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Three-dimensional Adaptive Sliding Mode Guidance Law for Missile with

Autopilot Lag and Actuator Fault

Guiying Li, Zhigang Yu*({ , and Zhongxian Wang

Abstract: This paper investigates guidance scheme for missile with actuator failure and dynamics of autopilot.
Firstly, considering first-order dynamics of autopilot, the guidance model with actuator failure is established. Sec-
ondly, an adaptive sliding mode fault-tolerant guidance law is designed on the basis of passive fault-tolerant tech-
nique and a novel nonsingular fast terminal sliding mode (NFTSM) manifold. Then, the adaptive algorithm with
the feature of low-pass filter is proposed to ensure that adaptive parameters are bounded when the sliding mode is
non-ideal. Finally, Lyapunov stability theory is adopted to prove that the states of closed-loop system are practi-
cal finite-time stability. Simulation results demonstrate the effectiveness and robustness of the proposed guidance

strategy under the certain actuator failure.
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1. INTRODUCTION

The higher guidance accuracy is always pursued
in complex air battle circumstance. Hence, a three-
dimensional system model should be developed with ex-
plicit consideration of the relative motion between missile
and targets in order to facilitate the description of the truth
guidance model for a practice guidance systems [1]. In
addition, in guidance systems, the dynamics of missile au-
topilot is a major factor that effects on guidance accuracy,
especially for the maneuvering targets. It is difficult that
the guidance accuracy can be guaranteed if the dynamics
of autopilot are ignored. Due to the aging of equipment
and the circumstance factors, the actuators and sensors
have usually high failure rates in guidance system [2].
Actuator failures always bring adverse effects to the per-
formance of missile terminal guidance system, especially
for interception. Therefore, the dynamics of autopilot and
actuator failures should be considered in the design of
guidance law, which make a significance role in practice.

Guidance law is usually classified as classical guidance
law and modern guidance law. The former was based on
the geometrical relationship for missile and targets. Such
as parallel approaching method, pursuit guidance and pro-
portional navigation [3-5]. However, there exist the com-
plex circumstance of air battle, maneuvering and intelli-
gent targets. Due to these factors, the above maintained

control methods failed to reach high guidance accuracy.
Therefore, the modern guidance law is widely adopted
[6,7]. The optimal guidance law [8—10], differential game
guidance law [11], the guidance strategy based on robust
control theory [12].

In practical applications, due to the outstanding merit
of robustness for parameter uncertainties and external dis-
turbances, sliding mode control techniques were widely
applied to the design of guidance law [13-16]. In [17], a
novel sliding mode guidance law was designed for ma-
neuvering targets, which can guarantee that the system
states converge in finite time. In [18], the finite time slid-
ing mode guidance law was proposed for the maneuver of
targets using the disturbance observer technique.

The autopilot lag of missile usually can lead to adverse
influence on the miss distance, especially in the presence
of target maneuvers evasive. In [19], a terminal sliding
mode guidance law was designed for maneuvering or non-
maneuvering targets considering impact angle constraints
and the dynamics of missile autopilot. In [20], a new com-
posite guidance law was proposed to intercept manoeu-
vring targets without line-of-sight angular rate informa-
tion in the presence of autopilot lag. Based on fast non-
singular terminal sliding mode control theory and distur-
bance observer, a robust guidance law with terminal angle
constraint in the presence of autopilot lag was proposed
[21]. In [22], a composite sliding mode guidance law was
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designed in the case of constrained impact angle and a
first-order-lag autopilot.

Another problem encountered in practice for missile
system is actuator fault. Both the problems of autopilot
lag and actuator failure can cause guidance system perfor-
mance deterioration, and lead to miss the target or even
catastrophic accidents. Therefore, it is necessary to take
autopilot lag and actuator failure into consideration in the
design of guidance law. In [23], the actuator failure was
viewed as the lumped system uncertainty and the extended
state observers were designed. Three-dimensional guid-
ance law in [23] ensures only that the closed-loop system
was uniformly ultimately bounded. In [24], a fault toler-
ant guidance law was proposed based on backstepping and
an adaptive law designed to estimate the unknown effec-
tiveness factor. In [25], a control law using combination
of adaptive backstepping and sliding mode approaches
was designed to achieve interception in the presence of
bounded uncertainties and actuator fault. In [26], three-
dimensional fault-tolerant control guidance law was pro-
posed for interception of maneuvering targets in the pres-
ence of actuator failures.

In this study, the problem of missile interception is a
three-dimensional interception geometry. The adaptive
fault-tolerant guidance law is proposed to further solve
the terminal guidance problem of dynamic lag of autopilot
on the base of passive fault-tolerant technique. Compared
with other methods, the contributions of this paper are as
follows:

1) Considering the dynamics of autopilot and actuator
faults, the information of actuator faults is estimated on-
line by the proposed adaptive algorithm in the absence of
the information of the actuator failures.

2) Compared with [22], the finite-time guidance law is
designed proposed such that this point is of more theoret-
ical and practical significance in this paper.

3) Compared with [14, 15], a new adaptive algorithm
is proposed to ensure that the adaptive parameters are
bounded even when the sliding mode is non-ideal.

2. FORMULATION OF GUIDANCE MODEL

It is assumed that the missile and the target are point
masses, the three-dimensional interception geometry is
shown in Fig. 1. And T denotes the target, M denotes
the missile, M, is an inertial reference frame, M,,,, ., is
a line-of-sight (LOS) frame, R is the relative distance be-
tween the missile and the target, g, and gg are the eleva-
tion and azimuth LOS angle, respectively.

The complete dynamic equations of the three-
dimensional relative motion dynamics of the missile and
the target on the base of the principles of the kinematics
[15] are

R'—ng—quz; Coszq;; = drR — MR, ey

Fig. 1. Three-dimensional interception geometry.

Rije +2Rg, +Rq’% sing, cosqe = are — aMe, )
— Réjg cos gg — 2RG cos e + 2Reqp singe
=arp —augp; 3

where [ayr, dme,ayp]” and [arg,are,arg)” are the accel-
eration vectors of the missile and target in the LOS frame,
respectively.

Practically, for aerodynamically controlled missile, the
missile acceleration ay,g is not available usually. And only
the acceleration normal to the LOS direction, ay and
ayp, can be adjusted during the terminal guidance phase.
The purpose of designing the guidance law is to make
sure that the elevation and azimuth LOS angular rates g,
and ¢g, converge to zero or a small neighborhood of zero.
The relative speed R is not controlled, but the engagement
is guaranteed as long as the relative velocity and relative
range satisfy the following condition [15]:

R <0, 0<R<R(0). “4)

Hence, only (2) and (3) are used in guidance law design.
From (2) and (3), it can be obtained that there exist serious
cross couplings between them.

In guidance processes, the autopilot dynamics of the
missile are assumed to be approximately described by the
following first-order term:

ape = —ape [T+uy /7, amp = *GMB/TJruz/T, ©)

where 7 is the time constant of the autopilont, u; and u;
are the acceleration command which are to be obtained by
the guidance law design.

From (2) and (3), the elevation and azimuth LOS angu-
lar accelerations have the following forms:

Ge = —2Rge /Re — ¢*singe cosqep + (are —ame) /R,
qﬁ = —ZRqB/R+2qu£ tange — (aTg—aMg)/RCOSCIg.

(6)
Then, we get the following expression for are, arg:
are/R = ge +2RGe /R + q'lzg singe cos qe + aye /R,
arp/(Rcosge) = —gp — ZRQI?/R"‘QQSQB tange
+ayp/(Reosge). @)
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Differentiating (6) with respect to time, the dynamic equa-
tions of the missile and the target become

X =x,
) ()
X =A+Bu+d,

where the variables x; = [g¢, ¢B]", x> = [ge, ¢jg]", u and

d denote the control input and disturbance, respectively,
u=[u )", A=A AT,

Ay = (=3Rie + aye /T — gueta® sin2q:R/2) /R
— Geqf €08 2qe — g sin2qe — 2Rqe /R,
A> = —3Rig /R+34e i tange +247 B +24€4P tan g,
+ (4Rqe¢qp tange —2Rgp) /R — ayp /RT cos g,
B =diag(—1/(R7),1/(Rtcosqe)),
d=lare/R —arp/(Rcosge)]".
Considering the actuator faults, control law is given by
u=({I—Ew, 9)

where #/ is nominal control input, u is actural control in-
put, [ is idential matrix, E = diag(E\, E,) denotes the fac-
tor of actuator faults. £E; =0 (i = 1, 2) denotes that actu-
ator is under a sound condition, E; = 1 (i = 1, 2) denotes
that actuator get out of control. 0 < E; < 1 (i =1, 2) de-
notes that actuator partly get out of control. In this study,
0<E;<1(@=1,2)isonly considered.
Applying (10), system (9) can be rewritten as

x:x27
(10)
i =A+B(I-EW +d.

3. PREPARATION KNOLEDGE AND
ASSUMPTIONS

In order to facilitate the design of guidance law, some
assumptions and Lemma are given as follows:

Assumption 1: The lumped disturbance is assumed to
be bounded and satisfy ||d||. < dy, where dj is an un-
known positive constant, and ||d ||« is infinity-norm of d.

Remark 1: Owing to physical limits, the time deriva-
tive of target acceleration is always bounded. Moreover,
the singular problem, i.e., ge = 7, can be avoided by
properly choosing the inertial reference coordinate sys-
tem during terminal guidance phase. And, technically,
owing to a certain size of the target, the interception by
impact happens when R # 0 [26]. So, from the definition
of lumped disturbance d, one can obtain that Assumption
1 is reasonable.

Notation: For a vectory = [y, ..., y,|7, the notation y"
with r > 0 represents the vector [y], ..., y7]T and the nota-
tion diag(y) represents the matrix diag(yi, ..., yu)- I, rep-
resents the n x n identity matrix. The notation sig(y) rep-
resents the vector [sig" (1), ..., sig’ (y,)]”, where sig’ (y;) =
lvi|"sign(y;), and sign(-) denotes the signum function.

Lemma 1 [26]: Consider the system
x=f(x(r)), x(0)=0, f(0)=0, xeR.

Suppose that there exists a Lyapunov function V(x),
scalars § € (0,1), @ > 0, and 0 < 0 < oo, such that

V(x) < —aVé(x)+o. (11)

Then, we define the trajectory of this system as PFTS.
Lemma 2 [26]: Suppose by, by, ..., b, are positive num-
bers and 0 < g < 2. Then, the following inequality holds:

(P +b5 4+ D) < (DI DL+ +b0)*. (12)

4. DESIGN OF GUIDANCE LAW

In order to make the system states and approach to
zero fast along the sliding mode surface in finite time, a
NFTSM manifold vector [27] based on the guidance sys-
tem states can be described as follows:

S=Xx +f(x1) +[31x1 + ﬁze_h (xlrxl)faxl, (13)

where s = [a1, 52]7, B1, B2, A are positive constants, re-
spectively, 0 < o < 1, f(x;) is defined as

Fe) =), fx]”,
Fln) = {rlixli-‘rhsign(x“)x%i’ x| <,
1) =

. (14)
otherwise,

sigh (x1:),

where 0 <y < L, riy= Q2 —y)n"", ri = (- 1)n*2,
i =1, 2, n are positive constant.

Differentiating (13) with respect to time and combing
(10), it follows that

§ =X+ f(x1) + Bix1 + f.C
=A+B(I—E)W +d+f(x))+Bixi +B.C, (15)
where
C=[(=A)e ™ (&lm) "z + e (xfxm) “x
+eM(—2a) (xTx) 4 (x{xz)xl} . (16)

Due to external disturbances, it is difficult for the guid-
ance system to get the exact knowledge of the factor of
actuator fault E. The online estimate technique via adap-
tive parameters is adopted to solve this problem.

THe constant u is defined as

1= Amax (E) = [|E|oo. a7)

Based on the NFTSM and the adaptive control tech-
nology, a sliding mode fault-tolerant guidance law and an
adaptive laws are given as follows:

uf =U—Ucom, (18)
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u=B"uy/(1—p), (19)
uy=—-A —f(xl) — Bix; —B2C—JMtanh(s/n)

— k18 — ksig® (s), (20)
Ueom = P|luo||B s, (1)
p = pi(lluollllsll — hip), (22)
dy = pa(|s|” tanh(s/n) — had ), (23)

where ki, ka2, p1, hi, p2, ha, 0 < 73 < 1, p are adaptive
parameters, and ch is the estimators for dy,. Here, the
knowledge of the upper bound of the lumped disturbance
is not needed.

Theorem 1: Considering system (10) with Assump-
tion 1, and the NFTSM is chosen as (13). While the state
of closed-loop system is regulated under the guidance law
(18) and the adaptive laws (22)-(23), the following con-
clusion can be made:

1) The sliding mode manifold s; converges in finite time
to a region around s; = 0 as

|sil < V2(D/er) /P, (24)
where s; is the ith component of vector s,
6>1/2, o<yu<l, 0<p<l, i=1,2,

ﬁ = (/}/J’_ 1)/2a ?’: min{,}/3ay4a’}/5}7
D = hy8,dy; /2+0.2785dym +hi (1) 8, /2p*+2,

ntl
v (pi (28 —1)\ T
e:min{z“zlkz,(”"(az‘SZ)) ,

p2hi (26, —1) E
) '

2) The states of the system will converge to the follow-
ing regions respectively in finite time

e < max {mmin { |yl /By, (jwe) 7} ) @)
vl < Ai+ B +0"+ Ban (26)

where x; and x; are the ith component of vector x; and
X2, = 1, 2.
Proof: Choose the following Lyapunov function

Vi=s"s/2+ (1 —p)p*/2p: +dy /2p>, (27)

where dy = d,, — ch, 0 < u < 1. The time derivative of
Vi along system (11) can be computed by

Vi =878 — dydy /2pr+ (1 — 1)pp/p1. (28)

Substituting (15) and (18) into (28),The time derivative of
V| becomes

Vi = —s7 (kys + kasig” (s) +s7 (d — dy tanh(s/1))
—s"BEw — usTuy/(1—u) — JMjM/pZ

—plluolllisl+pp(1—p)/p1- (29)

Substituting (22) and (23) into (29) and applying the fol-
lowing inequations:

dy|s|" tanh(s/1) < dys” tanh(s/n),
s'd < dylls|.

it follows that
Vi =57 (ks + kasig? (s)) — plluo | s]| — " BEw
+dy (|Is|| — Is|" tanh(s /1)) + hadydy

+us"uo/(1—p) = (1= w)p([luolllls]| — hup).
(30)

Note that
dy(|s| —|s|” tanh(s/n)) < 0.2785dyn. (31)
Then, using (31) yeilds

Vi < —s" (kis+ kosig”(s)) + hydydy
— pluollsl — s"BEW + /(1 — )s"uo
— (L=p)p(lluolllIs|l — 71 p) +0.2785dym. (32)

According to (18), the following result will be obtained
—s"BEw = —s"BEB '(uy/(1 — 1) — p|luo||s). (33)
If
s"BB™'(1/(1— p)uo —plluolls) >0, (34
applying (34), equation (33) can be written as
—s"BEw < —s"BB™!(uo/(1— 1) — p[uto|[$) | E || min
< —s"uo/(1—p)+plluoll[s||[[E]l--
=—pus"uo/(1— )+ ppluollllsl.  (35)
If
s"BB~(uo/(1—p) —pluolls) <0, (36)
applying (36), equation (33) can also be written as
—s"BEw < —s"BB"(uo/(1— 1) — p [uo]ls) |||
— —us"uo/(1— )+ p ol s 37)

Considering (35) and (37), equation (33) can be finally
written as

—s"BEW < —psTuo/(1— )+ up|uolllls].  (38)
Substituting (38) into (32), yields

Vi < —s" (ks +kosig?(s)) + hadydy
+ (1 —p)hy p*+0.2785dym. (39)
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For positive constant ; satisfying &, > 0.5, inequality can
be derived as:
hadydy =hs (dydy — diy)
<hy(—djy; +dyy /281)
= —hy(28) — 1)dy /28, + hadyy 6, /2.  (40)

The following inequality holds:
ntl
(ha (28, — 1)dyy/2681) * — (28, — 1)dy; /26, < 1.
(41)

In the same ways, for positive constant 0, satisfying &, >
1/2, the following inequality also holds:

p<I.

<(1u)h1(25zl) p> (1— )l (28, 1)
25, 20,
42)

Using the above inequalities (40)-(42) and Lemma 2,
equation (39) can be further simplified as

Vi<—gVP+D. (43)

It is noted that D is bounded. Hence, the state of guidance
system is PFTS. Further more, the following inequality
can be obtained from (43):

Vi < —(ei—D)VP)VE. (44)

From (44), it can be seen that V| converges to compact
region V| < (D/SI)I/B. According to (27), it can be ob-
tained that 0.5s”s converges to compact region 0.5s7s <
(D/&;)"/B. The convergence domain of s is |s;| < A;,
A =+2(D/g)"/P).
According to (13)
xoi + f(x1:) + Brxri + ﬁze%t (xfx1i) " %x1i = s,
Isi] < A (45)
The convergence of xj; and x; are analyzed in the follow-
ing part:
Case I: When |x;;| > 7,

X5+ Buxii + Bae M (x1i)xri+ f(xi) = Wi, (46)

where |y;| < A;. In order to prove the convergence of xj;,
choose the Lyapunov function as

Vo =x3,/2. 47)
Compute the first order derivative of V,

V, < —xli(ﬁlxli+l32€7/1t(xli)27axli + f(x1))
+ il [wil

< — By () = ((x1)?)"F + il [wal. (48)

To further deal with |xy;||y;|, V> can be rewritten as two
forms

Vo < — (B — wil/m) () — ()?) T, (49)

Vo < —Bi(xi)* = (1= [wil/(e1)") ((x1:)*) = (50)

When f; — |y;|/x1; > 0, x1;0{ can converge to region the
lx1;| < ;/P in finite time; when 1 — |y;|/x¥. > 0, xy; can
converge to region the |x;;| < (|y;])"/* in finite time. Thus,
x1; can converge to region the |xy;| < Axy; in finite time

o] < ey = max { . min { i /B, (Jual) 7} }.
Gbh

Case II: When |x;;| < 71, which means x;; already con-
verges to region the |xy;| < 1, applying (45),

Xoi 4 Brxri+ Boe M (i) Cxu+ f () = v (52)

Furthermore, equation (52), x,; can converge to the re-
gion |xp;| < Axy; in finite time

beai < | Buxni + £ (1) + Bae ™ (1) % x0i — W
<A+ B +n" + B’ % (53)

The proof of Theorem 1 is completed. d

5. SIMULATION RESULTS

The validity of the proposed guidance law (18)-(23)
is tested using numerical simulations. The dynamic
equations [22] of the missiles with varying speed are
given by Xy = VircosOycos@, yy = VisinOy, 2y =
—Vircos Oy singy, Vi = (T — D)/m — gsin@y, 6y =
(ay—gcosOn)/ Vi, Py = —a,/ (Var cos By ), where xpr, yu
and z;; are the position of the missile; m, Vyy, Oy and @y
represent the mass, the velocity, the flight path angle and
the heading angle of the missile, respectively; T and D de-
note the thrust and the drag of the missile, respectively; a,
and a, are the horizontal and vertical components of the
missile normal acceleration, and g denotes the accelera-
tion due to gravity. For the guidance problem, the zero-lift
drag coefficient and the induced drag coefficient are given
as [22].

The initial position of the missile parameters are
xm(0) = 0 km, yy(0) = 0 km, and z(0) = 0 km; Ini-
tial velocity: V), = 1100 m/s. Its initial flight path angle
and heading angle: 6),(0) = 30 deg and @y (0) = 0 deg.
The maximum value of the available missile acceleration
is assumed to be 25g (g = 9.8 m/s?), respectively. The
time constant of the autopilot 7 = 0.3. To show the ro-
bustness of the proposed guidance law, the time-varying
factor of actuator faults are assumed as E; = 0.540.1sin¢
and £, = 0.5+ 0.1cost.
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Fig. 3. Azimuth angular rate. Fig. 5. Sliding mode surface s,.
Case 1: It is assumed that the target maneuver is cho- ing square-wave form
sen as are = 7gsin(t) and arg = 7gcos(t). Initial posi-
tion coordinates of target are x7(0) = 16 km, y,(0) = 10.4 78; 0<r<7,
km, and z7(0) = 6 km. Its initial velocity: V7 = 1000 are =arg =4 —7g, T<t<8, (54)
m/s. The starting fault time of missile # = 0. The param- 7g, t>8.

eters of guidance law are selected as §; = 10, B, = 20,
k; =100, k, = 100, A =3, . = 0.6, 1 = 0.6, » = 0.6,
¥ = 0.8, and the initial flight path angle and heading an-
gle of the simulated taget are (—15,130) deg, (—35,130)
deg, (—15,160) deg, (—35,160) deg, separately. The
appropriate parameters of adaptive laws are selected as
p1 = p» =20, hy = hy = 10. The parameters related
to convergence region are set to be 3 = 0.8, 5 = 0.8,
n=0.1, 8 =0.75, 6, = 0.75.

It can be observed from Figs. 2-5 that the g, ¢g, s1
and s, converged to a small regions, respectively. Due
to a large initial heading error between missile and tar-
get, missile quickly steer toward target under the guidance
commands.

Case 2: To investigate the performance of the proposed
guidance law when target maneuver proceeds with abrupt
changes, we suppose that target acceleration is the follow-

Initial flight path angle and heading angle of target:
0r(0) = —15 deg and ¢,(0) = 145 deg. The fault time
of missile is # > 6. The parameters needed for proposed
guidance law and initial states are all the same as Case 1.

In order to show that it is necessary to consider the
autopilot lag in the design of guidance law. In view of
this point, the comparison results are shown in Figs. 6-
9, where the guidance law w/o autopilot lag is the guid-
ance law (18)-(23) with the time constant of autopilot
7=0.001, which is equivalent to the guidance law without
autopilot lag.

From Fig. 6 and Fig. 7, the state ¢, and g change
abruptly due to the occurrence of actuator failures at r > 6.
After short adjustments, the angular rates rapidly converge
to a small neighbourhood of zero in finite time, respec-
tively.
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The responses of sliding mode surface in elevation loop
and sliding mode manifold in azimuth loop s, are show
in Figs. 8-9. During initial phase, s; and s, have a larger
value. However both s, and s, converge to a small neigh-
bourhood of zero exactly after a transient period of adjust-
ment. And it can be seen that s; and s, rapidly also con-
verge once more to a small neighbourhood of zero after
the square-wave maneuver evasive of target.

From the aforementioned simulations, it clear that the
autopilot lag of missile results in the system states can-
not converge to zero rapidly. This adverse influence on
the precision of guidance is significant, especially in the
presence of target maneuvers.

For comparison, the traditional sliding mode control
(TSMC) guidance law without adaptive compensation
control is considered. Based on the traditional sliding
mode control theory, the TSMC guidance law is given by

w =1/(1—p)B ' (uo + osign(s)), (55

where § =d — Eu/ and uy is given as (20) and the cor-
responding parameters are selected as the proposed guid-
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Fig. 9. Sliding mode surface.

ance law (18)-(23). It can easily be proved that the closed-
loop system (10) can be driven onto the sliding surface
(13) s = 0. Disturbance is assumed to be satisfied ||A|| <
€, & is the upper bound of A [18].

It is clear that the upper bound A need to be selected
large enough when the bound is not exactly known in or-
der to suppress the both the disturbance and the uncertain-
ties existing in guidance system. Thus, due to the sign
function in (55), the violent chattering in control input is
inevitable. This point can be seen form Fig. 10.

The input signal of the proposed adaptive guidance law
u/ is shown in Fig. 11. It is noted that &/ changes abruptly
due to actuator fautls at r > 6. After short adjustments,
the states of the system remain stable, respectively. It can
be seen from Fig. 11 that the undesired chattering can be
reduced effectively with the adaptive compensation con-
trol u.,, in the presence of actuator faults at r > 6. The
performance of adaptive parameter p is shown in Fig. 12.
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Fig. 12. The proposed adaptive parameter p.

6. CONCLUSIONS

In this study, the problems both partial loss of actuator
effectiveness and autopilot lag are considered. The actu-
ator faults and the dynamics of missile autopilot are cov-

ered in this model. Based on passive fault-tolerant control
method, the adaptive sliding mode guidance law has been
developed for the case when the faults appear in actuator
of missile. This approach has three distinct advantages: 1)
The information of actuator faults is estimated online by a
designed adaptive algorithm. 2) The fault-tolerant control
is also implemented even without the need of prior knowl-
edge of the failures in advance. 3) All the adaptive param-
eters are also bounded even in non-ideal states of sliding
mode system. The stability of the closed-loop guidance
law is proved based on Lyapunov stability theory. Simula-
tion studies have shown that the targets can be intercepted
successfully for the three cases of target maneuvers and
have varified the proposed adaptive guidance law for the
time-varying actuator faults.
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