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Adaptive Fuzzy Finite-time Control for Uncertain Nonlinear Systems with

Dead-zone Input
Wenshun Lv, Fang Wang*, and Lili Zhang

Abstract: This paper presents a novel adaptive finite-time tracking control scheme for nonlinear systems. During
the design process of control scheme, dead-zone input nonlinearity phenomena existing in the actuator is taken into
account. Fuzzy logic systems are adopted to approximate the unknown nonlinear functions. This paper provides
a new finite-time stability criterion, making the adaptive tracking control scheme more suitable in the practice
than traditional methods. Under the presented controller, the desired system performance is realized in finite time.
Finally, the validity and effectiveness of the proposed control method is validated by two examples.
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1. INTRODUCTION

In recent years, the adaptive control of nonlinear sys-
tems has achieved remarkable breakthroughs by combin-
ing with the backstepping technology [1-27]. Many of the
technical limitations in traditional adaptive control, such
as matching condition and relative-degree constraint, can
be eliminated by adaptive backstepping control scheme.
Fuzzy logic systems and neural networks(NNs) provide
useful tools for designing control schemes of uncertain
nonlinear systems, because of their capability of nonlinear
approximation. The nonlinear control scheme using neu-
ral networks has been further improved by the introduc-
tion of adaptive algorithms for tuning the weighs of NNs
[28]. By employing norms of unknown weight vectors as
the estimated parameters, the huge computation problem
of this method has also been resolved in [29] to a certain
extent.It is worth mentioning that the control schemes pro-
posed in the above literatures can only realize the desired
system performance when the time tends to infinity. How-
ever, in practical engineering, the controlled systems are
usually required to realize steady response from transient
response quickly.

Finite-time control has received much attention because
it can provide many benefits such as strong robustness and
disturbance resistance capability [2, 3,30, 31]. The Lya-

punov theory of finite-time stability for nonlinear systems
has been clearly established by several authors [32, 33].
It is necessary to point out that the nonlinear functions
in these systems all meet the linear growth condition. In
practice, the nonlinear functions are often completely un-
known due to some constraints like the modeling method
and unknown dynamic disturbances. In this case, the lin-
ear growth condition might not be satisfied. Consequently,
these existed adaptive finite-time control methods are not
suitable for the tracking control of uncertain nonlinear sys-
tems. To eliminate this limitation, a new finite-time sta-
bility criterion was proposed [34]. However, the effect of
dead zone nonlinear factor on the system performance was
not taken into account in [34], which would limit the ap-
plication of the control method to some extent. In other
words, there is still some room for improvement in mak-
ing the finite-time control scheme implemented more effi-
ciently.

In the field of practical application, the actuator of the
system may encounter dead-zone input nonlinearity phe-
nomena, which is marked by insensitivity for small con-
trol inputs. Dead zone in the actuator degrades the track-
ing performance of the system and it may even cause the
instability of the system. Many results have been ob-
tained for uncertain nonlinear systems with dead-zone in-
put [35-40]. However, these control algorithms can only
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drive the output tracking error to a small neighborhood of
the origin when the time approaches to infinity. It is under
current study to ensure that the performance of the system
can be realized in finite time.

These facts motivate us to provide a new finite-time
adaptive fuzzy control method for uncertain nonlinear sys-
tems with dead-zone input. In contrast with the existing
literatures, this paper has the following contributions.

1) The traditional adaptive neural or fuzzy control
strategies can only guarantee the system performance
when time tends to infinity. These existing adaptive fuzzy
control methods are not suitable for the finite-time track-
ing control of uncertain nonlinear system. Based on the
Lyapunov theory of finite-time stability for nonlinear sys-
tems, this paper constructs an adaptive fuzzy controller
which can ensure the tracking performance of the uncer-
tain nonlinear system in finite time. Finite-time control
scheme can also provide many benefits such as strong
robustness and better disturbance resistance capability
in presence of dead-zone input nonlinearity phenomena.
Therefore, to a certain extent, the control strategy pro-
posed in this paper is more meaningful than the control
methods presented in [4,6,17,41,42] in the practical ap-
plication fields.

2) In the available literature w.r.t. finite time stability
and tracking control problems towards nonlinear systems,
the nonlinear functions are assumed to satisfy the linear
growth conditions and the bounding functions of those un-
known system functions are known [30, 32, 33]. With the
new adaptive control scheme proposed in this article, the
nonlinear functions can be completely unknown and they
are only required to be continuous. Consequently, in con-
trast with the finite-time control schemes in [30, 32-34],
the control method in this note is more adaptable to the
realistic systems. What is more, the stability analysis and
control design depend on the finite-time stability condi-
tion presented in Lemma 5, i.e., V < —ayV + by with
ap,bo > 0, rather than that in Lemma 3.6 proposed in [34],
say V < —agV¥# +dy with 0 < @ < 1 and dy > 0. Accord-
ingly, the difficulty of controller design is decreased with-
out the introduce of the constant 0 < £ < 1 in control law
and Lyapunov functions.

The paper is organized as follows. The control problem
of the nonlinear system with dead-zone input is formu-
lated in Section 2. In Section 3 and Section 4, finite-time
adaptive fuzzy tracking control scheme is presented for a
class of uncertain nonlinear systems with dead-zone input,
and its stability is analyzed. Simulation results are pre-
sented in Section 5. The paper ends with the conclusion
in Section 6.

2. PRELIMINARIES AND PROBLEM
FORMULATION

2.1.  System description

The uncertain nonlinear systems with dead zone in this
paper can be expressed as follows:

Xl = xH»l +ﬁ(il)+pl(t)7l = 1,27...771—1
Xn :D(v)+fn(in)+p;1(t)
y =X (H

where ¥, = [%117{27 "'7XI]T €ER'and ¥, = [%177{2, ~~a%n]T €
R" are the state vectors. f,(¥,),1=1,2,...,n are unknown
smooth functions, p,, : = 1,2,...,n denote bounded per-
turbations. v is the control input signal to be designed. To
facilitate the control system design, the dead-zone charac-
teristic D(V) is described as

&i(v=31), v=>3y,
D(v)=1<0, 31 <v <3y, 2
52(‘/_32)7 \4 S S2-

The parameters &; ,&, ,3; and 3, are unknown constants,
and we suppose that there is the positive constant £ de-
signed to meet

E<&i<e
E<&<é
D(v) denotes the output of the dead zone, 3; > 0 and

3, < 0 stand for the breakpoints of the input nonlinearity.
Then D(Vv) can be reformulated as

D(v)=E&()v+ (1), (3)
where
éla VZSIa
E)=10, S,<v<3y,
&, v<3y,
and
&S, v>3y,
o(t) =< 0, 3 <v <3y,
&8s, v<Ss.

Then, we have

0<&<&()<é
and |@(t)| < @y = max{€|3:],€|3a|}. “)

Define a vector function as y,, = [y,, yﬁl), e yﬁl)]T €Q,,

where y£’> denotes the :th time derivative of y, and Q,, de-
notes a known compact set. The vectors y.,1=1,...,n
are continuous and available.

Assumption 1: There is an uncertain positive constant

P, designed to meet

p()| < pii=1,2,...,n. 5)
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2.2. Fuzzy logic systems

The following fuzzy logic systems (FLSs) will be uti-
lized to approximate the unknown function. Choose a col-
lection of fuzzy rules as follows:

R : If yyis M| and ... and ¥, is M,,
thenyisU',1=1,2,...,N,

where 7, = [x1, X2, X:|T € R" and y € R are the input
and the output of the fuzzy system, respectively. M} and
U, denote fuzzy sets composed of fuzzy membership func-
tions Uy (x¢) and Uy (y). N is the number of the rules.
Through the singleton fuzzifer, the product inference and
the center-average defuzzifier, the fuzzy logic system is:

Y o1y i (xe)

Y= T M )
where
9. =max iy (y), @ = (@1, 92, 9n)"-
Let
T2 = zﬁvl?fnm%cm |
where R(x) = (R1(2),Ra(%),-...Fn(x)T. We can

override the fuzzy logic system as

y(x) = 9" R(x). (©6)

Then, the definition of semi-globally uniformly finite-
time bounded (SGUFB) and some related lemmas are in-
troduced.

Definition 1: The solution {z(t),7 >y} of the nonlinear
system z = f(z), f(0) = 0 is SGUFB, if for any z(zp) =
Z0 € £y (some compact set containing the origin), there
exists € > 0 and a settling-time 7'(&,z9) < oo, such that the
following statements hold: z € QyUQ, for all > #,, where
Q={z|z(t)|| < €}; ||]z(t)|| < &, forall t > 1o+ T.

Lemma 1 [43]: Let f(x) be a continuous function de-
fined on a compact set Q. Then, for Ve > 0, there exists a
FLS (6) such that

sup [ (%) —

2EQ

"R(x)l <e. @)

Lemma 2 [44]: Fora; €R, g€ (0,1],¢(=1,2,...,d,
the following inequality is satisfied:

d d
ZW\ )< Z|ag|q <d'" ZW\ (8)

Lemma 3 [45]: For any constants 5,7, A >0, p, 0 €R
satisfy the following inequality:

—2 |Gls+t (9)

S+t
APl A

pFlol" < -

Lemma 4 [34]: Consider the system z = f(z,V), for
smooth positive-definite function V(z) € C', if there exist
constants ap > 0,0 < o < 1 and dy > 0 satisfying that

V(z) < —agV¥(z) +do,t > 0, (10)

then the solution of the system z = f(z,v) is SGUFB.

Lemma 5: Consider the system z = f(z, V), for smooth
positive-definite function V(z) € C', if there exist con-
stants ap > 0 and by > 0 satisfying that

V(z) < —aoV(2) +bo, £ >0, (11)
then we have

V(z) < —agV¥(z) +do, t >0, (12)

where 0 < 2 < 1 and dy = ap(1 —p)[(gl%: +by.

Proof: According to Lemma 3, for VO < @ < 1, the
following inequality is satisfied:

VP(2) = V()1 < pAV(2) + (1 — @)AT5. (13)

Let A = ', then one has

VE(2) <V(2)+ (1 - p)prs. (14)

It follows that

V() < -VER) + (1 - p)pTo. (15)

From (11) and (15), we have

V(z) < —agV¥(z)+do, t >0, (16)
where 0 < @ < 1 and do = ao(1 — ) 7% + bo. O

3. ADAPTIVE TRACKING CONTROLLER
DESIGN

The control goal of this manuscript is to establish an
adaptive fuzzy controller v(¢), such that the desired con-
trol performance can be guaranteed in finite time.

Define 0, as the estimation of ®,, and ®, = 0, — ®, with
0, = H(PIHZ-

The design procedure is based on the coordinate trans-
formation as follows:

UA=X =Y =X—01, 1=2,...,n,
where «,_; is an virtual controller.

Step 1: Consider the following Lyapunov function can-
didate:

2 &2

7, 9
Vi=—+—.

T2 Ty
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Differentiating V; with respect to time ¢ yields

. 1« »
Vi=za(e+An)+pi(t) =) — 79191- (17)
1
Based on Lemma 3 , one has
2 2
1,2
-+ 18
2122 < > + > (18)
and
o o
up1 < 2, + 7
where /; > 0 . Introduce one new function f, = fi + i+
Z1 — Yy, then it yields
. — [ 2
Vi Sa(f1+a1)+‘—p‘—z—'+———®1®1 (19)

2 22

According to Lemma 1, for Ve; > 0, there exists a FLS
oI R (X,) satisfying

Fi=0l Ri(X1)+A1(X1), A < &, (20)

X1,y 9,7 . By using Lemma 3, we have

where X| =
afi=a0! RiX) +z4(X)
1,

1 1 1
< m 22|®Ic~R %1+2m1+211+281 21

Choose a virtual control signal as

o = —kiz) — %@,9{{9{1. (22)
ny

Establish the adaptation law as

0, = L 2RTR, —

m 221 1m0, (23)

where y; > 0. Then we have

!
,+'—pl+ +“1®®1

1, 1
Mty 2 2
(24)

vV, < —kZ?
e

% will be handled later on.
Step 2 : Construct the Lyapunov function candidate as

1 1 .
Vo=V, + -2+ —062. 25
> 1+222+2v2 > (25)

Applying the same approach as step 1, we have

. . . 1 « &
Vi=Vi+n(h+untom+p—0o)— 7®2®2-
2

(26)
It is noticed that
2 2
SRS
<2423 27
2B S5 + X (27)

and
22p2 < = —|— lz& (28)
- 2l 27
where I, > 0 . Introduce one new function f, = f> + i +
32, — 0y, then it yields
1 1 /
V2< klZ1+2m1+2812+17p1+u1® ®1+Z2f2

1 2
— =2 + 2000 +

2

1, L,
523 + Epz - 72®2®2- (29)

On the base of Lemma 1, for Ve, > 0, we can find a FLS
0T Ry (X,) satisfying
=0l Ra(X0) + Mo (X)), | Ao] < &2, (30)

where X, = [77,©;,57]" . One has

2fr = 2201 Ra(Xa) + 2280 (X2)

1 5 T 1L, T, 1,
< Tm%Zg®29(2 9{2+§m2+§82 +§Z2- (3D
Choose a virtual control signal is as
2 A T
0 = —kyzo — 72®29{2 9{2. 32)
2mj
Take the adaptation law as
A V2 2T N
0, = 53R Ry — 1O, (33)
2mj
where (1, > 0. Then we have
2
1 lgp
—k s 4
; (/Z/ + mf + 28{ + 2
1,
+ & 160 + 524 (34)

2

% will be handled later on.
Step: (3 <1 < n—1): Establish the Lyapunov function
as

(35)

where v, > 0 and C:), =0,— @, is the parameter error. Sim-
ilar to the approach in step 1, we have

Vl :Vl—l +Zl(.ﬁ +Zl+1 +O‘l+P1 - al—l)
|
—~0,6, (36)

Vi
It is noticed that
2 2

121 37
22401 < 2+2 37
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and

l,p,
ape < 21 + 2

(38)

where /, > 0 . Define a new function f, = f, + 5 i+ Zz,
Q,_1, then plugging (37), (38) into (36) yields

1 1 lépg Hy ~
vV, < —ky — + == @ 0,
1 1 I v A
+Z1f1 Z + 2,04 + 2Z,+1 + = ) P, — \Z®l®l.

(39)

On the basis of Lemma 1, for Ve, > 0, we can find a FLS
oI R, (X,) satisfying
fi= ¢/ R(X)+AX), Al <& (40)

where X, = [¥7,0,_,57]" . One has
of, =29/ R(X )+Z,A,(X,)

<

1
5% ZORTR, + - m +2e, +21 (41)

An virtual control signal is taken as

o= —kz— ——ORR,. 42)
2m?

Take the adaptation law as

Vi

0= 5 ZRIR, — 16, (43)

where u, > 0 . Plugging (41)-(43) into (39) , we have

! 1 lg
—k e
; ZZ[‘F m€+2[+ )

1
e IO (44)

Step n: Establish the Lyapunov function candidate as
follows:

1 1 .
Vi=V,- =7 ®2- 45
1oty O )

Differentiating V,, with respect to time t yields

Vn :anl +Zn(fﬂ +D(V)+p”_a’1*1)

1. »
- —0,0,. (46)

Vn

It is noticed that

2

I
Zupn < 21 + "p"

2

(47)

where [, > 0. Define a new function fn Jat5 Z” -+ 20—

&,—1, then plugging (47) into (46) yields

R
+—+[—p‘+“‘ &)

<
Vn Z k[Zg + 2 )

1 I, _ A
+afy— 5 24 z,D(v )+§pi—v—@n®n. (48)

On the basis of Lemma 1, for Vg, > 0, we can find a
FLS ¢! R,(X,) satisfying

Fo = 07 Ru(Xa) + Au(X,

where X - [Xn ’ nvyr,,] .
Based on Lemma 3 , one has

n): | An| < € (49)

ann = Zn(Pn 93 (Xa) + 200 (Xn)
1 1
2 T 2
20,R. R, + = —Z5. 50
< 2 2 + m, + 28,, 3 (50)
The controller law is chosen as
k, 1
V= —~n— vZn@ 9{ 9{;1 (51)
& 2mié
Take the adaptation law as
A Vi A
0, = ¥ 2RIR, — 1,0, (52)

According to [46], for any given bounded initial condition
(:)n(to) > (0, one has (:),1(t) >0 for vVt > 0.
Plugging (50)-(52) into (48), we have

L o, W
VnSZ—kgz%—Fme%%-Zf&‘f
= =2 =2
< lmg He 1
@@ o2 53
+£:1 5 Z O+ 5. (33)

4. STABILITY ANALYSIS

Theorem 1: Consider the uncertain nonlinear system
(1) with Assumption 1. Under control law (51) and adap-
tive laws (23), (33), (43), (52), all the signals in the
system are semi-globally uniformly finite-time bounded
(SGUFB) for any bounded initial conditions.

Proof: Choose a Lyapunov function candidate V =V,
for system (1). From (53), we have

+ 0,0/ + gwé, (54)

where k = ming—y,.. ky.
Nothing that @, = @, — ®, one has
=20,(-0,+0,) =¢

20,0, (—0F +6,0,)
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- | N
<gi(~67 + 567+ 67)
_ —ge(2s—1) 92 4 S8¢

S 6i+=e, (55)
where s is a positive constant satisfying s 2 ,and g = ’“
Substituting (55) into (54) yields

V < —agV + by, (56)

where ay = min{ZIVC, Ul(2::—l) - u,,(2§_1)} with s > % and

l/pé 1 )

- §<%®5+ m?+ ;s(, R A CE)
According to Lemma 5 and (56), one has
V < —agV¥ +d, (58)
where
do = ag(1 = )™ + bo. (59)

Define a positive constant gy =
constant which satisfies 0 < §y < 1.
Let

= é Yo where {y is a

V(X (0) — 6" ], (60)

where V(X(0)) represents the initial of V(X) with X =

[Xn 7®nﬂyr ] ~
Then according to Lemma 4, If z; € Qx = {X|V#(X) >

(= Co -}, we have
V(X) < —GaoV¥(X) <0, t€ 10, T;). (61)

The time to reach the set X(r) € Qx, is bounded as
T, where Qy = {X|V#(X) < —%_1. Tt follows that

(1-%)ao
7 € QUQy, for all # > #5, where Q; = {X|V#(X) <
Va(X(0))}.
If X(0) € Qx, X(¢)(t > 1p) does not exceed the set

Q. Consequently, all signals in the resulting system are
SGUFB.

It can be seen from (57) and (59) that dy depends upon
the parameters s, Ly, v¢,my, €, 1, Wy, £ =1,2,...,n. By ap-
propriately choosing these parameters, for example, in-
creasing vy, decreasing p, and my, dy will be reduced.
On the other hand, a smaller p, will lead to a smaller
ap, then by (60), the convergent rate of the state will be-
come smaller. Accordingly, there is a tradeoff between the
bound of the neighborhood and the convergent rate. ~ [J

5. SIMULATION EXAMPLE

In this section, to testify the results obtained, two simu-
lation examples are performed.

5.1. Example 1

The nonlinear system with dead-zone input is described
as follows:

) ) cos(t
o= 1ot (i) + 20
. 5x sin(2t)
= D _—
X2=D(v)= ==+ %0+ 0
y=2X1, (62)
where D(V) is defined as (2).
Choose the dead-zone parameters as 3; = 1, 3, = —1,

& = & = 1.5. The reference signal is chosen as y, =
sin(§) + & sin(z).

Based on Theorem 1, the adaptive laws (23,52), the in-
termediate control function (22) and the control law (51)
are chosen.

The related simulation parameters are selected as m; =
0.8, m=1,u =1, uyp =2, v; =20, v, =25. Choose the
initial conditions as x;(0) = 1, x2(0) = —0.5, ®;(0) = 0.1
and ©,(0) =0.2.

The fuzzy membership functions are chosen as

(%) = (1+exp(5x +10)) ™!
NM,’;(X):GXP(_(X+35_I<>2), k:2a374757
tye (%) = (1+exp(—5x +10)) . (63)

The results of simulation are shown in Figs. 1-4.

To give some suggestions in choosing the design pa-
rameters, we choose two groups of variables as v; = 20,
V2:25, ny :08, np = 1 andv1 15, V2:5,m1 = 10,
my = 10, respectively, while the rest of parameters remain
the same. Compared with the existing control strategies, a
previous adaptive control scheme proposed in [31] is also
utilized to control this system with the same controller pa-
rameters and & = 0.93. The simulation results are shown
in Figs. 5-7. It can be seen from Figs. 5-6 that the conver-
gence region of the tracking error in Fig. 5 is smaller than

1.5

os| /

-0.5

y andy
o
|
J

0 2 4 6 8 10 12 14 16 18 20
Time(sec)

Fig. 1. y and y,.
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0.8

06

04 r

vy,

02r

-0.2

0.4

] 2 4 & 8 10 12 14 16 18 20
Time(sec)

Fig. 2. y—y,.

40

20

-20

-40 |

-60

-80

=100

0 2 4 6 B8 10 12 14 16 18 20
Time(sec)

Fig. 3. u.

and @

1] 2 4 6 8 10 12 14 16 18 20
Time(sec)

Fig. 4. ®; and ©;.

that in Fig. 6. From Figs. 5 and 7, we see that the tracking
errors converge to a small neighborhood of the origin in
finite time 7, ~ 0.65s and 7, ~ 4.60s, respectively.

Fig.5.y—y,, ¥y and y, with v; = 20,v; = 25,m; =
0.8,mp =1.

Fig. 6. y—y,, yand y, with vy =5,v, =5,m; = 10,m; =
10.

Fig. 7. y—y,, y and y, with the controller in [31].

5.2. Example 2

Consider the tracking control of a one-link manipulator
actuated by a brush dc motor [41]. The nonlinear system
is described as:

R+ S+ Wsin(q) = p+4sin(t),

Cp=Ap+L,g+1, (64)
where ¢, ¢, ¢ denote the link angular position, velocity
and acceleration, respectively. p is the motor current. The
disturbance is chosen as 4sin(¢). I is the input voltage.
Choose the appropriate parametersasR=1,5=1,C=1,
A=-05W=22andL,, = -5.

Let x1 =q, Y2 =¢, x3 = p and I = D(V). (64) can be
rewritten as

X1 = X2,

X2 = —Wsin(x1) — x2 + X3 +4sin(z),
3=Luxa+Axs+D(v),

y=Xx- (65)

D(v) is defined as (2). Choose the dead-zone parame-
ters as 31 = 0.7, 3, = 0.4, § = & = 1.5. The reference
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1.5

0.5

A

y andy
(=]

05

15 . . . . . . .
1] 5 10 15 20 25 30 35 40

Time(sec)

Fig. 8. y and y,.

»y,

Timesec)

SERREEE

= il
-20 |
-40 |
-60
-80

=100

0 5 10 15 20 25 30 35 40
Time(sec)

Fig. 10. u.

signal is chosen as y, = sin(%) + 1 sin(t). The fuzzy mem-
bership functions are chosen as (63).

Based on Theorem 1, adaptive laws (23,52) and the in-
termediate control function (22) and the control law (51)
are chosen. The related simulation parameters are selected
asm1:%9 m2:1’ m3:%’ .u'lzlv .u2:2’ “3:2»
vy = 20, v, = 25, v3 = 25. Choose the initial conditions
as XI(O) = ﬁ? XZ(O) = ﬁ? %3(0) = ﬁv ®l(0) = %0,
©,(0) = £ and ©3(0) = ;5. Simulation results are shown
in Figs. 8-11.

! —8,
as il —8
I
ar I|I
|
= 25 \
.I ' I]
c u Ti{AL
g # LN
T | |
1.5 1
|
I'| ,"‘"-_ iy f
1 \ \ [\ A\
I'I | ,"l \ I:' |
\ ¢ I" A ~ I
W/ | i O |
05 e T o T\ 7 =
" N L o N
0 — i i i i
0 5 10 15 20 25 30 35 40
Time(sec)

Fig. 11. ®; and ©,.

6. CONCLUSION

Combining backstepping technique and FISs, an adap-
tive controller of uncertain nonlinear system with dead-
zone input has been proposed. Finite time stability of the
nonlinear system was ensured by using a novel Lyapunov
theory. In the simulation, the proposed control scheme
was proved to be able to achieve the desired tracking per-
formance of the system in finite time.

It is known that there are many uncertainties in practical
nonlinear systems, such as time delays uncertainties, un-
known dynamics disturbances, unmodeled dynamics and
so on [47]. Therefore, it is an interesting issue to apply
the control scheme proposed in this paper for systems with
these certainties in the future. As one of the most famous
nonlinear control strategies, SMC technique has the ad-
vantages of quick response and strong robustness [48—52].
So We would like to combine the SMC technique with the
proposed finite time adaptive control method in the future.
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