(x(t),x(2),5(1)) = O,
i (%(2),x(1), (1)) = Wi(x(1),¥(t),6(1)) = 0

In view of Assumption 1 and the cooperative system the-
ory [22,23], one gets

e(t)=0,e() =0

hold foralli=1,2,--- N
Furthermore, from

—x;(t) = 0, &(t) =x(1)

and the initial condition x;(0) < x;(0) <

x5(t) 2 x(t) 2x(1)

holds for any control law. g

*X,‘(t) i Oa

%;(0), one gets

Remark 2: In Lemma 1, the matrix L; is designed such
that (A; — L,C;) is Metlzer, but the stability of the observer
states x;(¢) and X;(¢) can not be guaranteed. The output
feedback control designed next will achieve the desired
control objective.

3.2. Interval observer-based output feedback control

In this paper, the output feedback control problem for
the system (1) will be transformed into designing the state
feedback controller for the interval observer systems (5)
based on Lemma 1. The system (1) is robust stable if the
upper and lower estimate dynamics (5) are robust stable.
The block diagram of the control scheme is given in Fig. 1.

Toward this control objective, the following interval
observer-based controller is designed,

ui(t) = Kix; (1) + Kixi(t), @)

xy(1) Xy (7)

1
|
1
|
T 1
| X, X
|
|
| 1
| 1
| 1
! i
} Controller 1 Controller N !
| 1
| 1
| 1
1
|

Observer-based output feedback controller

u, (1) uy (1)

Fig. 1. Architecture of the interval observer-based output-
feedback control.

where K; and K; are the controller gains for the ith interval
observer system.
Denoting  §;(t) = { ?8 ], Pi(x(1), x(2),(1)) =
Wi(x(1),x(1),¥(1)) } 7 [ di(1) } ,
= 0] ,dit) = | 5 and applyin
P(x(0) 1) 1)) | M= |y | 4 peivine
the controller (7) to the observer system, the resulting ith
closed-loop subsystem is given by

Gi(t) =A:Gi(t) + Liyi(t) + ®3(x(1), x(1),¥(t))
Didy(1), (8)
- L; - Df  -D; ~ -
WhereLi—{Li],D,-—{_Di Dy , A=A+
_ . - A,'—L,'Ci 0 . _ Bi
B,’I(i WlthA,‘—|: 0 AiLiCi:|,B,—|:Bi:|,
K= [ K; fi ]

The main goal is to design the control law such that for
prescribed scalars k; > 0, ¥ > 0, the following L.. perfor-
mance

N
sup ZK@T Gi(1) <7 sup (Y xd] (1)di(t))
t€[0,00) j= t€[0,00) =1
)

is satisfied under zero initial conditions for all nonzero
vector d;(t) € L[0,0).
The main theorem is given as follows.

Theorem 1: For given positive scalars « and 7, the
closed-loop system (8) is robust stable with disturbance at-
tenuation performance (9) if there exists matrices Q; > 0,
X;, positive scalars p;, a;, € and fB; satisfying the cyclic-
small-gain condition

N—1
Y i Y BiBi---Bi, <1, (10)
J=1 1<hi<ip<<ij<j+l
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such that the following LMI holds

AiQi+ QAT +BX+ X! B +p ' LCCT LT +a}1+0Q;
*
*

D; 0
—vI 0 < 0. an
« —(B7 ' +1+B " e+p)'
Then the controller gains are given as K; = XiQi".

Proof: Consider the closed-loop observer system (8),
the following Lyapunov function is chosen,

Vi(Gi(t) = &/ ()R Gi(1).
Along the solutions of (8), one gets

Vi(Gi(1)) =8 (PAi+A] P)i+ 28] PLy;

+2'C,T[,t‘ill(x7l7y) (12)

From Assumption 4 and ||y(¢)|| < v/2||C||||¢ (¢)|| with C =

diag{Cy,C,,--- ,Cy}, one gets
13 (® (1), x(0), (1)) || <[ (), x(1),5(1)]
+ [P (x(1), x(), ¥(1))
<ai[|E()]l (13)
Where_ a; = \/Emax{(a,«l + 611‘4)7 (aiz + ll,‘s)} + \/2(61,‘3 +
ai)[|C]-

In addition,

xp ()xi(e) <3 (0T (1) +7 (0)x,(1) < GH (O G(0),

we have

Vi(Gi(0) + a&i(1)P&i(t) — vd]
= () (PA+A]P) (1) +
+24 (1)P% ((), (t),5(1)) +2& (t)PDid; (1)
+agi(t)PGi(t) — vd] (1)di(t)
< & (1)(PA;
+ATP)G(t)+p; "¢ ()PLCCT LT PEi(1)
+pix] ()xi(0) +a; & (P G() + ST (1) C (1)
+28] (1)PDidi(t) + ol (1) Pi&i(t) — vd] (1)di(r)

(1)di(1)
CT( )PLlyt( )

<) [PA; +AT P+ p, ' BLCCTLT P+ a? PP+ pil

+aP]gi(n)+ L (0)8() +28 (1) PDdi(t)
—vd] (1)d;(1)
<[ & d@]

[PA i+ATP+p; PLCCILIP+a? P>+ pil +aP,
*

o } { o ]+CT( (@), (14)

if the following inequality

+(B 1+ B e+ pi)l

PA;+ATP,+p; 'RLCCI LT P+ a?P? + P,
*

Ij’;} } <0 (15)

holds, it follows that

VG + 0 GORE(E) — v ()0

< (B + 14BN (OG0 + O

< Ble T80 — B (0G0

LY 040, (16)
i1

Similar to [34] and [35], the cyclic-small-gain condition
(10) is introduced, then there exist constants ¢; > 0 for all
1 <i < N such that

chﬁz +OCC1( )Plct(t) _yd7(t)‘ii(t))
N
Z SzIC +th 1
+Bi Z &l(ng(0)
J=1,j#i
=— Z,Ci&'zCiT(f)C (t)
IG@IPT -1 B Bs - Bv] [
[1&(0)]? Bi —1 B - Bv| |2
+ | 1&0P Bi B —1 - By| |3
@R Lg B By e -1 lew
==Y el (1)) = T () E ). (17)

Furthermore, we have

V() < —aV (@) +ya" (1)a(r), (18)
where V ({ (1)) = CT (¢)PL (t) with P = diag{P,, P, - , Py},
(1) = (1Bl (1) (coo)*dE (1) -+ (CNBN)%dZ(r)}T,
80 =[BT () (eaB) L) - (exB) CE0)] -

From the solution of differential inequality (18), one ob-
tains

+y/ ol (t—1)@(t—1)dT

/-\
-~

I
5]
S—
S

(r—r)<1—e*°“>}, (19
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it follows that
5\ FT
sup Amin(P)
1€[0,00)

4
< sup sup {e‘
1€[0,00) T€[0,t]

(20)
The above inequality implies that

sup Z B¢l (1) &(1)

1€[0,00) j=
de(P N
- ﬂrmm(P =

Y
+ (Xz,mm(P) Sup);clﬁldT ( )

c,ﬁ,CT )Gi(0)
1
(21)

which implies that the system (8) satisfies the L., perfor-
mance (9).

Left-multiplying and right-multiplying diag{P;~
the inequality (15) yields

LI} to

AP+ PAT 4 LCCT LT + a2+ oPy

*
*
D; P!
—yI 0 <0 (22)

* _(Bi71+l+ﬁi71£i+pi)_l

denote Pfl = Q; and X;; = K;;Q;, the above inequality can
be rewritten as (11). O

Remark 3: The design condition in Theorem 1 is LMI,
it avoids the non-convex problems which arise in the de-
sign of dynamic output feedback controller.

3.3. Coordinate transformation

Assumption 1 can be relaxed by finding a transforma-
tion of coordinates x;(t) = Tz;(¢), the system (1) can be
rewritten as follows,

4i(t) = T, (Ai — LiC) Tizi(t) + T, ' Liyi(t) + T, ' Biui(t)
+ T W (T(t), (e )?8(I))+Tz 'Didi(t),

yi(t) = CiTizi(t),
where T = diag{T,T1, -+ , Ty }.

Denote 7, (A, — LiC))T;, = A, T, 'Li= L, T, 'B; = B,

T,7'D; = D,, T, ' = R;, then (23) can be rewritten as

zi(t) = Aizi(t) + Liyi(t) + Biui(t) + Did;(t)

+R¥i(Tz(t),y(2),6(t))

(23)

yi(t) = CiTizi(t). (24
From

T z,(t) = T 2(t) 2 Ta(t) 2 T %) — T z,(1),

Trz(t)—T z(t) X Tz(t) X T*Z(t) — T z(¢)

where
®i(z,2.y) =R ¥(T"Z-T 2, T'2—T Zy)
—R Y(T"z—T T z—-T7z,y),
D;(2,2,y) =R (T 2-T 2, T z2—-T"%,y)

—R YT 2-T 2, T*z—T"z,).

Then, the following interval observer is designed for the
system (24),

(1) = Aiz;(t) + Liyi(t) + B (1) + 2;(2(¢), z(), ¥(1))

+D/d,(1) = D; di(t,)
zi(1) = Aizi(t) + Liyi(t) + Biui (1) + @ (2(1), z(1), y(1))
+Dfd;(t) — Dy d,(¢). (25)

Furthermore, the following controller is designed for the
transformed interval observer system (25)

ui(t) = Kiz;(1) +

In the new coordinates, the interval observer (25) is similar
to (5), therefore, a similar conclusion can be obtained.

Based on the above analysis and design, an algorithm
is given to design the interval observer-based output feed-
back controller.

K:,'Zj (I) . (26)

Algorithm 1: Interval observer-based output feedback
controller design

Step 1: If there exists a matrix L; such that A; — L;C; is
Metzler and Hurwitz, go to Step 3 with the selected
interval observer gain L;. Otherwise, go to Step 2.

Step 2: Choose the free matrices S;, ¥; such that the ma-
trix S; is Metzler and Hurwitz. Solve the Sylvester
equation S,~Tl~_l — Ti_lAi + Y;C; = 0 with respect to
the unknown transformation matrix 7;, then L; = T}Y;.
Transform the system (1) into (23) by using x;(¢) =
Tizi(t).

Step 3: Design the interval observer with the obtained
gain matrix L;.

Step 4: Solve the LMI conditions to get the observer-
based controller gain K;.
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4. SIMULATION

In this section, a simulation example is presented to
demonstrate the effectiveness of the proposed method.
Consider the following system,

x,»(t) = Aixi(t) +Bil/t,'(l) +1P,(y(l), 5(t)) +Didi(t>7
y,'(t) = C[)C[(l), (27)

0 1
9.81 0

0

0s [P =

where A| =A; = [

D2 - |:
Y2 (y(2),8(1)) = { 6(t)(y2—yn)

eter 8(¢) satisfies the inequality |§(¢)| < §, then the inter-
connection functions satisfy

(1) <¥i((1), 8(1))
Wy (y(r)) <Wa(y(z), (1))

where W, (y(1)) = —&([lyrll + lly2ll) and Wi(y(r))
S([yll + llyall) satisfy the inequalities ||, (y(z))]
ags|ly(@)|| and [[¥1(y(1))[| < aielly(t)[| with a13 = a16 =
v/2§. For simulation, the value of the uncertain parameter
has been chosen as §(¢) = 0.3535sin(z), d(t) = cos(nt) +
0.5sin(7t), d(t) = cos(mt) — 0.5, d(t) = cos(mt) +0.5.
Based on the Algorithm 1, choosing the free matrices

-0.9 10 1 .
S = [ 0 095 ], 0, = [ 05 ] and solving the

Sylvester equation Sinl — 7}’1A,- + Q,C; =0, one gets

(15 85 e (]

Given the constants p; = 0.2, = 0.3, = 0.1,5; =
0.0455, solving the LMI condition, we get the controller
gain matrices

},312322

0.1

0.5 } G=CG=[1 0], %0080 =

] . The uncertain param-

IN

b
)

¥,
P (y(1))

IN

VAN

1.7822  0.1356
1.6931 17.9439

1.8500
10.6650

K =K,=[ —2993 -2496.6 |,
K =K,=[ —3021.6 —11834 ].

Simulation results are shown in Figs. 2-3, it can be seen
that the interval relations hold, furthermore, both the sys-
tem states and the interval observer states achieve the good
steady performance, which further verifies that the pro-
posed interval observer-based output feedback controller
achieves desired control performance for interconnected
systems.

5. CONCLUSION

In this paper, the interval observer-based output feed-
back control scheme for a class of interconnected sys-
tems with uncertain interconnections has been proposed.
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For each subsystem, the output feedback controller de-
sign problem for original system is transformed to the
state feedback problem for observer system. The cyclic-
small gain condition is introduced to formulate the prob-
lem to LMIs. The closed-loop system stability is guaran-
teed by coordinate transformation and interval property.
The achieved method has been finally demonstrated via
simulation results. Furthermore, by reference to the exist-
ing results [36—42], a direction for the future is to extend
the proposed method to the stochastic interconnected sys-
tems.
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