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Finite-time Controller Design for Four-wheel-steering of Electric Vehicle
Driven by Four In-wheel Motors
Qinghua Meng*, Zong-Yao Sun, and Yushan Li

Abstract: A smooth control method may do not obtain a desired convergence. On the other hand, a no-continuous
method may cause a close-loop system to chatter. In order to avoid the aforementioned disadvantages, a non-smooth
finite-time control method is proposed and applied on an active four-wheel-steering electric vehicle driven by four
in-wheel motors to improve the safety and manoeuvrability in this paper. Based on an ideal electric vehicle steering
tracking model, a non-smooth finite-time convergence controller is constructed for controlling the four wheels’
steering angles of an electric vehicle. The front wheel cornering stiffness, rear wheel cornering stiffness and external
disturbance of a practical car are regarded as bounded uncertain parameters according to practical conditions. An
A-class car model in the Carsim software is utilized to simulate the designed controller. The simulation results
show that the controller based on finite-time convergence can track the ideal vehicle steering model better to obtain
zero sideslip angle and expected yaw rate even when there exist perturbation of cornering stiffness and disturbance
of lateral wind. It means the control system of the electric vehicle is robust with uncertainty. The simulation results
also show that the non-smooth finite-time control method is better than the slide mode control method for the active
four-wheel-steering system of the electric vehicle.

Keywords: Electric vehicle, finite-time convergence, four-wheel-steering, stability control.

1. INTRODUCTION

The four-wheel-steering system is employed by some
cars to improve steering response, and increase vehicle
maneuvering stability under high speed, or decrease turn-
ing radius under low speed. In an active four-wheel steer-
ing system, all four wheels turn at the same time when a
car steers. The four-wheel-steering (4WS) is a core con-
trol technology for the active vehicle chassis which is be-
coming more and more interesting for improving safety
and manoeuvrability of a car. With the development of
the EV driven by four in-wheel motors, the four-wheel-
steering technology is improved correspondingly. The ac-
tive four-wheel-steering system can control the yaw and
lateral motion by the front wheels and rear wheels to
reduce the steering force delay, and control the motion
trajectory and attitude independently for lateral stability
when an EV turns [1–4]. The smooth control method
has been used for four-wheel-steering widely, but it’s con-
vergence performance is not perfect, and it is not a time
optimal control method [5–10]. The variable structure
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control theory is applied for the vehicle by more and
more researchers [11, 12]. The slide mode variable struc-
ture control has fast convergence and anti-disturbance per-
formance, but it is asymptotically stable and uncontinu-
ous, which may lead to chattering in a closed-loop sys-
tem [13–17]. Now, the adding power integer, finite-time
convergence and high order slide mode control are in-
troduced into the slide mode control method, which dif-
fer from the classic slide mode control [18–21]. In fact,
the finite-time convergence method is a kind of feedback
control method which is between the smooth method and
uncontinuous feedback method, and the controller based
on the finite-time convergence method can track target
within finite time with strong robustness and without chat-
tering [22–28]. By the way, some fuzzy-model-based ap-
proximation methods have been proposed to characterize
the nonlinear model to deal with parameter uncertainties
[29–32].

In order to solve the aforementioned problems, an un-
certain four-wheel-steering model is proposed in this pa-
per which considers the bounded uncertain front wheel
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cornering stiffness, rear wheel cornering stiffness and ex-
ternal disturbances. And an ideal tracking model is estab-
lished also for constructing a non-smooth finite-time con-
vergence controller to track the desired sideslip angle and
yaw rate. Then a vehicle controller, based on the vehicle
ideal tracking model and uncertain four-wheel -steering
model, is designed to track the desired values using the
non-smooth finite-time convergence method. Finally, the
controller is simulated by the Matlab and Carsim software
to verify the controller’s efficiency.

Compared with the prior studies, innovations of this pa-
per lie in the following aspects.

1) The 4WS model includes bounded uncertain front
wheel cornering stiffness, rear wheel cornering stiff-
ness and external disturbances.

2) An error tracking model of the 4WS is constructed for
active 4WS stability controlling.

3) A non-smooth finite-time controller for the uncertain
4WS of an EV driven by four in-wheel motors is pro-
posed.

2. THE STEERING DYNAMIC MODEL OF AN
EV

2.1. The four-wheel-steering dynamic model
In this paper, we will establish a linear 2 Degree of

Freedom (2DOF) 4WS model which includes the sideslip
angle, yaw rate, front wheel angle and rear wheel angle.
Some assumptions are proposed before the model is es-
tablished.

Assumption 1: the influence of the steering system is
ignored, and the front wheel angle is the system input.

Assumption 2: the pitch motion and roll motion are
ignored, and the EV is assumpted to just move along lon-
gitudinal direction. Then the EV just has 2DOF which
are lateral motion and yaw motion. Forces analysis of the
4WS model based on the aforementioned assumptions is
shown in Fig. 1.

The kinematic model based on the aforementioned as-
sumptions is shown in Fig. 2.

According to Figs. 1 and 2, the mathematical model of
the 4WS is

m
v2

ρ
sinβ −mv̇cosβ +Fxr cosδr +Fyr sinδr −Fwx

+Fx f cosδ f −Fy f sinδ f = 0,

m
v2

ρ
cosβ −mv̇sinβ +Fxr sinδr −Fyr cosδr −Fwy

−Fx f sin(δ f )−Fy f cos(δ f ) = 0,

Iz ˙̇φ − (Fy f cosδ f +Fx f sinδ f )a+(Fyr cosδr

−Fxr sinδr)b−Fwylw = 0, (1)

where m is the mass of the car, v is the longitudinal ve-
locity of centroid, ρ is the turning radius, β is the sideslip
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Fig. 1. The forces analysis of the 4WS model of an EV
driven by four in-wheel motors.
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Fig. 2. The 4WS dynamic model of an EV driven by four
in-wheel motors.

angle, γ is the yaw rate, δ f and δr are the front wheel angle
and rear wheel angle respectively, Fx f is the front wheel
longitudinal force, Fxr is the rear wheel longitudinal force,
Fy f is the front wheel lateral force, Fyr is the rear wheel lat-
eral force, Fwx is the lateral wind longitudinal force, Fwy is
the lateral wind lateral force, Iz is the rotary inertia around
Z axis, a and b are the distances from centroid to the front
axle and rear axle respectively, lw is the distance from the
vehicle centroid to the lateral wind force centre.

Considering the yaw rate along the vehicle longitudial
axle, there exist

v f sin(δ f −α f ) = aφ̇ + vsinβ ,
vr sin(δr +αr) = bφ̇ − vsinβ , (2)
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where v f and vr are the velocities of the front wheel and
rear wheel respectively, α f and αr are front tire sideslip
angle and rear tire sideslip angle respectively, φ is the yaw
angle.

Assumping v = v f = vr, we obtain the following equa-
tion from (2),

tan(δ f −α f ) =
aφ̇ + vsinβ

vcosβ
,

tan(δr +αr) =
bφ̇ − vsinβ

vcosβ
. (3)

When the angles are small, there exist

α f =−β +δ f −a
φ̇
v
,

αr =−β −δr +b
φ̇
v
. (4)

We select the linearized functions for tire forces and
sideslip angles which are

Fy f = 2k1α f ,

Fyr = 2k2αr, (5)

where k1 and k2 are the front tire cornering stiffness and
rear tire cornering stiffness respectively.

Substituting (4) and (5) into (1), one obtains

mv̇ = Fx f +Fxr −FWx,

mv(β̇ + φ̇)+mv̇β = 2k1(−β +δ f −a
φ̇
v
)

+2k2(β −δr −b
φ̇
v
)+Fw,

Izφ̈ = 2k1a(−β +δ f −a
φ̇
v
)

−2k2b(−β −δr +b
φ̇
v
)−Fwlw. (6)

When v̇ = 0, and define γ = φ̇ , Equ.(6) is rewritten as

β̇ =− 2(k1 + k2)

mv
β − (

2(ak1 −bk2)

mv2 +1)γ

+
2k1

mv
δ f −

2k2

mv
δr +

Fw

mv
,

γ̇ =− 2(ak1 −bk2)

Iz
β − 2(a2k1 +b2k2)

v
γ

+
2ak1

Iz
δ f +

2bk2

Iz
δr +

Fwlw
Iz

, (7)

where Fw is the external disturbance force.
Then we can obtain the state space equations of system

(7) {
Ẋ = AX +BU +GD,
Y =CX ,

(8)

where

A =

[
−2 k1+k2

mv −2 ak1−bk2
mv2 −1

−2 ak1−bk2
Iz

−2 a2k1+b2k2
v

]
, C =

[
1 0
0 1

]
,

B =

[
2 k1

mv −2 k2
mv δr

2 ak1
Iz

2 bk2
Iz

]
,G =

[ 1
mv
− lw

Iz

]
,

X =

[
β
γ

]
,U =

[
δ f

δr

]
,D = Fw.

2.2. The uncertain 4WS model of an EV
When an EV runs, the tire cornering stiffness is vari-

able but bounded under different conditions . Then k1 and
k2 are defined as the nominal values of the front wheel
cornering stiffness and rear wheel cornering stiffness, and
∆k1 and ∆k2 are perturbations respectively. The state space
equations of system (7) is

Ẋ = (A0 +∆A)X +(B0 +∆B)U +GD, (9)

where

A0 =

[
−2 k01+k02

mv −2 ak01−bk02
mv2 −1

−2 ak01−bk02
Iz

−2 a2k01+b2k02
v

]
,

B0 =

[
2 k01

mv −2 k02
mv

l fC f 0h0 h0

]
,

∆A =

[
−2 ∆k1+∆k2

mv −2 a∆k1−b∆k2
mv2

−2 a∆k1−b∆k2
Iz

−2 a2∆k1+b2∆k2
v

]
,

∆B =

[
2 ∆k1

mv −2 ∆k2
mv2

2 a∆k1
Iz

2 b∆k2
Iz

]
,

X =

[
β
γ

]
,U =

[
δ f

δr

]
,G =

[ 1
mv
− lw

Iz

]
,

D = Fw.

2.3. The ideal tracking 4WS model of an EV
An ideal 4WS tracking model should keep the steering

sensitivity of an EV as same as a traditional car, and make
the sideslip angle tend to zero after adding a rear wheel
angle. Then the ideal tracking model can be constructed
as

Ẋd = AdXd +BdUd , (10)

where

Xd =

[
βd

γd

]
, Ad =

[
0 0
0 −1/τrd

]
,

Bd =

[
0

κrd/τrd

]
, Ud = u∗f .

In (10), Xd is the state vector of the ideal model, Ud is the
input, βd and γd are the ideal sideslip angle and yaw rate
respectively, krd is the yaw rate steady gain of the FWS,
τrd is a time constant of one-order inertia.
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3. DESIGN OF THE NON-SMOOTH
FINITE-TIME CONVERGENCE

CONTROLLER

3.1. The matching condition
Define

M1 =

[
−λ f − a

v λ f

λr − b
v λr

]
,M2 =

[
λ f 0
0 λr

]
, (11)

M3 =

[
η f

ηr

]
,

where{
λ f = ∆k1/k10

λ f = ∆k2/k20,

{
η f = (b− lw)/(k10L)
ηr = (a+ lw)/(k20L).

Then

∆A = B0M1,∆B = B0M2,G = B0M3. (12)

Equation (12) means that the 4WS model meets the
matching condition. We define f (x, t) to be uncertainty,
then

f (x, t) = ∆AX +∆BU +GD

= B0(M1X +M2U +M3D) = B0d(x, t), (13)

where

d(x, t) =
[

d1(x, t)
d2(x, t)

]
= M1X +M2U +M3D .

Then, (8) is rewritten as

Ẋ = A0X +B0 [U +d(x, t)] . (14)

There exist parameter perturbation and external distur-
bances in practice. A suitable control method can elim-
inate the influence of the uncertainty according to the
matching condition. The finite-time convergence control
method, being the non-smooth control theory, can con-
verge the tracking error of the system to zero and do
not generate chattering to damage the actuators. And the
method is strongly robust which make the system response
to be not sensitive for uncertainty. Therefore, we apply
this method into the 4WS control system, and design the
4WS control system, as shown in Fig. 3. The tracking
error e is

e = Xd −X =
[

βd −β γd − γ
]T

. (15)

Then

ė = Ade+(Ad −A0)X +BdUd −B0 [U +d(x, t)] .
(16)

uf
¤ Ideal tracking 
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¯ °
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Fig. 3. The diagram of the non-smooth 4WS control sys-
tem.

3.2. Design of the non-smooth finite-time conver-
gence controller

There always exist disturbances in the practical 4WS sys-
tem. The slide mode control method can ensure vectors
to reach a sliding surface within finite time. But the target
tracking error can not reach zero. A finite-time controller
can stabilize the target tracking error within a small in-
terval and to reach zero. The finite-time stabilization is
defined as

ẋ = f (x), x ∈U ⊆ Rn, f (0) = 0, (17)

where f : U → Rn is a continuous function for x in the
open domain U , and the origin is included in the U .
x = 0 is finite-time stable if and only if the system is
strong stability and finite-time convergence. Finite-time
convergence means that there is a continuous function
T (x),U0\0 ∈ (0,+∞),∀x0 ∈ U0 ⊂ Rn, which can keep
x(t,x0) meet x(t,x0) ∈ U0\0 and limt∈T (x0) x(t,x0) = 0
when t ∈ [0,T (x0)), and x(t,x0) = 0 when t > T (x0). The
system is globally finite-time stable if U =U0 = Rn.

According to the 4WS model, the finite-time conver-
gence controller is designed as

U =B−1
0 Adeεsgn(e)|e|α

+B−1
0 (Ad −A0)X +BdUdεsgn(e)|e|α

=Ueq +Usw, (18)

where εsgn(e)|e|α = [ε1sgn(e1)|e1|α1 ε2sgn(e2)|e2|α2 ]T ,
ε1 > 0,ε2 > 0,0 < α1 < 1,0 < α2 < 1.

The designed controller is constructed by two parts.
One is the linear continuous feedback equivalent control
part Ueq, and the other is non-smooth nonlinear feedback
switch control part Usw which is used to deal with the un-
certainties of the system.

3.3. Analysis of anti-disturbance
Substituting (18) into (16), one obtains the tracking er-

ror function

ė =−εsgn(e)|e|α +B0d(x, t), (19)

where e= [e1 e2]
T , e1 is the sideslip angle tracking error,

e2 is the yaw rate tracking error.
Define

B0 =

[
b11 b12

b21 b22

]
, (20)
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then

ė1 =−ε1sgn(e1)|e1|α1 +b11d1(x, t)+b12d2(x, t),

ė2 =−ε2sgn(e2)|e2|α2 +b21d1(x, t)+b22d2(x, t).
(21)

For convenience, we define

d́1(x, t) = b11d1(x, t)+b12d2(x, t),

d́2(x, t) = b21d1(x, t)+b22d2(x, t). (22)

According to Equ.(13) and Equ.(11), in a practical EV,
there exists

d1(x, t) =−λ f β − a
v

λ f γ +λ f u f +η f FW

≤ ¯|λ f | ¯|β |− a
v

¯|λ f | ¯|γ|+η ū f |= l1, (23)

where ¯|λ f |, ¯|β |, ¯|γ| and ū f are the upper limit absolute
values of λ f , β , γ and u f respectively. v is the lower limit
value of v. In the same way, d2(x, t) ≤ l2. Therefore, the
disturbances are bounded, that is to say

|d1(x, t)| ≤ l1, |d2(x, t)| ≤ l2; ∀t ≥ 0, (24)

where l1 > 0, l2 > 0.
Then

|b11d1(x, t)+b12d2(x, t)| ≤|b11||d1(x, t)|
+ |b12||d2(x, t)|

≤|b11|l1 + |b12|l2
=ĺ1,

|b21d1(x, t)+b22d2(x, t)| ≤|b21||d1(x, t)|
+ |b22||d2(x, t)|

≤|b21|l1 + |b22|l2
=ĺ2. (25)

Therefore, d́1(x, t) and d́2(x, t) are bounded, that is to say

|d́1(x, t)| ≤ ĺ1, |d́2(x, t)| ≤ ĺ2,∀t ≥ 0, (26)

where ĺ1 > 0 and ĺ2 > 0.
Next, we will give a theorem to describe the main result

of this paper.

Theorem 1: If the external disturbances are bounded,
there is a controller (18) to stabilize the sideslip angle
tracking error and yaw rate tracking error within intervals
Q1 and Q2,

Q1 =

{
e1 : |e1| ≤

(
(ĺ1 + c1)/ε1

)1/α1
}
,

Q2 =

{
e2 : |e2| ≤

(
(ĺ2 + c2)/ε2

)1/α2
}
, (27)

where c1 > 0, c2 > 0, ε1 > 0, ε2 > 0, 0 < α1 < 1, 0 < α2 <
1.

Proof: According to (19), there exists

ė =−εsgn(e)|e|α +B0d(x, t). (28)

The Lyapunov function is constructed as

V (e1) = e2
1/2. (29)

The derivative of (29) is

V̇ (e1) = e1ė1 ≤−ε1|e1|1+α1 + ĺ1|e1|
=−(ε1|e1|α1 − ĺ1)|e1|. (30)

Note

Q1 =

{
e1 : |e1| ≤

(
(ĺ1 + c1)/ε1

)1/α1
}
, (31)

where c1 > 0 is a constant. Then one can get

R−Q1 =

{
e1 : |e1|>

(
(ĺ1 + c1)/ε1

)1/α1
}
. (32)

Because of (29), it is easy to verify that for e ∈ R−Q1,

1
2

e2
1 >

1
2

(
ĺ1 + c1

ε1

)2/α1

. (33)

Then we obtain

|e1|>

(
ĺ1 + c1

ε1

)1/α1

. (34)

Combing (30) and (34), one obtains

V̇ (e1)<−c1

(
ĺ1 + c1

ε1

)1/α1

< 0. (35)

There are two cases for the original value e1(0). The
first one is that the original value is out of Q1, i.e., e1(0) ∈
R−Q1. Because of (35), there exists t1 > 0 leading to

e1(t1) ∈ ∂Q1 =

{
e1 : V (e1) =

1
2
(

ĺ1 + c1

ε1
)2/α1

}
,

(36)

where ∂Q1 is defined as the boundary of Q1. The other is
the original value is within Q1, i.e., e1(0) ∈ Q1. If e1(t) is
always within Q1, it is not necessary to prove it’s conver-
gence. Therefore, we just discuss the case of e1(t) flee-
ing from Q1. Under this case, there still exists t1 > 0 to
meet e1(t1) ∈ ∂Q1. Next, we will prove e1(t) ∈ Q1 for any
t ∈ [t1,+∞).

Note

m = inf
e1(t)∈∂Q1

V (e1), (37)
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and

p = inf
e1(t)∈∂Q1

(ε1|e1|1+α1 − l|e1|). (38)

Then it is easy to obtain

m =
1
2

(
ĺ1 + c1

ε1

)2/α1

, (39)

and

p = c1

(
ĺ1 + c1

ε1

)2/α1

, (40)

where p > 0. Because V (e1) is continuous, for e1(t) ∈
∂Q1, there exists

V̇ (e1(t))≤−p < 0. (41)

Then we can derive that there exists s1 > 0 to make
t ∈ [t1, t1 + s1), and e1(t) ∈ Q1. Assuming that e1(t) will
flee from Q1 , which leads to existing h1 ∈ [t1,+∞) to
make e1(h1)∈̄Q1. It means there is a δ ∈ (t1,h1) to make
e1(δ ) ∈ ∂Q1. Because V̇ (e1(δ )) ≤ −p < 0, and V (e1) is
continuous, there exists s2 to make V (e1(t)) being nonin-
creasing within [δ − s2,δ ) that leads to an impossible re-
sult for m =V (e1(δ ))< m. Therefore, t ∈ [t1,+∞) meets

|e1(t)| ≤

(
ĺ1 + c1

ε1

)1/α1

. (42)

The aforementioned information means that the sideslip
angle tracking error of the uncertain 4WS model can con-
verge in finite time. In the same way, it can be proved that
the yaw rate tracking error of the uncertain 4WS model
can converge in finite time also.

4. SIMULATION ANALYSIS

In this paper, an A-class car model in the Carsim soft-
ware is used to simulate the controller. The vehicle param-
eters are listed in Table1. In this paper, the finite-time con-
vergence controller for the 4WS system and the FWS are
simulated by the double lane closed-loop test to verify the
efficiency of the controller. The simulation results without
external disturbance under 90 km/h are shown in Fig. 4.
Fig. 4 shows that the 4WS controller can track the de-
sired yaw rate better than two wheel steering system. The
sideslip angle converges to zero under the straight running
condition, and a very small fluctuation under the lane-
change condition with the 4WS controller. The sideslip
angle of the traditional two wheel steering system fluctu-
ates along the line. The results show that 4WS finite-time
convergence controller has better robustness for parame-
ters perturbation, and can track the desired values to im-
prove the lateral stability greatly.

Table 1. Vehicle parameters.

Parameters Value
The rotary inertia Iz/kg·m2 2031.4

The mass m/kg 1111
The length between front axle and centroid a/m 1.04
The length between rear axle and centroid b/m 1.56

The lateral stiffness of front axle k1/N·rad−1 80255
The lateral stiffness of rear axle k2/N·rad−1 57325

Then, a disturbance, 100N lateral wind force, is applied
to the point being away from the the center of mass to sim-
ulate the 4WS control system. The simulation results are
shown in Fig. 5. Fig. 5 shows that the 4WS controller still
can track the desired line better than 2WS, and the lateral
displacement bias is just 0.04m compared with the lateral
displacement bias of 2WS being 0.06m. The 4WS con-
troller can track the desired yaw rate better than 2WS with
lateral wind force also. Compared with 2WS, the sideslip
angle of 4WS has a very small fluctuation and tends to
zero under the external lateral wind force. The results
show that the 4WS system with the designed controller
has stronger adaption for the external disturbance and pa-
rameters perturbation than 2WS, which improves the ro-
bustness of an EV and helps dirvers to deal with danger
conditions for safety.

In this paper, the simulation results under the slide
mode control method and non-smooth control method
are compared, as shown in Fig. 6. From Fig. 6(a) and
Fig. 6(b), we know that the non-smooth control method
and slide mode control method are both have identical
control results for the lateral displacement and the yaw
rate. According to Fig. 6(c), it is obvious that the non-
smooth control method has better control performance
than the slide mode control method for the sideslip an-
gle. From Fig. 6(d) and Fig. 6(e), we can see that the
slide mode control method generates chattering. The sim-
ulation results under the non-smooth control method are
better than the slide mode control for the four wheel an-
gles.

5. CONCLUSION

In this paper, an active 4WS control model is built for an
EV driven by four-wheel motors, and a finite-time conver-
gence controller is designed based on the model. The the-
ory analysis shows that the designed controller has good
robustness against parameter perturbation and uncertainty.
The simulation is carried out by Simulink and Carsim soft-
wares to verify that the designed 4WS finite-time conver-
gence controller can track the desired model, eliminate
some uncertainties, and keep the sideslip angle being zero
to improve the system robustness and driving safety. Com-
pared with the slide mode control method, the simulation
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Fig. 4. Simulation results by the double lane closed-loop test under 90 km/h.

results of the non-smooth finite-time control method has
better control effect for the active 4WS of an EV.

It should be noted that we select the linearized functions
for tire forces for convenience. In fact, the tire forces are
nonlinear. In the future research, we will attempt to ap-
ply nonlinear tire model into the 4WS control model to
improve the control effect of the controller.
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