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Reinforcement Q-learning based on Multirate Generalized Policy Itera-
tion and Its Application to a 2-DOF Helicopter

Tae Yoon Chun, Jin Bae Park*, and Yoon Ho Choi

Abstract: In this paper, we propose a novel Q-learning method based on multirate generalized policy iteration
(MGPI) for unknown discrete-time (DT) linear quadratic regulation (LQR) problems. Q-learning is an effective
scheme for unknown dynamical systems because it does not require any knowledge of the system dynamics to
solve optimal control problems. By applying the MGPI concept, which is an extension of basic GPI with multirate
time horizon steps, a new Q-learning algorithm is proposed for solving the LQR problem. Further, it is proven that
the proposed algorithm converges to an optimal solution i.e., it learns the optimal control policy iteratively using the
states and the control-input information. Finally, we employ the two degree-of-freedom helicopter model to verify
the effectiveness of the proposed method and investigate its convergence properties.
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1. INTRODUCTION

In recent years, considerable attention has been paid to
the modeling and control design of helicopters because
of the increase in the number of their potential applica-
tions, such as military reconnaissance and emergent trans-
portation, as well as their scientific significance [1, 2].
For this reason, many reported studies have applied sev-
eral control methodologies such as proportional-integral-
derivative (PID) control [3], robust attitude regulation [2],
adaptive particle swarm optimization based optimal linear
quadratic regulation (LQR) control [4], sliding mode con-
trol [5, 6], and backstepping methods [7].

Among them, optimal control is one of the important
technique used in control engineering for various appli-
cations to achieve the desired performance. By solving
the Hamilton-Jacobi-Bellman (HJB) equation or the alge-
braic Riccati equation (ARE) for linear systems, an op-
timal controller, that maximizes or minimizes the perfor-
mance indices, is obtained. However, it is often hard to
obtain or solve these equations because these techniques
usually rely on an accurate knowledge of the system dy-
namics, and even when solved backward-in-time, they of-
ten do not satisfy the requirement of real applications.

On the other hand, associated with reinforcement learn-
ing (RL) and optimal control, adaptive dynamic program-
ming (ADP) proposed by Werbos [8], is a brain-like self-
learning control methodology that solves the optimal con-

trol problems forward-in-time [9,10]. These methods usu-
ally consist of a series of iterative methods that find the op-
timal solution with adaptive behaviour. Especially, ADP
learns the optimal controller without the knowledge of
systems dynamics. Because of this advantage, it is a suit-
able method for controlling many applications such as he-
licopters, unmanned aerial vehicle (UAV), and robots.

According to [11], iterative ADP algorithms can be
classified into J-learning and Q-learning. This classifica-
tion comes from the difference of the value function and
Q-function properties. In J-learning algorithm, the itera-
tive value function is a function of the system states, which
is implemented to approximate the solution of the HJB
equation [11, 12]. Therefore, in order to obtain the op-
timal control gain, the J-learning algorithm requires the
system model and utility functions [13]. In contrast, the
Q-function in Q-learning algorithms is a function of both
states and control inputs which already includes the infor-
mation about the system action and the utility functions
[12]. Therefore, Q-learning is a data-based iterative ADP
algorithm for obtaining the optimal control, especially for
unknown and model-free systems [12].

These iterative algorithms are usually developed based
on policy iteration (PI) or value iteration (VI). Basically,
PI and VI are classified by the difference in the approx-
imate policy evaluation step. That is, while PI evaluates
the exact value function, which needs an infinite number
of recursions, VI iterates only one step of the recursion to
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reduce the computational complexity. In the literature, a
family of VI algorithms was proposed in [8, 14, 15] for
solving optimal control problems for discrete-time (DT)
systems without the need for an initial stabilizing pol-
icy. The relation between the Q-learning method and the
model-based adaptive control for the LQR case is dis-
cussed in [16]. For a continuous time (CT) dynamic
system, Q-learning based VI for an infinite-horizon dis-
counted cost LQR is demonstrated in [17]. A PI based
algorithm was developed for the DT LQR problem using
a Q-function in [18]. Recently, Q-learning for nonlinear
DT deterministic systems was studied in [12].

On the other hand, generalized policy iteration (GPI)
was demonstrated as a class of iterative algorithms for
solving decision-making problems in [19]. GPI contains
PI and VI as special cases and has both advantages of PI
and VI, it has faster convergence speed than VI and, when
applied to dynamic systems for optimal control, does not
need the admissible stabilizing policy required by PI. De-
spite these advantages, in the fields of optimal control,
there are only a few studies on the GPI algorithms [20-23]
and, to the best authors’ knowledge, those GPI methods
are not extended to Q-learning for model-free adaptive op-
timal control.

In [23], Chun et al. extended the GPI methods and pro-
posed multirate GPI (MGPI). Here, MGPI have the abil-
ity to regulate the time and iteration horizons for trading
off the computational burden caused by its sub-iterations
against learning speed in time—any two MGPI algorithms
generate the same results in the iteration domain as long
as the products of the time and iteration horizons of each
algorithm are equal. This implies that the time scale for
learning can be arbitrarily larger than that for control to
reduce the computational burden (low iteration horizon),
or in other words, by sacrificing the computational effi-
ciency (high iteration horizon), the time scale for control
can be made arbitrarily smaller than that for learning (by
reducing the base sampling period).

In this paper, we propose a novel Q-learning method
based on MGPI. It has the advantages of MGPI mentioned
above so, for a given learning period, the performance can
be made equal for an arbitrary small control period by in-
creasing the iteration horizon by the inverse of the same
amount. Such kind of fast time-scale control is neces-
sary especially when the proposed method is applied to
the systems such as helicopters that are initially unstable
and thus has to be properly controlled with sufficiently fast
time-rate. Moreover, since the exploration signal is ap-
plied only at the first time instant of each learning period,
the proposed Q-learning method improves the stability of
the system during the online learning by applying the cur-
rent policy without exploration noise. The convergence
property of the proposed MGPI-based Q-learning is also
proven in a similar way to our previous work [23]; its per-
formance is finally investigated by numerical simulations

with a 2-DOF helicopter model.

The rest of this paper is organized as follows: In Sec-
tion 2, the preliminaries of the discounted cost LQR and
the Bellman equation are provided. Section 3 introduces
the Q-function and proposes a Q-learning based on MGPL.
Further, using several equivalent matrix formulas, we pro-
vide its convergence property to the optimal solution. Sec-
tion 4 presents the online implementation of the proposed
Q-learning scheme without any knowledge of the system
dynamics. We then apply this algorithm to the optimal
control of the 2-DOF helicopter in Section 5. Finally, Sec-
tion 6 concludes this paper.

2. PRELIMINARIES

In this section, we briefly describe the LQR problem
for DT systems. Throughout this paper, we consider the
following DT linear time-invariant dynamical system:

Xir1 = Axg + Buy,
Vi = Cx, ()

where x;, € R” is the state, u; € R™ is the control input,
and y; € R? is the system output; A € R"*" is the system
matrix and B € R"*™ is the input coupling matrix, respec-
tively. In the DT LQR problem, we consider the following
infinite horizon performance index:

T {3 i20) = Y ¥ (ks + ufy Ry
=0

=YY (s Sxks + uf Rugr) , (2)
1=0

where 0 < y < 1 is the discount factor and S := c'c e
R™" and R = RT € R"™ ™ are positive semi-definite and
positive definite matrices, respectively. Further, the state
vector x4, for any / € N is generated by the system (1).
In this paper, we assume that (A, B,C) is stabilizable and

detectable.
For a given policy K, we define its value function Vi as

VK(xk) = J(yk; {ukH};o:O) ‘Mku:*ka-H

= Z Y (XS o Ritg1) Lo =K
=0

and a policy K is defined to be admissible if Vi (x) is finite
for all x € R". For notational convenience, S + KT RK is
denoted by Sk, i.e., Sx := S+ K'RK, and Ag as Ag :=
A—BK.

Then, the value function Vi can be rewritten as the fol-
lowing Bellman equation:

Vi (xk) = x{ Sxic + uf Rug + YWi (xe1).- 3

In the LQR case, any value can be expressed in a quadratic
in the state, i.e., Vk(xx) = xI Pgx; for a positive semi-
definite matrix P € R"*". Then, the discounted cost LQR
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Bellman equation becomes
T T T
X Pexy = xp Sxxi + Y X1 PeXiy 1

which can also be expressed as the following Lyapunov
matrix equation:

Rick(Px) =0, 4)
where the Lyapunov operator Ricg (P) is defined as
Ricg(P) := yARPAx — P+ Sk. 6)

Solving the LQR problem is equivalent to finding the
optimal policy K*, which minimizes the performance in-
dex J, and the corresponding optimal value function V* :=
Vk-. Here, the optimal solution (V*,K*) of the DT LQR
problem can be characterized by the Bellman’s optimality
principle [9, 10], which states that the optimal value func-
tion V*(x) satisfies

V* () = min{x/ Sx; + ul Rug +yV* (xe1)},
U
Vi €R.  (6)

Minimizing the right-hand side of (6) using the quadratic
representation, the optimal policy #* can be represented as

u'(x) = —K'x=—(R+yB"P'B) 'yB"P*Ax. (1)

Moreover, substituting (7) into (6) yields the Lyapunov
operator Ricg«(P*) = 0, which is expanded as follows:

S—P*+yA"P*A
—y* ATP*B(R+yB"P*B)'B"P*A =0. ®)

3. Q-LEARNING BASED ON GENERALIZED
POLICY ITERATION

In this section, we introduce a Q-function for the LQR
problem and then using the definition and time-series ex-
tension of the Q-function, present our new MGPI-based
Q-learning with its convergence analysis.

3.1. Derivation of Q-function

For a given admissible policy K, the Q-function
Ok (xx, uy) is an action value function, meaning the value
of the performance metric obtained when an arbitrary
control action u; is applied at the current state x; and then

follows control policy u; = —Kxi4; thereafter [19, 24].
From the Bellman equation (3), O (xx,ux) is defined as
QK (Xk, uk)
:= X1 Sx; + u} Ruy

+v Z 7’171 (x]{HSka + ”1{+1Ruk+1) P
=1

= X} Sxg + ul Rug + 7 Vg (x41)- )

In a similar manner, for the optimal control policy u*, the
optimal Q-function Q*(x,u) can be defined as

Q" (xp, ux) = xi Sx + 1l Rug +yV* (xp41)- (10)

Hence, the optimal control policy u* can be expressed in
terms of the optimal Q-function Q* as

u*(x) = argmin{Q" (x,u) : u € R"} (11)
To demonstrate the MGPI scheme, we rewrite (9) as

T T
Ok (g, ) =3 Sxi. + uy, Ruy,
h-1

+ Y Yl Sk + 7 Ve (o), (12)
=1

with an arbitrary step & € N. In fact, (12) is of the exactly
same form as (9), except that it extends Vi (xx:1) up to
h-steps using (3). This restatement of the Q-function is
the key to derive our Q-learning scheme. Noting that both
Q-functions and value functions for the LQR problem can
also be always presented in a quadratic form [25], (12) can
be rewritten in a matrix form by substituting Qg (xt, ux) =
[xI ul | H [x] ul ] T— z] Hzy and Vi (xi) = x! Px as

QK (xk7 Mk)

T
Xt H™  H%] [x
= ZIJ;HZ/C = |:uk:| |: we gy,

+ Xk ’ AT S AT r Xk
v Uy BT K BT U
N—————
-~ [ATSKA ATSKB]
" | B"SxA BTSkB

o ] B[ [

Uy U
x| |A h-I\Tp sh—1 |A Xk
o] e o] 2]

T
_ | SHTIG Y HIAT (AR )TSkARA XIS VAT (AR)T SkAB
T L0 VBT (Af)TSkARA  R+EIZ3 ¥ BT (AK)T SkAkB

AT @ A A AT(AQ*')TPA’;;‘B} Xk
+7 [k :

BT (AT pAL1A BT (AT PALB U
(13)

where the matrix H have the following block-matrix com-
ponents associated with P:

H" =S+ 7ATIL,A, H" = yATII,B,
H™ = (HXM)T — '}/BTHhA, Hw — R+ ,yBTHhB

with Iy, is defined as

h—2
I, = Y Y(AK) SkAk + 7Y (A YT PA . (14)
=0
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If h =1, (12) is simplified to (10) and I, to P. Solving

%ﬁ:”k) =0 to (13), we obtain the improved control policy

w, = —(H")""H"x, = —(R+ yB"TI,B) ' yBT I, Ax;.
(15)

3.2. Q-learning algorithm

Based on the results of the previous subsection, we
propose a Q-learning based on MGPI. The proposed Q-
learning algorithm consists of a series of iterations be-
tween two successive steps of the policy evaluation and
the policy improvement. Basically, the Q-learning algo-
rithms in [17,24-26] have been developed based on PI
and VI schemes. The following discussion summarizes
Q-learning schemes based on VI and PI, where the differ-
ence comes from the policy evaluation processes.

Algorithm: Q-learning based on VI

1 Approximate Policy Evaluation:
Qi1 (X, i) = X Sxic+ 1 Ruge + QiK1 1)
2 Policy Improvement:

qu(x) — _ i+l(x) = argmuinQiH(Xk,u)

Algorithm: Q-learning based on PI

1 Approximate Policy Evaluation:
Qi1 (X, i) = X Sxic + 1 Ruge + Qir (X1, Ui 1)
2 Policy Improvement:

W (x) = —Kipy (x) = argrnuirlQiH(xk»“)

Meanwhile, the GPI scheme [19, 21, 27] has a sub-
iteration in the policy evaluation step, and contains the
above PI and VI scheme as special cases. Specifically, in
this paper, the multirate concept is employed at the policy
evaluation; we demonstrate the MPGI-based Q-learning
by considering the j-th sub-iteration of the policy eval-
uation step. Fori=1,2,3,...;and j =0,1,..., the MGPI
algorithm can be described by the following two iterations
i and j. The approximate policy evaluation of the j-th sub-
iteration can then be described as follows:

M—1
T T T
Qi1 (i i) =xf S+ uf Rug+ Y ¥k Sk it
=1

+ M0y (Xksmt, —Kixirm),

where the index j increases from 0 to N — 1. Here, M is
the multirate index and j is the number of sub-iterations
in the policy evaluation. For the j-th sub-iteration, the
iterative Q-function is updated, while the control policy
unchanged. After obtaining Q;,; from this equation, the
policy is update by policy improvement using Q;.. This
process continues until convergence. Algorithm 1 shows
the overall procedure of the proposed method.

Algorithm 1: Q-learning based on MGPI

1 Initialize:
Ky € R™ the initial policy;
H, e Rtm)x(ntm) the initial Q function index;

N, M € N, the iteration and time horizons;

2 i< 0 (and Qo(z) := 2" Hp2);

3 repeat
Approximate Policy Evaluation:
4 Hjo < H; (and Qo (x, u) := Q;(x,u));
5 for j=0,1,--- ,N—1do
6 find Qi|j+l (Zk) = Z]{Hi|j+lzk such that
VZk c Rner:
Qjlj+1(xn, ) = x7 Sx; 4 ul Ruy
M—1
+ Y Y Skxne + VY Qi (i, —Kixien)
I=1
(16)
where X141 = Ak Xkt
L (l:Oa17277M_1)’
7 Qi1 Qv (and Qi1 (zk) = z{ Hit120);
8 Policy Improvement: update the next policy
Kit1 by
u ! (x) = =K (x) = argmin Qi (xy, )
9 i+—i+1;

until convergence is met.

Because of the sub-iteration with index j and the mul-
tirate index M in the policy evaluation step, MGPI has
the advantages of both PI and VI. That is, MGPI has a
faster convergence speed than VI, and does not need the
initial stabilizing condition that is usually required in the
PI scheme. Note that (16) can be restated with new update
horizon L :=M X N as

-1
Qi1 (e, i) =x; Sxy. + g Ruy + Z VXl Sk Xen
=
+ Y Qi (xur1, —Kixir 1)
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for the time horizon M and the iteration horizon N, which
is similar to the heuristic dynamic programming (HDP)

and dual HDP (DHP) cases mentioned in our previous re-
sults on MGPI [23].

Remark 1: The proposed Q-learning (Algorithm 1)
has special cases, PI (N — o and/or M — o), VI (N =
M = 1), and GPI (M = 1 with arbitrary N).

3.3. Convergence analysis

We now analyze the convergence of the proposed Q-
learning algorithm. To do this, we first derive the equiva-
lent matrix formulas for the approximate policy evaluation
step and prove that these are equivalent to those of MGPI-
based HDP and DHP. Then, we present the convergence
of Q-learning based on the MGPI algorithm using these
matrix formulas, as similarly proven in [23]. In this sub-
section, we assume that Fy is positive semi-definite.

In the approximate policy evaluation step of Algorithm
1, Qjj+u, Obtained by an arbitrary h-th iteration of (16),
can be derived as

T T
Qi+ (X, ) = SXy 4 1y, Ruy
hM —1

+ Y Y Sk
=1

+ V™ Qi (X mst s Uy o) - a7

. . _ T
Since i is defined as z¢4; = [x7,, ”k+1] forany /€N,
Xx+; and ug; can be presented as

] -1
Xir1 = A X = Ak, Xit1,

-1
U1 = —Kixgp = —KiAg, Xt

Then, (17) can be restated in a matrix form in terms of H,
as shown in Lemma 1.

Lemma 1: Matrices H;; and Hy; 1, (0< j < j+h <
N) obtained by the approximate policy evaluation in (16)
satisfy the following matrix formula:

Hyjn

s 0] [AT]MMt . [am”
_ [O R]+[BT} > YAL S AL {BT}

}/'M AhM 1A A/lM g TH A”M 14 AhM g
+ KA/IM A KAhM Ig i|j KAhM A KAhM ig |

(13)

Proof: Note that Q;;., and Q;; can be rep-
resented in quadratic forms as  Qjjiu(xk, ) =
(XD ul | Hijjn [xF Mk]T and  Qy; (Xksnnt, —Kixirnm) =
X — XK VH g — X KT )T respectively.
Substituting these quadratic forms into (17) and using the
same expansions used to obtain (13), and omitting x; and
U, we obtain the matrix equation (18), which completes
the proof. U

Equation (18) shows the relation between matrices H;
and H;;;, obtained by the h-number of sub-iteration of
the policy evaluation. Now, let the matrix F;; be defined
as Py =[I —K!|Hy;[I —KT]T. In what follows, we
show a key matrix equality between the matrices F;; and
Pyjen (0< j<j+h<N).

Lemma 2: Pj;,; and Pj; (0 < j < j+h < N) satisfy

hM—1

Pisn= Y, Y(Ak) SkAk
=0

AR P
(19)

Proof: Multiplying [/ —K] and [I —KHT in both
sides of (18), we obtain by the definition of 7, ;

Pya=[ ~K/THyll K]

i
hM—1

=Sk+ Y, YAk SxAk +7™
=1

T
X (AT {IK l] Hy; {IKJ AlM
hM—1

which completes the proof. O

Lemma 3: Pj;;, and P; (0 < j < j+h < N) satisfy
the following matrix formulas:
1) Ricg, (Pyja) = Y™ (AK)" Rick (P)AK,  (20)
hM—1

2) Pon =P+ Y ¥ (A ) Rick,(Py)Ak. (1)
=0

Proof: See Appendix A. O

Remark 2: From Lemmas 1-3, one can notice that the
approximate policy evaluation step of the Q-learning al-
gorithm consists of the same matrix formulas as those of
HDP and DHP based on MGPL.

The next result is our main theorem, which shows the
convergence of the Q-learning based on MGPL.

Theorem 1: Assume that there exists & € (0,1) such
that \/}TLHA% || <« forall i € Z,. Then, the sequences
{H}7, and {K;}7, generated by Algorithm 1 converge to
the optimal ones, i.e., lim; .. H; = H* and lim;_,.. K; = K*.

Proof: After the N-th iteration of the approximate pol-
icy evaluation and policy improvement step, i.e., j = 0,
h=N, and Py = Py, we obtain by Lemma 3 the follow-
ing matrix formulas:

1) Ricg,,, (P1)
= Y(A% )" Rick, (P)A% — AK (R+ yB" P\ B)AK;,

(22)
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L1

2) Py =P+ Y ¥ (Ak)" Rick (P)A,, (23)
=0

where AK; :=K; 1 — K.

Now, let define A and B as A := \/yA and B := /Y B
Then, discounted cost LQR problem can be considered
as an undiscounted LQR one, and the Lyapunov opera-
tor (5) can be restated as Ricg(P) = YALPAx — P+ Sx =
AYPAg — P+ Sk. Furthermore, the matrix formulas (22)
and (23) are restated as

1) RiC[( ( H—l)
= Ag Ricg, (P,)Ax, — AK] (R+ B"P1B)AK;,
L—-1
)Py = Z )" Ricg, (P,)Af,,

which are the same equations of undiscounted cost case
[23]. Therefore, by following the same proof procedure
of Theorem 6 in [23], we can show that {P;} obtained by
Algorithm 1 converge to the optimal matrix index P*.

On the other hand, Lemma 1 and 2 state that iterating
on H; matrix is equivalent to iterating on P,. Since {P} is
a convergent sequence to P* and

H* =S+7yA"PA, H" =yA"PB, H" =R+ yB'PB,

H*, H™, and H!" also converge to S+ YAT P*A, yAT P*B,
and R + yBT P*B, respectively. Hence, {H;} is also a con-
vergent sequence to H*. This implies K; converges to K*,
and the proof is complete. (|

4. ONLINE IMPLEMENTATION

In this section, we present an online implementation of
Q-learning based on MGPI. In Algorithm 1, H;;, is cal-
culated and updated at the end of the approximate policy
evaluation step, and a new control policy K, is updated at
the policy improvement step based on matrix H; ;. Gen-
erally, (16) is solved online by batch least squares (LS) or
recursive LS (RLS). A batch LS based implementation is
demonstrated in this paper.

Note that for any vector a € R™ and matrix G € R"*"
the following relation is satisfied:

a' Ga = a" vec(G), (24)

where @ = [a?,ajay, -+ ,a1a,,,d3,a2a3, - ‘@@, v, an,
is the quadratic polynomial basis vector @ € R ("*1)/2,
Further, vec(-) is the invertible map that converts an n X n
symmetric matrix into a column vector in R"("*1)/2 by
stacking the upper triangular part of the matrix with the
doubled off-diagonals [28].

To solve the LS problem for (16), data tuples zj to zxx
must be obtained and Q;;(z;) can be evaluated by the
N-steps recursion of (16) in the approximate policy eval-

uation step. Using (24), Qy;(z) is restated as z} H; jzx =

]T

Current policy without exploration noise

k+M k+M+1 k+M+2 ... k+2M -
1 1

Input with exploration noise (every M-th time steps)

-_— o |

Fig. 1. Inputs with and without exploration noise.

Zi vec(Hy ;). We can then represent the one-step recursion
in (16) as

Zuvec(Hy ji1) =x; Sx -+ uj Ruy

M—1
+ ) VxS
=1

+ V5 yvee(Hy;), (25)

where 7 is the quadratic polynomial basis vector z €
R+ (ntm+1)/2 - Eor the right hand side of (25), the term
x1 Sx; + ul Ruy is the state performance metric obtained
when u; is applied and & (x¢11:4+m, Hj ;) is obtained by the
following control policy K; thereafter, where

M-1

Y Vo Skx

=0
+ Pz vee(Hy;). (26)

& (Xt 1, Hyfj) =

In fact, (16) is a scalar equation and at least f = (n+
m)(n+m+1)/2 data sets are required for solving the LS
solution. If we then collect s > f number of samples, ma-
trices are obtained as follows:

_ Zk E (ks 1krnHifj)
Zk+M _ & (ks vekronnHy )
Zk = . ) :‘('xkal_[i\j) =
[y & (ke (s— 1)m—1ekersva Hif )

Then, the LS solution for H;;,; in (16) becomes

vec(H;j1) = (2] Z) ' ZL E(x, Hy ). (27)
Finally, recursively iterating (27) until j =N —1, H; is
updated by the same rule (27) for j = N — 1. Based on the
LS solution for H;;|, a new control policy is updated in
the policy improvement, u;1(x) = —(H,) "' H! x

Remark 3: To solve the LS problem (16) for H;, the
quadratic basis set z; must satisfy the persistently excita-
tion (PE) condition. A small exploratory signal consisting
of sinusoids with different frequencies is usually added to
the control input to ensure the PE condition is satisfied
[25].
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Remark 4: Since the exploration signal is applied only
at the first time instant of learning period, the proposed
method improves the stability of the system during the
online learning by applying the input without exploration
noise (See Fig. 1.)

S. APPLICATION TO A 2-DOF HELICOPTER
MODEL

In this section, we apply the proposed algorithm to a
2-DOF helicopter model. As can be seen in Fig. 2, the
2-DOF helicopter (Quanser Consulting Inc., Canada) has
two degrees of freedom: a motion around the yaw axis
(Z-axis), and rotation around the pitch axis (Y -axis) repre-
sented by angles y and 0, respectively [4]. The nonlinear
equation of motion of the helicopter system is obtained
using the Euler Lagrangian energy based approach. That
is, substituting the kinetic and potential energies, the dif-
ferential equation of the 2-DOF helicopter system can be
presented as [4]

(Jeqp + mhelilfm)e
=kppVinp +kpyViny — B, 0

sin(0) cos(0) > — myeriglom cos(8),
(28)

- thZilL2'111
(Jeg.y + Mheli cos(0)*1Z,) v

= kyyViny + kypVinp — By W + 2mmpepil2,, sin(8) cos(8) .
(29)

To design an LQR controller of the helicopter, the dy-
namics of the system (28)-(29) need to be represented in
the form of the linear model by linearizing around the ori-
gin 0 =0, y=0, 6 =0, and W = 0. Then, a state-space
representation of the helicopter is given by

x(t) = Acx(t) + Beu(t),
y(t) = Cx(1),

where the system states x(), control input u(z), and ma-
trices A., B., and C are defined as follows [29]:

0
=Y, u= Vinp y= 0
0 ) ‘/my ) lll )
v
0 0 1 0
0 0 0 1
A. = . B,
‘ 00 Jegp Htnelil?, 0 ’
B,
_O 0 0 Jeqy +mhﬂ1[]pzm
[ 0 0 1 0
0 0
| 4 0 I
c = pp py s =
JeqptmnetilZy  Jegy +neiil?,, 00
v Yy 00
L Jeqy +mhel[l(2m -]eqy +m/w/rl¢2-m

Yaw axis

Pitch axis

Fig. 2. Diagram of a 2-DOF helicopter [29].

Table 1. System parameters.

Symbol Description Value [Unit]

0.0384[kg m?]

Jp Total moment of inertia
about the pitch axis

Jy Total moment of inertia 0.0432[kg m?]

about the yaw axis

B, Equivalent viscous damping 0.8 [N/V]

about the pitch axis

B, Equivalent viscous damping 0.318 [N/V]

about the yaw axis

Ml Total moving mass of the
helicopter

1.3872 [kg]

oy Thrust torque constant of the 0.204 [Nm/V]

yaw motor/propeller

K,, Thrust torque constant acting
on the yaw axis from the yaw

motor/propeller

0.072 [Nm/V]

K, Thrust torque constant acting | 0.0068 [Nm/V]
on the pitch axis from the
yaw

motor/propeller

K, Thrust torque constant acting
on the yaw axis from the
pitch
motor/propeller

0.0219 [Nm/V]

Lem Center of mass length along 0.186 [m]

the helicopter body from the
pitch axis

Table 1 shows the symbols, descriptions, and values of
system parameters. Using zero-order hold discretization
with 0.1 [s], the difference equation is obtained in the form
of (1). For the purpose of simulation, we choose matrices
S, R and discount factor y as § = diag{[20,15,10,20]},
R =1, and Y= 0.9, respectively. Furthermore, we set the
time and iteration horizon indices M and N as M = 2 and
N=2.

The optimal values of H* and K* are then obtained by
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Fig. 3. Trajectories of outputs 6 and y.
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Fig. 4. Trajectories of outputs d6 /dt and dy/dt.

solving the DT ARE (8) and relation between P* and H*,
ie.,

H*
1527263  —4.0399  12.4843 —2.0146 2.6134 —0.0835
—4.0399 1297929 —0.5165 22.2790 0.3506  1.5895
| 124843  —05165 127879  —0.2895 0.8704  0.0042
= | —2.0146 222790 —0.2895 39.3844  0.4475  1.7295 | >
2.6134 03506  0.8704 04475 13077  0.0506
—0.0835 15895  0.0042  1.7295  0.0506  1.1564
and
K — 1.9019 0.2043 0.6324 0.2703
—0.1516 1.2950 —0.0242 1.4070{°

Figs. 3 and 4 present the states trajectories of the he-
licopter, i.e., 0, v, d8/dt, and dy/dt. From the results
shown in these figures, we identify that all states converge
to zero as desired. Due to the advantages of the Q-learning
scheme, knowledge about the system matrices is not re-
quired even the optimal solution is obtained.

Trajectories of parameters H ; withL =4
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Flg 5. Trajectories of H]], H13, H14, H|5, H]é, and H22
with L = 4.

Trajectories of parameters H i withL=4
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Fig. 6. Trajectories of Hyy, Hys, Hys, H3s, Hzs, and Hyg
with L = 4.

Figs. 5 and 6 present the trajectories of the parameters
of H; over time and iterations, respectively. These param-
eters converge to the optimal ones, which means that the
optimal control gain has been obtained. In detail, after 11-
th iterations, the approximate optimal values are obtained
and converge to the corresponding optimal values.

To satisfy the PE condition of the LS problem, a explo-
ration noise w is applied at the first time instant of each
learning period, i.e., u = —Kx+w. After all the parame-
ters of H; converge to the optimal ones (|H; — H*|| < €),
a exploration noise is terminated.

6. CONCLUSION

In this paper, a novel Q-learning based on MGPI was
developed for solving the discounted cost infinite hori-
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zon optimal control for DT linear systems. The proposed
method combines two advantages: 1) the ability to solve
the optimal control problem without knowing any system
dynamics and 2) a two-step iteration for the approximate
policy evaluation that is free to choose the update horizon
and the convergence speed to the optimal solution.

In the analysis of the equations of the approximate pol-
icy evaluation and improvement steps, the convergence
property was also proved under certain conditions. Fi-
nally, a 2-DOF helicopter was simulated to demonstrate
the effectiveness of the proposed approach.

APPENDIX A: PROOF OF LEMMA 3

Proof: From Lemma 2, we have
M1

Piin=Y Y(AK) SxAk + 7Y™ (AR P AR
=0

Next, by the definition of the Lyapunov operator (5), we
have Ricg, (Py;) = YA P, ;Ax, — Py; + Sk, and hence,

hM—1

Pin="Y, Y(Ak) SkAk + 7™ (AR P AR
=0
hM -2

= Y, V(AK) SkAy + 7 A"
=0

x [Rick, (Py;) + Py ] A"

Repeating this procedure until the first summation term
vanishes, we obtain (21). To prove (20), note that
Ric, (Pyjn) = YAk PyjsnAk, — Pyjen+ Sk, (A1)

also holds by the definition in (5). Substituting (21) into
(A.1), we have

RiCK/ (Pi\j-O-h)
r ("N T I
=A% (X (Ak)" Riek, (Py))Ak, )Ax
1=0

hM—1
— ) Y(Ak)" Rick (Py;)Ak, + YAk PyjAx, — Py + Sk,
=0

=Rick, (Py;)
= Y™M(ART Rick, (P )AR" — Rick, (Py;) + Rick, (Py)
= Y™M(AR)T Rick, (P AR,

which completes the proof. (|
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