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Abstract: This paper investigates the distributed fixed-time attitude synchronization control problem for multi-
ple rigid spacecraft system with external disturbances. Based on sliding-mode estimators, the authors remove the
requirement of neighbours’ input control information. Using the fixed-time-based terminal sliding mode, the dis-
tributed adaptive control laws are developed to guarantee the attitude tracking errors converge to the regions in fixed
time independent of initial conditions, and adaptive laws are employed to deal with external disturbances. Finally,
numerical simulations are presented to illustrate the performance of the proposed controllers.
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1. INTRODUCTION

With the development of aerospace technology, vari-
ous spacecraft are becoming more and more complex and
costly. To replace a large and costly spacecraft with a
group of smaller, less-expensive, and cooperative space-
craft, the concept of spacecraft formation flying (SFF) is
presented. As part of SFF, distributed attitude synchro-
nization control of multi-spacecraft becomes a new tech-
nology for many missions such as Terrestrial Planet Finder
[1], synthetic aperture imaging [2], and in-orbit servicing
and maintenance of spacecraft. Due to the above advan-
tages, research on distributed attitude synchronization has
received considerable attention over the last decade.

The attitude synchronization control of rotating rigid
bodies is studied in [3], where the leader tracks a pre-
defined orientation and the followers’ orientations track
the leader. In [4, 5], the synchronization attitude control
problem for a group of spacecraft without velocity mea-
surements is studied. Abdessameud [6] considered the
attitude synchronization control problem with communi-
cation delays, while Zou [7] considered this problem with
input saturation. However, all these aforementioned litera-
tures only gain asymptotic convergence, and can’t provide
finite-time control which is more significant in practical
application. In the SFF attitude synchronization control,
the finite-time control can provide faster convergence rate
and better disturbance rejection properties, therefore, it is

highly desirable to develop a distributed finite-time atti-
tude synchronization control approach.

It is well known that terminal sliding mode control
(TSMC) is an effective finite-time control scheme, espe-
cially for systems with uncertainties and disturbances [8,
9]. Based on terminal sliding mode, two finite-time con-
trollers are developed to drive a rigid spacecraft to track
a desired attitude in finite time in the presence of external
disturbances in [10]. Based on the behaviour approach,
a class of continuous sliding mode control schemes were
developed in [11], which achieved finite-time conver-
gence of spacecraft attitude under arbitrary communica-
tion topologies. For spacecraft formation problem under
uncertain time-varying topologies, [12] proposed a class
of decentralized attitude control schemes by using termi-
nal sliding mode control. However, the input control sig-
nal of each follower need the input control information of
the neighbours in most literatures, and the controllers are
indeed not a distributed, but a decentralised one. In this
situation, the communication flow among neighbors in-
creases and an algebraic loop yields. In addition, in order
to overcome slow convergence problem existing in TSM,
the fast terminal sliding mode (FTSM) is proposed by Yu
and Man [13]. Zou [14] proposed a distributed attitude
coordination control scheme using FTSM for a group of
spacecraft in the presence of external disturbances, which
achieved finite-time stability of the overall closed-loop
system. Furthermore, in order to eliminate the singular-
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ity problem existing in FTSM, a novel concept of nonsin-
gular fast TSM (NFTSM) is proposed in [15]. Based on
NFTSM, a decentralized adaptive control scheme is devel-
oped under inertia uncertainties and external disturbances
with unknown bounds in [17], which can guarantee the
attitude tracking errors converge to the regions contain-
ing the origin in finite time. Although there are fruitful
results on finite-time approaches for attitude synchroniza-
tion control of multi-spacecraft system, the settling time of
all above control approaches are dependent of initial con-
ditions, implying that the convergence time will be long
if initial state of the system is far away from the desired
state. However, the time indexes are predefined in many
practical engineering applications, and the corresponding
required time could not be satisfied if the settling time are
dependent of initial conditions.

To address above mentioned problems, the concept of
fixed-time convergence was proposed in [18], which con-
fined the settling time independent of initial conditions,
but only related to design parameters. Inspired by the
above discussions, in this paper, we investigate the fixed-
time attitude synchronization control problem for SFF
in the presence of external disturbances with unknown
bounds. We construct a sliding-mode estimator and based
on which, a distributed fixed-time controller without us-
ing the input control information of the neighbours is pro-
posed. The main contributions of this paper are stated as
follows:

1) A fixed-time-based sliding manifold based on atti-
tude state errors is proposed for the attitude synchroniza-
tion control of multiple rigid spacecraft. Comparing with
TSM employed in [14] and [17], the settling time of the
fixed-time-based sliding manifold is independent of initial
conditions. By choosing suitable parameters, the settling
time can be designed to satisfy the requirements in practi-
cal application.

2) Based on the concept of fixed-time convergence, a
novel sliding mode estimator is constructed. In contrast
to [19], which provides finite-time estimate of the leader’s
attitude state and angular velocity, we propose the fixed-
time sliding mode estimator which can provide the accu-
rate estimate of the leader’s state. It is clear that the fixed-
time sliding mode estimator is more effective in practical
application.

3) By combining the sliding-mode estimator and adap-
tive control, the distributed control laws employing fixed-
time-based sliding manifold are proposed for multiple
rigid spacecraft with external disturbances. The proposed
controller can achieve the attitude synchronization control
of multiple rigid spacecraft in fixed-time. In contrast to
[17], using the sliding-mode estimator, we remove the re-
quirement that all the follower spacecraft need the infor-
mation of the leader and the input torques of the neigh-
bours, then avoiding the algebraic loop problem. To the
best of our knowledge, this paper is the first to deal with

the distributed attitude synchronization control problem
in fixed-time without using the input information of the
neighbours.

The remaining of this paper is organized as follows: In
Section 2, the dynamics of rigid spacecraft attitude, al-
gebraic graph theory and some lemmas adopting in main
results are briefly described. The main result is presented
in Section 3. Simulation results are shown in Section 4
and the conclusion follows in Section 5.

The following notations will be used throughout the
paper. R stands for the set of real numbers. R, rep-
resents the set of positive real numbers. R” is the n-
dimensional real vector space. R"*" denotes the set of
n X n matrices. Amin(A) represents the minimum eigen-
value of matrix A. ||-|| is the standard Euclidean vec-
tor norm. Let sig’x = sign(x) |x|*, where a > 0, x € R,
sign(x) is sign function, and |-| refers to the absolute

value. Furthermore, we define sig’z = [sig%zy, .. .,sig%%,]"
and sign (z) = [sign (z1),...,sign (z,)]", where z € R” and
= [Z17~--7Zn] .

2. BACKGROUND AND PRELIMINARIES

2.1. Dynamics of rigid spacecraft attitude
We consider a multiple rigid spacecraft system consist-
ing of n followers indexed by 1 to n, and one leader in-
dexed by 0. The attitude of every follower is represented
by Modified Rodriguez Parameters (MRPs) given by [20]
) =prian (40). 0. 0.2) o M
where g; € R? is the MRPs denoting the rotation from the
body frame of the ith rigid body to the inertial frame, p;
and ¢; denote the Eular eigenaxis and eigenangle of the
attitude of the ith rigid body. As shown in [21], since the
shadow set of MRPs g% = — HZ‘HZ represents the same atti-
tude as g;, we can always keep the magnitude of the MRPs
vector from exceeding unity by switching to the shadow
MRPs. From [17], we have ||¢;|| < 1 by switching between
MRPs ¢; and its shadow counterpart g7 . Attitude kinemat-
ics and dynamics of the ith spacecraft in the formation are
given by [17]

Jid)i = 7a)iXJia)i+u,-+di, (2)
ql:E(Ql)wh izl’...,n, (3)

where J; € R¥3 is the symmetric inertia matrix of the ith
spacecraft, @; € R? is the angular velocity of the ith space-
craft with respect to the inertial frame, u; € R3 is the con-
trol torque in the formation, d; € R3 is the unknown exter-
nal disturbance torque. @ is the skew-symmetric matrix
with the form

0 -3 o
- = ;3 0 — ;1 . (4)
—Wp W 0
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The Jacobian matrix T;(g;) € R3*? is given by [21]

T
Ha) =5 (2 L ) )
where I; € R¥*3 denotes the identity matrix.

The attitude of the leader is the time-varying reference
attitude g, for the whole group. In order to facilitate the
control development, the following assumptions with re-
spect to the reference trajectory g, and external distur-
bances are given.

Assumption 1: The reference trajectory g, is con-
structed to avoid the kinematic singular associate with the
modified Rodrigues parameters.

Assumption 2: The reference trajectory g, and its first
two derivatives ¢, and ¢, are assumed to be bounded.

Assumption 3: There exists an unknown constant d
such that the external disturbance d; satisfies

i ()| < do. (6)

In addition, we assume the inertia matrix J; of each space-
craft keep constant and can be measured precisely, thus
the norm of the inertia matrix ||J/;|| is a known positive
constant.

2.2. Attitude dynamics in Lagrange expression

We first denote 7;(g;) ! = P:(q;), then the ith spacecraft
attitude dynamics (2) and kinematics (3) can be trans-
formed into the Lagrange expression [22]

Mi(q:)éii + Ci(gi 4i)gi = P u; + P d;, @)

where M;(q;) = P J;P,, Ci(qi,i) = —MT;P.— PY (J;P.g;) * P..

By appropriate procedures, we can have
Gi = hi+it; + i, (3)

where h; = [TiP+TJ; ' (JiP4i) P G, @ = TJ; 'u;, and
gi =T d;.

Note that the approaches developed in this paper are
based on Lagrange expression (7), therefore the control
scheme in this paper can be applied to other mechani-
cal systems as long as those representations can be trans-
formed in a Lagrange form, such as the rigid-link robot
manipulator.

2.3. Algebraic graph theory

Graphs can be used to represent the topology of the in-
formation flow between spacecraft in the formation. Let
G = (V,g,A) be a undirected weighted graph, in which
V ={vi,...,vn} is a nonempty set of spacecraft nodes
and € =V x V is a set of edges. An edge of undirected
graph G is defined as e;; = (v;,v;) denoting that the node
v; can receive the state of node v; and vice versa, i.e.,
e;j € € & ej; € €. The adjacency matrix A = [q;;] € RVV

of graph G is defined such that adjacency elements a;;
satisfy a;; = 1 if ej; € € and e;; = 0 otherwise. Mor-
ever, we exclude the self-loop case, i.e., a; = 0 for all
i€{l,2,...,n}. Let N; = {v; €V : (v;,v;) € €} be the
neighbours set of spacecraft v;. For any two nodes i and j,
if there exists a path between them, then graph G is called
a connected graph. In this paper, the graph G is undirected
connected graph.

The in-degree diagonal matrix is defined as D =

diag (d1,...,d,), whose diagonal elements are given by
d; = Y. a;;. Then the Laplacian matrix L of the weighted
JEN;

graph G is defined by L = D — A. When the multiple rigid
spacecraft system consists of a leader, we use G to repre-
sent the topology in this case. Leader adjacency matrix is
defined as B=diag {by,bs,...,b,}, where b; = 1 if space-
craft v; is connected to the leader and b; = 0 otherwise. We
also denote H = L+ B.

2.4. Definitions and Lemmas

Consider the following system:
Z:g(t7Z), Z(O):Z07 (9)

where z € R” and g : Ry x R* — R" is a nonlinear func-
tion which may be discontinuous, the solutions of (9) are
understood in the sense of Filippov [23]. Assume the ori-
gin is an equilibrium point of (9).

Definition 1 [18]: The origin of (9) is said to be glob-
ally finite-time stable if it is globally asymptotically sta-
ble and any solution z(#,zg) of (9) reaches the equilibria
at some finite time moment, i.e., 7 (¢,20) =0, V¢ > T (20) ,
where T : R" — R U {0} is the settling-time function.

Definition 2 [18]: The origin of (9) is said to be fixed-
time stable if it is globally finite-time stable and the
settling-time function T (zy) is bounded, i.e., T x> 0:
T (Zo) < Thax, Vzo € R™.

Before giving the main result, some lemmas are intro-
duced which will contribute much to proof of stability.

Lemma 1 [25]: Let &,&,...,E > 0. Then

=z

1

N P
éip Z <Z€l> ) if 0 < )4 S lu (10)
1 i=1

M=

1

N P
EP>N'"P (Zé) L if 1< p <o (11)
i=1

Denote D*¢ () by the upper right-hand derivative of a
o * . t+h)—o(t
function ¢ (z), D*@ (¢) = hl_1>r51+ sup w.
Lemma 2 [27]: Consider the system (9), if there exists
a continuous radially unbounded function V : R" — R, U
{0} such that
HV(z)=0&z=0;
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2) any solution z(¢t) of (9) satisfies the inequal-
ity D'V (z(t)) < —(aVP(z(t)) + BV(z(t)))* for some
o, B,p,q,k>0:pk<1,gk>1,
then the origin is globally fixed-time stable for system (9)
and the following estimate holds:

1 1
aF(1—pk)  Br(gk—1)

Lemma 3 [28]: For any positive scalar v > %,d& <
—(2v—1)
2v _
Lemma 4 [14]: If G is connected, then the matrix H

associated with G is symmetric and positive definite.

T(Zo) < Vzo € R" (12)

d2+§a2 withd =a —a.

2.5. Problem formulation

The attitude state error of an individual spacecraft with
respect to the reference attitude state is denoted as

€1i =dqi—{a; (13)
eZiZQi*q.da izl,...,n. (14)

The dynamic equations for the attitude state errors of the
ith spacecraft in the formation can be expressed as

é1; = ey, (15)
eZl:hl_qd—"ﬁl—"_glv l:177n (16)

The goal of this paper is to design distributed attitude con-
trol law u; for the n rigid spacecraft such that all spacecraft
attitudes reach synchronization, meanwhile track the ref-
erence attitude in fixed time.

3. MAIN RESULT

3.1. Fixed-time-based sliding mode surface design

In many researches, the terminal sliding mode (TSM)
and the nonsingular TSM (NTSM) are commonly used
for rigid spacecraft attitude control. In order to improve
convergence rate, fast terminal sliding mode (FTSM) and
nonsingular FTSM (NFTSM) are adopted by [14] and [17]
respectively. The expressions can be defined by the fol-
lowing differential equations:

FTSM: s = &+ Oyx + 0ox?/4, (17)
NFTSM: s = x + oysighx + o,sig"x, (18)

where sig’x = sign(x) [x|"", sig”x = sign(x) |%|*, and

sign (x) is defined as

1, x>0,
sign (x) =< 0, x=0,
-1, x<0,

besides, 07 and 0, are positive constants respectively, the
positive odd integers p, g are chosen such that% <plg<
Land 1 < <2, <.

Remark 1: As shown in [16], since p,q are positive
odd integers, FTSM (17) can be rewritten as s = X+ o1x+
0,sig?/x. It is found that if the sliding manifold (17) s =0
is reached, x = 0 will be reached in a finite time deter-
mined by

q In G]X(O)%+Gz
c1(g—p) o '

T, = (19)
Furthermore, the time derivative of the sliding manifold s
defined by (17) is given by

O
§= i+ ot P2 yplay, (20)
q

Unfortunately, due to p/q— 1 < 0, the singularity will oc-
cur if x = 0 and x # 0. In order to overcome the drawback,
NFTSM (18) is put forward. And the time derivative of
the sliding manifold s defined by (18) is given by

S=x+0o1N |X|yl_lx+02}/2|X|yz_ljf. 21

It is found that singularity dose not occur in this situa-
tion since 1 < 9» < 7. For any given initial state x(0) on
NFTSM surface, the system state converges to x = 0 in
finite time [17]

S 113 (O TRy R N S DU B
"oo(p-1) P n-Dr (m-Dp’
~ 0 |x(0>|”“>, (22)

where F'(-) denotes Gauss’ Hypergeometric function (see
[29] for further details). Usually, the exact form of
F(-) varies with the involved parameters. For example,
F(—n,b;b;—2) = (1+2)"; F(1,1;2;—z) = @

Obviously, the convergence time of above two sliding
mode surfaces are dependent of initial state x(0), imply-
ing that the convergence time will be long if initial state
x(0) is far away from the equilibrium point x = 0. In this
situation, the required settling time could not be satisfied
in practical application. In the design of the control sys-
tem, we expect to obtain the fixed upper bound of the set-
tling time. Thus, the fixed-time convergence concept is
proposed by Polyakov [18].

Inspired by the work of [18,30], a fixed-time-based slid-
ing manifold is proposed as

s = sig n X+ 03sig’! x + o481g° x, (23)
where 03 > 0, 04 > 0, % <ki<1l,1<p <gi,pk <1,
g1k > 1.

Remark 2: It can be noted that sliding manifold (23)

is a transformation expression of NTSM in [30]. The ad-
vantage of (23) is that the range of the power p;, g1, ki
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is larger than that of the power m;, n;, i = 1, 2, 3 in [30],
which is not restricted to positive odd integers. The time
derivative of (23) is given by
| B
s = k— |x| kll lx—i— O3P1 |x|p171)€—|— 0481 |x|g‘7lx. (24)
1
Dueto 1 < ki], 1 < p1 < g1, the singularity will not occur,
and the fixed-time-based sliding mode is nonsingular. By
a similar analysis in [30], we conclude that any given ini-
tial state can converge to x = 0 in fixed time, with a settling
time
1 1
Ty = + . (25)
oy (1=piki) oy (giki —1)

It is obvious that T}, is independent of initial state x(0),
and only with regard to parameters which can be designed
in advance. Therefore the upper bound of the settling time
could be estimated without requiring knowledge of the ini-
tial conditions, and the settling time could be shorter than
that of FTSM (17) and NFTSM (18) when initial state is
far away from x = 0.

3.2.  Construction of the fixed-time sliding-mode esti-
mator

In most literatures, all the followers need the information
of the leader and the input control torques of neighbours,
which increases the communication flow among neighbor
spacecraft in the formation and the cost of SFF task, mean-
while yields an algebraic loop problem existing in the con-
troller presented in [31]. In order to solve these problems,
two distributed fixed-time sliding-mode estimators are in-
troduced in the following discussion, which are used to
obtain the accurate estimates of g, and §,, respectively.
The expressions are given as

A Tay
qi:_ | Zslguz [Zau

—4; ‘H’( —q4)
JEN;

+oysig (Z aij(4i —4;) +bi(qi qd)ﬂ
JEN;
— Asign lz a;;(g

JEN;

—q;j) +bi(q qd)] . (26)

{}i:_ 1 Slga? lzau +b( Qd)

JEN;

+a1Sigal <Z au +b ( C]d))]
JEN;
_lzsign lz aij(ﬁ,

JEN;

;) + bi(V; _Qd)] , @27

where §; and 7; are respectively the estimate of g4 and ¢,
o >0,8>0,1<a; <2,a; > a, A and A, are positive
constants.

Two proofs of two estimators are similar, so we choose
to proof the first estimator.

Proposition 1: Consider a multiple spacecraft system
modeled as (2)-(3) under Assumptions 1 and 2, and a dis-
tributed sliding-mode estimator is designed as (26) for the
ith follower. If }Ll > 9 = Sup|q'dm|, m=1, 2, 3, then
gi; — qa converges to zero in fixed time.

Proof: Let e, = §i — qa, ¢ = leg,,- -, e,,]", then we
have
€gi=— ,31 = 51g“z Z aij(eqi — eqj) + biegi
JEN;
—+0 Sigal Z aij(eqi — €qj) + bieqi
JEN;
— A] sign [ Z aij(eqi — eqj) =+ b,-eq,- — qd, (28)
JEN;

and the vector form can be written as

=—B " Slg"’ [(H®L)eq+ ausig” (H®1)e,)]
—Aisign((H®B)ey) — 1y ®4a, (29)

where (% denotes the Kronecker product and 1y =
[1,...,1]".

Based on Lemma 4 and the property of Kronecker prod-
uct, we obtain that H ® I3 is positive definite. Then we de-
fine a Lyapunov function as V, = le;f(H ®1L3)e,, and let
p= (H®I3)eq, i.e., p= [p] 1,P125--- 7pnz,p,ﬁ]T, then tak-
ing the time derivative of V,,, we obtain

n 3

Vy=—B " Z Z PimSign(Pim + Q1 8ign(Pim))

i=1m=1
oL
|| pim| Slgn(Pim) + o Slgn(Pim) |Pim| ™ |2

- )Vl Z Z pun| - Z Z pthdm

i=1m=1 i=1m=1

“ZZZIP

i=1m=1

az ‘szH‘al |sz| )

n 3 alﬁz a
Z,Z 1(P7) )

aj+ay

1
< (9qu Lo qu) ’ (30)
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where ¢ = (3N) " (2Awin(H)) ™, and ¢ = (3N) 5
X (2Amin(H)) "7, and Lemma 1 has been used in above
inequality. Due to @bl L o ate. L5 and from

Lemma 2, we conclude that \ and consequently eg4i con-
verge to zero in fixed-time, w1th a settling time

€1 €L
2612 ﬁlﬂz + 202[3102

%S €1 L
6 (1) (ug)e (a1 —ar)

(3D
]

Remark 3: It is clear that the settling time is indepen-
dent of initial conditions e,;(0), that is to say, whatever
the initial estimate error §; — g4 is, §; always track g, in
Ty. Similarly, ¥; also tracks ¢, in Ty. Therefore, based on
the sliding-mode estimator, the attitude state errors can be
rewritten as

61 =qi—qi, (32)
Ori=qgi—V;, i=1,....n. (33)

In addition, 6;; and 6,; are equal to e;; and ey; after Tj
respectively. Based on the sliding manifold given by (23),
the sliding manifold s; € R? for the ith spacecraft in the
formation is defined as

5= sigﬁ 02+ 03;51g” 0y + 0y;8ig®' 0y, i=1,...,n,
(34)

where 03; and oy are positive constants, respectively,

. . . . T . L
sigh 0y, = [sigh 0y;1,sig"" O1,s1g” O3], sigh 0y =

T
[sigﬁ 631, sight Brpn, sight 92,-3} After Ty, the sliding
manifold s; is equivalent to

i . . .
s; = Sigh ey; + 03;81gP ey + Oysigiley, i=1,...,n.
(35)

3.3. Design and stability analysis of the controller

In this section, the distributed fixed-time controllers
will be designed for n rigid spacecraft in the presence of
external disturbances, such that attitude errors e¢; and e,
can converge to small regions in fixed time respectively.

It follows from (8) that ||g;|| < I - lldi]| - Tn ad-
dition, according to Assumptlon 3, (5) and llgill <1, we
can conclude that there exists a positive but unknown con-
stant 1); such that ||g;|| < 1;. In order to estimate the upper
bound parameter 7);, the adaptive update law is introduced
as

.1 13 1

Ni==— | —20i+ — i im| |

n 2Ci< n+klm§1‘2 "l |>
i=1,...n, (36)

5(20 1)

where 7); is the estimate of 1;, and ¢; = ,0>0,

0; > 0 are design parameters.

Based on the fixed-time sliding mode, the fixed-time
sliding-mode estimator and the adaptive update law, the
distributed control law with boundary layer for the ith
spacecraft is now given as follows:

u; =JiPi;,

1 _

g (92i)}|91i|p' !
— G4ik1g1diag {Sig27ﬁ (02,)} |91i|g1—l — llsigpzsi

— losig®s; — Ujagp, (37)

0=—h+v— 03k p1diag {Sing

where s; takes the form of (34), [; > 0, I, > 0 are the reach-
ing law parameters, p,, g, are positive constants satisfying
p2>1,8<1,and

singﬁ (62)
.o L Lo L S T
= [Slg “(6ai1), sig” f (02), sig” b (921'3)} ,

T
e L e T N O

T
6,5 = [\91i1|g'_]7 16127, |91i3|g1_1} ;

. . . . T
sigh2s; = [sigls;, sighsp, sighss]

. . . . T
sigh2s; = [sighs;1, sighsn, sighss] .

The adaptive 1aw uiudp = [Uiadp1, Uiadp2, u,ddpg] estimates
the upper bound parameter of the external disturbances,
which is designed as
Sim A
‘ ””|nl, [sim| > &,
Sim m=1,2,3,

Uiadpm =
% ‘62im|ﬁ_l ﬁ,za |Sim‘ S &,
i

(3%)

where g > 0 is the design parameter.
Inspired by the controller design of [16, 17] and [28],
we can have the following theorem.

Theorem 1: For a group of spacecraft described by (2)-
(3), if Assumptions 1-3 are satisfied and the control laws
are designed as (37), the sliding manifold s; will converge
to the region [s;,| < @ 2 A UAy,i=1,...,n,m=1,2,3
in fixed time T; = Ty + 77, where Ty is given in (31), and

82+l
T, = maX(T117T12), T = + 50 (1 sy and Tp; =

(Pz Tu(p2—1)
T T Ay and
1

semin(2(2)7 2 (2 ) "),
T =275,

w\E ()
Ay = m1n<<ll> ,<12> )a

. Pt
‘L‘m:m1n(2 2 ‘L'ml,l),
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8, = min (2% 320, 1) ,

) 1

T,1 = min —|ez,|‘1 ,
ki

I A1
TmZ—mln *|621| )
2 1
oon, Y1 <4/ —,
Ci

+ (ci ‘I’l)

o=

1
Cllfla Vi >/,
ci

where Y, y, are two small positive constants. Further-
more, the attitude state error e; and e,; will converge to
the regions |ejim| < @; = Az UAs, |ezim| < A4 in fixed
time 7, = T, + T», where T, = 1

05m?

ol (1=pik)) il (giki—1)’
L 1
A; = min <(<‘;) (c%) gl) LAy =AY 403! ()" +
1 1
oyl (A3)*™", As = min <(§:> (ﬁ—:) g‘) ] <Ajisa

design parameter.

Proof: With the distributed fixed-time sliding-mode
estimators, g; and ¢, can be estimated in fixed time, thus
6,; and 6,; are equivalent to ej; and ey; after Ty respec-
tively. Next we will design distributed attitude control law
u; for (15)-(16). Furthermore, the sliding manifold s; can
be rewritten as (35), and the distributed control law i&; can
be rewritten as

L —
¥ (ex) f ent” ™!

ﬁ (62,’)} ‘€1i|g171 —llsigms[

— 1Sig82s; — Ujaqp, (39

il = — hi + V; — 03k prdiag {sigz*

—0y;k; g diag {sig2_

and the corresponding 6,; in (36) and (38) are transformed
as ey; after Tp.

For each spacecraft, consider the following Lyapunov
function candidate

1t
—sT S; —&—c,n, , (40)

Vi=
2 1

where TN'I,‘ =MNi— ﬁ,‘.
Taking the time derivative of the Lyapunov function V;,
we have

. 1 1
V,-:siT[—k—diag{|ez,-|kll "V (1isighs; + bLsig®s;)
1
ld. h
—_ — | k1
¢ dingfea
—Zc'ﬁ'ﬁi

<_*Z‘621m| ! |Y1m|p7+l

_ 1 . 1
Nty + - diag{leal T el

dlag{lezzl ity

3 1 i 1
_£Z|€2im|k' 1\Sim|gz+1+&Z|€2im\k‘ siml
klm:l kl m=1

—2¢;Ti M. (41)

For the case of |s;,| > &;, substituting u;,q, and (36) into
(41) results in

Vi<—— Z IeszW_l |Stm|p2+1 771 Z |eim| 1 : |Stm|

I m=1
b L Ul L
Tk Z |€2im|" |Sim‘g2-‘rl - Z |€2m " [im]
kl m=1 kl m=1

+2670M;

3
ptl ~
=T 22 (Z Esim - (Cir'iz) ?
m=1

gl 1-g
*Tm2'2 737 (

Pz\]

(Czn, )T+ (e ~12) T+ 2671
patl . o+l
<- vaizT - = mVi 22 + C()' (42)

It follows from Lemma 3 that
6(20—1) 72+ 65 2

8.7 < — 43
niNi < 2o 43)
if 827052 > 1 thatis ¢;fj? > 1, we have
Fz\l =2 g t+!1
Co=(cifi’) = +(c@)
- c6; ~ o9
=l + =) — e+ =on?
g+l -
<(eif}) > —edf +08n}. (44)

Moreover, assume that there exists an unknown constant
v and a compact set D such that {);||f;| < y; }. Then
we have

1
G < o8mF +(cv) T — i, (45)
if 22172 <1 thatis ¢;)? < 1, we have
pz+l 2 lh+1
(Clnt ) 2 afi?<1 (C 771 ) afi?>1 - (46)
So
pr+1 PN
Go=(cii?) ™ +(eii?)
o0; o0;
—c:? 'n?_ .2 'n2
Clnl + 2 i le + 2 77:
<om;. (47)
Then, we have
. o+l g+l
Vi<—t,V, 7 28,V 7 +4, (48)
where
5n? < l
(o lnl ) llfl = C'7
Go= ' 1
s+
oom; +(ciyt) T —ayi, yi > Vo
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For the case of |s;,| < &, substituting u;,q, and (36) into
(41) results in

~ hog Lot et
WS_FZ|32im| 1 |Sim‘
1 =1
L 1
- ki Z |e2im|kl ! |sim‘ngrl
1 m=1

~n2 3
n; 2 a1y
- Sim |621m| !

k18,' el

N o L
+ F Z |e2im|kI |Sim‘
1 =1

_ I 1
— i <_25ini+ ki Y lezin| 1|Sim|>
1 m=1

R et

b
b

esz| 1 ‘g2+l

_h
ki

1 2
N i (”"'S'”"%'“ )

kl m=1 \/El 2
% 1l
patl 1— 5'2 +1
<-1,V,* =276,V =N +{. 49)
So
3¢
= . 50
G Co+4k1>Co (50)

Therefore, according to the analysis of two cases, we can
obtain

])2+l

V, < — —TnV; * —

+Co (S

Then, equation (51) can be rewritten as the following two
forms:

pr+1 -8 LH
S R N T P )
‘/1'2
P+l g g+l
Vi< —nvT - (2%, |vF (53
V'z

l

Similar to the analysis of [16, 17] and [28], next it will be
discussed in two cases.

Case 1: For the case e;,, # 0, from (52) if 7, — % >
v, 2
0, then the fixed-time stability is still guaranteea, and
hence, by using Lemma 2, the sliding manifold s; for ith
spacecraft will converge to the region

I5un] < ﬁ(CO)”“ (54)

Tﬂl

g+l
2 277~ .
oo T &n(lzg)' From (53) if

go+1 > 0, then the sliding manifold s; for ith
V 2
spacecraft will converge to the region

[sim| < V2 ( - C ) (55)
76,

in fixed time 77;. Therefore all the sliding modes s; can
converge to the region [s;,| < A; in fixed time 77y, with

wemn(43(2) (58

m

in fixed time T =
2525, —

Case 2: For the case ey;,, = 0, it; degenerates into the
following form

i =—h;+ \A/,‘ -1 sig”zsi — lQSiggZS,‘ — Ujadp- (56)

Substituting (56) into (16), we have

g = —1ysighs; — 1hsigss; — Ujaap + 8- (57
Let g; = g — Ujaap, the upper bound of g;, is assumed
as Y, i.e., |gim| < Yo. Then we have |s;,| < ( )"2 or
|Sim| < (‘f’—;)&z in fixed time T}, = ([h 5+ lz( o Fur-

thermore, for any ey;,, = 0 and s;,, §é (Isim] < Az), it fol-
lows that é,;,, # 0.

Therefore, according to the analysis of Case 1 and
Case 2, once sip ¢ (|sim| < AjUA;), all the sliding modes
s; can converge to the region |s;,| < ¢@; in fixed time
Tl = max(TH,le).

For the case e, # 0, |sim| < Ay, from (35), we conclude
that

1
sighre 21m+63151gplelzm+64151g €lim = M, |.ul|<A1
(58)

The preceding equation can be rewritten in the following
two forms:

Hi .
—— | sig’elim

1
sighi ex; + | 031 —
£ caim Cosighenim

+ 64,~sigg‘e1,~m = 0, (59)
Sig €20 + Osig” €1im
+ <G4i - gﬁll) sig¥eyjm = 0. (60)
S1Z° €1im
From (59), if o3, — glgme > 0, then the fixed-time-based

SM is still kept, and hence, the state error ey; for ith space-
craft will converge to the region

H;
|eltm| < <63i> (61)
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in fixed time Tp = ——1 —L _ From (60), if
o3} (1-pikr) o, (g1ki—1)
Oy — —H— > 0, then the fixed-time-based SM is still

sigtl eqim R
kept, and hence, the state error e,; for ith spacecraft will

converge to the region

Hi ]
im - 62
el < (£ ©

4i
in fixed time 7. Therefore, the state error e;; will converge
1 il
. _ . i P i 81 . .
to the region Az = min ((@) , (E) ) in fixed time

T5. Furthermore, the state error e;; converge to the region
k k k k k
|62,~m| < All + (53; (A3)p] "+ 64; (A3)gl '=Ay (63)

in fixed time 75.
For e = 0, |sim| < Ay, the state error ey; will converge
to the region

1 1
AN Ao
MM<mm<Q;),<;) ):&. (64)

Therefore, according to the analysis of two cases, the state
error eq; and the state error ep; will converge to the region
lerim| < ®@; = A3 UAs and the region |ey;,| < A4 in fixed
time 75.

From the above analysis, we conclude that using the
distributed fixed-time sliding-mode estimators (26)-(27)
and the control input (37), the sliding manifold s; will
converge to the region |s;,| < ¢; = A UA; in fixed time
T, = Ty + T, furthermore, the attitude state error e; and
ey will converge to the regions |ey;,| < ®; = Az U As,
lezim| < Ag in fixed time T, = T; + T5.

The proof is completed. ]

Remark 4: Since the sliding mode estimator is em-
ployed in the design of controller, the adaptation law is
only required to estimate the upper bound parameter of
external disturbances existing in each spacecraft itself. In
contrast to estimating the upper bound parameter of total
external disturbances HZ’J’-: lijgi+ big,-H in [17], the adap-
tation law in the proposed controller only estimates ||g;||
for each spacecraft. Since the upper bound of estimation
is largely decreased, the convergence rate and estimate ac-
curacy of the closed-loop system are improved.

Remark 5: Based on the fixed-time sliding mode and
sliding-mode estimator, this paper proposes the distributed
fixed-time control laws. Compared with [19], the con-
structed sliding-mode estimators (26) and (27) provide
fixed settling time independent of initial conditions, which
improves the convergence rate especially when the ini-
tial state is far away from the equilibrium. Furthermore,
in contrast to the dynamics without disturbances in [19],
our paper studies the synchronization problem of multi-
spacecraft systems with external disturbances. Compared

with [17], the proposed control laws (37) have the follow-
ing advantages: First, all the follower spacecraft in [17]
need the real time state information g, and ¢, of the leader,
while our controller based on fixed-time sliding-mode es-
timator only requires that the followers connected to the
leader directly can get the real time state of the leader and
meanwhile other followers only require the constant up-
per bound of the leader’s state, which reduces the com-
munication interaction between each spacecraft; second,
the control laws (37) require no input information of the
neighbour spacecraft, therefore avoid the algebraic loop
problem; third, the tracking errors converge to the regions
in fixed time independent of initial states.

4. SIMULATION RESULTS

In this section, numerical simulations are carried out to
verify the effectiveness of the proposed fixed-time SM and
attitude synchronization control strategy. Firstly, compar-
isons are made to show the faster convergence of Fixed-
time SM. Then, we compare the performance of the pro-
posed sliding-mode estimator and the finite-time sliding-
mode estimator. Thirdly, simulations for comparisons of
convergence rate and performance of the control laws are
given.

In the simulation, we consider a scenario with four
follower spacecraft which are governed by (2)-(3) and
one virtual leader. The communication topology for four
spacecraft and the virtual leader is shown in Fig. 1, thus
corresponding Laplacian matrix L and leader adjacency
matrix B can be respectively described as:

2 -1 -1 0
-1 2 0 -1
-1 0 2 -1’
o -1 -1 2

L=

and B = diag{1,1,0,0}. The spacecraft in the formation
are considered to nanosatellites, the inertia matrix for each
spacecraft is chosen from [32]

=1[10.10.1;0.10.10.1;0.1 0.1 0.9] kg-m?,
[1.50.20.3;0.20.9 0.4;0.3 0.4 2.0] kg-m?,
[
[

0.8 0.10.2;0.10.70.3;0.20.3 1.1] kg'm?,
1.20.30.7;0.30.90.2;0.7 0.2 1.4] kg-m”.

Ji
Ja
J3
Js

)

Fig. 1. Communication topology for spacecraft formation.
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Table 1. Initial states and parameters of estimators.

Parameter name Value

Initial states 41 =1[0,—0.2,0]"

4, =1[0.4,0.2,0.6]"

43 =10.1,0.1,0.15]"

4q =[0.3,—0.08,0.45]"

%, = [—0.1,0.05,0.15]"

0, =1[0.1,0,0.3]"

3 = [—0.05,0.2,—0.2]"

4 = [0.04,—0.04,—0.1]"

Desired trajectory | g, = [0.2c0s(0.5¢),0.2sin(0.5¢),0.3]"

a :27612:i

Estimator 3>

parameters

o =p=1,

Ay =0.05,4, =0.06

Table 2. Numerical simulation parameters.

Parameter name Value
Initial states q1(0) =[2.2,2.0,—2.2]"
¢:(0) =[-1.9,2.0,2.9]"
q:(0) = [—1.9,-2.3,2.55]"
q4(0) = [—1.5,2.72,—1.25]"
Initial angular @,(0)=10,0,0",i=1,...,4
velocity
External d; = 0.01 [sin(27),cos(21),sin(4r)]"
disturbance
Control 03 =04 =0.3,
parameters
ki=3,6=05
P1 §781 %
P2 = %782 = %
[, =05,,b=0.5
6=2,0=1

7:(0)=0,i=1,...,4

The initial states and numerical parameters of the fixed-
time sliding-mode estimator are selected in Table 1. The
initial attitude of each spacecraft in the formation and
other numerical parameters are given in Table 2.

4.1. Faster convergence illustration of fixed-time SM

In order to verify the faster convergence performance
of fixed-time SM comparing with FTSM and NFTSM, we
consider the following sliding modes:

FTSM: s, = x| +x +sigix,
NFTSM: 55 =x, + 0.01sig%x2 =+ 0.0lsiggxz,
Fixed-timeSM: s3 = sig%)Q + lOOSig%x3 + sig%x3

with the initial state x;(0) = 20 and x;(0) =200, i =1, 2,
3. Let all above sliding modes equal to zero, then we have

FTSM: %, = —sigsx; —xi,

Fixed-timeSM

0 . . . L

. . . .
0 0.5 1 15 2 2.5 3 35 4 45 5
Time(s)

Fig. 2. Comparison of FTSM, NFTSM and fixed-time SM
when x(0) = 20.

200

|
Y T FTSM
180} i
0 i NFTSM
1 Fixed-timeSM
160 3 il
)
\
\
140 Y B
Ly
Y
)
120 \ B
\.
AY
» 1001 \." 4
AY
\
80| \ B
\.
AY
60 N i
.\‘
,
40 \_\ -
\.\‘
20 oy i
"'—...__
0 ‘ ‘ ‘ T, ‘
0 05 1 15 2 25 3 35 4 45 5

Time(s)

Fig. 3. Comparison of FTSM, NFTSM and fixed-time SM
when x(0) = 200.

NFTSM: # = —sig? (100x2 +sig%x2) ,

3

Fixed-timeSM: x3 = —sigs <IOOSig%x3 —&—sig%x_g) .

The convergence curves of FTSM, NFTSM and fixed-time
SM are shown in Fig. 2 and Fig. 3 when the initial states
are 20 and 200 respectively. It can be seen from Fig. 2
and Fig. 3 that fixed-time SM have better convergence rate
than FTSM and NFTSM. Furthermore, whatever the ini-
tial state is, the initial state of fixed-time SM can converge
to zero in 0.6s, implying that the upper bound of the set-
tling time is independent of the initial state.

4.2. Fixed-time tracking of sliding-mode estimator

In this section, the performance comparison between
the proposed sliding-mode estimators and the finite-time
sliding-mode estimators is studied. For this example, the
finite-time sliding-mode estimators proposed in [33] are
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—a —a

4

in 1

|
0 05 1 15 2 25 3 35 4 45 5
Time(s) (a)

|
0 05 1 15 2 25 3 35 4 45 5
Time(s) (b)

Fig. 4. The estimates of g4. (a) Fixed-time sliding-mode
estimator in (26). (b) Finite-time sliding-mode es-
timator in [33].

defined as

Gi=—Msign | Y aij(gi—4;)+bi(gi—qa)|, (65)

JEN;

0= —Josign | Y ay(9%i—0;) +bi(0i—qa) |- (66)
JEN;

All parameters of the finite-time sliding-mode estimators
are chosen the same as those given in Table 1. It can be
seen from Fig. 4 and Fig. 5 that the estimates §; and V;
of our sliding-mode estimators precisely coincide with g,
and ¢, in 1 s, while the estimates §; and ¥; in (65) and (66)
coincide with g, and ¢, in 5 s approximately. The simu-
lation results validate the faster convergence performance
of the fixed-time sliding-mode estimators comparing with
the sliding-mode estimators in [33].

4.3.  Simulations for attitude synchronization

In this section, simulations for attitude synchronization
are given. With the proposed controller (39), the response

Di3

Time(s) (b)

Fig. 5. The estimates of ¢,. (a) Fixed-time sliding-mode
estimator in (27). (b) Finite-time sliding-mode es-
timator in [33].

curves are shown in Fig. 6 and Fig. 7. Fig. 6 shows the
response curves of attitude tracking errors e; (i =1, ...,
4) for each spacecraft. It is clear that all attitude tracking
errors converge to the neighborhood around zero in fixed
time even in the presence of external disturbances, which
validates the effectiveness of the controller (39). The re-
sponse curves of control torque for each spacecraft are
shown in Fig. 7. It is observed that chattering is avoided
since the bounded-layer is implemented. These simulation
results imply that the proposed controller (39) provide the
fixed time control and good robustness.

In order to investigate the performance of the pro-
posed controller on attitude synchronization, station-
keeping attitude error and overall control effort metrics
are employed. The station-keeping attitude error metric
(SKAEM) is defined as [14]

SKAEM = (67)
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and the overall control effort metric (OCEM) exerted by
the spacecraft in the formation is defined as

OCEM = ||} Jluil*. (68)
i=1

In order to meet the spacecraft application require-
ments, we consider the multiple rigid spacecraft system
under actuator saturation, and the dynamic (2) for the ith
spacecraft is expressed as

Jiw; = —a)iXJ[a),-+sat(ui)+di, i= 1,...,]’1, (69)

where sat (1;) = [sat (i;1) , sat (i) , sat (u;3)]" is the vector
of actual control torque and sat (u;,) (m =1,2,3) is de-
fined as

@, if uy > O,
sat (uim) = Uim, if |uim| S ®a
-0, if u, < —0,

with the input limit ® = 1 Nm.

For the multiple spacecraft system under actuator sat-
uration (69), the performance of the proposed controller,
the NFTSM-based controller (NFTSMC) and the FTSM-
based controller (FTSMC) are compared next. For this
example, the NFTSM s; is defined as

1
si = eq;+ 03818 ey + O4;8igh e, (70)
and the FTSM s; is defined as
5; = es; + O3ie1; + Oy;sigh ey (71)

All parameters of the NFTSM and the FTSM are cho-
sen as the same as those given in Table 1 and 2, and
the corresponding distributed controllers are chosen as
those in [17] and [14]. The response of SKAEM and
OCEM for the proposed controller, the NFTSMC and the
FTSMC are shown in Fig. 8 and Fig. 9. It can be seen
that the fixed-time-based controller can provide faster con-
vergence and higher attitude synchronization performance
than the NFTSM-based controller and the FTSM-based
controller.

5. CONCLUSION

In this paper, the distributed fixed-time attitude syn-
chronization control problem is studied using fixed-time-
based TSM associated with sliding-mode estimators. A
novel fixed-time TSM is constructed based on the atti-
tude state error for each spacecraft, whose settling time
is independent of initial conditions. Then, based on the
fixed-time sliding-mode estimators, the distributed adap-
tive controllers with boundary layer are proposed, which
can force the attitude state errors to small regions contain-
ing the origin in fixed time. Moreover, the proposed con-
trollers are chattering free and avoid the algebraic loop

28 e €111 E
kkkkk ~12
oF = 5
.ZF
. . . . . . . . .
0 2 4 6 8 10 12 14 16 18 20
Time(sec) (a)
.
<}
=}
ok T T T
BRI 1= et €112 B
N P
g O] o :33 —
8 2" —
2 1 1 1 1 1 1 1 1 1
E o 2 4 6 10 12 14 16 18 20
< Time(sec) (b)

Us === €133 |
........ €143

S
L
\

. . . . .
0 2 4 6 8 10 12 14 16 18 20
Time(sec) (c)

Fig. 6. Attitude tracking errors. (a) ej;1, (b) €12, (C) €13

i=1,..,4).
£
3
-
E
Z
-
Time(s)

1

05 g
z =
Z o - L mwmzIoE
=" u

05fy ]

\\,’
1 4 I I I I I I I I I
0 2 4 6 8 10 12 14 16 18 20
Time(s)

1
E
3
-

1 . . . . . . . . .

"o 2 4 6 8 10 12 14 16 18 20
Time(s)

Fig. 7. Response curves of u; (i =1, 2, 3, 4).

problem. The performance of the proposed controller is
examined through numerical simulation, which shows that
the proposed controller can provide faster convergence
and higher accuracy than the existing controller. In future
work, the extension of the fixed-time controller to output
feedback control without velocity measurements will be
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The proposed controller
==== NFTSM-based controller

FTSM-based controller

~——

. . . . .
10 12 14 16 18 20
Time(s)

Fig. 8. Performance comparison: SKAEM

The proposed controller
==== NFTSM-based controller
FTSM-based controller

Time(s)

Fig. 9. Performance comparison: OCEM

investigated.
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