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Adaptive Dynamic Surface Control for Spacecraft Terminal Safe Ap-
proach with Input Saturation Based on Tracking Differentiator
Guan-Qun Wu, Shen-Min Song*, and Jing-Guang Sun

Abstract: This thesis studies the spacecraft terminal safe approach control problem considering input saturation.
Based on the spacecraft relative motion model and sphere collision avoidance potential function, an anti-saturation
controller and an adaptive finite-time anti-saturation controller using dynamic surface control(DSC) are presented
for the situations of known and unknown upper bound of external disturbances respectively, which can guarantee
that no collisions happen in the tracking process. The second-order tracking differentiator is introduced to design
the controllers, which avoids the differential of the virtual control signal and ensures the tracking performance of
system output signals. Meanwhile, the auxiliary system is introduced to handle input saturation. Lyapunov stability
theory is adopted to prove that the states of system under the designed controllers are uniformly ultimately bounded
and practical finite-time stable respectively, and the chaser spacecraft can approach to the desired position without
collision. The numerical simulation results demonstrate that the chaser spacecraft using the designed controllers
can realize terminal safe approach to target spacecraft, which further illustrate the effectiveness of the proposed
controllers.

Keywords: Collision avoidance, dynamic surface control, input saturation, potential function, terminal safe ap-
proach.

1. INTRODUCTION

With the rapid development of space technology and
the increase of space strategic position, the on-orbit mis-
sions such as rendezvous and docking, space debris re-
moval, spacecraft capture, spacecraft maintenance have
caused more and more attention of many countries [1–4].
To complete the space on-orbit missions successfully, the
chaser spacecraft must approach to the desired position
near the target spacecraft quickly. In the complex space
environment, for the further on-orbit operation, the accu-
racy requirement of actual arrival position must be satis-
fied. Thus, the terminal approach control strategy must
have high control precision and strong robustness. Addi-
tionally, because the chaser is close to target in the pro-
cess of terminal approach, taboo area where collision may
happen easily must be avoided. Therefore, the research of
spacecraft terminal approach robust control scheme con-
sidering safety constraint is the study keystone for the
completion of on-orbit missions.

In recent years, many academicians have embarked on
extensive researches and explorations related on control
of spacecraft proximity relative motion, and many robust
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nonlinear control techniques have been adopted for rela-
tive motion control. For dynamic model based on the C-W
equations with uncertainties, a controller for rendezvous
problem with the limited-thrust was designed by handling
convex optimization problem in [5]. To drive the chaser to
approach to the target, a modified adaptive controller with
uncertain parameters was presented in [6], under which
asymptotic convergence of the system states was proved.
In [7], an integral sliding mode controller was proposed
using linear quadratic optimal control theory to track fuel-
optimal trajectories for spacecraft hovering around ellip-
tic orbits. Using back-stepping method and neural net-
works, a robust adaptive controller was designed in [8]
for spacecraft rendezvous and docking, with which the
system states were proved globally uniformly ultimately
bounded. In [9], a neural network-based adaptive second
order sliding mode controller was presented to solve rela-
tive orbital control problem. For discrete-time stochastic
systems with state and disturbance dependent noise, the
optimal linear state feedback control was derived under
the obtained necessary condition and the sufficient condi-
tion in [10]. In [11], to eliminate the conservatism, mis-
matched membership functions were introduced. Also a
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fuzzy sampled-data controller was designed and the supe-
riority has been verified. In [12], the optimal harvesting
control and dynamics of the stochastic delay model were
studied, also the performance of the theoretical results was
illustrated via theoretical analysis and numerical simula-
tions.

For the safety of the spacecraft, collision avoidance is
very necessary in controller design for spacecraft prox-
imity relative motion [13–20]. In [13], a new guidance
control method based on fuzzy logic was proposed for au-
tonomous rendezvous and docking with a non-cooperative
target, which used potential function to ensure safe ap-
proaching. By using the special potential functions and a
time-varying sliding manifold, the control laws were pre-
sented in [14] for maintaining configuration with avoid-
ing obstacles. For multiple Euler-Lagrange systems, the
finite-time controllers were designed to achieve accurate
formation with avoiding obstacles using null-space-based
and fast terminal sliding in [15, 16]. Recently, as the
in-depth study on the model predictive control (MPC),
some novel control schemes have been presented based
on MPC for rendezvous and docking considering obstacle
avoidance [17–20]. To handle spacecraft rendezvous con-
sidering obstacle avoidance and a line-of-sight cone con-
straint, the robust control schemes based on explicit MPC
and the linear quadratic MPC with dynamically reconfig-
urable constraints were proposed in [17, 18]. Based on
HCW model, an optimal control scheme was presented
in [19], which used MPC and sequence quadratic pro-
gram for rendezvous with nonlinear obstacle avoidance
constraint. In [20], the linear quadratic MPC and the non-
linear MPC were applied for spacecraft rendezvous and
docking, which can realize multiple obstacle avoidance.

The input of the actuator is limited in actual spacecraft
relative motion control. If the input saturation is not con-
sidered in the controller design, the system control per-
formance would be weakened, even the system instabil-
ity may be caused. Therefore, input saturation should be
taken into account in controller design [21–26]. In [21],
the spacecraft relative motion control with obstacle avoid-
ance was studied by using safe positively invariant sets,
and a graph search algorithm was used to tackle thrust lim-
its. In order to analyze the effect of input saturation, the
auxiliary system was introduced in [22], based on which
adaptive tracking controllers were designed for MIMO
systems with input saturation. In [23], a dynamic surface
control (DSC) scheme was presented for a class of uncer-
tain nonlinear systems with unknown disturbance, which
used a hyperbolic tangent function to approximate the in-
put saturation. For spacecraft rendezvous and docking, an
adaptive switching controller was provided in [24], which
introduced an auxiliary signal to compensate effect of in-
put saturation based on anti-windup technique. A satu-
rated adaptive back-stepping controller for spacecraft ren-
dezvous and proximity operations was designed in [25],

which adopted auxiliary design system to deal with input
saturation. In [26], the saturated function was introduced
to handle input saturation constraints.

To ensure that no collisions occur in the spacecraft ter-
minal approach, the control forces may be large to avoid
the collision, which could cause that the inputs exceed
the limit of the actuator. However, the literatures sub-
ject to spacecraft proximity relative motion with collision
avoidance rarely consider input saturation, not to mention
the consideration of the robustness of the external distur-
bances and finite time. These deficiencies limit practical
applications of the methods. Therefore, for good engi-
neering application, it is challenging but meaningful to
design control schemes with high control precision for
spacecraft terminal approach considering safe constraint
and input saturation at the same time, and further the ex-
ternal disturbances and finite time convergence should be
taken into account simultaneously.

To further research the spacecraft terminal safe ap-
proach control scheme with input saturation, sphere col-
lision avoidance potential function is introduced to deal
with taboo area in the chaser spacecraft motion, based on
which two controller schemes are designed by using back-
stepping method and second-order tracking differentiator.
Compared with some existing literatures, the main contri-
butions of the thesis are highlighted as follows:

1) Compared with [17–20], the sphere collision avoid-
ance potential function is introduced according to the gen-
eral shape of the target spacecraft, and the sphere inte-
rior is set as taboo area, which makes collision avoid-
ance problem in terminal approach control be simplified
as boundedness problem of the reciprocal of the potential
function.

2) Compared with [27], the thesis provides two effec-
tive controllers without differentiating of the virtual con-
trols by using second-order tracking differentiator. And
the adaptive law is used in second-order tracking differen-
tiator to improve the tracking performance of the system.

3) Compared with [28], input saturation is handled by
using the auxiliary system in this thesis for terminal ap-
proach considering safe constraint, which makes the de-
signed terminal safe approach control schemes have prac-
tical significance. Further, with unknown upper bound of
external disturbances, the second designed controller in
the thesis can ensure safe constraint, input saturation and
finite-time convergence at the same time simultaneously.

The paper is organized as follows: Firstly, a brief de-
scription of the spacecraft terminal safe approach con-
trol problem is given, including the target orbit coordi-
nate system, spacecraft relative motion model of termi-
nal approach, safe approach condition and related assump-
tions. Secondly, an anti-saturation controller and an adap-
tive finite-time anti-saturation controller are designed for
the situations of known and unknown upper bound of ex-
ternal disturbances respectively. Also the corresponding
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Fig. 1. Illustration of target orbit coordinate frame.

stabilities are proved and analyzed by using Lyapunov the-
ory. Then, numerical simulations are given to verify the
effectiveness of the proposed controllers. In the end, the
conclusion of the thesis is presented.

2. PROBLEM FORMULATION

2.1. Spacecraft relative motion model of terminal ap-
proach

The target orbit coordinate frame Ft(Otxtytzt) is estab-
lished as shown in Fig. 1: The origin of coordinate is
located at the centre of target; The positive direction of
yt axis points to the target movement direction; The di-
rection from the centre point to the target position is the
positive direction of xt axis; The positive direction of zt

axis is perpendicular to target orbital plane, which meets
the right-hand rule with xt axis and yt axis.

The relative dynamics of the chaser and the target in
earth centred inertial (ECI) frame Fo(OXY Z) are described
as (1) and (2) respectively:

r̈rrc =−µrrrc

r3
c

+
fff dc

mc
+

ūuu
mc

, (1)

r̈rrt =−µrrrt

r3
t
+

fff dt

mt
, (2)

where µ denotes the gravitational constant, fff dc and fff dt

are all perturbation effects on the target and chaser, so rrrc

and rrrt represent position vectors of the target and chaser
in ECI frame Fo(OXY Z), respectively. And r̈rrc, r̈rrt are the
corresponding acceleration vectors, ūuu is the control force
of chaser, mc and mt are the masses of chaser and target
respectively.

Relative position vector X̄XX r in ECI frame can be written
as (3), and rewrite (1) and (2), relative acceleration vector
¨̄XXX r can be obtained as following:

X̄XX r = rrrc −rrrt , (3)

¨̄XXX r = r̈rrc − r̈rrt =−µrrrc

r3
c

+
µrrrt

r3
t
+

ūuu
mc

+
fff dc

mc
− fff dt

mt
. (4)

Mapping (4) into Ft(Otxtytzt), yields:

− µrrrc

r3
c

+
µrrrt

r3
t
+

uuu
mc

+
ddd
mc

= ẌXX r +ωωω t × (ωωω t ×XXX r)+ω̇ωω t ×XXX r +2ωωω t ×XXX v, (5)

where relative position vector and the relative acceleration
vector are denoted as XXX r = [x y z]T and ẌXX r = [ẍ ÿ z̈]T , re-
spectively. In target orbit coordinate frame, fff dc − mc

mt
fff dt

and ūuu are expressed as disturbances ddd and uuu, respectively.
Let XXX v = ẊXX r. So the position vector from earth’s core to
the target and the chaser can be defined as rrrt = [rt 0 0]T

and rrrc = [x+ rt y z]T , respectively. The angular velocity
of the target is defined as ωt = [0 0 θ̇t ]

T .
Simplifying (5), yields spacecraft terminal approach

relative motion model (6)-(9) as:
ẊXX r =XXX v,

ẊXX v =AXAXAX v +BXBXBX r +CCC+
ddd
mc

+
uuu
mc

,
(6)

AAA = 2θ̇t

 0 1 0
−1 0 0
0 0 0

 , (7)

BBB =− µ
r3

c
III3×3 +

 θ̇ 2
t θ̈t 0

−θ̈t θ̇ 2
t 0

0 0 0

 , (8)

CCC = µ[ 1
r2

t
− rt

r3
c

0 0 ]T , (9)

where nt =
√

µ
a3

t
, θ̇t =

nt (1+et cosθt )
2

(1−e2
t )3/2 , θ̈t =

−2n2
t et (1+et cosθt )

3 sinθt

(1−e2
t )3 .

2.2. Safe approach condition and control objective
In the process of approaching to the target spacecraft,

the chaser will be close to the target spacecraft within
short distance, which may lead to collision between the
chaser and the target. In order to control the chaser to ar-
rive at the desired position around the target safely, taboo
area where collisions may happen should be considered in
the motion process. The thesis selects sphere interior as
the taboo area whose centre is located at the centre of tar-
get, and the collision avoidance potential function is set as
follows:

h(XXX r) =
1

R2

(
x2 + y2 + z2 −R2) , (10)

where XXX r = [x y z]T , the radius of taboo area is R.
The initial position of the chaser needs to be set in safe

area, that is h(XXX r0) > 0. In the process of approaching to
the desired position, if the inequality h(XXX r)> 0 holds, the
chaser moves in safe area, which means that the chaser
does not collide with target in the process of approaching
to the target. On the contrary, if h(XXX r) ≤ 0, the chaser is
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in the taboo area where collision may happen. According
to the above analysis, if h(XXX r0) > 0 is satisfied and the
1/h(XXX r) is bounded, the chaser can avoid collision with
the target in the process of spacecraft terminal approach.

Control objective: In the thesis, two anti-saturation con-
trollers should be designed for the spacecraft terminal ap-
proach relative motion model (6)-(9) for the situation of
known and unknown upper bound of external disturbances
respectively, so that the chaser using the designed con-
trollers can approach to the desired position without colli-
sion with the target.

Remark 1: According to above analysis, the safety re-
quirement of position can be well reflected in the value
of the potential function, and collision avoidance problem
can be converted into boundedness problem of recipro-
cal of the potential function. Thus, tracking performance
and safety constraint can be considered together in con-
trol scheme, which can simplify the design of controller
for terminal safe approach.

2.3. Related lemmas and assumptions
Lemma 1 [29]: For n + 1 order tracking differentia-

tor (11), if the input signal αr contains a bounded noise
|χ1 −αr| ≤ κ , there exist positive constant νi, r̄i that make
inequality (12) hold:

χ̇1 =−r1 |χ1 −αr|
n

n+1 sign(χ1 −αr)+χ2,

...

χ̇i =−ri |χi − χ̇i−1|
n+1−i
n+2−i sign(χi − χ̇i−1)+χi+1,

...

χ̇n =−rn |χn − χ̇n−1|
1
2 sign(χn − χ̇n−1)+χn+1,

χ̇n+1 =−rnsign(χn+1 − χ̇n),

(11)

|χi −αri| ≤ νiκ
n+2−i

n+1 , i = 1,2, ...,n,∣∣υ j −αr( j+1)
∣∣≤ r̄ jκ

n+1− j
n+1 , j = 1,2, ...,n−1, (12)

where ri (i = 1, 2, ..., n+ 1) is positive constant, αr( j+1)
represents j order differential of αr.

Lemma 2 [30]: Suppose a1, a2, ..., an are all positive
constant, and ρ satisfies inequality 0 < ρ < 2, then the
following inequality holds:(

a2
1 +a2

2 + ...+a2
n

)ρ ≤
(
aρ

1 +aρ
2 + ...+aρ

n

)2
. (13)

Lemma 3 [31]: Considering the system ẋ = f (x,u),
where x is the state vector, u is input vector. There exists a
Lyapunov function V , if V satisfies both of the conditions
below, the system is practical finite-time stability.

1) V is a positive continuously differentiable function;
2) There exist α > 0, p ∈ (0,1), 0 < σ < ∞, and an

open neighborhood U ⊂ U0 containing the origin. Also
V̇ ≤−αV p +σ holds.

Assumption 1: The initial position and the desired po-
sition of the chaser XXX r0, XXX rd are assumed to be set in safe
area.

Assumption 2: The external disturbance ddd in (6) is as-
sumed to be bounded, and satisfies the inequality ∥ddd∥ ≤
dm, where dm is a positive constant.

3. CONTROLLER DESIGN

Based on the spacecraft terminal approach relative mo-
tion model (6)-(9), for the situations of known and un-
known upper bound of external disturbances, an anti-
saturation controller and an adaptive finite-time anti-
saturation controller are presented using DSC and the
second-order tracking differentiator, with which the
chaser can approach to the target safely.

3.1. Anti-saturation controller design for the situation
of known upper bound of external disturbances

To handle the spacecraft terminal approach relative mo-
tion model (6)-(9) with the known upper bound of ex-
ternal disturbances, the thesis designs an anti-saturation
controller using DSC method and second-order tracking
differentiator. The detailed processes of the design are as
follows:

Step 1: Define the tracking error variable zzz1 as follows:

zzz1 =XXX r −XXX rd , (14)

where XXX rd is reference signal.
Compute the first order derivative of (14), yields:

żzz1 = ẊXX r − ẊXX rd =XXX v − ẊXX rd . (15)

Define the virtual control αααvc1 as follows:

αααvc1 =−k1zzz1, (16)

where k1 is a positive constant.
Step2 : To deal with input saturation, the auxiliary sys-

tem (17) is introduced, where ∆uuu = uuu−uuuc, uuu is the ideal
control input, uuuc is the actual control input.

η̇ηη =−kηηη η +
∆uuu
mc

, (17)

where kη is a positive constant.
Define the tracking error variable zzz2 as follows:

zzz2 =XXX v − ẊXX rd −αααvc1 −ηηη . (18)

Compute the first order derivative of (18), yields:

żzz2 =ẊXX v − ẌXX rd −α̇ααvc1 − η̇ηη

=AXAXAX v +BXBXBX r +CCC+
ddd
mc

+
∆uuu
mc

+
uuuc

mc

− ẌXX rd −α̇ααvc1 + kηηηη − ∆uuu
mc
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=AXAXAX v +BXBXBX r +CCC+
ddd
mc

+
uuuc

mc
− ẌXX rd −α̇ααvc1 + kηηηη .

(19)

To avoid the derivative of virtual controller and improve
system performance, the second-order tracking differen-
tiator (20) is introduced in the thesis:{

χ̇1,i =−r1 |χ1,i −αvc1,i|
1
2 sign(χ1,i −αvc1,i)+χ2,i,

χ̇2,i =−r2sign(χ2,i − χ̇1,i),

(20)

where i= 1, 2, 3, r1 and r2 are positive constants, define χχχ1

and χχχ2 as χχχ1 = [χ1,1 χ1,2 χ1,3]
T and χχχ2 = [χ2,1 χ2,2 χ2,3]

T ,
respectively.

Applying Lemma 1, inequality (21) can be obtained:

|χ1,i −αvc1,i| ≤ ν1κ = lχ1,

|χ̇1,i − α̇vc1,i| ≤ r̄1κ
1
2 = lχ2, i = 1,2,3, (21)

where lχ1, lχ2 are positive.
For the situations that the upper bound of external dis-

turbances is known, based on (14)-(17), the controller is
designed as (22) and (23), where k2, kh, γlχ , plχ , lχ2c are
positive constants, and inequalities k2 >

1
2 kη , kη > 1 hold,

l̂χ2 is the adaptive estimation of parameter lχ2.

uuuc=mc
(
−k2zzz2 −zzz1 −AXAXAX v −BXBXBX r −CCC+ ẌXX rd

)
+mc

(
χ̇χχ1 − l̂χ2sign(zzz2)−

dm

mc
sign(zzz2)− kηηηη

)
+mc

(
kh

zzz2

∥zzz2∥2

(
2ḣ(XXX r)h−3(XXX r)−h−2(XXX r)

))
,

(22)
˙̂lχ2 = γlχ

(
∥z2∥1 − plχ

(
l̂χ2 − lχ2c

))
. (23)

Theorem 1: Consider the spacecraft terminal approach
relative motion model (6)-(9) with Assumption 1 and As-
sumption 2, the states of the system are regulated under
the designed controller (22) and adaptive law (23), the fol-
lowing conclusions can be drawn:

I) The variables zzz1, zzz2, l̃χ2, 1/h(Xr) are uniformly ulti-
mately bounded.

II) The collision avoidance potential function h(XXX r) is
positive, that is the chaser can avoid collision with the tar-
get in the process of motion.

III) The tracking error variables ∥zzz1∥, ∥zzz2∥ can converge
to any small neighbourhoods, that is the relative position
of the chaser XXX r can converge to any small range of the
desired position XXX rd .

Proof: Choose the Lyapunov function candidate as

V1 =
1
2

zzzT
1 zzz1 +

1
2

zzzT
2 zzz2 + kh

1
h2(Xr)

+
1

2γlχ
l̃2
χ2, (24)

where l̃χ2 = lχ2 − l̂χ2 is the estimation error.

Compute the derivative of V1:

V̇1 =zzzT
1 ż̇żz1 +zzzT

2 ż̇żz2 −2kh
ḣ(XXX r)

h3(XXX r)
− 1

γlχ
l̃χ 2̇̂lχ2

=− k1zzzT
1 zzz1 +zzzT

1 zzz2 +zzzT
2

(
AXAXAX v +BXBXBX r +CCC+

ddd
mc

)
+zzzT

2
uuuc

mc
+zzzT

2

(
−Ẍ̈ẌX rd − α̇̇α̇αvc1 + kηηηη

)
−2kh

ḣ(XXX r)

h3(XXX r)
− 1

γlχ
l̃χ 2̇̂lχ2

=− k1zzzT
1 zzzv1 − k2zzzT

2 zzz2 +zzzT
2

(
ddd
mc

− dm

mc
sign(zzz2)

)
+zzzT

2

(
χ̇̇χ̇χ1 − l̂χ2 sign(zzz2)− α̇̇α̇αvc1

)
− kh

h2(XXX r)
−

l̃χ 2̇̂lχ2

γlχ

≤− k1zzzT
1 zzzv1 − k2zzzT

2 zzz2 +
∥zzz2∥
mc

(∥ddd∥−dm)

+zzzT
2

(
χ̇̇χ̇χ1 − l̂χ2 sign(zzz2)− α̇̇α̇αvc1

)
− kh

h2(XXX r)
−

l̃χ 2̇̂lχ2

γlχ
. (25)

According to (21), inequality can be derived as:

zzzT
2

(
χ̇̇χ̇χ1 − l̂χ2 sign(zzz2)− α̇̇α̇αvc1

)
= zzzT

2 χ̇̇χ̇χ1 − l̂χ2 ∥zzz2∥1 −
3

∑
i=1

z2,iα̇vc1,i

≤ zzzT
2 χ̇̇χ̇χ1 − l̂χ2 ∥zzz2∥1 +

3

∑
i=1

z2,i
(
lχ2 − χ̇1,i

)
≤ ∥zzz2∥1

(
lχ2 − l̂χ2

)
. (26)

Substituting (26) into (25), and based on Assumption 2,
(25) can be written as:

V̇1 ≤− k1zzzT
1 zzzv1 − k2zzzT

2 zzz2 − kh
1

h2(XXX r)

+∥zzz2∥1

(
lχ2 − l̂χ2

)
− 1

γlχ
l̃χ2

˙̂lχ2

≤− k1zzzT
1 zzzv1 − k2zzzT

2 zzz2 − kh
1

h2(XXX r)

+ plχ l̃χ2
(
l̂χ2 − lχ2c

)
. (27)

As the following inequality holds:

plχ l̃χ2
(
l̂χ2 − lχ2c

)
=−plχ

(
l̂χ2 − lχ2

)
×
(

1
2
(
l̂χ2 − lχ2

)
+

1
2
(
l̂χ2 + lχ2

)
− lχ2c

)
=−1

2
plχ
(
l̂χ2 − lχ2

)2

− 1
2

plχ
(
l̂χ2 − lχ2

)((
l̂χ2 + lχ2

)
−2lχ2c

)
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=−1
2

plχ
(
l̂χ2 − lχ2

)2

+
1
2

plχ
(
l2
χ2 − l̂2

χ2 −2lχ2clχ2 +2lχ2c l̂χ2
)

=−1
2

plχ
(
l̂χ2 − lχ2

)2
+

1
2

plχ
(
l2
χ2 −2lχ2clχ2 + l2

χ2c

)
+

1
2

plχ
(
−l2

χ2c − l̂2
χ2 +2lχ2c l̂χ2

)
=−1

2
plχ
(
l̂χ2 − lχ2

)2
+

1
2

plχ
(
lχ2 − lχ2c

)2

− 1
2

plχ
(
l̂χ2 − lχ2

)2

≤−1
2

plχ l̃2
χ2 +

1
2

plχ
(
lχ2 − lχ2c

)2
. (28)

Then (27) can be further simplified as

V̇1 ≤− k1zzzT
1 zzzv1 − k2zzzT

2 zzz2 − kh
1

h2(XXX r)
− 1

2
plχ l̃2

χ2

+
1
2

plχ
(
lχ2 − lχ2c

)2

≤− ε1V1 +C1, (29)

where C1 = 1
2 plχ

(
lχ2 − lχ2c

)2, and C1 is bounded. ε1 =
min

{
2k1,2k2,1,γlχ plχ

}
.

From (29), it can be seen the variables zzz1, zzz2, l̃χ2,
1/h(XXX r) are uniformly ultimately bounded. Because
1/h(XXX r) is bounded and h(XXX r0) is positive, it can be con-
cluded that h(XXX r) ̸= 0 holds during the changes of the sys-
tem states, which indicates that collision avoidance poten-
tial function h(XXX r) is not equal to zero in the process of
approaching to the target, that is to say the chaser moves
in safe area all the time and can realize spacecraft terminal
safety approach.

Therefore, conclusion I) and II) have been proved.
According (29), the following inequality holds:

V̇1 ≤−
(

ε1 −
C1

V1

)
V1. (30)

From (30), when inequality ε1 − C1
V1

> 0 holds, it can be
got that V1 converges to compact region V1 ≤ C1

ε1
. Accord-

ing to (24), it can be obtained 1
2zzzT

1 zzz1 and 1
2zzzT

2 zzz2 converges
to compact region 1

2zzzT
1 zzz1, 1

2zzzT
2 zzz2 ≤ C1

ε1
. Further, the con-

vergence domain of ∥zzz1∥ and ∥zzz2∥ is ∥zzz1∥, ∥zzz2∥ ≤
√

2C1
ε1

.
When ε1 is selected large enough, the tracking error vari-
ables z1, z2 can converge to any small neighbourhoods.

Therefore, conclusion III) has been proved.
The proof of Theorem 1 has been completed. □
Remark 2: If 1/h(Xr) converges to any small neigh-

bourhood around zero, it can be known that h(XXX r) tends to
infinity when 1/h(XXX r) tends to zero. According to this in-
ference, the variables ∥zzz1∥ and ∥zzz2∥ tend to infinity, which
means that the chaser moves away from the desired posi-
tion. Further, it can be seen that the V1 tends to infinity,

which is in contradiction with the system stability shown
in Theorem 1. Thus, on basis of the analysis above, it can
be known that not the variable 1/h(XXX r) but the variables
∥zzz1∥ and ∥zzz2∥ can converge to small neighbourhoods. And
because the desired position is determined, 1/h(XXX rd) is
bounded and positive.

Remark 3: The tracking differentiator (20) adopted for
the novel DSC controller (22) can avoid the differential of
the virtual control signal, at the same time, it can ensure
the tracking performance of system.

Remark 4: Due to the complex external environment,
the upper bound of external disturbances of the system is
generally unknown, which makes the anti-saturation con-
troller (22) be not applicable for this case. Thus, an adap-
tive finite-time anti-saturation controller need be proposed
which is designed and analyzed in detail as following.

3.2. Adaptive finite-time anti-saturation controller de-
sign for the situation of unknown upper bound of
external disturbances

To further improve the practicability of the control scheme
for the system with unknown upper bound of external dis-
turbances, the thesis further designs an adaptive finite-
time anti-saturation controller.

On basis of (14)-(19) and second-order tracking
differentiator, an adaptive finite-time anti-saturation
controller (31) is designed, which adopts adaptive
law to estimate the upper bound of unknown exter-
nal disturbances, where k2, kh, γlχ , plχ , γd1 and γd2

are positive constants. Define sig(zzz1)
γ as sig(zzz1)

γ =(
|z1,1|γ sign(z1,1) , ..., |z1,3|γ sign(z1,3)

)T , and the definition
of sig(zzz2)

γ is similar to sig(zzz1)
γ . γ is a positive constant

and 0 < γ < 1, d̂m is the estimation value of upper bound
of external disturbances dm.

uuuc =mc
(
−k2zzz2 −zzz1 −AXAXAX v −BXBXBX r −CCC+ ẌXX rd

)
+mc

(
−sig(zzz2)

γ − zzz2

∥zzz2∥2 zzzT
1 sig(zzz1)

γ
)

+mc

(
χ̇χχ1 − l̂χ2sign(zzz2)−

d̂m

mc
sign(zzz2)− kηηηη

)

+mc

(
kh

zzz2

∥zzz2∥2

(
2ḣ(XXX r)h−3(XXX r)−h−(γ+1)(XXX r)

))
,

(31)
˙̂lχ2 = γlχ ∥zzz2∥1 − plχ l̂χ2, (32)
˙̂dm = γd1 ∥z2∥− γd2d̂m. (33)

Theorem 2: Consider the spacecraft terminal approach
relative motion model (6)-(9) with Assumptions 1 and 2,
for the situations of unknown upper bound of external dis-
turbances, the states of the system are regulated under the
designed adaptive controller (31) and the adaptive laws
(32)-(33), the following conclusions can be drawn:
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I) The states of the system are practical finite-time sta-
ble.

II) The variables zzz1, zzz2, l̃χ2, d̃m, 1/h(XXX r) are bounded.
Further, the collision avoidance potential function h(XXX r) is
positive all the time, that is the chaser can avoid collision
with the target in the process of motion.

III) The tracking error variables ∥zzz1∥, ∥zzz2∥ can converge
to any small neighbourhoods in finite time, that is the rel-
ative position of the chaser XXX r can converge to any small
range of the desired position XXX rd in finite time.

Proof: Choose the Lyapunov function candidate as

V2 =
1
2

zzzT
1 zzz1 +

1
2

zzzT
2 zzz2 +

kh

h2(XXX r)
+

1
2γlχ

l̃2
χ2 +

1
2γd1mc

d̃2
m,

(34)

where l̃χ2 = lχ2 − l̂χ2 is the estimation error of lχ2, d̃m =
dm − d̂m is the estimation error of dm.

Compute the derivative of V2:

V̇2 =zzzT
1 żzz1 +zzzT

2 żzz2 − kh
2ḣ(XXX r)

h3(XXX r)
− 1

γlχ
l̃χ 2̇̂lχ2 +

1
γd1

d̃ṁ̃dm

=− k1zzzT
1 zzz1 +zzzT

1 zzz2 +zzzT
2

(
AXAXAX v +BXBXBX r +CCC+

ddd
mc

)
+zzzT

2
uuuc

mc
+zzzT

2

(
−Ẍ̈ẌX rd − α̇̇α̇αvc1 + kηηηη

)
− kh

2ḣ(XXX r)

h3(XXX r)
− 1

γlχ
l̃χ 2̇̂lχ2 +

1
γd1

d̃ṁ̃dm

=− k1zzzT
1 zzzv1 − k2zzzT

2 zzz2 −zzzT
2 sig(zzz2)

γ −zzzT
1 sig(zzz1)

γ

+zzzT
2

(
ddd
mc

− d̂m

mc
sign(zzz2)

)
+zzzT

2

(
χ̇̇χ̇χ1 − l̂χ2 sign(zzz2)− α̇̇α̇αvc1

)
− khh−(γ+1)(XXX r)−

1
γlχ

l̃χ 2̇̂lχ2 +
1

γd1
d̃ṁ̃dm. (35)

As (26) and (32) hold, and inequalities zzzT
1 sig(zzz1)

γ ≥(
zzzT

1 zzz1
) γ+1

2 , zzzT
2 sig(zzz2)

γ ≥
(
zzzT

2 zzz2
) γ+1

2 can be obtained accord-
ing to Lemma 2, equation (35) can further rewritten as:

V̇2 ≤− k1zzzT
1 zzzv1 − k2zzzT

2 zzz2 −
(
zzzT

1 zzz1
) γ+1

2 −
(
zT

2 z2
) γ+1

2

− kh

(
1

h2(XXX r)

)(γ+1)/2

+
zzzT

2

mc

(
ddd − d̂m sign(zzz2)

)
+

plχ

γlχ
l̃χ2 l̂χ2 −

1
γd1mc

d̃ṁ̂dm. (36)

The following inequality can be derived:

zzzT
2

mc

(
d − d̂msign(zzz2)

)
≤ 1

mc

(
∥zzz2∥∥ddd∥− d̂m ∥zzz2∥1

)
≤∥zzz2∥

mc

(
dm − d̂m

)
. (37)

Substituting (37) and (33) into (36) yields

V̇2 ≤− k1zzzT
1 zzzv1 − k2zzzT

2 zzz2 −
(
zzzT

1 zzz1
) γ+1

2 −
(
zzzT

2 zzz2
) γ+1

2

− kh

(
1

h2(XXX r)

)(γ+1)/2

+
∥zzz2∥
mc

(
dm − d̂m

)
+

plχ

γlχ
l̃χ2 l̂χ2 −

1
γd1mc

d̃ṁ̂dm

≤−
(
zzzT

1 zzz1
) γ+1

2 −
(
zzzT

2 zzz2
) γ+1

2 − kh

(
1

h2(XXX r)

) γ+1
2

−
(

plχ (2δ2 −1)
2γlχ δ1

l̃2
χ2

) γ+1
2

+

(
plχ (2δ2 −1)

2γlχ δ1
l̃2
χ2

) γ+1
2

+
plχ

γlχ
l̃χ2 l̂χ2 −

(
γd2 (2δ1 −1)

2γd1mcδ1
d̃2

m

) γ+1
2

+

(
γd2 (2δ1 −1)

2γd1mcδ1
d̃2

m

) γ+1
2

+
γd2

γd1mc
d̃md̂m. (38)

For positive constant δ1 satisfying δ1 > 1
2 , inequality

can be derived as:
γd2

γd1mc
d̃md̂m =

γd2

γd1mc

(
dmd̃m − d̃2

m

)
≤ γd2

γd1mc

(
−d̃2

m +
1

2δ1
d̃2

m +
δ1

2
d2

m

)
=− γd2 (2δ1 −1)

2γd1mcδ1
d̃2

m +
γd2δ1

2γd1mc
d2

m. (39)

According to [32], the inequality can be derived:(
γd2 (2δ1 −1)

2γd1mcδ1
d̃2

m

) γ+1
2

− γd2 (2δ1 −1)
2γd1mcδ1

d̃2
m ≤ 0. (40)

In the same way, for positive constant δ2 satisfyingδ2 >
1
2 , the following inequality holds:(

plχ (2δ2 −1)
2γlχ mcδ1

l̃2
χ2

) γ+1
2

−
plχ (2δ2 −1)

2γlχ mcδ1
l̃2
χ2 ≤ 0. (41)

Based on the above inequalities (39)-(41), equation (38)
can be further simplified as:

V̇2 ≤−
(
zzzT

1 zzz1
) γ+1

2 −
(
zzzT

2 zzz2
) γ+1

2 − kh

(
1

h2(XXX r)

)(γ+1)/2

−
(

plχ (2δ2 −1)
2γlχ δ1

l̃2
χ2

) γ+1
2

−
(

γd2 (2δ1 −1)
2γd1mcδ1

d̃2
m

) γ+1
2

+
γd2δ1

2γd1mc
d2

m +
plχ δ2

2γlχ
l2
χ2

≤− ε2V
β

2 +C2, (42)

where C2 =
γd2δ1

2γd1mc
d2

m +
plχ δ2

2γlχ
l2
χ2, and C2 is bounded. ε2 =

min
{

2β ,k(1−γ)/2
h ,

(
plχ (2δ2−1)

δ1

)β
,
(

γd2(2δ1−1)
2δ1

)β
}

, β = γ+1
2 .

According to Lemma 3 and (42), it can be concluded
that the system is practical finite-time stable, variables zzz1,
zzz2, l̃χ2, d̃m, 1/h(XXX r) are bounded. Further, tracking errors
zzz1, zzz2 are practical finite-time convergent.
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Because 1/h(XXX r) is bounded and initial value h(XXX r0) is
positive, it can be concluded that h(XXX r) ̸= 0 holds during
the changes of the system states, which indicates that po-
tential function h(XXX r) is not equal to zero in the process of
approaching to the target, that is to say the chaser moves
in safe area all the time and can realize spacecraft terminal
safety approach.

Therefore, conclusion I) and II) have been proved.
According to (42), the inequality can be got:

V̇2 ≤−

(
ε2 −

C2

V β
2

)
V β

2 . (43)

From (43), it can be seen that V2 converges to compact

region V2 ≤
(

C2
ε2

)1/β
. According to (34), it can be ob-

tained that 1
2zzzT

1 zzz1 and 1
2zzzT

2 zzz2 converges to compact region
1
2zzzT

1 zzz1, 1
2zzzT

2 zzz2 ≤
(

C2
ε2

)1/β
. Further, the convergence domain

of ∥zzz1∥ and ∥zzz2∥ are ∥zzz1∥, ∥zzz2∥ ≤
√

2
(

C2
ε2

)1/(2β )
. When ε2

is selected large enough, the tracking error variables z1, z2

can converge to any small neighbourhoods.
Therefore, conclusion III) has been proved.
The proof of Theorem 2 has been completed. □
Remark 5: It is worth noting that the auxiliary systems

(17) can not only handle the symmetrical input saturation
problem, but also can handle the asymmetric input satu-
ration problem, which indicates that the auxiliary systems
have a wider range of applications.

Remark 6: Analyzing the anti-saturation controller
(22) and the adaptive finite-time anti-saturation controller
(31), it can be seen that when zzz2 tends to zero infinitely,
singularity of the closed-loop system may happen. Thus,
in the simulation analysis, the controller (22) and the con-
troller (31) are modified as (44) and (45), respectively:

uc =mc
(
−k2zzz2 −zzz1 −AXAXAX v −BXBXBX r −CCC+ ẌXX rd

)
+mc

(
χ̇χχ1 − l̂χ2sign(zzz2)−

dm

mc
sign(zzz2)− kηηηη

)
+mc

(
kh

zzz2

∥zzz2∥2 +∆

(
2ḣ(XXX r)h−3(XXX r)−h−2(XXX r)

))
,

(44)

uc =mc
(
−k2zzz2 −zzz1 −AXAXAX v −BXBXBX r −CCC+ ẌXX rd

)
+mc

(
−sig(zzz2)

γ − zzz2

∥zzz2∥2 +∆
zzzT

1 sig(zzz1)
γ
)

+mc

(
χ̇χχ1 − l̂χ2sign(zzz2)−

d̂m

mc
sign(zzz2)− kηηηη

)

+mc

(
khzzz2

∥zzz2∥2 +∆

(
2ḣ(XXX r)h−3(XXX r)−h−(γ+1)(XXX r)

))
,

(45)

where ∆ is a very small positive constant.

Table 1. The parts of parameters for simulation.

Parameter Value
The radius of the sphere in collision

avoidance potential R = 15 m

The maximum control force
(i = 1,2,3) umi = 5 N

The mass of the chaser mc = 120 kg
The orbital element of the target:

Semi-major axis a = 7.0×106 km

The orbital element of the target:
Eccentricity e = 0.02

The orbital element of the target:
Longitude ascending node Ω = π/180 rad

The orbital element of the target:
Inclination i = 40×π/180 rad

The orbital element of the target:
Argument of perigee ω = 45×π/180 rad

The orbital element of the target:
Initial true anomaly f = 10 ×π/180 rad

4. SIMULATIONS ANALYSIS

In order to verify the effectiveness of the presented con-
trol schemes that can be used for the chaser to realize
terminal safe approach, simulations are conducted in this
section for the cases that the upper bound of the external
disturbances is known and unknown respectively.

On basis of the parameters used in [14], parts of the
parameters in the thesis are set in Table 1.

Assume that the initial values are: the relative position
vector XXX r0 = [14 30 −5]T m, the relative speed vector
XXX v0 = [0 0 0]T m/s. And the desired target position and
relative speed are assumed as XXX rd = [13 −19 0]T m and
XXX vd = [0 0 0]T m/s.

For the case that the upper bound of the external dis-
turbances is known, the control parameters of the pro-
posed controller (22) (the proposed anti-saturation con-
troller, Proposed AC) are selected as: k1 = 0.005, k2 = 10,
r1 = 0.98, r2 = 0.005, γlχ = 15, plχ = 0.9, lχ2c = 0.001,
kh = 10, kη = 5, dm = 0.02. In order to further test the per-
formance of the proposed controller (22), we have added a
comparison with the sliding mode control (SMC) in [28].
Corresponding simulation results are shown in Figs. 2-7.

Figs. 2 and 3 depict the tracking error curves of rela-
tive position and relative velocity respectively, it can be
obtained that though there are external disturbances, pa-
rameter uncertainty and input saturation of the system,
the position of chaser with the proposed controller (22)
can converge with small tracking error, which satisfies the
requirements of the tracking performance. At the same
time, the velocity of chaser can converge to a steady-state
in short time. Compared with SMC, the designed con-
troller (22) has higher control accuracy and faster con-
vergence rate. The control force curves of the system
are presented in Fig. 4. It can be seen that the control
forces under the controller (22) are bounded in the whole
control process. The control forces under SMC also can
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Fig. 2. The curves of relative position.

Fig. 3. The curves of relative velocity.

tend to be stable after a period of time, but SMC in [28]
does not have theoretical proof with regard to input sat-
uration. Fig. 5 describes the curve of adaptive parameter
lχ2, which shows that the value of adaptive parameter is
steady in relatively short time, indicating the effectiveness
of the adaptive scheme. The curves of potential function is
given in Fig. 6, from which it can be known that the value
of potential function is always positive, that is to say, the
chaser moves in safe area all the time during the process
of approaching the desired position. To describe motion
process of the chaser vividly, Fig. 7 depicts the motion
trajectory of chaser in the target orbit coordinate frame.
Analyzing Figs. 6 and 7, it can be obtained that the chaser
has no collision with the target in the process of terminal
approach under the controller (22). And the motion trajec-

Fig. 4. The curves of control forces.

Fig. 5. The curve of lχ2 under the Proposed AC.

tory of chaser with the proposed controller (22) is better.
From the above, the results presented in Figs. 2-7 indi-

cate that the chaser using the proposed controller (22) can
realize the terminal safe approach effectively. Compared
with SMC in [28], the designed controller (22) has higher
control accuracy, faster convergence rate and more perfect
theoretical proof with regard to input saturation.

For the case that the upper bound of the external dis-
turbances is unknown, the control parameters of the pro-
posed controller (31) (the proposed adaptive finite-time
anti-saturation controller, Proposed AFAC) are selected
as: k1 = 0.03, k2 = 2, γ = 0.96, r1 = 0.9, r2 = 0.05,
γlχ = 0.8, plχ = 0.8, γd1 = 0.8, γd2 = 0.3, kη = 10, kh = 2.
In order to further test the performance of the proposed
controller (31), we have added a comparison with the
adaptive sliding mode control (ASMC) in [28]. Corre-
sponding simulation results are shown in Figs. 8-14.
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Fig. 6. The curves of potential function.

Fig. 7. The motion trajectory of chaser in target orbit co-
ordinate frame.

The tracking error curves of relative position and rela-
tive velocity are presented in Figs. 8 and 9 respectively.
The curves show that the position and the velocity of
chaser with the controller (31) can converge to stable val-
ues in less than 240 seconds in spite of external distur-
bance, parameter uncertainty and input saturation of the
system, also the position error is less than 5 × 10−4 m,
indicating that the performance of system under the con-
troller (31) satisfies the requirement of control accuracy.
At the same time, the designed controller (31) has higher
control accuracy and faster convergence rate compared
with ASMC. Fig. 10 gives the control force curves of the
system. From the control force curves, it can be seen that
the control forces are limited within 5 N and tend to be
stable after a period of time. But the controller (31) has
more perfect theoretical proof than ASMC with regard to
input saturation. On basis of Figs. 11 and 12, it can be

Fig. 8. The curves of relative position.

Fig. 9. The curves of relative velocity.

Fig. 10. The curves of control forces.

known that the estimated values l̂χ2 and d̂m tend to main-
tain steady state values in limited time, which shows that
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Fig. 11. The curve of lχ2 under the Proposed AFAC.

Fig. 12. The curves of dm.

the adaptive schemes are effective to estimate the values
of parameter lχ2and the upper bound of unknown exter-
nal disturbances dm. The value of the potential function is
positive all the time as shown in Fig. 13. Fig. 14 depicts
the motion trajectory of chaser in the target orbit coordi-
nate frame. Based on Fig. 13 and Fig. 14, it can be seen
that there is no collision with the target during the process
of terminal approach. And the motion trajectory of chaser
with the proposed controller (31) is better.

Analyzing the above simulation results presented in
Figs. 8-14, it can be obtained that the chaser can realize the
terminal safe approach effectively using the proposed con-
troller(31). Compared with the convergence time, tracking
errors and the curves of control forces shown in Figs. 2-4,
it can be seen that the performance of the controller (31)
is better than the controller (22). At the same time, the de-
signed controller (31) has higher control accuracy, faster
convergence rate and more perfect theoretical proof with
regard to input saturation than ASMC in [28].

Fig. 13. The curve of potential function.

Fig. 14. The motion trajectory of chaser in target orbit co-
ordinate frame.

5. CONCLUSION

This thesis studies the spacecraft terminal safe approach
control schemes based on DSC, auxiliary system and col-
lision avoidance potential function. According to theoret-
ical proofs and numerical simulation results, conclusions
are drawn as follows:

1) Via introducing the sphere collision avoidance po-
tential function, collision avoidance problem in terminal
approach control is converted into boundedness problem
of the reciprocal of the potential function, which can deal
with safe constraint effictively and simply.

2) For the situations of known and unknown upper
bound of external disturbances, an anti-saturation con-
troller and an adaptive finite-time anti-saturation con-
troller for spacecraft terminal safe approach are designed.
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The second-order tracking differentiator is adopted to de-
sign the controllers, which avoids the differential of the
virtual control signal and ensures the tracking perfor-
mance of system.

3) With the two novel controllers, the states of system
are uniformly ultimately bounded and practical finite-time
stability respectively. And the chaser spacecraft can ap-
proach to the desired position without collision with tar-
get spacecraft. The numerical simulations further demon-
strate the availability of the proposed controllers
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